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ABSTRACT

OPTIMAL REINSURANCE STRATECGY WITH
BIVARIATE PARETO RISKS

by

Evelyn Susanne Gaus

The University of Wisconsin-Milwaukee, 2014
Under the Supervision of Professor Wei Wei

In an insurance, one is often concerned with risks and extreme events which can
cause large losses. The Pareto distribution is often used in actuarial sciences for
modeling large losses. This thesis extends the study of Cai and Wei (2011) by
considering a two-line business model with positive dependence through stochastic
ordering (PDS) risks, where the risks are bivariate Pareto distributed. Cai and
Wei (2011) showed that in individual reinsurance treaties the excess-of-loss treaty
is the optimal reinsurance form for an insurer with PDS risks. We derive explicit
expressions for the optimal retention levels in the excess-of-loss treaty by considering
several risk functions including the criteria of minimizing the variance, minimizing
moments of higher order and minimizing moments of fractional order of the total
retained loss of the insurer. This will be followed by a comparison of retentions for

different choices of the parameters of the bivariate Pareto distribution.
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Chapter 1

Introduction

Reinsurance is a special sector in the insurance business. An insurer transfers risks
to a reinsurance company to protect itself against large losses. Therefore, the in-
surer has a greater security for its solvency and equity. Furthermore, the insurance
company can decrease its required risk capital or can increase its underwriting ca-
pacity in both number and size of risks. Reinsurance is divided into proportional
reinsurance and non-proportional reinsurance. In proportional reinsurance the rein-
surer receive a predetermined share or portion of the premium the insurer charges
in its insurance contracts. In compensation the reinsurer indemnifies the insurer
against losses in the same portion or share in the covered insurance contracts. Non-
proportional reinsurance consists of the excess-of-loss treaty and the stop-loss treaty.
In the excess-of-loss treaty the reinsurer indemnifies the insurer against losses that
exceed a specified amount, known as the insurer’s retention or deductible. In the
stop-loss treaty the reinsurer indemnifies the insurer against losses up to a treaty

limit.

1.1 Literature review

This thesis is based on the paper ”Optimal reinsurance with positive dependent
risks” by Jun Cai and Wei Wei. In this paper Cai and Wei considered positively
dependent through stochastic ordering (PDS) risks in the individual risk model.



They proved that in individualized reinsurance treaties the excess-of-loss treaty is
the optimal reinsurance form for an insurer with PDS dependent risks. Previously
Denuit and Vermandele (1998) had considered the problem of the optimal reinsur-
ance strategy in the individual risk model. They showed that the excess-of-loss
reinsurance with equal retentions for each line of business is the optimal reinsur-
ance strategy if the risks are exchangeable random variables. Cai and Wei (2011)
extended the study of Denuit and Vermandele (2011) on individualized reinsurance
treaties to dependent risks. After defining the notion of several positive dependent
risks, Cai and Wei (2011) proved that convolution preservation of the convex order
for PDS random variables holds. They showed that the optimal reinsurance in the
individual risk model with PDS risks is the excess-of-loss treaty. Moreover, Cai and
Wei (2011) derived explicit expressions for the optimal retention in the excess-of-loss
treaty in an insurance business model with two lines of business under the criteria
of minimizing the variance of the total retained loss of the insurer and maximizing

the expected exponential utility for insurer.

1.2 Model introduction

Assume the insurer has n = 2 lines of business. Let the random variable X; denote
the loss in line 7, with ¢ = 1, 2. Furthermore, we consider the individual risk model,
where the total loss of the insurer is given by S5 = X; + X5, that is the total loss
modeled as the sum of the individual losses. The individual risk model is especially
used in life and health insurance. The insurer applies a reinsurance strategy I(z)
to transfer risks of big losses to the reinsurer. Let [;(z) be increasing for z > 0
and satisfying 0 < [;(x) < z for i = 1,2. I;(z) is called the reinsurance strat-
egy of line i. Therefore, the insurer retains the total loss SI = I, (X)) + I,(X3) and

the reinsurer covers the remaining loss S, — S5 with reinsurance strategy I = (I, I5).

The premium the insurer has to pay the reinsurer for taking on parts of the risks

is calculated by the expected value principle, as in Denuit and Vermandele (1998).



The expected value principle is given by (14 0z)E(S; — SI) and equal to a constant

P, where 0 > 0 denotes the security loading of the reinsurer.
(1+6R)E(S; — S3) = P

This is equivalent to assuming that the expected total retained loss E(S%) is fixed
and equal to p > 0. Solving this equation for p, we get

P
1405

E(S3) =p=E(S2) —

We will define in Chapter 2.2 that the range of p is given by [91 + 0o, M).

a—1
As in Cai and Wei (2011) for each p > 0 we define the class

Dy ={I= (11712)|]i(9€) is increasing in z > 0 with 0 < I;(z) <z
for i = 1,2 and E(S3) = p}

of admissible reinsurance strategies. For a given positive convex function u on
(0,00) we wish to minimize E(u(S1)) over D5. The function u is called risk func-
tion. The reinsurance strategy in the excess-of-loss treaty with two lines of business

is given by I;(z) = x A d; for i = 1,2 with the retention vector (dy, ds).

Assume that (X, X,) are positive dependent risks, particularly PDS risks. In
the individual risk model with individualized reinsurance treaties one is often con-
cerned with positively dependent risks. This means that if we consider an insurance
business with two lines of business it is very probable that if a loss in one line oc-
curs, then a loss in the other line occurs as well. For example, consider an insurance
with two lines of business, Health/Life and Property/Casualty. An event such as
Hurricane Katrina can cause extremely large losses in both lines. It’s reasonable
to assume that the property losses and the number of dead or injured people are

positively dependent.



