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Abstract

The main result of this paper addresses the minimum
and maximum expected values of various gain mea-
sures for the transfer function of a system which de-
pends on a vector A of independent complex random
gains. In the distributional robustness framework of
this paper, the probability density function for A is not
completely specified. It is assumed only that the dis-
tribution of each component 4, is non-increasing with
respect to |A;|, radially symmetric and supported on
the disc of radius r; centered at zero in the complex
plane. Under these conditions, the expected value of
the magnitude-squared of the gain function at a fixed
frequency w > 0 isseen to be maximized when each A;
is uniformly distributed over the dise of radius r; and
minimized when each A; has the impulse distribution.
The result is extended to show that an H? measure of
the gain is also maximized and minimized in the same
way. These results apply to quotients of multilinear
functions of A, which includes system transfer func-
tions obtained using Mason's formula.

1 Introduction

The main result of this paper applies to systems which
depend on a vector of independent complex random
gains

A= (A13A2’- . ‘3Aﬂ)'

Consistent with considerations of unmodelled dynamics
in the literature, the A; can be viewed as realizations
of raticnal function uncertainty at the frequency of in-
terest. We first analyze the effect of this uncertainty on
the overall system gain at a fixed frequency w > 0. In
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the presence of uncertainty, the expected gain deviates
from its nominal value. The main result addresses the
maximum and minimum excursions that the expected
fixed-frequency squared-gain may achieve, given a set
of radial bounds r; for the A;. The result is then ex-
tended to maximize an H? measure of the expected
system gain over the given uncertainty bounds.

1.1 Range of Application
In this paper, we consider the class of uncertain systems
with transfer functions of the form

N(s,A)

HER = 56,2

where N(s,A) and D(s,A) are polynomials in s with
coefficients that depend multilinearly on the vector of
uncertain gains A. That is, each coefficient of N and D
is a complex-valued linear function of each A;. Poly-
nomials with coefficients that are multilinear functions
of uncertain parameters are analyzed in the context of
stability for the case of real uncertain parameters in
references such as [1] and {2]. In this regard, perhaps
the Mapping Theorem is most notable; e.g., see {3].

Many uncertain systems have transfer functions which
are a ratio of polynomials whose coefficients are multi-
linear functions of uncertain parameters. For example,
in Figure 1.1.1, if P(s) and C(s) are ratios of polyno-
mials in s, then the transfer function for the system
is
P(S) + Al
14+ P(s)C(s)(1 + Az) + A C(s}{1 + Ag)’

which is readily reduced to this multilinear form. In
fact, any transfer function which can be computed us-
ing Mason’s gain formula also has this form, as long as
each gain A; appears in only one branch. This fact is
easily established: The gain for any forward path is ei-
ther independent of A; or a linear function of A;, Then,

H(s)=




P(s)

4

1+4A

C(s) 5

Figure 1.1.1: Possible application system

according to Mason’s gain formula, the numerator of
the transfer function must be affine linear in each A;.
Additionally, with A; restricted to one branch, it can-
not appear in two non-touching loops. With this in
mind, it is straightforward to show that the denomi-
nator in Mason’s gain formula must be affine linear in

each A;.

1.2 Distributional Robustness

The main result in this paper requires little information
concerning the actual probability distribution of the
gain vector A. We obtain the tightest possible bounds
on the expected squared-gain with A having any dis-
tribution f from the prescribed class F as defined in
Section 1.3. In this sense, our result is said to be distri-
butionally robust; see [4]-[6] for more details motivating
this approach. In view of the importance of the robust
performance of systems, this property of distributional
robustness is of interest, as it allows a designer to eval-
uate performance tradeoffs from a probabilistic stand-
point without introducing assumptions concerning the
distribution of the uncertain gains.

