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ABSTRACT

A FINITE ELEMENT BLOCK MODIFIED BACKWARD EULER METHOD FOR
SOLVING A ONE-DIMENSIONAL POISSON-NERNST-PLANCK ION CHANNEL
MODEL

by

Silas A. Winnemoeller

The University of Wisconsin—Milwaukee, 2024

Under the Supervision of Professor Dexuan Xie
In this thesis, a finite element block modified backward FEuler method is introduced to solve
a one-dimensional Poisson-Nernst-Planck ion channel (1D PNPic) model. This model is
defined as a system of time-dependent nonlinear partial differential equations, called
Poisson-Nernst equations and Poisson equation, describing the transport of charged ionic
species across a cell membrane via an ion channel pore. For an electrolyte with n ionic
species, its numerical solution gives a prediction to n ionic concentration functions and an
electrostatic potential function. However, solving the 1IDPNPic model numerically is
challenging due to the model’s strong nonlinearity and numerical stability issues. To
address the numerical stability issues, the traditional backward Euler implicit time scheme
is often selected to solve the 1IDPNPic model but it may be too costly to be practical in
application since it has to solve a system of n + 1 strongly nonlinear partial differential
equations at each time step. Hence, its modification becomes necessary to reduce its
computing cost while retaining its numerical stability properly. In this thesis, the new
method is constructed by semi-discretization and finite element techniques such that its
each time iteration only involves calculation within two blocks with each block only
containing two linear differential equations. Consequently, the new method can reduce the
computing cost of the Euler scheme sharply. In this thesis, the new method is implemented
as a software package in Python based on the finite element library from the FEniCS
project. Numerical tests are then done for an electrolyte with two ionic species,

demonstrating the convergence and high performance of the new method.
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1 INTRODUCTION

Certain cells in the body have the ability to generate an electrical signal. These cells
include neurons, muscle cells, touch receptor cells and more. To convert a chemical or
mechanical message in an electrical signal, they use ion channel receptors. Every cell contains
a different concentration in its membrane than in the extracellular environment. Because
of the concentration difference, a small electrical potential is created across the membrane.
When the conditions are right, certain channels can open to allow a rapid transport of the ions
and these channels are called ion channels. In the body, many different type of ion channels
exist which transport different ions. For example a NA-channel transport many Na™ ions.
In many applications, it is important to model the channels by differential equations [OA10),
Ch. 4.3].

The Poisson-Nernst-Planck, in the following referred to as PNP, equations, are widely
used to describe concentration and electrostatical potential for ion interactions in ion chan-
nels since it can capture several important macroscopic properties such as electric current,
current-voltage relations, conductance rectification, and membrane potentials. These equa-
tions provide qualitative explanation and increasingly quantitative predictions for ion trans-
port in many areas, such as semiconductor devices, nanofluidic systems, and biological sys-
tems. A one-dimensional PNP ion channel (IDPNPic) model gives a good prediction of the
ion transport phenomenon for the systems stated above but also has its limitations. The
number of equations to be solved and the number of diffusion coefficient profiles depend on
the number of the different ion species in the system. Each ion species corresponds to one
Nernst-Planck equation and one diffusion coefficient profile. Therefore, in a complex system
with multiple ion species, the numerical solution of the 1IDPNPic model can be computa-
tionally expensive.

The PNP ion channel (PNPic) model is a system of partial differential equations for

one electrostatic potential function v and n ionic concentration functions ¢; when a solvent



contains n ionic species. The concentration functions are only defined in the solvent region
while the potential function is defined on the whole domain. In order to avoid this difficulty,
the PNP ion channel model often considers only a piece of an ion channel pore as its domain
so that v and each ¢; are defined in the same domain.

For the vast majority, these PNPic models cannot be solved by analytical methods.
Therefore, an approximation of the models can be constructed, most of the times, by different
discretization methods. These discretization methods model a PNPic model with a system
of numerical equations, which can be solved by using numerical methods. Several PNP ion
channel models have been solved numerically by finite difference [ZQ11, p. 1f.] and finite
element schemes [XC20]. The Finite Element Method (FEM) is a natural choice for
the discretization of the PNP model in ion channel simulations. Therefore, the ion channel
simulation using FEM can be implemented effectively. The simulation has a high difficulty
because of the complicated geometry of proteins along with singularity of permanent charges,
which lead to rapid changes of the electrostatic potential [WLZL21].