Based on Cai and Wei (2011) we derive explicit expressions for the optimal re-

tention vector (dj, d3) in the bivariate Pareto case such that

1,d2)€

/Odl Fi(a)ds + /:2 Fy(x)dz = p} |

where for p > 0

L= {(dl,dQ) S [0,00)2

and v is convex.

In this thesis we will focus on risks that are bivariate Pareto distributed and
work with three different risk functions. In Chapter 2 we will recall the definitions
of several Pareto distributions and examine some characteristics of the Pareto dis-
tribution. Furthermore, we will recall notions of positive dependence. In Chapter 3,
we derive optimal retention levels for three different risk functions. In the first case,
where we minimize the variance, we will use Theorem 4.4 of Cai and Wei (2011). In
the other two cases, where we minimize moments of higher order and of fractional
order, we derive explicit expressions for the optimal retentions (dj,d5) such that
holds. Finally, in Chapter 4 we analyze the optimal retentions for different

choices of the parameter of the bivariate Pareto distribution.



Chapter 2

Preliminaries

In this chapter we will review the properties of several Pareto distributions and
notions of positive dependence. Furthermore, we will derive important results for
further calculations in Chapter 3 such as the linear transformation between Paretol I
and the Lomax distribution and the conditional distribution of bivariate Pareto

distributed random variables. Afterwards, we derive an explicit expression of ds in

terms of d; such that (|1.1]) holds.

2.1 Pareto Distribution

The Pareto distribution belongs to the class of heavy-tailed distributions and is of-
ten used in insurance for modeling large losses that exceed a specific threshold. A
heavy-tailed distribution means, roughly speaking, that there is a relatively large
probability for the occurrence of events that cause large losses. Furthermore, the
future worst case is expected to be much worse than the current worst case. To con-
tinue the previous example, Hurricane Katrina is a good example for heavy-tailed
losses. Hurricane Andrew (1992) was the hurricane that caused the largest losses so
far in the American history until Hurricane Katrina occurred. Hurricane Katrina
caused insured losses in the amount of $62,200 in comparison to $17,000, the insured
loss Hurricane Andrew caused!]

1Original Values of Munich Re 2012 in Mio. US$, Geo Risks Research, NatCatSERVICE,
August 2012




In the literature many different types of the Pareto distribution are discussed. In
this thesis we consider the Pareto distribution of Type 1 (Paretol), Pareto distribu-
tion of Type 2 (Paretoll), Lomax distribution (Lomaz) and the bivariate Pareto
distribution of Type 1.

The distribution function of X ~ Paretol(a, o) is defined as

with density function

where x > 0 > 0 and o > 0.

For X ~ ParetolI(«, o, ) the distribution function is defined as

xr —

F(w):(1+ ,u) x>, €Ro>0a>0.

g

If 4 = 0, the Paretoll distribution is known as the Lomax distribution. Mardia
(1962) defined the density function of the bivariate Pareto distribution of Type 1

for a vector of random variables (X7, X5) as

Oé(Oé + 1)(‘9182)a+1<92$1 + 811’2 — @102>—(o¢+2) , Ly > 91 > O,Z =1, 2

0 , otherwise

f('rlvx2) - {

where @ > 0. The random variables X; have the marginal distribution Paretol («, 6;)

with parameters o > 0 and 6; > 0 for ¢+ = 1, 2.

The Pareto distribution can be used to model losses whose values exceed a spe-
cific threshold. The parameter 6 is the minimal possible value of the risk X and
therefore a lower bound for X. The shape parameter « is the tail index. The tail
index measures how fast the survival function decays to 0. For a heavy-tailed dis-

tribution, the survival function decays slowly to 0.



A helpful result for further calculations is the linear transformation between
a Lomaz and a Paretoll distributed random variable. Let X ~ Lomax(a, o)
with @« > 0 and ¢ > 0. Then it holds for the linear transformation X + p, that
X + pu ~ ParetolI(a, o, ) with parameters o« > 0,0 > 0, € R and x > p. This is
true, since P(X +pu > 2) =P(X > 2 —p) = (1+ Z=£)™°

Furthermore, an important result for further calculations is the following condi-

tional distribution of bivariate Pareto distributed random variables.

Lemma 2.1.1. Let (X1, Xs) be bivariate Pareto distributed with parameters 6, >

0,05 > 0 and a > 0. The conditional distribution of X5 given X; > dy is ParetolI(«, o9, 12)

with py = 0y and oy = d}fQ and the conditional distribution of X, given Xy > dy is

ParetolI(a, 01, p1) with py = 601 and o1 = dgel

Proof. Tt holds that

—0,\ *
P(Xy > 8| X, > dy) = (1 + 8M2> .
01

d162 02

Thus, X, given X, > d; has ParetolI(a, o9, i12), with pg = 09 and o9 = N

Analogeous, it follows X; given X5 > dy has Paretoll(«, oy, 1) with

d291

5, For the detailed calculations see Apendix. O

w1 =61 and oy =

The distribution of a linear shifted Paretoll distributed random variable is
still Paretoll. Let X ~ Paretoll(a,o,pn), then X + d ~ ParetolI(a, o, ') with
i = p+d for a constant d € R. This is true since P(X +d > z) =P(X >z —d) =

(1 Lz (/Hrd)) -

The notions of stochastically increasing (SI) and positively dependent through
stochastic ordering (PDS) are given by the following definition. Recall, the sup-
port of a random variable Y, denoted by S(Y), is a Borel set of R such that
P{Y e S(Y)} =1.



