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ABSTRACT

OPTIMAL TRADING UNDER THE AMERICAN PERPETUAL PUT OPTION FOR
GEOMETRIC BROWNIAN MOTION AND MEAN-REVERTING PROCESSES

by

Ines Larissa Siebigteroth

The University of Wisconsin—-Milwaukee, 2017
Under the Supervision of Professor Chao Zhu

This thesis is focused on the perpetual American put option under the geometric Brownian
motion and mean-reverting models. Two approaches, which have been applied before to the
call option of a mean-reverting process, will be studied in details for the two models. The
first approach amounts to solving the associated quasi-variational inequality for the optimal
stopping problem. A verification theorem is proved to demonstrate that the solution to the
quasi-variational inequality agrees with the value function. The second approach is based
on detailed analyses of an auxiliary two-point stopping problem, which leads to an explicit
expression for the value function. Both approaches identify an optimal execution rule for

the two models.
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Chapter 1

Introduction

In different fields of life we want to find the optimal time to perform an action to gain a
desired result. In the context of financial markets this is the time when the highest possible
asset can be gained from selling a stock. Finding such an optimal point in time is a long
discussed problem of theoretical and applied mathematics.

The behaviour of a stock is described using a mathematical process. The optimal stopping
time depends on the behaviour of our stock and on the used trading rule.

In this thesis we want to verify two approaches to determine the optimal time for execut-
ing a perpetual put option. To do this we will describe in the first chapter the mathematical
background. The perpetual put option and stochastic processes in general will be defined.
This also includes a description of the different stochastic processes that will be used in
this thesis to describe the behaviour of a traded stock. Furthermore, we briefly explain the
ideas behind the different approaches that will be applied. The approaches to determine
an optimal stopping time have previously been applied to the call option of a stock. The
defined goal of this thesis is to show that these approaches can be applied to other trading
rules.

The two approaches will be applied to stochastic processes in chapters 3 and 4. The
trading rule that will be used is the perpetual put option. In both chapters a candidate
solution with each approach will first be determined. After that we will try to verify that
the calculated candidates are a valid solution.

The results will be summarized in the last chapter. We will also include a brief preview
of how the results can be improved or which other stochastic processes can be analyzed by

applying the approaches.



Chapter 2

Mathematical Background

In this chapter we want to clarify the different mathematical concepts to determine solutions
for our given problem. We first explain the trading of stocks under the American perpetual
put option. After that we briefly refer to the definition of stochastic processes and stochastic
differential equations (SDEs) as a basis for the introduction of optimal stopping problems.

We will close this chapter by presenting the two approaches we will use.

2.1 American Put Option

The American put option describes the situation of trading a stock. The buyer of a put
option purchases the right to sell a stock for a defined value K. In order to gain a high asset
the owner of the put option goes for a decreasing price x per stock because in this case he
can gain a higher amount of money. If the price increases he is allowed not to make use of

the put option. The profit for the asset of a put option is

K-z for x < K
hiz) = (K —z)* = (2.1)

0 forx > K .

Real-life put options expire after a defined time. The perpetual put option instead does not

expire. It can be held until it is executed at some future time.

2.2 Stochastic Processes

Stochastic Processes are used in different contexts to define mathematical models for pro-

cesses or applications with random behaviour. For example, some important fields of ap-



plication are biology and financial markets. The different types of stochastic processes and
important examples will be described before we give a short introduction to stochastic dif-

ferential equations.

2.2.1 General Information and Important Types

Stochastic Processes can be classified into discrete-time and time-continuous (t-continuous)
processes. Discrete-time processes are all processes which have a countable set of indices. In
contrast t-continuous processes have uncountably many indices. In the case of stock trading
we will use t-continuous processes, which are based on the process of Brownian motion. The

Brownian motion W; (also called Wiener Process) has three important properties:

1. The increments of disjoint time intervals are independent, which means that W, — W,

and Wy, — W,, are independent if [¢1,t5] and [t3,t4] are disjoint.

2. For all 0 < s < t, the increment W; — Wy is normally distributed with mean 0 and

variance t — s.
3. W(0) = 0 and the sample paths t — W, is continuous for almost all w € Q.

The Wiener Process is also part of SDEs which we will talk about in the following section.

