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Chapter 10

Integration of Differenti‘al
Forms

Exercise 10.1 Let H be a compact convex set in R* with nonempty interior.
Let f € C(H), put f(x) = 0 in the complement of H and define Jy [ asin
Definition 10.3.

Prove that [ g [ is independent of the order in which the integrations are
carried out.

Hint: Approximate f by functions that are continuous on R* and whose
supports are in H, as was done in Example 10.4.

Solution. We first give the definition of J3 £, namely | ; [ where I is any k-cell
containing H. This definition is unambiguous, since if ] and J are both k-cells
containing H, each of the single integrals carried out is an integral over the same
line segment for both cells, namely the intersection of the path of integration
with H.

There seems to be no way to avoid somehow proving that the boundary
of H, denoted &H, has “measure zero.” The definition of the integral as an
iterated integral makes that problem slightly more difficult than it would be
otherwise, although we can show how to avoid this approach in two dimensions.
We shall reserve that discussion until after the proof, which is rather lengthy.
The length of the proof is due to the fact that integrals are really defined only
over parallelepipeds. The point of the exercise is to enlarge the class of sets
over which one can integrate. Qur challenge is to show that the boundary of -
H can be enclosed in a finite set of parallelepipeds whose total volume can be
arbitrarily small. . :

Our first job is to show that the hypersphere in R* has measure zero. As
the proof of that fact involves some work with (k —2)-dimensional hyperspheres
in k-dimensional space, we need to make several definitions in order to express
these ideas properly.

First, for each real number z and each positive number r, S¥=2(2) denotes
the (k — 2)-dimensional hypersphere in R* having radius 7 and center at the
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176 CHAPTER 10. INTEGRATION OF DIFFERENTIAL FORMS

point (0,0,...,0,2), that is,
ST ={x:at+ - tal =12 g =2,

When z = 0, we shall write simply S*~2 and identify this sphere with the
same (k—2)-dimensional hypersphere in R*~1, We observe that S(z) consists of
the two points (r, z) and (-7, z) in R2. Another way of defining the set S¥~2(z)
is as the intersection of the (k — 1)-dimensional sphere of radius 7 centered at
(0,0,...,0, 2) in R* with its equatorial hyperplane P, = {(z, ... 1 Tk) L xg = 2},

Second, for each a € R* and each § > 0, I%(6) is the closed hypercube of
side § in R* whose “lower left” corner is a, that is

I:(6)={x: @ Sx;<a;+6,j=1,...,k}

Third, the set of points (m1,...,my) € RE having integer coordinates will
be denoted Z*.

Fourth, for all real numbers  and § such that 0 < 6§ < r, Cf, s 1S the set of
lattice points m € Z* for which the closed hypercube of side 6§ with lower left

corner ém intersects the hypersphere S~1 in R*¥. That is,
Cls = {m: Ii,(5) NS5 £ g},

Fifth, N(r,6,k) is the number of points in C’,’f, 5(2), that is, the number of

hypercubes of side § with lower left hand corner at a point bm, m € Z* that
intersect the hypersphere Sk-1. Our main goal in the first stage of the proof

will be to prove the estimate N r,6,k) < 65 (T =1 A smaller constant than
é

12%° could easily be attained, but we have no need of any improvement, and
this constant seems to be the one that makes the argument simplest.)

Sixth, and finally, Aff, 5 18 the union of all the hypercubes J g“m) (6) that inter-
sect the hypersphere S¥=1, that is, for which m & CF,. This set is a finite union
of compact sets, hence is compact. Obviously it contains the hypersphere S%-1,
What is slightly less obvious is that its interior contains this sphere. In fact no
point of the sphere can be a limit point of points exterior to A’:, s> since if {x,}
is a sequence of points such that each Xn belongs to a hypercube IE . (8) not

™

contained in Af,, and x,, — x, some set J gmno (6) must occur infinitely often.

(Any bounded neighborhood of x intersects only finitely many of these hyper-

cubes.) Since I f’mno (6) is closed, this implies that x belongs to I fmno (6). Since

I §mno (6) is not contained in Af 5 it follows that x ¢ SF=1. Thus no sequence
of points exterior to AF 5 can approach a point of Sk=1. 1t follows that Sk-1
contains no points of the boundary of AF s and is therefore contained in the
interior of this set.