Definition 2.1.2. A random vector (Xi, ..., X,) is said to be stochastically increas-
ing (SI) in the random variable Y, denoted as (Xi,...,X,) Ts1 Y, if
Elu(Xy,...,X,)|Y = y] is increasing in y € S(Y) for any increasing function
u : R™ — R such that the conditional expectation exists.

Furthermore, the random vector (Xi,...,X,) is said to be positively dependent
through the stochastic ordering (PDS) if (Xi,..., Xi—1, Xiy1,..., Xn) Tsr X; for

anyt1=1,...,n.

Using this definition, we can show that a bivariate Pareto distributed random
vector is PDS.

Lemma 2.1.3. If (X1, X3) is bivariate Pareto distributed with parameters 01,60y and
a >0, where x1 > 601 > 0 and xs > 0 > 0, then (X1, X3) is PDS.

Proof. It holds that (X1, X5) is PDS if X; 157 Xo and X5 157 X;.

If for any x1 € R : P(X; > 21| X5 = x3) is increasing in x5 € S(X3), then X; 157 Xo.
Analogous, Xy Tg; Xj if for any x5 € R : P(Xs > x| X; = ;) is increasing in
x1 € S(Xy).

Therefore, to prove X; Tg; X; we have to show that P(Xs > x9|X; = z4) is
increasing in x; € S(z) for all x5 € R. In the following we will just go over the
steps, for the detailed calculations see the appendix.

The conditional probability of X5 given X; = x; is given by
]P(XQ > J]Q’Xl = $1) — (92x1)a+1(821’1 + 811’2 . 6)192)—((1—4-1)'

The increasing property holds, since for s,t € S(zq) with s < t,z5 € R : P(Xy >
29| X1 = 5) < P(Xy > x9|X; = t) is increasing in x; € S(z7). With analogous
calculations, it follows that X 1g; X5. Therefore, (X1, X3) is PDS. O

Notice, that throughout this thesis the survival function is F(z) = 1— F(x) > 0.



2.2 Explicit expression for d,

In this section we want to derive a mapping from d; to ds to have an expression for

ds in terms of dy. Recall, the set L for p > 0 is given by

Amﬁuﬂdw+lbﬁﬂﬂdr:p>0}.

For p > 0, we consider the equation

L= {(dl,dg) € [0,00)?

d1 d2
/ Fy(x)dw + / Fy(x)dr =p
0 0

Note that we have a symmetric structure here and can solve this equation for d;
or dy. This symmetric structure is very interesting for further considerations of
three lines of business or more. In this thesis we solve this equation for dy. Since
fodl Fy(x)dx + de2 Fy(x)dw < E(X;) + E(X3), the range of p is bounded from above
by p < E(X;)+E(X3). Otherwise, in terms of the set L, if p = E(X;) +E(X3) then

= {(00, —00)}. If p > E(X;) + E(X5) then there exists no solution for (dy,dz),
thus L = (). Moreover, we assume that p > 0, +605 because 8; and 6, are the minimal
values for the losses X; and X5. Thus, p has the range p € |6, + 05, Mel—ff”). We

[0}

also need following Lemma of Cai and Wei (2011).

Lemma 2.2.1. On the set L, the mapping from dy to dy is one-to-one. Denote
the mapping as do = L(dy). Then, L(dy) is continuous, differentiable and strictly
Fi(dy)

Lo gp Ode _ _ Fi(di)
decreasing in dy, with ady — Fa(do)

The proof of this Lemma can be found in Lemma 4.1 in Cai and Wei (2011).

Theorem 2.2.2. [If (X1, Xs) is bivariate Pareto distributed, with parameters 01,05
and o, where x1 > 01 >0, x5 > 05 > 0 and o > 1 then

a0y + 0) — 0%d; ™" + p(1 — 04)) e

um:@:< s

a<91+02>+p<1fa>) =

with domain (dy,00), where dy = ( )



Proof. The survival function of X is given by Fy(x;) = <%) for 6, < x1. There-

fore,
Hld%_a — @61

d1 _ dl
/0 Fi(z)dr =0, + /91 Ofx %dx = s

Analogous, the survival function for X, is given through Fy(z;) = <z—z> for

0y < x5 and it follows:

. Ood ™ — )
Fy(z)de = 22— —22

Thus, we get the following equation

d1 d2
/ Fi(z)dx + / Fy(z)dx = p
0 0

Hld%_a — 0481 i di%_a — 0[92 —p
l1—a 11—«
03di — aby + 05dy* — abfy = p(1 — )

Solving this equation for dsy results in

& = (a(01 +0y) — 0%d; ™ + p(1 — a)) 1-a
y =
05

Therefore, the function L(d;) is defined through L(d;) := dy with domain (d;, c0)
and is continuous, differentiable and strictly decreasing. The lower limit of the

domain is given through

d1 = lim L_l(dg)

dg*)OO

~ lim (a(91+92)—9§;§%a+p(1—0¢>>1a
1

dg—)oo

_ (aww@a)e;p(l—a))%

10



Example 2.2.3. For the parameter choices 61 = 10,0y = 20, = 3 and p = 38, the

function L(dy) has following representation:

L-function
551

501
451
401
351
30

254

dl

Figure 2.1: L(d;) for 6; = 10,6, = 20, = 3 and p = 38

The function L(dy) is continous, differentiable and strictly decreasing in d;.