2.2.2 Stochastic Differential Equation

Applications of differential equations assume that the described process does not include any
randomness, which is also called "noise”. stochastic differential equations instead not only
consist of usual differential equations, but also include a term for the possible noise. We can

compare normal differential equations and SDEs by examining the defined formulas

dX,

d_tt = b(t, Xy) for differential equations, (2.2)
dX;
% = b(t, Xt) + O'(t, Xt)Wt for SDEs. (23)



The term W, describes the noise or randomness in our process and is the derivative of a
Brownian Motion. SDEs are solved by using It6’s formula so that (2.3) can be rewritten and
solved as

dX; = b(t, Xy)dt + o(t, X;)dW,; (2.4)
t

b(s, X,)ds +J (s, X,)dW,. (2.5)

t

Xt:XO‘i‘J‘
0

Just as for normal differential equations it is possible that a solution X; does not exist or
that several solutions exist instead of only one. In the case of solving SDEs an existence and

uniqueness theorem exists which will briefly summarize the definition found in [3]:

Theorem 2.1. If for T > 0 the measurable functions b(-,-) : [0,7] x R" — R" and

o(+,9):[0,T] x R™ —> R™™ satisfy
[b(t, z)| + [o(t, 2)| < C(1 + |z]) (2.6)
and

[b(t, ) = b(t, y)| + |o(t,2) — o(t,y)| < D]z -y (2.7)

for some constants C, D and z,y eR", t € [0,T]

and if there a random variable Z exists that is independent of the o-Algebra generated by
Ws(+) and for that

E[|Z]?] < % (2.8)

holds, then a unique solution X, for SDE (2.4) exists and X; has the property
B[§; |X:|%dt] < oo for any T = 0.

The inequality (2.6) guarantees that our solution is non-exploding almost surely. The
Lipschitz condition (2.7) gives us the uniqueness of our solution.
The processes of geometric Brownian motion and the mean-reverting process, which we

will use are defined by SDEs. For each of these SDEs an unique solution exists.



2.3 Optimal Stopping Problem

The optimal stopping problem describes the situation of maximizing the expected discount
reward. For a reward function h(X;) and an underlying stochastic process X; is the optimal

stopping problem in an infinite time horizon defined as

V(z) = sup E.[e ""h(X,)], (2.9)

7=0
where p > 0 is the discount factor and 7 > 0 is the stopping time. The goal is to find an

optimal stopping rule 7, such that

V(z) = sup E [e ""h(X,)]| = E.[e "™h(X,,)]. (2.10)

>0
By applying such an optimal stopping rule we can define stopping and continuation regions.
In case of stock trading a stock will not be sold as long as the value of X; is in a continuation
region. If the value leaves this region the stock will be traded because it reaches a stopping
region.
We will apply two approaches to solve the optimal stopping problem for the American

perpetual put option. The two approaches are briefly explained in the following subsections.

2.3.1 Approach 1: Solving QVI

The first approach we use is based on [5], solving the quasi-variational inequality (QVT)
min{(p — L)V (z),V(x) — h(z)} =0 (2.11)

where L is the infinitesimal generator for the process X. For example, when X is a geometric

Brownian motion or X is a mean-reverting process

O(n—x)f'(x) + 507 f"(2) for the MRP
Lf(x) = feC (2.12)

pxf'(z) + 3022 f" (z) for the GBM



stopping region continuation region

(p=L)V(z) =0 a* (p=L)V(z) =0
V(z)—(K—xz)" =0 V(z)—(K—2)">0

Figure 2.1: Numberline of stopping and continuation region

We apply this approach to the perpetual put option such that by the QVI (2.11) V should

satisfy
(p—L)V(z)=0,V(z)= h(x) Va (2.13)
V(z) = h(z) for x < x,
(2.14)
(p—L)V(x)=0 forx >, .

This approach for the American perpetual put Option is applied to the process of GBM and
the MRP. For each of these process types we first determine that a candidate solution v(x)

exists. Afterwards we verify that v(z) is a solution by proving

V(z) —h(z) =0 for x > x,
(2.15)
(p—L)V(z)=0 for x <z, .

If v(x) satisifies (2.14) and (2.15) it is implied that V(z) = v(x) is a solution to the QVI.

The regions where the equalities and inequalities hold are shown at a numberline in Fig. 2.1.

