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A Comparison of Dispersion Effect Identification Methods
for Unreplicated Two-Level Factorials

Howard T. Fuller and Sgren Bisgaard

Identifying factors that affect the variability of a process has become an important step in
improving quality. Over the years many methods based on unreplicated two-level factorial

experiments have been proposed for identifying such factors.

In this article we present a

comparison of statistical power associated with several alternative methods. To this end we also
present a method of operationalizing the half-normal probability plot which can be used to assess

the relative "power” associated with it.

1. INTRODUCTION

Unreplicated two-level factorials and fractional
factorials have until recently primarily been used to
investigate the effect of experimental factors on the
mean level of some quality characteristic. However,
Box and Meyer (1986) recently showed that they also
can be used to identify factors that affect variability
known as dispersion effects. Since the publication of
their paper, a number of alternative methods and
related discussions have appeared, see e.g. Nair and
Pregibon (1988), Wang (1989), Montgomery (1991),
Miller and Wu (1993) and Bergman and Hynen
(1995).

The objective of this article is to examine and
compare several alternative methods including those
referred to above. Specifically we will compare

measures of statistical power either through
simulation or when possible by analytic means. Asa
result we will show that none of the methods are
uniformly most powerful. However, a new method
proposed by Bergman and Hynen (1995) seems to
perform the best overall.

To introduce the concept of dispersion effects
and its practical significance, let us consider
Montgomery's (1991) experiment on an injection
molding process. The objective was to reduce
excessive shrinkage of plastic parts.  The original
experiment was an unreplicated 2",3 design
augmented by four center points. However we will
only use the factorial part. The seven factors were A:
temperature, B: screw speed, C: holding time, D:
gate size, E: cycle time, F: moisture content and G:
holding pressure. The design matrix and responses
for the first 16 factorial runs are given in Table 1.

RunfA B € D
1 - — - -
21 + - - -
3l- + - -
41 + + - -
51 - - + -
6] + - + -
71 - + + -
3] + + + -
o1 - - - +

mwl+ - - 4+

11y -+ - 4+

121 + + - +

13- - + +

14 ] + - + +

15| - + + +

16 + + + +

L+ 4+ 0+ 00+ 01+ 4+ 1 iy

Shrinkage
(x10)

6
10
32
60

4
15
26
60

8
12
34
60
16

5
37
52

F

%}

I
L+ + b+

I+ + + +

+

I+ +
I+ 1+

I

+ 1
+ 1+ 1

Table 1. The 2]’ design matrix and responses for Montgomery's injection molding experiment.
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A normal probability plot of the location effect
estimates is given in Figure la. From it we see that
factors A: temperature and B: screw speed and their
interaction appear to have significant effects on
shrinkage.  Thus we may fit the model
3= Bavy +Baxs +Bpxp+Bapxsxp, compute re-
siduals, and check for violations of the standard
assumptions. Figure 1b shows a normal plot of the
residuals, and Figure 1c a plot of the residuals versus
the predicted values. Based on these plots, there does
not appear to be any abnormalities. However,
plotting the residuals against the levels of each of the
15 main effects and interactions revealed that, as we
see in Figure 2, the residual variability seems to
depend on the Ievels of factor C. Thus, it appears that
this factor, the holding time, has a dispersion effect.

Technologically this might be an important
finding. First, since factor C does not appear to have
a location effect we may set that factor at whichever
level reduces variation. In turn this might likely
reduce manufacturing problems associated with
excess variability. Second, by identifying holding
time as a critical factor for variability, engineers
familiar with the technical! aspects of the process
might be able to use this new understanding to reason
about possible ways to further reduce variability. The
former is usually referred to as empirical feedback
and the latter scientific feedback, see Box and Draper
(1969, p.153).

Unfortunately plotting residuals against all
contrasts is laborious, and making relative
comparisons between the plots can be difficult. It is
for this reason methods for dispersion effects have
gained popularity. However, to avoid confusion
about the objective we hasten to point out that our
focus is on identification of a dispersion effect, not

estimation of already identified effects, a distinction

expounded by Box and Jenkins (1976, p. 19). We
will now provide a brief overview of some of the
many methods proposed for identifving dispersion
effects.