With these definitions out of the way we can proceed to the proof, which
we break into several stages, each broken into several steps, in order to make
navigating easier.

Stage 1. Establish that the sphere Sy~! in R* has k-dimensional content 0,
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Step 1. Establish that A’,f, s U AF s contains the closed k-dimensional annulus

consisting of the region between S¥~! and SF-3, that is, all the points x € RF
such that r < |x| < r + 6.

To this end, let x belong to this annulus, so that r < |x| < 7 + 6. Since
Sk-1 ¢ A’;,‘; for each s, we can assume r < x| <r+6. Let m= (m1,...,my)
be a lattice point in Z* such that x € IE (6). Let n; = m; if m; > 0 and
n; = m; + 1 if m; < 0, so that (6n1,...,6nk) is a corner of Ism(6). Since
Ins| = min(|m;|, |m; + 1|) for all 7, (6n) is the unique point of IE . (8) closest to
the origin. In particular [6n| < [x|. The lattice point n' = (ny+e1(ny), ..., np+
€kx(nk)), where e;(t) is 1.if t > 0 and —1 if ¢ < 0, is such that én’ is the corner
of Ism () opposite to én and is the unique point of Ky, (6) farthest from the
origin. In particular |6n’| > |x|.

We claim first that |n'| — |n| > 1. Indeed, we have

n'|? = (nf-}— . +n,2¢) +2(nie1(ng)+-- +nger(ne) +((e1(ny)) 2 +- - -+(5k(nk))2)
= (ni+ - +nd) +2(m|+ - + ng]) + &,

(lnl+1)2:(n%+...+n2)+2\/m+l,

so_that the desired inequality follows from the two inequalities ¥ > 1 and

ni+ -+ ng < |ny|4---+|ng|. This argument shows in general that, for any
m € Z* if b and c are the points in I£ (6) of minimal and maximal absolute
value respectively, then Ic| — |b] > 6.

From this we deduce a corollary: Let r be any positive real number larger
than 8. Ifr<s<r+6andm e C¥,, then either m € Crsorme CE ;.
In plain words, if ¥, (6) meets S5~ for some s € [r,7 + 6], it must meet either
Skt or SF1.

To prove this corollary, we note that the assumption m € C'f, 5 Says that
there exists x € R* such that x € S¥-1n If . (6). Now suppose m belongs to

neither of the sets C’f’ s and CF 5,6~ Lhen the set IF (6) contains no points of

Sr~1. If b is the point of IX_(§) of smallest norm, it follows that |b| > r. (For
I (6) contains the point x of norm s > r. Since It (6) is a connected set, if it
contained a point of norm less than or equal to r it would also contain a point of
Sk=1)) Similarly, if the set I £a(6) contains no points of Sf_:él, then |¢| < 7+ 6.
But then it follows that |c| — [b] <746 —r =, contrary to what has been
proved. ; :

Another way of stating what was Just proved is that if x € RF is such that
r<|x|<r+§,thenx e AL UAI:.;-a,a- That is, the union Ak, UA’T“_‘_&,& contains
the entire annulus of points x such that r < |x| <r+6. Step 1 of the proof is
now complete.

and

Step 2. Assuming k > 1, estimate the number of k-dimensional hypercubes
I} (6) that intersect various zones on the (k — 1)-sphere S¥-1 in R¥.



178 CHAPTER 10. INTEGRATION OF DIFFERENTIAL FORMS

We divide the upper hemisphere, consisting of x such that x| =rand z, >0
into half-open zones :

Zy = {(a:l,...,x;g_l,xk) : rf—*——!—xi =7p6 <z, < (p+ 1)63,

for 0<p<[Z]-1. Here [a] denotes the integer part of a, that is, the integer ¢
such that ¢ < g < g+1, and we assume 0 < § < 7 Between the top zone Z[ﬂ_l
and the “porth pole” (the point (0,0,... ,7), there is a closed “cap” of height n
for some n € [0,6). The hypercubes If_ (8) (where m,, — (5] =1 or my = D)
intersecting this cap must be handled separately from those intersecting the
other zones. ' :

We shall prove that the lattice points m ¢ z* for which m,; = 2 and
IE (8) intersects Zp are precisely those whose bottom face z; = Do intersects
the half-closed (k — 1)-dimensional annulys between SE=2(p6) and Sf“z(pé) in
the hyperplane Zr = pé. (This annulus is closed at ¢ and open at s, where
s=r2—((p+ 1)6)% and t = /72 = (p6)2.)