2.3.2 Approach 2: Solving 2-Point Stopping Problem

The second approach we use is based on [2] in which V(x) and the optimal stopping time
for a mean-reverting process under the American call option are determined by solving a

2-Point stopping problem. For this approach the equation

(p—L)V(z)=0 (2.16)



with L from (2.12) has two fundamental solutions ¢; and ¢y. It is well-known that ¢, is

increasing, ¢9 is decreasing and both are convex. ¢; and ¢, will be used to define

U(x) = ;’Zl( ). (2.17)
2
It is evident that W is strictly increasing and thus ¥—! exists, so
P
H(y) = @(‘1’ () (2.18)

can be defined. Evaluating the expected discounted reward we get according to [2]

Eule " " h(Xs, an)] = h(a)Eule 1y, <r,] + h(b)Eule " Lr,or,]

Dr(2)62(5) — 1 (D)n(z) . b1(a)da(a) — b1(x)enla)
= M) ) O o
- o ADYD V) ) ¥) = U)

B T0) -5 * 50 Y0 V0
_ y—
— o0 ) L i L0 (2.19)

where y = ¥(z), y, = V(a) and y, = V().

Furthermore, we know by [2] that V() = sup, yacpcp Bele "7 (X, o7, )], S0 we define

3 Y — Y Y — Ya
W(y) a ya,ybzsyljgyéyb[H(ya)yb — Ya - H(yb) YUp — ya]' (2‘20)
Then it follows that
Vi(z) = ga(x)W (y) = a(x)W (¥ (x)). (2.21)

The idea behind W (y) is to find the least concave majorant for H(y) so that V(x) is defined
either by ¢o(x)H (V(x)) at the regions where H(y) is concave or by ¢o(x)W (¥ (z)) where
H(y) is not concave at the complete region (a,b). When we apply the definitions given in this
approach to the GBM and the MRP under the perpetual put option we have to determine
the functions V(y), H(y) and W (y), where W(y) is determined based on the behaviour of
H(y). Determining W (y) includes the proof that W (y) is the least concave majorant for
H(y). Only in this case does V() = ¢o(x)W (¥(z)) hold.



Chapter 3

Geometric Brownian Motion

The process of geometric Brownian motion is defined by the SDE
dXt = ,lLXtdt + O'Xtth, XO =T > 0, (31)

where p and o are constants and W, is a Wiener process. Applying Ito’s formula to In(X;)

we get
X, = zpelnae)itoWe, (3.2)

We assume throughout the chapter that under some risk neutral probability measure
P, e ?*X, is a martingale. In other words, we assume that the appreciation rate of the
underlying risky asset under the measure P is u = p.

The values of a geometric Brownian motion are always greater than 0 and the expectation
value is E(X;) = xe*. In case of our optimal stopping problem under the perpetual put
option we can use this information to determine a boundary condition for our value function

in the following way:

Vi(x) = sTLi%)E[e_”T(K - X)) = (K —2)", (3.3)
(K — X))t < 1(K —0)* = K. (3.4)

In consideration of (2.15) we know that 0 < V(z) < K are our boundary conditions for

V(z). These conditions guarantee that V(x) does not explode.



3.1 Approach 1

Applying the first approach to the process of geometric Brownian motion as defined in (3.2),

v(x) will be calculated in the following way. We first solve
/ 1 2,2, 1
(p— L)v(z) = pv — pxv’ — g0 v = 0. (3.5)

Recall that we are considering the risk neutral pricing of the American perpetual put option
we consequently assume p = p. Furthermore, we guess that v(z) has the form v(z) = 2P.

Applying this to equation (3.5) we solve the equation

1 1
50 +(p=50)p—p=0, (3.6)
and we get the results
2
p1 = —U—g, p2 =1 (3.7)

So our general solution is v(z) = AjaP* + AyaP? = Alx_% + A,x. For £ — oo we know that
V' (z) should be bounded but lim,_,, x = 0. According to this we conclude that Ay = 0 and

SO

0 forx =K
(K —x) forz < K

under the condition that v(z,) > 0 we can conclude that x, < K. So we can rewrite (3.8)

for x < z, as



Determination of constants We next use smooth pasting to determine the constants
A; and z,. By using the continuity in x, of our function and its first derivative we get the

following equations:

Ayz, o = (K — ), 0 = x4 (3.9)
2 p
v'(z) = Al(——g)m*‘%‘l =-1 (3.10)
g
K _
A= (3.11)
Ty o2

(3.11) in (3.10)

—2 2
T 52 g
K, 2p 2p
el (e B |
:1:*( 02> + 02
K2
pe= — K. (3.12)
2p + o2
If we plug this back into (3.11) we get
U2+2p
K—=z 2p K o
A, = * 2 52 3.13
=g = e ) (3.13)

Combining our calculated values for A; and x, with the information that z, < K, we rewrite
(3.8) as

02+20 2
) () T E fora s,
v(x) = (3.14)

(K — ) forz < x, .