In this thesis, we focus on a 1IDPNPic model with two ion species to reduce the complexity
of the model. We construct a FEM numerical scheme to calculate a solution of the 1IDPNPic
model. Furthermore, we implement the scheme as a Python package based on a finite element
library from the FEniCS project |[LL16].

The thesis starts with reviewing the 1IDPNPic model. Then this model will be reformu-
lated as a variational problem to yield a system of nonlinear finite element equations. We
then introduce a numerical scheme for solving this nonlinear finite element system.

In the previous work [Kor23], a numerical iterative scheme using the forward and back-
ward Euler Methods is presented and implemented. This scheme produces n + 1 nonlinear
variational equations. Thus, the computational cost can be very high. In our new scheme, we
linearize the nonlinear scheme by using a block modified backward Euler method, resulting

in a more effective scheme for solving the 1IDPNPic model.



2 THE 1DPNPIC MODEL

The one-dimensional Poisson-Nernst-Planck ion channel (1IDPNPic) model is used to
predict ionic concentrations and an electrostatic potential function within an ion channel
pore that allows n ionic species to go through [LB10)].

Let u(x,t) denote the electrostatic potential density function and ¢;(z,t) denote the ionic
concentration function of species i for i = 1, 2, ..., n with the spatial variable x on an interval,
0, L], and time variable ¢ for ¢ € [0,T]. Here, n is the number of species in an ionic solution,
L denotes the ion channel length, and 7" denotes the time at which the partial derivative of ¢;
with respect to t is zero to reach the steady state in which both v and ¢; become independent

of time. We define u and ¢; for i = 1,2,....,n by a 1D PNPic model as follows:

dci(xz,t) 0 ou  Oci(x,t) .

T_&EDZ {chz(x,t)ax—i— o , O<zxz<L, t>0,i=12,...,n, (2.1)
O*u(x,t) =

—ESW = ﬁ E ZZCZ(Q?,t> +p(3§'), o<z < L, t >0, (22)

i=1

subject to the Dirichlet boundary value conditions:
U(O,t) = Uo(t), U(L,t) = UL(t), CZ(O,t) = Ciy()(t), CZ<L,t) = Ci7L(t), 0 S t S jﬁ7 (23)
for i = 1,2, ...,n, and the initial value conditions

¢(x,0)=gi(x), 0<a<L, i=12..,n, (2.4)

where p denotes a permanent charge function; D; is a diffusion constant of species i; Z; is the
charge of species i; €, is the water permittivity constant; ug, uz, ¢; o and ¢; , are the boundary
values, and [ is a physical constant. Each equation of is called a Nernst-Planck equation
and the equation of is referred to as a Poisson equation.

Applying (2.4) to (2.2), we get the boundary value problem for determining an initial



value function, u(z,0), of u as follows:

€s 82g$’0) =8> Zigi(x) +p(z), 0<z<L

(2.5)
u(0,0) = uo(0), u(L,0) = ur(0)
In calculation we can simply select g; by
g(x)=¢, i=1,2,..,n, (2.6)

where ¢? denotes a balk concentration of species 4 satisfying the neutrality condition:

> Zid) =0 (2.7)
=1

With this selection, we can find u(z,0) in the expression

u(z,0) = “b;“%wb. (2.8)

Applying the neutrality condition (2.7)) to the system ({2.5)), we have to solve:

—e, M50 —0, 0<a<L,
(2.9)
u(0,0) = up(0), u(L,0) =ur(0).
In fact, we get that u(x,0) is a linear function
u(z,0) =azx+b (2.10)
Using the boundary value conditions, we get
b=up(0), o=t
L
Thus, u(z,0) is found in the expression
0) — uo(0
u(z,0) = u1,(0) — uo( )x+u0(0). (2.11)