11
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Chapter 3

Optimal retention levels

In this chapter we want to derive the optimal retention levels in the excess-of-
loss treaty for three different risk functions. Afterwards we compare the optimal
retentions for different choices of the parameters of the bivariate Pareto distribution.
Recall, that we want to derive explicit expressions for the optimal retention vector
(di,ds) in the bivariate Pareto case such that

(dl,dz)EL

where for p > 0

/Odl Fi(z)dx + /f Fylz)ds = p} .

L= {(dl,dg) € [0,00)?

for different risk functions u(x).

Consider the objective function
M(db dg) = E[U(Xl VAN d1 + X2 A dg)]

Note that dy = L(d,), but we write in terms of dy to keep a symmetric structure.
With Lemma 4.2 in Cai and Wei (2011), it follows that for « continuous and mono-
tonic, such that E(ju(X; + X3)|) < oo, M(dy,ds) is continous in d; € (dy,00).

Furthermore we need following Lemma in Cai and Wei (2011)



Lemma 3.0.4. Assume u(z) € CY(R), i.e. u'(x) is continuous on R. Then

g—;M(dl, dy) is right continuous in dy € (dy,00) and
ot _
%M(dl, dg) = Fl(dl) (E[U,(Xl A d1 + X2 N d2)|X1 > dl]
1

— ]E[’LL/(Xl ANdp + Xo A d2)|X2 > dg])

The proof of this Lemma can be found in Lemma 4.3 in Cai and Wei (2011).

So, for any risk function u(z) with E(Ju(X; + X3)|) < oo and u(x) € C*(R), we
define

Ou<d1) = ]E[u'(Xl A\ d1 =+ X2 A\ d2)|X1 > dl] — E[UI<X1 A d1 + XQ A dg)’Xz > dg]

= E[u/(dl + (XQ A d2)|X1 > dl] — ]E[u/(Xl A dl) —+ d2|X2 > dg]

We get the optimal retentions (d7, d3) if we solve C,(d;) = 0. In the following, we
derive for several risk functions u(z) the function C,(d;). Notice, that the condition
Cy(dy) = 0 is only a necessary condition. We will check for every risk function that

M (dy, ds) indeed attains its minimum at (d7, d3).

3.1 Minimizing variance

Cai and Wei (2011) derived the following general explicit expression for the reten-
tions in the optimal excess-of-loss-treaty in the bivariate case with risk function

u(z) = 2. Here we minimize the variance, since the expectation is fixed.

Theorem 3.1.1. Assume (X1, X3) is PDS and E[(X; + X3)?] < co.
For dy € (dy,00), define

Denote 1 = sup{d;|C1(d1) < 0} and ry = inf{d,|C1(dy) > 0}.
Then dy < r1 <19 <00 and for any dj € [r1,72], the retention vector (dy, L(d})) is
a solution to L1

13



The proof of this Theorem can be found in Theorem 4.4 of Cai and Wei (2011).
To apply Theorem [3.1.1, we have to check the assumptions of this Theorem in the
case that the random variable vector (X7, X5) is bivariate Pareto distributed. Af-
terwards, we derive an explicit expression for the function C(d;). Recall, that with
Lemma follows that (X3, Xs) is PDS. An important assumption of Theorem
B.1.1)is that E[(X; + X3)? exists. However, this is just true for a > 2.

Lemma 3.1.2. If (X1, Xy) is bivariate Pareto distributed, with parameters 6y, 0y and
a >0, where 11 > 01 > 0 and zo > 0; > 0, then E((X1 + X3)?) < 0o for a > 2.

Proof. With the Minkowski Inequality follows E((X; + X3)?) < E(X?) + E(X3).
Since X; ~ Paretol(«,0;) for i = 1,2 it holds that

2
E(X2) = 2% fori=1,2
o—2
Therefore, it follows E((X; + X3)?) < oo if a > 2. O

Thus, throughout this section we will assume o > 2. Based on Lemma 2.1.2

the conditional distribution of Xy — dy given X; > d is ParetolI(«, o9, i12), where

o = 0y — dy and oy = %. Moreover, the conditional distribution of X; — d;
given Xy > dy has Paretoll(«, o1, p) distribution, with p; = 6, — dy and o7 =
d201

5= Through applying the linear transformation between Lomax and Paretoll
distribution and we can transform X, — do given X; > d;, respectively X; — d;
given Xy > dy in random variables with Lomaxz distribution. To get an explicit

representation of C(d;) we can apply

E(X Az) = a‘i : (1 - (xia)al) , (3.2)

with © > 0, # 1 for X ~ Lomax(a, p1).

Consider the first expectation E[(Xy — da) A 0| X, > dy] of Cy(dy).
For dy > 65, 09 = % and py = 0y — dy we get through applying the linear

14



transformation and formula (3.2)):

E[(Xz — dg) A 0|X1 > dl]

= E[((XQ — dg) — (92 — dQ)) A (dg — 92))|X1 > dl] + E[eg — d2|X1 > dl]

a—1
02 02
= 1—(—2 +0,—d
a—1 ( ((d2_92)+0-2> ) 2 2

_ d, 0, B (d10)*(01dy + Oody — ‘9192)170{ L0, —d
01(a — 1) f1(a —1) 2

For the second expectation of C(d;) we get through analogous calculations with

d1>91,01:%andu1:91—d1

do0 d901)%(0ad; + 0, L(dy) — 6,05)1 72
E[(Xl —d1>>/\0|X2 > dg] = 02(;_11) . ( 2 1) ( 2 102(a1_(1;) 1 2) 10, —d,.