>

2
o

)

So we have found a candidate solution for our QVI.

Check of Inequalities Next we verify that the function v(x) given in (3.14) also satisfies
(2.15). Consequently v € C*(0,0) n C?*((0,0)\{x4}) is a solution to the quasi-variational
inequality.

First, we verify v(z) = (K — x) for x > x,:

10



To this end, consider the function

02
2 Lg K 0422/) 2p
=0°(2p)- (m) 2 — (K — )
02+2p
o2 K o2
fla)==@0)" (o) T e
02+2p
o2 K o2 02
= _<2p) 2p70+2 (0-2 " 2p) x*i(ﬂ’—:é;) . 1
. (2 )2p+202( K 02022,) K2p *(29:2“2) + 1
B P a2+ 2p 2p + o2
=0.

Since f(z) = 0, we have f(z) = 0 for all x > x,. Consequently, v(z) > (K — z) for all
T = x4, which we wanted to show.
Secondly, we verify (p — L)v(z) = 0 for < z,:

For that we use

for all x < z, to determine

(0 — Lyu(a) =pe(a) — (&) — 0% (2)
=p(K —x)+ pr=pK =0.

So we have shown that (3.14) is a solution for the QVI.

3.2 Verification Theorem

The next step is to verify that our calculated v(z) is a value function V(z) and that 7, =

inf{t > 0: X; < x,} is an optimal stopping rule, so that v(z) = V(z) = Ele™"™ (K — X1 ].

11



First, we show that v(z) > E[le *"h(X,)], V7 (stopping times):

Since v(z) is smooth we can apply Itd’s formula

tAT
e (L — p)v(X,)ds + f e P (X))o X, dW,
0

tAT
e Py (X, 00) = v(z) + J
0

using the inequalities
v(x) = h(x), (p— L)v(x) =0 and so (L — p)v(z) <0

we can determine

Ele """ 0(X,xr)] = v(2) + E[L : e (L = p)u(X;)ds]

tAT

< () + E[fo ¢~0ds] < v(x)

and
v(z) = Ele """ Du(X, )] = Ele " Dh(X,,)] -

The above inequality is true for any stopping time 7. Note also h(xz) = (K —z)* > 0. Hence

we can apply Fatou’s Lemma to obtain

E[e"Dh(X,)] < lim inf E[e "D h(X,,.,)] < v(x) (3.15)

t—o0
which is what we wanted to show. Now taking sup over all stopping times 7 > 0 yields
v(x) = sup,-o Ele ?Mh(X,)].

Next we have to show that v(z) = V(z) for our stopping rule 7,. For this we use the

information that in our stopping region v(z) = h(x), so that

v(z) = Ele ™ h(X,,)] <sup E[e "Mh(X,)] = V(z) . (3.16)

720
The inequalities (3.15) and (3.16) together reveal that v(z) = V(z).
So we have proven that our candidate solution v(z) is really the value function V' (z) we

wanted to determine and that 7, is an optimal stopping rule.

12



3.3 Approach 2

Applying the second approach to the process of geometric Brownian motion as defined in
(3.2) V() will be calculated. First we solve the equation (3.5) just as in chapter (3.1) which
gives us

2p

p1(z) =2, go(w) =2 7 .

Using the second approach now we get

U(z) = %(as) — T (3.17)
V) =y (319
h(z) = (K —z)* . (3.19)

Referring to (2.18) and the definition of h(x) we can determine an interval (0, yo) in which
H(y) >0, for y ¢ (0,y0) is H(y) = 0. Solving the equation H(y) = 0 gives us

02+2p

Yo = K o2 (3.20)
and in consequence
o2 2 o2
(K — yom )y forye (0, K")
H(y) =
() o,
0 fory>=K 7 .

Analysis of H(y) We assume that an extremum for H(y) on the interval (0,yg) exists.

So solving

o? 2p

- +
o?2+2p o2+ 2p

H'(y) = (K —y )y e = 0 (3.21)

13



we get

2/7+U2
2pK o2
= 3.22
Yo = 52 +2p (3.22)

as a possible extremum.
Next, we claim that H(y) is concave for y € (0,%o), which will be shown in two steps.
First, we check the behaviour of H”(y) for y € (0,yo):

2 2 2

g 2p o o

H'(y) = 12 + 02+2p(K yotre )y o7 (3.23)
2002 1 _ o2

H"(y) = — “Ky @ 3.24

(y) s vt (3.24)

Because the constants and y are positive we conclude

H"(y) <0 for y € (0,y0)

thus H(y) is concave on the interval (0,yy). For y > yo we can neither testify that H(y) is
concave nor that the function is convex, because H(y) is constant on this interval.