2. OVERVIEW OF COMPETING METHODS
FOR IDENTIFYING DISPERSION EFFECTS

The recent interest in methods for identifying dis-
persion effects in the context of quality improvement
and robust design dates back to Box and Meyer
(1986). Inspired by a careful analysis of an
experiment by Taguchi and Wu (1985) that contained
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a dispersion effect, they proposed the use of the ratio
of the sum of the squared residuals at each of the
factor's levels as a method for discovering such
effects. Because of this statistic's similarity to an F
ratio, they further suggested that the log of this ratio
will approximately follow a standard normal
distribution.

Our literature search shows, however, that Daniel
(1976, pp.138, 286), most probably out of a concern
for checking statistical assumptions and not product
robustness, likely is the first to have discussed how to
identify dispersion effects for unreplicated two-level
factorial experiments. In an inconspicuous fashion he
proposed to first remove the location effects and then
re-analyze the experiment using the absolute value of
the residuals as the response. This proposal is akin to
one later made by Hoaglin, Mosteller, and Tukey
(1983) in the general regression situation. They
suggested using either the absolute or the squared
residuals as the response. However, they did not
propose a particular test for significance.

Following the publication of Box and Meyer
{(1986), Nair and Pregibon (1988) in the case of
replication, then compared Bartlett and Kendall's
{1946) method of taking the log of the within-trial
sample variance to their modified version of Box and
Meyer's {1986) method for replicated experiments.
Nair and Pregibon's (1988) conclusion was that
taking the log of the within-trial sample variance in
general was a more powerful technique than their
modification of Box and Meyer's (1986). However,
this in some sense involves comparing incom-
mensurables since Box and Meyer intended theirs for
unreplicated factorials only. Furthermore, Nair and
Pregibon (1988) showed that both approaches when
used for estimation are special cases of Maximum
Likelihood Estimation (MLE) under specific model
assumptions.

More recently two new methods by Wang (1989)
and by Bergman and Hynen (1995) have been
proposed. Building on the resuits of Cook and
Weisberg (1983), Wang proposed using a Fisher
score statistic for each factor and interaction to
identify dispersion effects. Moreover Wang (1989)
indicated that the approximate significance can be

determined using a y*(1) distribution. Bergman and
Hynen (1995) alternatively proposed using a test

statistic based on the data instead of the residuals
setting this method apart from all the other proposals.
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Figure 1. Normal probability plots of a) location effects, b) residuals and c) the residuals vs.
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Figure 2. The dot plot of residuals versus the levels of factor C.

CQPI Report No. 132, February 1996



4 ' Howard T. Fuller and Sgren Bisgaard

Conditional on the level of the factor or interaction
one wishes to test for a dispersion effect, all the
location effects assumed to be inert are first
computed. A test statistic is then formed by taking
the ratio of the sum the squared effects computed at
each of the factor's levels.. A major advantage of their
method is that under the null hypothesis the test
statistic is F distributed.

A key problem for most of the methods
described so far, except for Bergman and Hynen's
(1995), is the lack of an exact reference distribution
under the null hypothesis. To avoid this problem
Montgomery (1991) presented an interesting
innovation by using a normal probability plot of the
log of Box and Meyer's (1986) test statistic. His
example used for demonstration was the injection
molding experiment discussed earlier. In a similar
situation, Miller and Wu (1993) used a half normal
plot of test statistics estimated from the log absolute
residuals.

The various methods for identifying dispersion

effects have thus far not been systematically
compared causing some confusion as to which
method to prefer. In the remainder of this article we
therefore will attempt such a comparison. First we
present a definition of a dispersion effect and then
define the different test statistics to be examined in
this article. Using the different tests for significance
we then compute measures of power associated with
those tests. However, since several of the methods
rely on using normal plots and not tests in the
traditional sense this poses a problem. Thus we have
developed a criterion, not perfect but useful, to
evaluate the "power" for such tests. Finally in
Section 6 we present our comparison of the proposed
methods.