Altogether, the representation of C(d;) is
Cl(dl) = E[(XQ — dg) A 0|X1 > dl] — ]E[(Xl — dl) VAN 0|X2 > dz]

_ d, 0y B (d1602)*(01dy + O3dy — 9192)1_a L0, —d
br(a—1) O(a—1) 2

ds0, (dob1)*(02dy + O1dy — 9192)1704
— —0;+d
Bola—1) Bolc — 1) 1ra

with
1

g (a(91 4 0y) — 0%di ™ + p(1 — a)> —a
L =
03

15



In following example we see the plot of the C}(d;) for a specific parameter choice.

The optimal retention is at d; = df, where C(d;) = 0.

Example 3.1.3. For the parameter choices 6; = 10,60, = 20, = 3.5 and p = 38,

the function Cy(dy) has following representation.:

30

201

dl

-204

Figure 3.1: Ci(d;) for 6; = 10,05 = 20, = 3 and p = 38

M (dy, dy) attains indeed its minimum at dj = d; since for any d; < dj : Cy(d;) <
0 and d; > dT : Cl(dl) > 0.

3.2 Minimizing moments of higher order

In this section we are interested in solving the optimization problem (|1.1)) under
the aspect of minimizing moments of higher order. We consider the risk function

u(x) = z* and derive a explicit expression for C,(d;). Recall, that C,(d;) is given

16



Cu(dl) = E[Ul<d1 + (X2 A d2>|X1 > dl] — E[U/(Xl A dl) + d2|X2 > dg]

The risk function u(x) = 2? is in C'(R) and convex. Moreover, for o > 3, it follows
directly with the Minkowski Inequality that E((X; + X3)?) < oo, since E(X?) < oo
fora >3 andi=1,2.

Throughout this section we will assume a > 3. We define,

Ou(dy) = B[t/ (dy + (Xo Adp))| X1 > di] — [ (Xy Ady) + do)| Xo > db]

— E[(di + (Xa Ado))2| Xy > di] — E[(Xy Ady) + do)?| Xo > ]

= E[((XQ + dl) VAN (d1 + d2)>2|X1 > dl] — ]E[((Xl + dQ) A\ (dl + d2)>2|X2 > dg]

In contrast to the previous section, we won’t use the linear transformation between
Paretol I and Lomax distribution here. In the following, we derive a general formula
for E((X A ¢)?) for X ~ ParetolI(a, p,0) and use this formula to get an explicit

expression of Cy(dy).
Theorem 3.2.1. If X ~ Paretoll(a,o, ), with x > p,u € Ryo > 0 and o > 3
then

(c+ 0 — p)~*(2uac + 4puoc — 2acc — (a — 1)ac? — 2u* — 20?)
(a0 —2)(a — 1)

E((X Ac)?) = ao® (

o (3pta + 2u* — 2aou — a?p® — 20?) N Ale+o—p)™
(a0 —2)(a — 1N a

17
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Consider the first integral. By integration by parts twice we see

/c 2 ac®
u (4o —p)rt
— o ((x +0 — p) ¥ 2uax + dpo — 2a0r — (o — 1)ax? — 2u? — 202) | )
ala—1)(a—2) v
Thus, we get

C

(x+ 0 — pu)"*(2uazx + 4po — 2a0r — (o — Vaz? — 2u? — 20?)
ala—1)(a—2)

E((X Ac)?) = ac® (

— a® (c+ 0 — pu)~*(2uac + 4uo — 2acc — (a — 1)ac® — 2u* — 20?)
(v —2)(a — 1N

o (Bl + 2u?® — 2a0u — aPp? — 20?) N Alc+o—pu)™
(a—2)(a—1)a « '



Recall, with Lemma 2.1.2 follows, that the conditional distribution of X5 + d;
given X; > dy is ParetolI(a, 09, 112), where ps = 0y + dy and o9 = % and the
conditional distribution X; + ds given Xy > dy has Paretol(«, oy, i) distribution,
with uy = 61 + ds, 01 = d;—fl and a > 3. By applying Theorem we get for

Cy(dy)following representation:

Cg(dl) = E[((XQ + dl) A (dl + dg))2|X1 > dl] — E[((X1 + dg) N (dl + dg))2|X2 > dg]

s (c+ o9 — po) " (2uoac + 4pia0y — 2a09¢ — (v — 1)ac® — 2u3 — 203)
2 (a0 —2)(a — 1)

oy “(Buda + 2u3 — 20099 — a3 — 203) N e+ o9 — p1g)™
(a0 —2)(a— 1) a

g (c+ o1 — p1) “(2uiac + dpyo1 — 2a0ic — (o — 1)ac® — 2u3 — 20?)
! (a—=2)(a— 1)«

op “(Buia + 2u2 — 2a0 1y — o?p? — 20%) N Ale+op— )™
(a=2)(a—1a a '

To get the optimal retention vector (df, d3), we solve Cy(d;) = 0.

Example 3.2.2. For the parameter choices 61 = 10,05 = 20, = 3.5 and p = 38,
the function Cy(dy) has following plot:

19
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Figure 3.2: Cy(d,) for 6, = 10,05 = 20, = 3 and p = 38

Since for any d; < dj : Ci(dy) < 0 and dy > dj : Ci(dy) > 0, the objective

function attains its minimum at dj = d;.