Based on the information that H(y) is concave and H(y) > 0 on the interval (0, yo) we
conclude that y, is the maximum of H(y). Combined with the concavity property we know

that

increases fory e (0,ys)

decreases fory >y, .

Definition of W(y) Similarly to (2.20) we determine W (y) based on our H(y).

Proposition 3.1. The function W (y) defined by

H (yx) fory =y,
W(y) = (3.26)

H(y) fory e (0,y.)

is the least concave majorant of H(y).
Proof. This claim is proven first for y € (0,y,). Therefore, the solution W (y) = H(y) on

14
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Figure 3.1: H(y) and W(y) for a GBM with p = 0.10, 0 = 0.56, p = 0.10, K = 0.3

this interval is obvious by the argument that H(y) is increasing and concave on (0, ys). So
the tangent at every y € (0, y,) will be the least concave majorant at this point.

For the region y > y, we proof by contradiction. We suppose 3¢ concave such that
L o(y) = H(y) ¥y € (0, 0)
2. Jyo > y. such that W(yoe) > ©(yo) = H(yo).

Since ¢ is concave, we can find a dominating line, passing through (vo, p(vo)) i.e. Im € (R)

such that

H(y) < ¢(y) < plyo) + m(y —y) Yy e[0,0). (3.27)

Note that H(y.) = W(yo) > ¢(yo). Considering the case where m > 0 and plugging y = vy,

into (4.33) we get

©(yo) < H(ys) < @) < @(v0) + m(y« — yo) < ¢(vo)

which is a contradiction.

15



For m < 0 and if we plug in y = y,, we get

©(yo) < H(ys) < p(y«) < ©(v0) + m(ys — Yo)-

When yy — o0 on the RHS ¢(yo) + m(y« — yo) — —oo but on the LHS H(yy) — 0 which is
also a contradiction. So we have proven that no smaller concave majorant ¢ of H(y) exists.
Consequently, W (y) is the least concave majorant of H(y). An example for H(y) and W (y)

is shown in Fig. 3.1. 0

After we have shown that (3.26) is the least concave majorant we then get the value

function

2p
o

M
—~
=
~—
Q
= |
Qm‘

a%(2p) for x> x,
Vi(z) = ¢o(x)W (¥(x)) = (3.28)
(K — ) forx < x,

which is identical to our solution (3.14) we obtained using the first approach.

16



Chapter 4

Mean-reverting Process

The mean-reverting process is defined by the SDE
dXt = Q(M — Xt)dt + Uth, XO =xelR (4].)

where # > 0, and ¢ > 0 are constants and W; is a Wiener process. Applying [t6’s formula

to the SDE (4.1) we get

¢
Xy =we ™+ pu(1—e ) + Ue_etf e dw . (4.2)
0

The MRP oscillates around its long-term mean value p. Also observe that the values of X;
can be negative. Because we want to solve the optimal stopping problem for this process
type under the perpetual put option we can determine a boundary condition for our value

function in the following way:

V(z) =sup Ele " (K — X,)"] = E[e™"™ (K — X,,,)*] . (4.3)

=0
So we obviously have the lower bound V(z) > (K — x)*,Vx € R.

The upper bound is more difficult to compute: We have
E[X,] = ze ™ 4+ p(1 — ™) (4.4)

and

¢
Var(X;) = Var[e_etf oe’*dW;]

0

t
= e%tE[\f oe”dW,|]
0

= e_mE[J0 (oe’)2ds] = %(1 — e (4.5)

17



Then

BLXE] = (u-+ (o — p)e )2 + (1 - )

2

_ (,u(l _ efet) + x€70t>2 + _9(1 _ 6729t>

< (1 —e™) + ze ) + —

e (4.6)

This in combination with the Cauchy-Schwarz Inequality gives

N

E[IX] < (BIXPD? <[00 — e ™)+ ze ™) + 2]

o

V26
] . (4.7)

[\

_ 071 —
< [(ll + |2le™™) + 5502 < el + |ul +

g

V20

So we know that F[(K — X;)"] < |u| + 5t |z|. Based on this we know that

<l +

7
V20

are our boundary conditions for V(x). These conditions guarantee that V(z) does not

(K —x2)" <V(x) < |p|+ + || (4.8)

explode.