3 FORMULATION OF THE VARIATIONAL PROBLEM

We follow the method of lines to discretize the 1IDPNPic model in two steps. In Step 1,
we do a semi-discretization in time variable ¢ to reduce the 1IDPNPic model to an ordinary
differential equation (ODE) system [Sch12, p.10]. The details of Step 1 are presented in
Section 3.1. In Step 2, we do a semi-discretization in space to discretize the ODE system by
the finite element method to yield a full discretization of the 1IDPNPic model. The details

of Step 2 are presented in Section 3.2.
3.1 A semi-discretization in time
We start by defining the n'* time number ¢, by
t,=n1, n=20,1,2 ..
where 7 denotes the time step size, which we define by
T=T/m,

for m being the number of time steps. We integrate (2.1]) over the time interval [¢,, ;1] to

get

n+1 n+1 .
/ ac, D gt — D/ [Zczxt)au(x’t)—i—aq(x’t) dt, i=1,2,...,n (3.1)
tn

ox Ox

By the right hand rectangular quadrature method,

tn+1
[ a0t~ (s = t)gltas) = 7o)
tn
where t,,1 — t,, = 7, we approximate the right hand side of (3.1)) by

tn+1 ' ‘
/ 0 {Z i, 1) du(z,t) n 8cz(x,t)} dt ~ 7_2 {Zici@?tnﬂ)@u(x,tnﬂ) N Oci(,tni1)
t

oz ox ox ox ox ox

n

(3.2)



Clearly,

tn+1 .
/ 0T ) 1 oty — el ). (3.3)
tr at

1

For clarity, we introduce the following notation,

def(z)  Oci(x,t,)  du™(x)  Ou(z,t,)
de Oz de — Ox

C

i (@) = alr b)), u'(r) = ule, tn),

Thus, with (3.2) and (3.3)), we get the semi-discretization of (3.1) with respect to time

variable t by

d du™t(z)  dct(x)
ntlie () = 7D — | Z.c T
@) — ) = Dy | Zie (@)

where ©"(x) is defined by the Poisson boundary value problem

€sd2u;;21(fﬁ) — ﬁzyzl ZiC?Jrl(.fC) +p(517), 0< 1< L,

uH0) = uo(tnsr),  u"H0) = up(tnta).

3.2 Semi-discretization in space

To construct the finite element method, we need to reformulate (3.4]) and (3.5)) as vari-
ational forms. Let Q = (0, L) and H*(Q2) be a Sobolev Space on Q. A function u of H*(Q)
ou

is in the Lebesgue Space L*(2) and its weak partial derivative % is again in L*(f2) space

[Kor23, [Joh12]. Additionally, we define H;(f2) by
H) = {u € H'(Q)|u = 0 on the boundary 99 of Q}. (3.6)

For Q = (0, L) and v € H}(Q), we have v(0) = v(L) = 0.

b b
/ vdu = vul’ —/ udv, (3.7)

we can simplify the following equation

By integration by parts,

tn+1 n+1
Jerti (g ) e @)

7 7 (x)dx (3.8)

/0 [P (z) — & (x)] v(z)dz = TD; -




as follows:

/0 [ @) — 2 (a)] vz = —7D, / [ e aun;;(x)+ac¢;;() Z—de (3.9)

And moving all the terms containing unknown functions ¢** and u™*! to the left hand side
and the term containing the given function ¢}’ to the right hand side will lead us to the

following equation

L dunt+1 dcntt d L
/(; Cn+1( )'Udl'—i-TD/ |: n+1(x) de<1f> + Czdx(x):| édl-_/(; C?(:L‘)’UdiC (310>

for i =1,2,...,n. Similarly, we can get the variational formulation of (3.5] for the potential

function u™t! as follows:

dv aun+1 n+1 L
68/0 e —ﬂZZ/ c vdx—/o p(z)vdz. (3.11)

Hence, we combine (3.9) with (3.11| to obtain a system of n + 1 variational equations as
follows:

Find M € HY(Q) and u"*' € HY(Q) satisfying the boundary value conditions

u"H0) = wg(tnsr),  u"THL) = up(tni),

C:-L+1 (0) - Ci,0<tn+1); CZL(L) = Ci,L<tn+1)7 1= 17 27 - 1, (312)

such that both and holds for all v € H}(Q).