3.3 Minimizing moments of fractional order

Another interesting aspect is solving the optimization problem under the criteria of
minimizing moments of fractional order. We consider the risk function u(z) = z'®

for a = 2.5 and a = 3.5. The general form of the C-function is given by
Ou(dl) = E[Ul(dl + (X2 AN dg)’Xl > dl] — E[u/(Xl AN dl) + d2’X2 > dQ]
The risk function u(z) = ' is convex and in C*(R). We define

Cg(dl) = E[U,<d1 + (X2 A dg))|X1 > dl] — E[U,((Xl A dl) + d2>|X2 > dg]

= E[(dl + (X2 VAN dQ))O'5|X1 > dl] — E[((Xl A dl) + d2)0'5|X2 > dz]

20



= E[((XQ + dl) A (dl -+ dg))0'5|X1 > dl] — E[((Xl + dg) A\ (dl + dg))0'5|X2 > dg]

Since (X7, X5) is bivariate Pareto distributed with parameters 6; > 0,6, > 0 and
a, where 1 > 6; > 0 and x5 > 65 > 0 it holds with Minkowski Inequality that
E(|(X; + X2)'9|) < oo for a > 1.5.

First we are interested in the case with o = 2.5. Similar to Section 3.2 we derive
a general formula for E((X Ac)%®) if X ~ ParetolI(a, i, 0) and a = 2.5 to calculate
Cs(dy).

Theorem 3.3.1. If X ~ ParetolI(a, p,0), with x > p,pn € R0 > 0 and o = 2.5,

then

4.1, 4 1. :
E((X A 6)0'5) — 2‘50_2.5 ﬁcl 5<C + %(O- B U)) . E/Ll 5<U B %:U’) + %CO5
(0 —pPo—pt+e)>®  (0—p)Pe?  (c+o—p)?

Proof.

oo

E((X A )0%) — / (X A )% f(a)da

—00

c 2.5 00 2.5
/ 05 2.50 35dx+/ 05 2.50 _da
0 (ZL’—I—O’—,U)' c (fL’—i—O'—/L)'

Y I G (Gl {— ) }
. (0 —p)?(oc —p+ax)*s _— (x+0—p)23| _,
— 95525 %01-5(04— g(O' — ) B %M1'5(U . %M) %CO‘5

O
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Recall that the conditional distribution of X;+ds given Xy > ds is ParetolI(a, o1, j11)

with py = dy+6,,01 = d;—fl and the conditional distribution of X5+d; given X; > d;



22

is ParetolI(a, og, jig) with g = di+0, 09 = %. Thus, through applying Theorem
3:3.1] we get for a = 2.5 following formula for C;3(d;):

Cs(dy) = E[(Xy + di) A (di + d))*°| Xy > di] — E[((X1 4 do) A (dy + d2))*?| Xa > dy)]

= 2.503" {%(dl +dy) " (dy + dy + 3(09 — p1a)) B 135 (02 — 3 1)
o (09 — p2)%(09 — po + dy + dg)?9 (0 — jip)20%5

%(dl + d2)0'5 :| _9 50_2.5 |:14—5<d1 + d2)1'5(d1 + d2 + g(al — Ml))
(d1 + d2 + 09 — /1’2)2’5 el (0’1 — /1,1)2(0'1 — U1+ d1 + d2)2‘5

it (o = Sm) F(di +dy)™ }
(01 — )02 (dy +dy + o1 — p11)22 ]~

Now we consider the case a = 3.5. A general formula for E((X A ¢)%%) if

X ~ ParetolI(a, p,0), with o = 3.5 is given by following Theorem.

Theorem 3.3.2. If X ~ ParetolI(a,p,0), with x > p,pun € Rjo >0 and a = 3.5,
then
%c“’((a —u)* +0.8(c — p)e + 3—8502)

(0 —p)(c—p+c)3?

E((X Ac)*®) = 3.50%° {

20 ((0 — p)? + 0.8u(0 — ) + 3:14°)) N 209
(o = 5o e+ —p
Proof.

o

E((X A )0%) = / (X A 0% f(2)da

—0o0

c 3.5 3.5 00 3.5 3.5
:/ P05 000 45dx—|—/ T — e
I (JZ—I—O’—,M)' c (:E+O—M)
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2 05
_ { 7€

@ro—u

)

= 3.50% FCm((U — 1)? +0.8(0 — p)c + =c?)
(0= plo—p+ep?

s (0 = 0 +08po —p) +ggp®) e
(0 — p)?o™? (c+o—p)

Through applying Theorem [3.3.2| we get for o = 3.5

Cs(dy) = E[((Xy +dy) A (dy + do))*?| X1 > di] — E[((X1 + do) A (dy + d2))*°| Xo > dy)

_ 35435 F(dl + L(dy))"*((02 — p2)* + 0.8(02 — pa)(dy + L(dy)) + 55(dy + L(dy))?)
o (02 — 112)3(02 — 1z + (dy + L(dy)))*5
313 ((02 = p12)* + 0.8p2(0 — pi2) + 55413)) n F(dy + L(dy))*? ]
(02 = p2)?03” ((dy + L(ch)) + 02 — 112)3?
—3.503° [g(dl + L(d1)"*((01 — p1)* + 0.8(0y — pa ) (dy + L(dy) + 38_5<d1 + L(d1)?)
o (01 — ) (o1 — gy + (di + L(dy))>3
B 2u1®((o1 = p1)® + 081 (01 — 1) + 55113)) . 2(dy + L(dy)*? ]
(01 = p)Pop? ((dy+ L(dy) + 01 — )3 |

Example 3.3.3. For the parameter choices 6, = 10,60, = 20, = 2.5 and p = 38,

the function Cs(dy) has following representation.:



dl

Figure 3.3: C3(d,) for 6, = 10,05 = 20, = 2.5 and p = 38

M (dy,dy) attains its minimum at df = d; since for any d; < dj : C3(dy) < 0
and d; > dj : C3(dy) > 0 for o = 2.5. Moreover, for any d; < df : C3(d;) < 0 and
dy > dj : C5(dy) > 0 for a = 3.5.