4.1 Approach 1

Applying the first approach to the mean-reverting process as defined in (4.2) our V(x) will

be calculated based on
/ 1 2. 2.1
(p—L)yv(z) = pv—0(u—z)v + J0 TV = 0. (4.9)

In view of [5], a general solution to (4.9) is given by A1¢;(z) + Aaga(x), where ¢ and ¢ are

given by
o 2
¢1(x) = J (to—le2 e =gt | (4.10)

Go(x) = J (tgfle%e“(“"”)t)dt , (4.11)

18



and

0
I<L=£ p>00>00>0. (4.12)

o )
It is well-known that ¢, is strictly increasing, ¢, is strictly decreasing, both are positive and

convex. Therefore, a candidate solution to the QVI can be written as:

(K —x)* for z < x,
v(x) =
A1¢1(x) + Aso(z) forx >z, .

Behaviour of ¢; and ¢, Because V (z) should be bounded for x — o0 we have to examine

the behaviour of ¢; and ¢s. In the case of ¢; when z > 0 we compute

("0 o 42
pr(z) = | (tilez ety gy
Yo

2
L_ —t= _
> (t9 16 > nutenzt)dt
J1
0

p_q =t
> | (o tez e At
Ji

o 2
= emJ (tete= ")t > 0 . (4.13)
1

Then we observe the behaviour of ¢, in relation to x by using the minorant (4.13)

im 28 S (4.14)
T—00 T T—00 T
For the analysis of ¢ we compute
oo e
Py(x) = —ﬁf (toe= "2 dt < 0 (4.15)
0
so that
then
limM =0. (4.17)
Tr—00 X
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Similar analysis reveals that lim,_,_ ¢>2£x) = —oo and that ¢y(x) is bounded when =z > K

for K > —oo. Regarding this we know that ¢ is decreasing and bounded whereas ¢; is
increasing and unbounded for x — oo. With respect to this we conclude that A; = 0,

otherwise v(x) isn’t bounded. Based on that

(K —2)* for x < x,
v(z) = (4.18)

Ao () for x>z, .

Now we have to find Ay and x, by using the continuity of the function and its first

derivative at the point x, like in Chapter(3.1). So,

A2¢/2(m*) =—1
—1
Az = oh(@s) 0 (4.20)
(4.20) in (4.19)
¢2<‘T*):x_ Ty) — (Ty — (x,) =
A T H b2(@s) = (24 = K)9h(w.) = 0. (4.21)

Because of the complexity of solving the equation (4.21) we will only show that a v(x) with

constants z, and A, exists.

Existence of v(x) Now we show that (4.21) has a solution. To do this we consider the

function
G(x) =¢2(z) — (v — K)g5(z) - (4.22)

That (4.21) has a solution is equivalent to G(z,) = 0. G(z) is continuous and furthermore
on [—w, K] is G(K) = ¢2(K) > 0 and lim, , o, G(x) = —oo. Based on the continuity of
G(x) and the behaviour of the function at the boundaries of the interval we know by the
intermediate value theorem that at least one x, < K exists such that G(z,) = 0. From this

we obtain that (4.21) has a solution z, and consequently (4.20) determines the value of As.
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So we have shown that a solution of the QVT exists and the solution has the following form

(K —x)* forz < x,
v(z) = B (4.23)

%(m* ¢2( ) forx > x, .
Check of Inequalities Next we verify that the function v(z) given in (4.23) also satisfies
the inequalities (2.15). Consequently, v € C'(0,00) n C?*((0,90)\{z4}) is a solution to the
quasi-variational inequality.
First, let’s verify V(z) > (K — z) for x > x,:

To this end, consider the function

using (4.20) we get:

f(x) = ¢2( ) + ¢2(:c*)+1 = —14+1=0.

¢’( «) cbz( «)

This inequality holds, because with respect to ¢35 > 0 we know that ¢o is convex but ¢o(z)

is also bounded for lim,_,,. Therefore ¢o and similar to that ¢/, decrease for lim, . Con-

#5(2)
@ ()

Furthermore, since f(z,) = 0, we have f(z) > 0 for all z > z,. Consequently is v(x) >

< 1.

sequently, is @) (z,) > ¢5(x) and therefore

(K — z) for all x > z,, which we wanted to show.
Secondly, we verify (p — L)v(z) = 0 for < z,:
Therefore we will use the condition that at the point z, our v(z) from the region z > x,

and our v(z) for z < z, are equal. We use
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for all x < z, to determine

1
(p— L)v(z) =pv —0(pn — z)v" + 5021;211”

=p(K —x) +0(p— x) = pK + 0p — (0 + p)

1
>pK + 0p — 2.0 + p) = (p— L)v(z,) + 50%”(:::*)

1
:§a2v"(x*) =>0.