3. THE DISPERSION EFFECT MODEL

We will now introduce the dispersion effect model
and methods for their identification. Suppose a
standard unreplicated two-level factorial or fractional
factorial experiment has been conducted and that ¥

is the nx1 vector of observations. Further let X, be

the full rank model matrix. Most of the methods for
identifying dispersion effects to be discussed below
are based on first identifying and removing the
location effects, Thus we first fit the full location
effects model

y=X,B,+¢ 1 .
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where it is assumed that V{€}=In0'2. The least
squares estimates of all the possible location effects
are then 2B, = 2(X;X,,)_] X,y. and a normal

probability plot of the elements of the vector Zfin,

except the first associated with the mean, can then be
used to identify active location effects.

Having identified the active location effects, let
X, be the matrix of column vectors corresponding to

those effects. Then replacing X, by X, in (1) gives

a reduced model
Y= X[.BL +£ (2)

where again it is assumed that V{e}=1, o?. The
residuals are then given by

r=y-X,. BNC)
where f, =(X,X} )" X2y.

Typically plots of the residuals versus the
predicted values, and normal plots of the residuals are

used to check for normality, dependence of the

variance on the mean, no outliers, and so on.
However, when checking for dispersion effects we
need to check the assumption of V{e}=1,062 in (2)
against the more general assumption of
V{e}=Z, =diag{0',-,-e} where ©; are not neces-
sarily all equal but depend on the levels of some
experimental factors. Specifically a factor f is said
to have a dispersion effect if when changed from its
fow to its high level, the variance is changed by a
factor k_,% # 1 (Box and Meyer, 1986).

All but one of the test statistics we will examine
in this article are essentially functions of absolute

residuals raised to some power A. We will therefore
use the short hand notation '

|?‘-|(1) - |ri|l A >0.
‘ log|r,-| A=0

To identify dispersicn effects Box and Meyer (1986),
Bergman and Hynen (1995), and Wang (1989) have
proposed test statistics which are some function of

|(l). These test statistics will be denoted by f)fM,

|" i
bf” and ﬁ}v respectively. Those as well as others

can conveniently be defined as

.
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nl2 ri2
(- 5] azo
i=f+ i=f- _

ni2

n/2
log( ¥ r? E"?J A=BM

ﬁ;‘ = i=f+ i=f- \ (5)
JR ni2 5 nll 2
(anz) Sori— Y1 A=W
i=f+ i=f-

S (eflr+) [ (efr ) 2=

Li=1

where i = f+ and {= f - are summation indicators
over the high and low levels of factor f, (eﬁ| f +),~

and (eﬁ|f —)i for i=1,2,..., v are conditional effects

computed using only the data at the high or low level

R
of factor f, and . 6% = n'Ier . Thus Daniel's

' i=1
(1976) proposal corresponds to A =1 and Miller and
Wu's (1993) to A = 0. Note that in our definition of

IA);” we excluded negative powers of A. This is

because the residuals frequently are close to zero
causing test statistics based on negative powers to be
unstable.

Before we continue, let us briefly comment on
the computational aspects of the above test statistics.
Since most practitioners have access to standard least
squares software packages the test statistics defined

by ﬁ;‘ for A =Wand A 2 0 are extremely simple to

compute and require no special software
development. On the other hand the test statistics

defined by ﬁ)’} for A =BHand BM although not

complicated, are not straight forward either. For
completeness it should also be noted that Box and
Meyer (1986) provided a modification to their test
statistic to compensate for the fitting of location
factors before computing the residuals. However,
because the argument for the log function frequently

can become negative the test statistics ﬁf‘“ may be

undefined. Since our simulation studies furthermore
indicate that the benefits from using their modified
test statistics are largely offset by an increase in the
variance due to the modification we will limit our
study to the test statistic as defined in (5).

One unusual aspect of the problem of comparing
the test statistics defined in (5) is the different
operationalizations of the tests of significance.
Bergman and Hynen's (1995) test statistic is the only
one with an exact test following the F distribution
with V degrees of freedom for both the numerator
and denominator. Wang (1989) suggested for his test

to use the xz(l) distribution to approximate the null
distribution of ﬁ}v, and Box and Meyer (1986) using
asymptotic arguments suggested that their test
statistics IA)J‘?M under the null hypothesis is
approximately N(0,1).

To check the adequacy of the approximations
used by Wang (1989) and by Box and Meyer {1986)
we have simulated the distributions of ﬁ}v and 13?”
for various combinations of location and dispersion
effects. From this we have found that Wang's (1995)
use of the y?(1) distribution appears to perform
relatively well. However, using the N(0,1) dis-

tribution to test the significance of 5}”‘ frequently

gives misleading results. For example, factors that
have dispersion effects can greatly increase the
apparent significance of other factors that do not.