Indeed, this fact is nearly obvious, as the zone Zp is the union of the (k—2)-
dimensional spheres S\k/};_?(u) for p§ < u < (p + 1)6. If (xl,...,xkd,u) €

Iim(6) N Z, and m,, — P, then pd < w < (p + 1)6 and 422 =

r? — 42, 50 that s < \/x% +--+z2_ <t Thus the point (xl,...,xk_l,ép)

belongs to both I%_(5) and to the annulus. Conversely, if ] b (6) With my, =
intersects the annulus, then this hypercube contains a point (z4,... 1 Thk—1,Db)

with s? <22 4 ... 4 Ti_y < t2 Setting y = \/r2 =@+ +22_), we have

Po<u<(p+ 1)é, and therefore (z1,... »Th=1,U) € Z, N Ik ().

To estimate the tota] number of hypercubes J §m (6) that intersect the hyper-
sphere S¥-! we need an estimate of the number that intersect each zone Z,.
If Ifm(é) intersects Zp, then my, = pormp=p-—1.1If I&ml’.‘.’émk_l;a(p_l)) (6)
Intersects Zyp, the intersection must be in the hyperplane Zr = pd, and hence

I(’f;ml_'_‘ Smi_y,6p)(6) also intersects Zp. Hence we can get a (loose, but safe)

upper bound on the number of hypercubes | fm(6) that intersect Zy by counting
those for which M = p and doubling. (The case of the bottom layer Zy is
special, and the “northern cap” mentioned above wil] be handled separately. )

The fact that a hypercube I N C) intersecting Z, must intersect the annulus
shows that we need only estimate of the width of the annulus, that is, the
number ¢ — s = /72 _ 6)2 = \/r? Z((p + 1)6)2. For that width we have the
following simple result:

(2p+1)82
V= (08 ~ /P (% 1)6)% < \/:;_Té)z- |

The proof of this Inequality is straightforward:

VTR = (P =08) - (2~ ((p+ 1)5)2)
IR GRIED VIt = 082 4+ /i = (G D)5y

(2p +1)62
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Now let j be the largest integer not larger than \/ (%)2 —(p+1)% and [ the

smallest integer not smaller than (%)2 — p%. We have just shown that

(2p+1)6 9. 2p+1

/2 (p6)? - | (%:)2 ‘“_—p2'

It is this inequality that provides the required estimate of the width of the
annulus corresponding to the zone Zp. '

Step 3. Prove the estimate Nrk,a < 6k’ (%)k—l.
We first do the case k = 1. This case is very straightforward. If I (16171., z)(é) N

S7, then either m§ <r < (m+1)§ or mé < —r < (m + 1)8. If r = k6 for some
integer k, there are four values of m for which one of these two sets of inequalities
hold, namely —k—1, —k, k—1, and k. Otherwise there are only two such integers
™, namely [g] and [‘T"] Thus we actually have N,(.)’é <4< 61(§)0.

We now proceed by induction, supposing the theorem proved for dimensions
less than k, and we assume k > 2. We consider all the lattice points m € RF
such that my, = p and I (6) intersects Z,. From what we have shown above
in Step 1 and Step 2, if m has this property, then the bottom face of I fm(é)
intersects one of the spheres S’f‘é_ %(pé), where s is an integer such that 7 < s <.
The number of such m is at most N, fg"él and hence is at most 6(*=1* k=2 which
is certainly no larger than

O0<l—-7<2+

N s k—2
6 <1+ (—6-) —p2> .