So we have shown that (4.23) is a solution for the QVTI.

4.2 Verification Theorem

The next step is to verify that our calculated v(z) is a value function V(x) and that 7, =
inf{t > 0: X; < z,} is an optimal stopping rule, so that v(z) = V(z) = E[e™"™(K — X[ ].
First, we show that v(z) > Ele " h(X,)], V7 (stopping times):

Since v(x) is smooth we can apply Itd’s formula

tAT
e P (L — p)v(X,)ds + J e P (X))o X, dW,
0

tAT
e Py (X, 00) = v(z) + J
0

using the inequalities
v(z) = h(x), (p— L)v(z) =0 and so (L — p)v(x) <0

we can determine
tAT
E[e—l)(t”)y(XtM)] =v(r) + E[J e (L — p)v(Xs)ds]

0
tAT

< o(2) + E[f0 ¢"0ds] < v(x)
and

v(z) = Ele " y(X, ;)] = Ele " h(X,00)]

The above inequality is true for any stopping time 7. Note also h(xz) = (K —z)" > 0. Hence
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we can apply Fatou’s Lemma to obtain

E[e*™h(X,)] < lim inf E[e " Dh(X,,,)] < v(z) (4.24)

t—00
which is what we wanted to show. Now taking sup over all stopping times 7 > 0 yields
o(z) = sup, Ele " Oh(X, )]
Next we have to show that v(xz) = V(z) for our stopping rule 7. For this we use the

information that in our stopping region v(z) = h(x), so that

v(z) = E[e ™ h(X,,)] <sup E[e "Ph(X,)] = V(z) . (4.25)

7=0
The inequalities (4.24) and (4.25) together reveal that v(x) = V(z).
So we have proven that our candidate solution v(z) is really the value function V' (z) we

wanted to determine and that 7, is an optimal stopping rule.

4.3 Approach 2

Applying the second Approach to the mean-reverting process as defined in (4.2) V(z) will
be calculated. First we solve the equation (4.9) just as in chapter (4.1) which gives us

0 2
d1(z) = f (t6 ez e h=oyqt |
0

° 2
bolz) — f (151 ri=a)t) gy

0

Using the second approach now we get

)

&1 [ (6 e emn=mt) gy
= —(z) = .

®2 Sgo(tg—le%ﬂen(u—x)t)dt

U(z) (4.26)

According to [2] W is strictly increasing and W(z) > 0,Vz € (R). In view of (2.18) and the

definition of h(z) we define

oy (K0 ()t

H(y) = fory>0.
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From [2] and the behaviour of ¢» we know that

h(x)* K —
(2) = lim -

=, Po(7) a0 Pp(7)

H(y) - (4.27)

and is continuous on [0, ).

Analysis of H(y) H(y) is concave for y € (0, U(K)), which will be shown by the behaviour

of H"(y). For that we determine the derivatives of H(y), using the notation ¥~!(y) = z, so

that
L Wb —6a(@) = (K — 2)éh(a)
) = G —od ~ a@)aa(e) — a@)ha) | (4.28)
) = Bl - ¢1?;;ZQ¢_2 ;z;;b;(%h oyl (4.20)
_ B =bale) — (K —)* 4(0) + e)(6la) = (K — 2V )], o0
G @) — (@) A@)) '

From the behaviour of ¢; and ¢, and their derivatives we conclude
H'(y) <0 forye (0,V(K)) .

Thus H(y) is concave on the interval (0, V(K)).
For y > W(K) we can neither testify that H(y) is concave nor that the function is convex,
because H(y) is constant on this interval.

Based on the information that H(y) is concave and H(y) > 0 on the interval (0,y) we
assume that at y, is the maximum of H(y). So solving H'(y) = 0 we get the equation

—pa(xy) — (K — z4)dh(zs) = 0; this is the same equation as (4.21). So we conclude that
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yx = ¥(x,) exists. Combined with the concavity property we know that

increases fory e (0,ys)
Hiy) - (4.31)

decreases fory >y, .

Definition of W(y) Similarly to (2.20) we determine W (y) based on our H (y).