As already indicated Montgomery (1991) used a

normal probability plot of ﬁ}m rather than using the
N(0,1} reference distribution. Our investigations
shows that this alternative provides for a more-
reliable test so we will base our comparisons of IS}BM

as well as }5;: for A 20 on the use of probability;_
plots instead of the N{0,1) reference distribution.

Comparing the power associated with the test
statistics defined in (5) will require comparisons
between an exact reference distribution test, an
approximate reference distribution test, and several
informal tests associated with the use of half or full
normal probability plot. This of course creates some
methodological probliems that will necessitate a rather
non-standard approach. Below we will present two
types of comparisons. In the section that follows we
will apply many of the proposed tests to the same
data set given in Table 1, and in Section 3 we present
a comparison of the power functions, some developed
using ad hoc constructions, for the different tests.

4. COMPARATIVE ANALYSIS USING AN
EXAMPLE

As a preliminary assessment of the performance of
the different methods it is interesting to see how they
all perform side by side for a particular data set
containing a dispersion effect. In Figure 3 half-

normal probability plots of 15;' for A=BM,0,1/2,1,
and 2 are given. However, the tests of significance

associated with DfH and D}V are based on known

CQPI Report No. 132, February 1996
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reference distributions and thus are presented in
tabular form. From Figure 3 we see that for
detecting the large dispersion effect associated with
factor C, all methods provide the same conclusion.
Several of the methods, however, also seem to
indicate a small or moderate dispersion effect
associated with the AF interaction. To obtain more
evidence about this possibility, we have in Figure 4
plotted on the same scale the residuals for C and AF.
From these plots we see that the residuals are more
concentrated about zero at the low level of the AF
contrast and are more dispersed at the high level.
However, compared to the dispersion effect
associated with C, there appears to be less evidence
for the AF dispersion effect.

Although all the methods in Figure 3 indicate a
large dispersion effect associated with factor C it is
natural to ask which method is best. To provide an
answer to this we will in the next sections compare
measures of power associated with the test statistics
defined in (5).

5. MEASURES OF POWER

We will now develop measures of power for the
various tests. The null hypothesis, H,, for testing for

a dispersion effect associated with factor f amounts
to testing to see if changing factor f from its low to
high level changes the variance of the response. Thus
let the variance at the low and high levels be o” and
kJ%O'2 respectively. More formally the test is then
H,:k;=1 versus H,:k,#1. Given a particular
test statistic &(y) and a rejection criterion, say

&(y) > c, the power function ﬁ(kflil.) is then

Blks)=Pr{8(y)> e[ty ki =1,i % £} (6)

Note that with this definition we have limited out
analysis to the power of detecting a single dispersion
cffect associated with factor f.

When conducting a formal test a specific well
defined criterion is usually given for &(y)..

Moreover, critical values and the power are computed
based on the probability distribution of &(y).

However, since some of the tests to be evaluated here
are based on probability plots we need to proceed a
little differently. Before we discuss how to deal with
the probability plot based test let us consider the two
tests by Bergman and Hynen (1995) and Wang
(1989).
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5.1 COMPUTING THE POWER FOR
A=BHand W

First we will derive the distribution of Df¥.. Let the

sums of the variance of responses at the high and low

Nf2
levels of f be denoted by Y V{y,-lf +} and
i=1
Nj2 ,
¥ V{yi| f ~} respectively. Under the nult hypothesis
i=1
it can then readily be seen that

V{(erlr +),} =

and

V{(e)ﬂf —)l.} = 4N”2j§V{yi| 7 +}

E{(eﬁlf +)i}= E{(eﬁ|f _)i}_-_ 0 for

i=12,...,v+1. If we then add to the assumptions

given in (3) that & ~ N(0,X,) then it follows that

a=N 3 el )] 43 v{lr+} ®)
and

B= N3 (eflf-) /4zv{y,|f} ©)

both are x?(v) distributed. Hence, W=A/B is
F,, distributed. Now let

u= ZV {vlr+ /ZV{y.-If-}-
Then it follows that

Pe{DF" < c}=Pr{uw < c} =Pr{W <u'c} =
FV‘V(u_Ic).

