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1. What is the Tensor Coalgebra?

A vector space V over a field K is said to be Z2-graded if it is equipped with a fixed decomposition
V = V0⊕ V1. The tensor algebra T (V ) is the Z2-graded algebra T (V ) =

⊕∞
k=0 V

k, where V k is
the k-th tensor product of V with itself.
The coalgebra structure on T (V ) is the map ∆ : T (V ) → T (V )⊗ T (V ) given by

∆(v1 · · · vn) =

n∑

k=0

v1 · · · vk ⊗ vk+1 · · · vn.

An automorphism of the tensor coalgebra is a bijective map g : T (V ) → T (V ) such that

(g ⊗ g) ◦∆ = ∆ ◦ g.

A coderivation of the tensor algebra is a map δ : T (V ) → T (V ) such that

(δ ⊗ 1 + 1⊗ δ) ◦∆ = ∆ ◦ δ.

The Z2-graded Lie bracket of two coderivations δ and µ is given by

[δ, µ] = δ ◦ µ + (−1)δµ+1µ ◦ δ

2. What is an A∞ Algebra?

If α ∈ Hom(V k, V ), then it determines a coderivation of T (V ) by

α(v1 · · · vn) =
n−k∑

i=0

(−1)(v1+···+vk)αv1 · · · vi · α(vi+1 · · · vi+k) · vi+k+1 · · · vn.

Using the formula above we are able to identify the Lie algebra Coder(T (V )) of coderivations with

C(V ) = Hom(T (V ), V ) =

∞⊕

k=0

Hom(V k, V ) =

∞⊕

k=0

Ck(V ).

As a consequence, any coderivation δ has a decomposition as a power series δ =
∑∞
k=0 δk. An

odd coderivation d = d1 + d2 + · · · such that [d, d] = 0 is called an A∞ algebra structure on V .

Define the coboundary operator on an A∞ structure d by D(ϕ) = [d, ϕ] for any ϕ ∈ C(V ). Then
D2 = 0, so we can define the cohomology H(d) by

H(D) = ker(D)/ Im(D).

When d consists of a single term, we can refine this cohomology to define Hn(d) for all natural
numbers n.

3. Coalgebra Automorphisms

A coalgebra automorphism g acts on coderivation α by g∗(α) = g−1 ◦α ◦ g. To check that g∗(α)
is a coderivation, we compute

∆(g∗(α)) = ∆(g−1αg) = (g−1 ⊗ g−1)(α⊗ 1 + 1⊗ α)(g ⊗ g)∆ = (g∗(α)⊗ 1 + 1⊗ g∗(α))∆.

In fact, g∗ is a Lie algebra automorphism, because

g∗([α, µ]) = g−1(αµ+(−1)αµ+1µα)g = g−1αgg−1µg+(−1)αµ+1g−1µgg−1αg = [g∗(α), g∗(µ)].

If α is an even coderivation, then exp(α), if well-defined, is a coalgebra automorphism, since

∆ exp(α) =

∞∑

n=0

1

n!
∆αn =

∞∑

n=0

1

n!
(α⊗ 1 + 1⊗ α)n∆.

=
∑

k+l=n

1

k!l!
(αk ⊗ αl)∆ = (exp(α)⊗ exp(α))∆.

If g = exp(α) then g∗ = exp(− adα), where adα(ϕ) = [α, ϕ]. This means that

g∗(δ) = δ + [δ, α] + 1
2[[δ, α], α] + · · · .

4. The moduli space of A∞ algebras

An invertible even linear map λ : V → V extends in a natural way to a coalgebra automorphism
of T (V ). Moreover, if αk ∈ Ck(V ) for k > 1, then exp(α) is always defined. An arbitrary
coalgebra morphism g can be written in the form g = λ exp(α2) exp(α3) · · · , where λ ∈ GL(V )
and αk ∈ Ck(V ). Then

g∗ = (

2∏

k=∞

exp(− adαk))λ
∗.

The important fact about the above formula is that it is computable!

We say that d and d′ are equivalent A∞ algebra structures if there is a coalgebra automorphism
g of the tensor coalgebra such that g∗(d′) = d, and write d′ ∼ d.

Theorem 1 Suppose that

d = dk + dk+1 + · · ·

d′ = d′l + d′l+1 + · · · .

Then k = l and there is a linear automorphism λ of T (V ) such that d′ = λ∗(d).

Because of this theorem, we know the first step in classifying the A∞ algebras is to classify all
nonequivalent A∞ algebras consisting of a single term dk ∈ Ck.

5. Extending a codifferential

Let d = dk + dk+1 + · · · be a codifferential. Then

0 = [d, d] =
∞∑

n=k

[dk, dn] + [dk+1, dn−1] + · · · [dn, dk].

Define D(ϕ) = [dk, ϕ]. Then the above equation yields an infinite sequence of equations

D(dn) = −1
2

n−1∑

l=k+1

[dl, dn + k − l].

This means we can solve for dn in terms of the operator D and dk+1, . . . , dn−1. In particular, if
r is the first coefficient larger than k such that dr 6= 0, then D(dr) = 0. Suppose that dr = D(α).
Then if g = exp(−α), we have

g∗(d) = dk + dr − [dk, α] + ho,

where ho stands for terms of higher order than r. Since dr = [d, α], the terms of order r cancel,
and we are left with an equivalent codifferential with the second term of higher order than r.

Theorem 2 Suppose Hn(dk) = 0 whenever n > k. Then any codifferential d with leading

term dk is equivalent to dk.

6. Applying the Theory

if V = 〈e1, . . . , en〉, then a k-multi-index I is an ordered k-tuple of integers between 1 and n. If
eI denotes the element ei1 ⊗ · · · ein ∈ V k, then define ϕIi : V

k → V by ϕIi (eJ) = δIJei. Then the

ϕIi form a basis for the coderivations of T (V ).

Example 1As an example, suppose that V is a 1-dimensional odd space. Then for each k,

there is only 1 multi-index Ik = (1, . . . , 1). Denote ψk = ϕI2k1 and φk = ϕ
I2k+1

1 . Then ψk is

odd and φk is even. We have the following formulas for the bracket.

[ψk, ψl] = 0

[ψk, φl] = (2k − 1)ψk+l
[φk, φl] = 2(k − l)φk+l.

As a consequence, if d = a1ψ1+a2ψ2+ · · · , then d is a codifferential. Moreover, if dk = akψk
is the leading term in d, then the above formulas show that Hn(dk) = 0 for n > 2k, so by

Theorem 2, d ∼ dk. This means that the moduli space of A∞ algebras on a 1-dimensional

space is a 1 parameter family dk = ψk, indexed by the natural numbers. When we study

the deformations on the moduli space, we obtain the following picture, which completely

characterized the deformations of the moduli space.

· · · d3 d2 d1.
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