3.4 Sensitivity Analysis

In this section we analyze the optimal retentions (d}, d5) for different choices of the
parameters of the bivariate Pareto distribution. For this we use the previous derived
formulas of C,(d;) of the different risk functions and calculate the values dy = dj
where Cy,(d;) = 0.

Let (X1, X3) be bivariate Pareto distributed with parameters 6; > 0,605 > 0 and
a > 0. We fix #; = 10 and 0y = 20. Thus, the minimal possible value for risk X} is

24



25

10 and for risk X5 is 20. Since we are considering a Pareto distribution we expect
for risk X5 a larger expected claim if a claim occurs. Intuitively, the deductible for
risk X5 should be larger than for risk X;. Furthermore, we consider two different
fixed values of p. Recall that p € [91 + 6, %). In Table we see the possible

values for p for different choices of the parameter.

’ 0, ‘ 0, ‘ « H Interval of p ‘

10 [ 20 | 2.5 [ [30,50)
10203 | [30,45)
10 [ 20 | 3.5 [ [30,42)
1020 [4 | [30,40)
10 [ 20 | 4.5 | [30, 38.57)

Table 3.1: Interval of p

We will fix the value of p equal to 35 and 38.

First, we consider the case, where we minimize the variance with risk function
u(z) = 2. Recall, that @ > 2 in this case. We analyze the values for the optimal

retention vector (di, d3) if a increases in 0.5-steps from 2.5 on.

(010 [a |p [d [d |
10 | 20 | 2.5 | 35 || 12.652 | 23.732
10 (20 |3 |35 | 12.833 | 23.966
10 |20 | 3.5 | 35 || 13.050 | 24.246
10 (20 |4 | 35 | 13.317 | 24.586
10 |20 | 45 | 35 || 13.654 | 25.016

Table 3.2: Retentions (dy,dy) for p = 35, u(x) = 2, shifting a



(6 [0 ]a [p [d  [d |
10|20 | 2.5 | 38 | 15.119 | 27.185
10 (20 |3 | 38 | 15.906 | 28.217
10 |20 | 3.5 | 38 | 17.109 | 20.787
10 (20 | 4 |38 | 19.295 | 32.624
10 (20 | 4.5 | 38 | 25.719 | 40.913

Table 3.3: Retentions (dy, dy) for p = 38, u(x) = x?, shifting «

Consider the risk function u(x) = z3. In Table and we see the values for
the optimal retention vector (dj,dj) if a increases from 3.5 on in 0.5-steps till 4.5.

Recall, that in this case a > 3 and again we fix p equal to 35 and 38.

0 [0 ]a [p [d [d |
10 | 20 | 3.5 | 35 || 13.039 | 24.254
10 (20 |4 | 35 | 13.303 | 24.596
10 [ 20 | 4.5 | 35 | 13.638 | 25.027

Table 3.4: Retentions (dy,dy) for p = 35, u(x) = z*, shifting «

0 [0 ]a [p [d [d |
10 | 20 | 3.5 | 38 | 17.055 | 20.821
10 (20| 4 | 38 | 10.208 | 32.660
10 (20 | 4.5 | 38 | 25.511 | 40.989

Table 3.5: Retentions (dy,dy) for p = 38, u(x) = z*, shifting «

For the risk function u(z) = z' it holds that o > 2. Again, we fix 6; = 10,
6> = 20 and p equal to 35 and 38. We derived the formulas of Cy(d;) for a = 2.5
and a = 3.5. In table We see the explicit values for the optimal retentions (d, ds).
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(6 [0 ]a [p [d [d |
10 | 20 | 2.5 | 35 || 12.656 | 23.728
10 | 20 | 3.5 | 35 | 13.056 | 24.241

10 [ 20 | 2.5 | 38 || 15.134 | 27.174
10 120 | 3.5 | 38 || 17.136 | 29.770

Table 3.6: Retentions (dy,dy) for p = 35 and p = 38, u(z) = 25, shifting

We see that for increasing «, the deductibles (d;, ds) are increasing for all three
risk functions. The shape parameter « indicates how fast the tail of the distribution
goes to 0. If « is getting larger the survival function is steeper and decays faster
to 0. The probability that a loss occurs is higher for larger values of «. It is more
probable that a loss exceed a specific threshold for o larger. Therefore, the optimal

retentions for the insurer are larger if o increases for fixed parameters.

For p = 38 the retentions have, in general, higher values. This makes sense
because p is equal to E(S]), the expected total retained loss of the insurer. For a
larger p the insurer retains a larger value and the reinsurer covers less of the loss,
therefore the retentions is higher for larger p. Furthermore, we can observe that
values for the retentions are minimally smaller for the risk function u(z) = 2* than
for the risk function u(x) = 2% and u(z) = z'°. For the risk function u(z) = z'®

the optimal deductibles have the largest values.