Thus Bergman and Hynen's (1995) test statistic
follows a scaled F, , distribution which implies that

the power of their test can be computed analytically.
Now let us turn to Wang's (1995) test. For

8(y)= ﬁ}" he suggests that the xz(l) distribution be
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Fig. 3. Half-normal plots of (a) D, () D?,(c) D¥'2,(d) D},(e) D and (f) the test statistics D} and D}’ where

v = numerator and denominator degrees of freedom associated with each f)}m and p = p - value for each statistic.
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~ Figure 4. The dot plots of residuals versus the levels of the C and AF contrasts.

used to approximate the null distribution. Thus for
our power computations we will as a rejection

criterion use 13}" > 12(0.05, 1) and ﬁ(kf’/l = W)
will be obtained for different values of k, by

simulating the distribution of ﬁ}v based 100,000

replications. For the remaining test statistics which
use probability plots we first need to operationalize
the rejection criterion.

5.2 POWER BASED ON
OPERATIONALIZING THE HALF-
NORMAL PLOT

In practice when using normal plots the "critical
value" is chosen subjectively by visual inspection of
the plot. Therefore different data analysts uses
different criteria. We will therefore proceed on the
following premise. If we develop an operational
criterion for rejecting H, that more or less mimics
the visual "rule" used by several data analysts, and we
use that same criterion to compare all the tests then at
least the comparison is fair. Moreover, if the
criterion used is close to what several reasonable
people agree on, then the ranking of the performance
of the tests will be informative to practitioners in
terms of which method to prefer. However, we hasten
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to say that we do not claim that the "power" obtained
this way necessarily can be compared to power
functions obtained in the usual sense. We only claim .
that such comparisons are indicative of relative
performance.

To simplify the determination of the criterion
somewhat, we will operationalize the half-normal
probability plot because it has more structure than the
full normal probability plot. However, this does not
mean that we necessarily recommend that
practitioners use half normal plots rather than full
normal plots for discovering dispersion effects, and
we certainly do not want to suggest that our criterion
be used in practice instead of either of them.

A half-normal probability plot is constructed by
plotting the ordered absoclute test statistics with
respect to the standard half-normal scores and then
graphically drawing a line, £, through the origin and
the points on the plot assumed to be associated with
inert effects. Figures 5a and 5b below show
examples of half-normal probability plots. Note that
for our operationalization we have switched the axes
of the normal plot so that the normal scores are on the
x-axis. The reason for this is that we are going to fit,
with least squares, a line and want the random
element to be on the y-axis. However, for the
practical application we agree with Daniel (1983,
pp. 565-568) that it is more natural to plot the test
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(a)

1H-Nsc
0 1 2 3

OrEliered t bir l (b)

| H-Nsc
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Figure 5. Examples of half-normal plots of ordered !f);: | for f=1,2, .., 15 where d,5 represents the same

vertical deviation of |131‘15t from £ in both plots. The line £ is a regression line with no intercept

fitted to the first twelve ordered statistics.

statistics on the x-axis and the normal score on the y-
axis. ‘

To determine £ for an n-run two-level factorial
experiment we will regress a line with no intercept on

the [0.75n] smallest |13;‘|s and their corresponding
half-normal scores. This procedure is illustrated in

Figures 5a and 5b. We have found that using 75% of
the test statistics to determine the line is reasonable

since we will assume both location and dispersion

effect sparsity. From the regression we then
determine the residual mean square MS,“(IA);') and

the vertical deviations, d} , between |l5}'| and the
fitted line £. Thus for contrast f, d; , Tepresents the
deviation of |ﬁf:| from its expected value. However,
the magnitude of d; should be judged relative to
MSm(ﬁ}' ) For our significance critetion we

therefore will use 4y , defined as

d, =d}/1{Msm(13;}). (10)

Note that one advantage of d; as defined in (10) is

that it is invariant to a location-scale transformation
of the original data.