1.3 Probabilistic Performance

Deterministic robust control techniques may be em-
ployed to find the maximum and minimum values of
various measured related to the system gain for given
uncertainty bounds. This would allow a system de-
signer to set uncertainty limits in order to guarantee
that the system gain will stay within a desired range.
However, this deterministic approach may be unneces-
sarily conservative. In many applications, some small
risk of excessive gain may be acceptable. This fact
motivates consideration of robust performance from a
probabilistic point of view, as in [2]-[13]. Distribu-
tional robustness analysis provides information con-
cerning the risk of violating a performance criterion
without knowing the probability density functions for
the uncertain parameters. This information may allow
a designer to increase the uncertainty limit beyond the
level provided through deterministic analysis. Increas-
ing the amount of uncertainty allowed is important
from an applications standpoint; increased parameter
tolerance can improve design feasibility, manufactur-
ing cost and other aspects of system design. Often,
the risk of performance violation is small even when
the magnitude of the uncertainty far exceeds the de-
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terministic stability margin. In addition, the computa-
tion of a deterministic robustness bound is often NP-
hard, as the complexity of the algorithm increases ex-
ponentially with the number of uncertain parameters
in many cases; e.g., see {14)-[18]. However, distribu-
tional robustness analysis avoids many computational
difficulties by using Monte Carlo methods to estimate
risk of robust performance violation; e.g., see [5].

1.4 Admissible Probability Distributions

In this paper, consistent with the paradigm introduced
in [6], it is assumed that each independent gain A; has
an associated probability density function f;, which is
unknown except for the fact that it has the following
properties: it is non-increasing with respect to |A;/, ra-
dially symmetric and supported on the disc of radius r;
centered at zero in the complex plane. The joint prob-
ability density function for the random vector A is thus

FAY = fiAr) fa(Dr) -~ fa(Ay)

and we let F denote the class of joint probability den-
sity functions obtained this way. For further expla-
nation of the paradigm underlying this type of proba-
bilistic setup, see [4]-[6] and [13]. These assumptions
on the marginal distributions, motivated by manufac-
turing considerations, are justified in the sense that
small-magnitude values of A; are typically more prob-
able than large-magnitude A. The radial symmetry
property implies that all phase errors are equally likely.

1.5 Additional Notation

In the sequel, we let A7 denote the vector of inde-
pendent random gains with joint probability distribu-
tion f € F with associated radial bounds r; on the
gains A;. In addition, we let u denote the joint dis-
tribution which occurs when each A; is uniformly dis-
tributed over the disc of radius v; centered at zero in
the complex plane. We take § to be the joint impulse
distribution for A. That is, each component A; of A
has the Dirac delta function centered at A; = 0 as its
probability density function. Finally, we let D(r) de-
note the disc of radius r centered at zero in the complex
plane.

2 Main Result and Proof

We now present a theorem concerning minimiza-
tion and maximization of the expected value of the
magnitude-squared of the system gain at a fixed fre-
quency. Theorem 2.5 extends this result to maximize
and minimize an H? measure of the system gain.

2.1 Theorem
Let N(s,A) and D(s,A) be polynomials in s
with coefficients that depend multilinearly on A,



with D(jw,A) # 0 forall A; € D(r;) and ellw > 0.
Then with H(s,A) = F¥2L,

max £ [|H(jw, )] = E [ECZYST

and

miy B (1w, aN[] = E | H(w, a9)]

holds for allw > 0.

The following lemma is used to prove Theorem 2.1.

2.2 Lemma

Let z* be a complex-valued random variable with proba-
bility distribution f which is uniform over D(t), with =%
having the tmpulse distribution centered at z 0.
Then, for any complex scalars @, b, ¢, and d such

that cx +d # 0 for all z € D(2),
2}
min E [
o<t <r

2

| } r [
2 2

2.3 Proof of Lemma 2.2

The expected value above is first written as

az" + b
cx™ +d

ar' +b
crt +d

ax
o<t<r
and

az® +b
cxf +d

azrt +b
cxt +d

azt +b|” o apeja +5)°
E{cm‘+d ] ‘.'l't2f_/ cpel® +d pdp df
= z2 pg(p)
where
() = la|2p? — 2cos(Lad — £be)p?|abel/|d| + lb|2
e [ =T
Noting that
_ 2
dp (ld|* —|c|*p?)
so that g(p) is non-decreasing, the inequal-

ity p g(p) < p g(t) holds for p < t. Therefore,

[ patean <5 2ot
0

The derivative,

d 1
dt t2

2

9(t)

4

jotpg(.o) dp = =—= f pa(p) dp
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is thus non-negative for ¢ > 0. Therefore,

t 2 r 2
max E ar*+b _E ar" +b
0<t<r cxt +d cxt +d
and
. azt + b|? t
0213£TE [ et + dl - tl Ic111+ t_2 p9lp) dp
_ az® +b 2
- cxé+d
|b*
|d|
2.4 Proof of Theorem 2.1
Given a vector t = (t1,¢5,...,t,) with compo-

nents 0 < ¢; <r, let A' be the random vector with
each component A! having the uniform distribu-
tion u® (A;) over the disc of radius ¢; centered at zero in
the complex plane. We claim that the expected value
is maximized with each ¢; = r;, and note that a similar
proof can be given to show that the expected value is
minimized with ¢; = 0.