Proposition 4.1. The function W(y) defined by

W) = H (ys) fory =y, w2

H(y) fory € (0,ys.)

is the least concave majorant of H(y).

Proof. This claim is proven first for y € (0,y,). Therefore, the solution W (y) = H(y) on
this interval is obvious by the argument that H(y) is increasing and concave on (0, y,). So
the tangent at every y € (0,y,) will be the least concave majorant at this point.

For the region y > y, we proof by contradiction.

We suppose 3¢ concave such that
L p(y) = H(y) Yy € (0,0)
2. Jyo > ya such that W(yo) > ¢(v0) = H(yo)

Since ¢ is concave, we can find a dominating line, passing through (yo, ¢(v0)) i.e. Im € (R)

such that

H(y) < o(y) <plyo) +my —y)  Vye[0,0) . (4.33)

Note that H(y.) = W(yo) > ©(yo). Considering the case where m > 0 and plugging y = .

into (4.33), we get

©(yo) < H(yx) < o(y«) < 0(yo) +m(y« — v0) < @(yo)
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which is a contradiction.

For m < 0 and if we plug in y = y,, we get

©(yo) < H(ys) < p(y«) < ©(vo) + m(ys — %o) -

When yo — o0 on the RHS ¢(yo) + m(y« — yo) — —o0 but on the LHS H(y) — 0 which is
also a contradiction. So we have proven that no smaller concave majorant ¢ of H(y) exists.

Consequently, W (y) is the least concave majorant of H(y). O]

After we have shown that (4.32) is the least concave majorant we compute

G2 (U™ (ya)) + (K — U7 ()0 (P ™ (3)) = 0
—1 K — \Ijil(y*)

BTG e ()
so that we get then the value function
(K —z)* for x < x,
Vi(z) = da(x)W (¥ (z)) = (4.34)
fol*)%(x) for x > x,

which is identical to our candidate solution (4.23).
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Chapter 5

Conclusion

Referring to the results of chapter 3 and chapter 4 we have shown that both approaches solve
the optimal stopping problem for the GBM and the MRP under the perpetual put option.
For the approach of solving the QVI we were able to verify that our determined solution
v(z) is our desired value function V' (x) for each process.

Additionally, we were able verify that 7, = inf{t > 0 : X; < x,} is the optimal stopping
rule. Based on this we identified the optimal stopping time and the optimal stopping region.
Furthermore, we found out that it does not matter if we solve the QVI or the 2-point stopping
problem for each of the processes. For both the GBM and the MRP there were no differences
between the solutions of the two approaches.

We also gained from our results other potential research ideas and points of interest.
One point of interest is to find a more convenient formula to determine the optimal stopping
time for the mean-reverting process. We were only able to show that a stopping time exists,
but it was not possible to calculate this stopping time without support of computer-based
simulations.

A second point of interest is to apply the two approaches to other stochastic processes.
Traded stocks can not only be described by the GBM and MRP. It would be interesting to
determine the optimal stopping times for other processes that describe a traded stock.

Furthermore, the one-point stopping problem, which we discussed in this thesis, could
be changed to a multiple stopping problem. Both approaches were used to determine the
multiple stopping times for a MRP under the call option. In case of the perpetual put option
we would have to verify if the approaches also hold.

Another idea is to develop approaches for finding the value function of expected dis-
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counted reward that is not exponential. For example, in the case of hyperbolic discount
(E[151(X;)]) could it be possible that the given two approaches would no longer be appli-
cable.

Those are four possible routes of further research based on the verification that the two

approaches can be applied to the geometric Brownian motion and the mean-reverting process

under the American perpetual put option.

28



Bibliography

[1] S. Karlin and H. M. Taylor. A first course in stochastic processes. 2nd Edition. Academic
Press, 1975.

[2] T. Leung and X. Li. “Optimal Mean Reversion Trading with Transaction Costs and
Stop-Loss Exit”. In: International Journal of Theoretical and Applied Finance 18, Num-
ber 3 (May 2015).

[3] B. Oksendal. Stochastic Differential Equations: An Introduction with Applications. 5th

Edition. Universitext. Springer, 1998.

[4]  Z. Schuss. Theory and Applications of Stochastic Differtential Equations. 1st Edition.

Wiley series in probability and mathematical statistics. John Wiley & Sons, 1980.

[5] Q. Song, Q. Zhang. “An optimal pairs-trading rule”. In: Automatica 49 (2013), pp. 3007—
3014.

29