The test described in Section 5.1 based on an
explicit criterion for each factor and interaction are

tested separately. However, tests based on the ap-
pearance of the pattern of a probability plot tests all
the factors simultaneously. Thus to be consistent.
with (7) and make the comparison fair, we need to
develop a criterion for use with the probability plot
that searches for a dispersion effect associated with

f only. The significance of other test statistics |IA),}“ |,

i # f not associated with the particular effect f under

consideration will, therefore, be ignored to the extent
that they are only considered when they impact the

significance of |ﬁ}'|
Another important yet subtle aspect of develop-
ing an operational rule for declaring a factor signi-

ficant is the individual rank order of all the test
statistics. First note that for a particular probability

plot, MSms(ﬁ}’} ) is constant. Therefore from (10) it
follows that d, <d, if and only if d; <d}.

However, it is possible that for some factor i for
which Iﬁ,‘} l > |ﬁ;} |, the associated distances from the

line are related as d; < d;. In such cases, we believe

that lf)ﬂ should be declared significant only if for all
h such that lﬁ,f‘l:v |ﬁ}1| the factors associated with

IIA),‘}l are also declared significant.

To formalize the above, let the set of all possible
contrasts from a standard two-level factorial or

CQPI Report No. 132, February 1996



10 Howard T. Fuller and Sgren Bisgaard

fractional factorial experiment be denoted by T .
Also let the set of contrasts with absolute test
statistics greater than or equal to that of contrast f be

the set Zf ={ie‘T ||f),1|2[15}|} Given some
critical value, c, the test statistic associated with f

will then be declared significant if ¥ je Z_1d; >c.

With this additional rule we can now write the power
function for a given A as

Blksf2)=

(11)
Prl{VjeZ,id;>co |k, =1i% f}

where ¢, is the critical value obtained by simulation
as the solution to

Pr{VjEZf e =1,i'=-1,...n-1}= .

6. EXAMPLES OF POWER COMPARISONS

In this section we will compare the power curves of
ﬁ(kf|A) for A =BH,BM,W,0,1/2,1 and 2

for different sets of location and dispersion effects.
We will let L denote the set of location effects and
@ the set of dispersion effects. For each value of
k; the comparison will be based on 100,000

unreplicated 16-run two-level factorial experiments
where the standard four basic column vectors are
labeled A, B, C and D and we will always assume the
mean is included in the location model. For each of
the 100,000 experiments we then remove the location
cffects, compute the residuals, estimate the test
statistics for the dispersion effects, fit the line for the
normal plot, and use the criterior discussed above.
For a given A the power is determined for
k;=1,2,...,8 and the power curve estimated by

spline interpolation between these points.

6.1 POWER WHEN L ={ A} AND D ={A}

In our first example we will examine ,B(kf|}.) with

the assumption of one active location effect and a
single dispersion effect associated with the same
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factor. Since the choice of column vector clearly is

irrelevant we will use L={A} and (D={A}.

Following the methods for computing power curves
as described in Section 5, we can estimate the power
curves as shown in Figure 6 below. ]
Figure 6 shows that of the statistics considered
the power associated with DPH DE’, or Dj{’q
appears to be larger than the power associated with
t.he test statistics recommended by Daniel (1976),
D;, Box and Meyer (1986), D2, and Hoaglin,
Mosteller, and Tukey (1983), ﬁ} or f)ﬁ. We also

see that the method based on ﬁf is considerably

more powerful than the method based on ﬁi even
though the test statistics differ by only a constant.
This disparity between D) and D} is
attributable to the different approaches to seiecting
the critical value for the two tests. When using DY
the reference distribution is constant given by the chi-
square distributior and does not change regardless of
the magnitude of the dispersion effect. However,
since the "reference distribution” on a half-normal
plot is constructed from the test statistics assumed
inert, it will change if the test statistics are influenced
by the magnitude of the dispersion effect being tested
for. Using results from Johnson and Kotz (1972, p.

'91} the variance V{f)}# A} of the test statistics f)f

not associated with factor A, can be shown to be
307 /64 (k§+1) and the expectation E{f)ﬁ}, is

102 /16 (kf_ —1). Thus the slope of the line drawn

on the probability plot will likely decrease almost as
fast as the increase in the expectation of f)ﬁ .

Note that this in turn suggest that when using
Wang's method the Type I error rate of test statistics
associated with inert dispersion effects should
increase along with the magnitude of k3. This does

in fact occur. However, as stated earlier, in a separate
simulation study we found the Increases to be

marginal. Furthermore, Wang provided an additional
check for significance during the estimation stage
which most likely will screen cut any dispersion
effects mis-identified as active.