Indeed, according to a result in [13],

Hi f 2] _ [ . t '2] )
mox B |HGw, A0 = max B [|Hio,a)

Thus, we seek truncation radii (t,is,...,¢,) which
maximize the expected value. Proceeding by contra-
diction, suppose that for some ti, we have t, < 7
without loss of generality, say ¥ = n. Noting that the
integrand associated with the expectation operator is
non-negative and the A; are independent, we write

. 2
E [IH(jw, AY)| ]

[ (DAL - [ |Hju, A) b
My eD(t1) AneD(t.)

The integrand can be written as

AnddA,.

ad, + b|?
cA, +d

|H (jw, D) =

where a, b, ¢, and d are complex-valued functions
of Ay, Ag,...,An—1 and w. We now write
2]

|

all» +b

Hw, A2 ul(ANdA, = E ||—=r_1_
|H (jw, A)" u' (An) AL d

An€D(t,)

and apply Lemma 2.2 to obtain

E aAtr +b|? aATs + b
Al +d - cAT +d

|H (jw, A)* w™(An)dAn.
An€D(ra)



It now follows that
B{|Htw, 87| < B |G a0 |

where t* = (t1,¢2,...,1n-1,7n). Thus, to maximize the
expected value, f,, must equal r,,. Arguing in a similar
manner, it follows with each ¢; equalling r;, we obtain u
as the joint distribution maximizing the expected value.
A similar proof can be given to establish that the joint
impulse distribution minimizes the expected value,

Theorem 2.1 is now used to show that an H? measure
of the system gain is maximized with the joint uniform
distribution and minimized with the joint impulse dis-
tribution.

2.5 Theorem

Let N(s,A) and D(s,A) be polynomials in s
with coefficients thet depend mullilinearly on A,
with D(jw, A) # 0 forall A; € D(ry) and allw > 0.

Then with H(s,A) = %{—%

weE | [ HGw a0 o] < £ | [ TG0 a0 ]

and

min £ Miff(jw,af)lzdw] = E[ jg{(jw,aﬁ)ﬁdw} .

2.6 Proof of Theorem 2.5
Since the integrand is non-negative, we may reverse the
order of integration associated with the composition of
expectation and integration above to obtain

sup

[/lH(jw,Af)Pdw} /E “H(ju, Af)lz] dw
0 feF Jo

fsup E “H(jw,&'r)r] dw.
pfeF

sup E
feF

1A

In view of the requirement of Theorem 2.1, for
each w > 0, we have

E{|HGw, AN "] < B[|HGw, a%)]
which implies that
| Eli#tw anf]aw < [ B 16w, an7) o

Hence, the supremum above is achieved by the uniform
distribution. A similar argument shows that the joint
impulse distribution minimizes the expected value of
the same 12 measure of the system gain.
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Figure 3.1: Model of bus suspension system [19]

3 Numerical Example

The maximum expected magnitude-squared gain is
now computed at several different levels of uncertainty
for the bus suspension systemn of [19]; see Figure 3.1.

The output of the system, x; — 5, represents vertical
bus displacement and the input, w, represents distur-
bance due to road irregularities. The model parameters
are: bus body mass m; = 2500 kg, suspension sys-
tem mass My 320 kg, suspension system spring
constant k; = 80,000 N/m, spring constant of wheel
and tire ky = 500, 000 N/m, suspension system damp-
ing constant b; = 350 Ns/m and damping constant of
wheel and tire b3 = 15,020 Ns/m. With a PID con-
trol, C(s), designed to improve the performance of the
suspension system, the block diagram for the system
is pictured in Figure 3.2. The corresponding transfer

B

Displacement

Figure 3.2: Model of bus suspension system

functions are

—3.765* — 125¢% _
282032 + 150205 + 500000’

282052 - 150205 + 500000
0.08s4 + 3.855% + 148.152 + 137.75 + 4000
and the controller gains are

W(s) = 107

P(s)=107"

K4 =416,050; K, =1,664,200; K, =1,248,150.