3.3 Finite Element Method for Solving Variational System

We construct a linear finite element function space, V}, as a subspace of H'(€) based
on a mesh partition of € with the mesh point x; = jh with the mesh size h = = +1 for
7=0,1,2,..., N, N + 1 such that for each u; € Vj, u;, is a piecewise linear function, and is

continuous in 2 = (0, L). We then define a subspace of V}, by

Vh,O = {U € Vh|1)(0) = O,U(L) = O}



We now obtain a variational system of the finite element method as follows:

Find u**1 € V), and cf“ eV, fori=1,2,....n satisfying the boundary conditions

uMH0) = uo(tngr),  wTH(L) = ur(ton),

FH0) = cio(tnsr), L) = cin(tpsr),

such that for all v € V},p,

L L k+1 k+1 L
d d dc;
/ A udr + TDZ'/ d_v (ZicfJrl v % ) dx = / cFvde, i=1,2,...,n, (3.13)
0 0o ar 0

dz dz
L gu dub+1 n Lo L
es/o e dx_ﬁ;Zi/o ¢ vdx:/o pudz, (3.14)

where k=0,1,2,...,m.

Consequently, we have obtained the finite element backward Euler time scheme for solving

the 1IDPNPic model, which is defined by the system of (3.13) and (3.14) for time step

k=0,1,2,...,m. From this system, it can be seen that we have to solve a system of n + 1
nonlinear variational equations for the n + 1 unknowns &' 5 . 51 and u*+! at each

time step k. Hence, the backward Euler time scheme can be very costly in calculation.



4 FINITE ELEMENT BLOCK MODIFIED BACKWARD
EULER SCHEME

To reduce the cost of the backward Euler time scheme, we construct a finite element
block modified backward Euler scheme in this chapter. For simplicity, we consider the case

with two ionic species (n = 2). That is, for each step k, we find three unknown functions,

k+1 k+1
) 02

k
€1

k1 when c¥, ¢§ and u* are given.

and u
Let Vi, x V}, and V}, g XV}, o denote the product function spaces. We define wy, wy € Vi, XV},

and v € Vi, o X Vj, 0 by

wy = (ulﬁ_l’lv CIIH_I)’ W2 = (uk+17 CIQC—H)’ v = (Ula U2)7

k+1,1 Ck-l-l k+1 k+1
) 41 2

where u ,u"", and ¢y are functions from Vj,, v; and v, are functions from V, g,

which are used in the formulation of our block variational problems. We then define the

bilinear forms a;(+,-) and linear form b;(-) for i = 1,2 by adding (3.13) and (3.14) to get

L dvy dukt1t L
= ¢ | — dx — BZ Mlod
ai(wy,v) € N x— 1/0 o upde
L L dv, duFttl ekt
+/O CT+1U2d$+TD1A % |:Zlle A + dl{I? :| dill', (41)
L L L
bi(v) = BZQ/ cgvldx—i-/ p(x)vldx+/ Fvydu, (4.2)
0 0 0
L vy dub+1 L
= ¢ | — dx — BZ M od
as(ws, v) € @ dr x— 2/0 csvrdx
L L duy duFtt k!
—l—/o c’§+1v2da:+TD2/o T |:ZQC12€ o + de ]dm, (4.3)
L L L
bo(v) = ﬁZl/ c]f+lvldx+/ p(m)vldx+/ chvydu, (4.4)
0 0 0

In Block 1, we define a linear variational problem as follows:

Find w; = (11, &) € Vj, x Vj, satisfying the boundary value conditions:

MN0) = cro, FTUL) =1y, uFTV =y, WFTVY(L) =y (4.5)



such that

a(wy,v) =b1(v) Yv € Vio X Vip. (4.6)

In Block 2, we define a linear variational problem as follows: Find wy = (uf+!, ™) € Vi, x Vj,

satisfying the boundary value conditions:
ATH0) =cro, ETNL) =copn, U=y, WMTHL) = uy (4.7)

such that

CLQ(U)Q,’L)) = bg(’y) \VIZJ € Vh,O X Vh,0~ (48)

In implementation, we use the following termination rule for the time iterations: We stop

the time iteration at the k£ + 1th time step if
lef =t <e i=12, |uf —u* | <€ (4.9)

We now present our time scheme in Algorithm 1.

Algorithm 1: Block Modified Backward Euler Scheme

1 Input the initial values ¥, ¢, u°.

2 Set k=0, m = 5000 and ¢ = 10~* (by default).

3 repeat

4 Find ¢f** and «**'! by solving the linear problem in Block 1 given in (4.6).
5 Find ™, w**! by solving the linear problem in Block 2 given in (4.8)).