We also consider what happens if we change the parameters ¢; and 6, for the
different risk functions. We fix p = 38 for all risk functions. The parameter « is
fixed equal to 2.5 for the risk function u(z) = x? . For the risk function u(z) = 2

we fix a = 3.5.
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(0116 [a [p [d [d |
10 [ 20 | 2.5 | 33 [ 15.119 | 27.185
15 [ 20 | 2.5 | 33 | 16.562 | 21.802
15 | 15 | 2.5 | 38 || 21.086 | 21.086

Table 3.7: Retentions (dy,dy), u(x) = 22, shifting 0, 0,

(0110 [a |p [d [d |
10 | 20 | 3.5 | 38 | 17.067 | 29.821
15| 20 | 3.5 | 33 || 16.648 | 21.899
15 | 15 | 3.5 | 38 | 23.277 | 23.277

Table 3.8: Retentions (dy,dy), u(x) = x3, shifting 0y, 6,

0 [0 ]a [p [d [d |
10 | 20| 2.5 | 38 | 15.134 | 27.174
15 | 20 | 2.5 | 38 | 16.563 | 21.802
15 | 15| 2.5 | 38 | 21.06 | 21.086

Table 3.9: Retentions (dy,dy) for a = 2.5, u(x) = z'°, shifting 0;, 6,

0 [0 ]a [p [d [d |
10| 20 | 3.5 | 38 | 17.136 | 20.770
15|20 | 3.5 | 38 | 16.648 | 21.899
15 | 15 | 3.5 | 38 | 23.278 | 23.278

Table 3.10: Retentions (dy,dy) for a = 3.5, u(x) = z°

We see that for the same choice of the parameter #; and 65, the retentions are
equal in all risk functions u. For a = 2.5 the optimal retentions for the risk functions
u(x) = 2? and u(x) = ' just differ minimally. The same observation can be made
for the other two risk functions, where ov = 3.5. If the values of 6; and 6, are closer

together, the optimal retentions are minimally higher than 6, and 6,.



Chapter 4

Summary

Based on the study of Cai and Wei (2011) we developed the optimal retentions
(df,d3%) for an insurance with two lines of business and where the risk variables are
bivariate Pareto distributed and positive dependent through stochastic ordering.
We minimized the objective function M (d;,d;) under the aspects of minimizing

the variance, minimizing moments of higher order and of fractional order. Espe-

3 1.5

cially the consideration of the risk function u(z) = x* and u(x) = =, where we
minimized moments of higher order and of fractional order are new contributions
to the existing literature. The shifting of the shape parameter « of the bivariate
Pareto distribution has been analyzed under specific assumptions and for different
risk functions. We observed that the optimal retentions just differ minimally for the
different risk functions in this case. Furthermore, the changes in the values of the
optimal retentions if we shift the parameter o has shown what we expected from a

heavy-tailed distribution like the Pareto distribution.

An interesting topic for future researches is to consider this optimization problem
in an business with three lines or more. It could be possible to find optimal reten-
tions for adequate risk functions by using Lagrange multiplier. Another approach
for this optimization problem would be to consider other distributions of regular
variation. Since in an insurance one is often concerned about risks that exceed a

specific threshold and also about positive dependence between risks, other possible
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distributions for this kind of research would, besides of the Pareto distribution, be

the Burr distribution or the Log-Gamma distribution, for example.
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APPENDIX

Proof of Lemma 2.1.1

Proof.

]P(XQ > 8|X1 > dl) = P(XQ > d1|X1 > d1>

OC +1 (6192)a+1
dl’ldﬂfg
X1 > d1 da 92.771 + 91%2 91‘92> a+2)

dl @ & (92d1 + 91%2 (91(92) (a+1)
— oL 1 a+1 /
(91) a(a + )(9192) : (Oé T 1)92 dl’g

—a |0
To2=$

(92d1 + 911’2 — 0162)
0591

= (dlﬁg)o‘oﬂl (

. 92(11 + 918 — 9192 -
N d10,

Thus, X5| X1 > dy ~ ParetolI(a, o9, 12), with e = 65 and o9 = dé—f?.
Analogeous, it follows X1| Xy > dy ~ ParetolI(«, o1, puy) with

Mn1 = 01 and o1 = a6y . ]

2y
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Proof of Lemma 2.1.3

Proof. Thus, we first calculate the conditional probability Xs > 25| X; = ;.

Since x9 > 0 and x1 > 01,

IP)(XQ > fﬂg‘Xl = $1 / f |x1)

/ fsarl

. /oo (Oé + ) (6192)a+1(92$1 + 018 — 6192) (a+2) dS

- a0a$1 (Oé+1)

= / (Oé + 1)916?+1I?+1(92I1 + 918 - 0162) a+2)d$.

With substitution ¢ = 6,21 + 015 — 0105 it follows

o0

P(Xy > 29| Xy = 21) = / (o + 1)paHgotly—(et2)
9211+01$2—0102

[e.9]

_ _ggﬂx?ﬂf(aﬂ)

t=02x1+0122—0102

= ((92.131)04+1(02x1 + 0,19 — 9192)7(a+1).

Now, we can prove the increasing property. It holds that P(Xs > 25| X = z1) is

increasing in xy € S(xy), if for s,t € S(x1) with s <t 29 € R:
]P(XQ > [L’Qle = S) < ]P)(XQ > $2|X1 = t)

IP)(XQ > I'2|X1 = S) < IP)(XQ > I’Q|X1 = t)

& 055 (Bys + Oy — 610,) 7D < O3 (Oyt + O3y — 0,0,) 7@
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=

(Bast + 0195 — 01058) @Y < (Byst + G0t — 0,0,1) @Y
928t + 91?[)28 — 01028 S QQtS + Qll'Qt — 919215
8(91.’E2 — 9192) S t(01$2 — 9192)

s<t

With analogeous calculations, it follows that X; Tg; Xs5. Therefore, (X7, X5) is
PDS.

]
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