To illustrate the application of our results, nine uncer-
tain complex gains representing unmodelled dynamics
have been inserted into the system as shown in Fig-
ure 3.2. We now apply Theorem 2.1 to compute the



maximum expected value of the magnitude-squared
gain at a fixed frequency of w = 2 Hz (simulating a
bumpy road as disturbance input). The system gain at
this frequency is as follows:

1=z’ (W(EAm(L+ &) + Aol P(sdm, A)f1 + Ag]
w 1 + P(jdr, A)C(jam, A)
where
P(s,8) = P(s)(1 + Ba) +1077Ay
and

K;
C(S, A) = SKd(1+A5)+Kp(1+Aﬁ)+-;(1+A7)+106A8

The maximum expected magnitude-squared gain is
computed for several different radii of uncertainty. To
facilitate computation, the uncertain gains were as-
signed the same radial bound r. Scaling factors were
added to A4 and Ag to illustrate the effect of the un-
certainty. The radius r was varied from 0 to 0.5. The
upper bound on the radius ensures that the denomina-
tor of the transfer function will not vanish. At each ra-
dius, the expected magnitude-squared gain is estimated
using the uniform distribution for the A; and Monte
Carlo integration with over 1 million samples. Fig-
ure 3.3 relates the uncertainty radius to the expected
gain. We see that the nominal value of the gain-squared
is about 0.075, but it increases rapidly for r > 0.4,

0.23 T -||

0. )
01 )

Maximum Expected Gain

oog
[

0.1 02 0.3 0.4 05
Uncertainty Radius

Figure 3.3: Maximum expected gain vs.
uncertainty radius

4 Concluding Remarks

4.1 Probability of Instability
As motivation for further research, it is of interest to
note that the probability of instability of a system in

the class considered here is not necessarily maximized
with uniform or impuise distributions for A;. For ex-
ample, more assumptions are required in order to con-
clude that

Prob{ H(s, A} is unstable} < Prob{H(s, A") is unstable}
holds for all f € F. To establish this fact, we pro-
vide a simple counterexample: Consider the system pic-

tured in Figure 4.1, which contains a single uncertain
gain. Now with a very large uncertainty bound r = 10%

gs+lf)
{s+10

A

Figure 4.1: System for counterexample

for A, we claim the probability of instability is not max-
imized with the uniform or impulse distribution. To
this end, let «! denote a truncated uniform distribution
which is obtained as the uniform distribution over the
disk of radius ¢ centered at zero in the complex plane,
where t < r. Now, we compute the probability of
instability for distributions having various truncation
radii t. This is shown in Figure 4.2, which contains a
plot of the probability of instability versus truncation
radius t. The graph shows that probability of instabil-
ity is not an increasing function of t. From this graph,
the truncation which maximizes the probability of in-
stability seems to be around ¢ = 60, Since r > 60, nei-
ther the uniform distribution over the dise of radius r
nor the impulse distribution maximizes the probability
of instability for this system.

098
0.8;
07y
06
05
041
0.3r

Probability of Instability

02

Q.17

1 * 2 ’ 3 ’ 4 5
10 10 10 10 10 10
Truncation Radius
Figure 4.2: Probability of instability vs.
truncation radius
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4.2 Areas For Further Research

We have just demonstrated that neither the uniform
distribution nor the impulse distribution is the worst-
case distribution with regard to a particular perfor-
mance criterion, stability in this case. This motivates
the search for the optimal distributions which will max-
imize /minimize the criterion of interest. This topic is
discussed in (5], [13] and [20].

Counterexamples of the sort above also motivate fur-
ther research towards finding a distributionally robust
estimate of the probability of instability. The systems
studied here have a transfer function denominator poly-
nomial D(s, A) which has multilinear functions of A as
coefficients. This type of uncertain polynomial is stud-
ied in [1] and in‘{2], which provides an estimate of the
probability of instability of the polynomial for the case
of real uncertain parameters. For real A, with an ap-
propriately chosen function ¢, it is found that

max Prob{D(s, A} is unstable} < E{@(A")).

It is possible that these results could be extended to the
case of complex uncertainty, to obtain an estimate of
the probability of instability of the systems considered
here.
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