6 Increase k by 1

7 until ||cF — | < €,i = 1,2 and ||[u* — uFY| < € or k > m;

4.1 Implementation with FEniCS

The scheme is implemented using DOLFIN, a popular open-source finite element library
from the FEniCS project. DOLFIN serves as the computational high-performance C++
backend of FEniCS, facilitating the implementation of various data structures such as meshes,
function spaces, and functions, as well as the computation of intensive algorithms like finite

element assembly and interfaces to linear algebra solvers and data structures [LL16]

10



Due to the FEniCS project’s reliance on a Linux environment, the Windows Subsystem
for Linux (WSL) was installed for the installation process. Anaconda was then utilized on
the WSL to set up a Python environment for installing the FEniCS project.

The implemented solver was executed for different test cases. Here we set the permanent
charge function p to be a constant (1), n = 2 for a solution of table salt NaCl with a diffusion
constant D; = 0.133 for Na' ions, Dy = 0.203 for C1~ ions, €, = 78, 3 ~ 4.2414, and the
spatial partition number N = 256.

We did initial tests on the Python program for the scheme. In the tests, we set the
channel Length to L = 40 to get a mesh size of h = 0.155642 for a uniform interval mesh,
where all adjacent mesh points have the same distance and the time step size 7 = 0.5. The

boundary conditions were defined as follows: For k£ =0,1,2, ...

such that we get an expression for ug as follows
up(z) = 0.05z — 1.

We set the tolerance to 10~* and run the algorithm for that test case. We reach a maximum
error of 9.995873e-04 after a number of 645 iterations. Thus we get the time length to reach
the steady state T' = 323. The time we needed for the calculation was approximately 3
seconds.

We plot the error, which is defined by the difference of each function between two timesteps
in Figure[] In this figure, we applied a logarithmic scale to the error axis to accommodate
all three function errors in one plot. Here, we see for the potential function u and the
concentration function ¢y, that the error is strictly decreasing. For the concentration function
co the error starts to slightly increase at the beginning and then decreases, but stays under

the tolerance 10~%. Therefore, the iteration stopped when the error of the potential function

11



u fell under the tolerance. We observed a significant reduction in the error of the potential
function u after the initial time step, as this iteration depends the most on the quality of
the initial value.

The finite element block modified backward Euler solution is presented in Figure [4 This

figure shows a manually generated surface plot from the results in each timestep k,

—— Error Potential
107 4 Error concentration 1
—— Error concentration 2

1014

1072 o

. \

Difference between two timesteps

1074 4

T T T T T T
0 100 200 300 400 500 600
Timestep k

Figure 1: Solution difference between two timesteps as a function of timestep k.
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(b) Concentration function of the first ionic (c) Concentration function of the second ionic
species in Test 1. species in Test 1.

Figure 2: Finite element solution (u, ¢, c2) of the IDPNPic model in Test 1 with 7 = 0.5.
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5 CONCLUSION

We introduced a new numerical scheme, the finite element block modified backward Euler
method, to solve a one-dimensional Poisson-Nernst-Planck model. The scheme modifies the
backward Euler method with n 4+ 1 nonlinear variational equations to a linear scheme by
using a block iterative method. We described the scheme for n ionic species.

In our test case, we considered the case with two ionic species (i.e., n = 2). We used the
FEniCS project library for the implementation of the new scheme. To display the results,
we constructed 3D surface plots and 2D curve plots for the numerical solutions.

In the future, we will continue to explore the new scheme by theoretically analyzing the
convergence and stability of the new scheme and by doing more numerical tests. To validate
the new scheme, we will create an analytical solution of the 1IDPNPic model artificially.
We then will do validation numerical tests by comparing the analytical solution with the
numerical solution generated by the new scheme. Moreover, we will use the analytical

solution to verify the convergence rate and numerical stability of the new scheme.

14
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Appendices

A Hardware

Acer Nitro 5 anb15-57

Microprocessor Intel®) Core™ i5-11400H (2.7 GHz base frequency,
up to 3.9 GHz with Intel®) Turbo Boost Technology,
20 MB cache, 6 cores)

Memory, standard 16 GB DDR4-2400 SDRAM (2 x 8 GB)

Hard drive 512 GB PCIe®) NVMe™ M.2 SSD
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B Software

OS Windows 11 — Windows Subsystem for Linux
OS-kernel WSL (Ubuntu) Kernel Version 5.15.146.1-2

Python&Anaconda Python 3.11.7 — Anaconda 24.1.2
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