POWER WHEN L ={ A} AND D ={B}

We will now examine ﬁ(k f|/l) under the assumption

of one active location effect associated with some
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Figure 6. Power curves for A = BH,BM, W,0,1/2,1, and 2 based on a 16-run two-level factorial experiment with

L£={A}md D={A}.

basic column vector and a single dispersion effect
associated with some other basic columnn vector. Any
two basic column vectors will do so we will select

L ={ A} and @D ={B}. Thepower curves for
A =BH,BM,W.0,1/2,1,and 2 are shown below in

Figure 7. Comparing Figure 6 to Figure 7 we see that
all the curves show less power than before. However,

the power curve associated with DEY seems to have
B

decreased the least. In the mext section we will
compare the power of the different methods when
there are multiple location effects.

6.3 POWER WHEN L ={A, B, AB} AND
D ={4}

For the remainder of the comparisons we will
examine ﬁ(kfll) when there are three location

effects; two associated with basic column vectors and
the third with their interaction. Thus Ilet
L={A B AB}. For D={A} the power curves

under these conditions are shown in Figure 8.

Figure 8 appears to show, once again, that the
most powerful tests are those based on DY, D or

D}{z. Furthermore, the power curves associated with

all the test statistics are similar to those in Figure 6.
However, one noticeable difference is that Wang's
method appears more powerful for small k , in this
example. Thus, we see that a uniformly most
powerful test does not seem to exist among the
methods considered. This may be due, in part, to the
approximate test of significance associated with
Wang's method. Next we show an example where
the dispersion effect is associated with some contrast
other than those associated with location effects.

6.4 POWER WHEN L ={ A, B, AB} AND
D={C}

The power curves for L ={ A B, AB} and

D= {C } are shown in Figure 9. Comparing Figure
8 and Figure 9 we see that there is a considerable dif-

CQPI Report No. 132, February 1996
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Figure 7. Power curves for A = BH, BM, W, 0,1/2, 1, and 2 based on a 16-run two-level factorial.
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1
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Figure 8. Power curves for A = BH,BM, W,0,1/2,1, and 2 based on a 16-run two-level factorial experiment
with L={I, A, B, AB} and D ={A}.
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Figure 9. Power curves for A =BH,BM, W,0,1/2,1,and 2 based on a 16-run two-level factorial
experiment with £ ={J, A, B, AB} and D ={c}.

ference in the detectability of a dispersion effect
associated with factor A as compared to one

associated with factor C for all the methods except

Bergman and Hynen's (1995). Thus for A # BH the
influence of the location effects on Dé appears to be
much more harmful than the influence of the location
effects on Dﬁ. This comparison indicates that
Bergman and Hynen's (1995) method has an
advantage over all others being considered in this
article.

The conclusions drawn from these examples are
consistent with a larger study we conducted. In every
case Bergman and Hynen's (1995} method was either
among the most powerful methods or significantly
more powerful than all other methods considered.
Two other relatively powerful methods are those
proposed by Wang based on A =W and the one
proposed by us based on A=1/2. This latter
method has the advantage that it essentially amounts
to repeating the same type of analysis performed on
the location effects but using |r,-| fori=1,2,..,n
as the response. Thus, it is exceedingly simple to
apply in connection with any software set up for

analyzing two-level factorials. Since this method
performed relatively well for most of the cases we
have studied we think it merits serious consideration
by practitioners appreciating simplicity.

7. SUMMARY AND CONCLUSIONS

In this paper we have examined several methods for
identifying dispersion effects in unreplicated
factorials. To do so necessitated that we
operationalized the visual decision procedure
associated with the half-normal probability plot.
Strictly speaking the power curves computed using
this operationalization should not be plotted with the
others. However, by doing so we have provided an
indication of which methods are likely the best with
respect to power. Thus, through analytic results and
simulation we have shown that, of the methods
considered, the three most powerful methods are

ﬁf” s ﬁr and 5)11/2. Furthermore, in terms of power
Bergman and Hynen's method is the preferred
technique but on balancing simplicity and power our

method based on ﬁ}j’z is a close contender.
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