Because of our estimate of [ — j, we see that the total number of m for which
my = p and If_ (6) intersects Z, is at most

ok (2 ; ___fijj p2> <2k-2 2=2((2) ) ;)
é

where we have used the inequality (1 + 1) < 29 + (2t)? with ¢ = k£ — 2. We
expand this last product into a sum of six terms:

gk—1)? <2k'—1+2k—1((§)2_pQ)k_;—2+2k—1 1;
(5)" - r?
2k—2 ok=1,((T\2 _ 2 7 ok=2((T\2 _ o =
P () T 2 ((3) )

(5)" -7
= gk-1)? (Ii(p) + I2(p) + I5(p) + Is(p) + Is(p) + Is(p)).

We need to estimate the sum of each of these terms over p from 0 to [-g} - 1.
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For I (p) we have the simple estimate

-1

[\/l

1 1 ~1/T\k—
2, B0 =2 <2 <oy

since k> 1 and r > §.
For I(p) we have

-1 [§]—1 Sy £52
Ereri

<ERETG) =G

Here we have used the fact that 0 < 1 - P—) < 1 for the values of D in the
range of summation, as we shal] do twice more below.
For I3(p) we have

[F]-1 5 (§]-1 p
Lp) = 2*1(5) ——
5 ) &
1) g T
.<__ 210—1 e / —_—
b e
1
(3) /, s
< 9k- 1 7‘

/ i

kl
= Py <o '3

Since Iu(p) < L15(p) for P=12,...,[5] =1, it is clear that
(511 . A
> Lp) <224 272(2) " < 272

p=0

For I5(p) we have

]—i [3]-1

Is(p) = 2%~ l(g)k'3 éZp( -%é)%

=0 p=0

[

ol

3

<P (G =



S
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For Is(p) we have

(5]-1 - k_3[T]—1 N
> Il =272()" 7 Y (1-E)
p=0 p=0

k—2(T\k=3 /T k—2(T\k-1
<G <R

Adding all these estimates, we find a sum that is at most

k=1)% (9k—1 | ok—=1_ ok—1_ ok=2 | ok—=2_ ok=2\(T\k=1 _ ~(k=1)2410k-1 T\ k-1
61N (251 1okt bl ok=2  gk2 19 )(z)" <6 27 (2)"
If we wish to count the total number of hypercubes I¥_(5) that intersect the
zones Z, ..., Z[z)_1, we recall our previous observation that such a hypercube
can intersect Z, only if my = p or my = p — 1, and if a hypercube I £ _(6) with
my = p—1 intersects Z,, then so does the hypercube I g(m +ek)(5), and the latter
has already been counted. Hence in estimating the total number of hypercubes
that intersect one of these zones we are more than safe in simply doubling the
estimate we have already obtained.

As for the zone Zj, any hypercube Ig“m(é) with my = —1 that intersects
its bottom edge (the hypersphere S¥~2) also meets the reflection of Z, through
the plane z; = 0, and hence the reflection of that hypercube has already been
‘counted among those that meet Z;. When we double our count to include
the hypercubes meeting the “southern” hemisphere, all these hypercubes will
automatically be counted. Thus it remains only to estimate the hypercubes that
meet the “northern arctic zone,” then double the count.

Hence we now consider the cap at the top of the hemisphere, whose boundary
is the (k — 2)-dimensional hypersphere

sE-2([76),

where

s=6,/(3)" - 5]

If m is such that I¥_(6) meets this set, then we must have (5] ~1<mg < [3],

so that there are only two possible values for my,. As for m;, j < k, we certainly
s k-1

have —£ —1 <m; < £, so that there are at most 2¢ (5 + 1) such hypercubes

not already counted.
Since [%] <3< [%] + 1, we easily find that

s§2\/r~5,

so that §+1 < 2,/F+1. Once more using the inequality (141)7 < 29(1+¢9) for
positive ¢, with ¢ = k&~ 1, we find that the number of hypercubes meeting the
northern polar cap is at most 225=1(1 + (%)%), which is less than 22%(Z)k—1
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Adding the numbers up and then doubling to count the hypercubes that meet
the southern hemisphere, we find that the hypersphere S*~1 meets at most

| TR S N r
(k—=1)"+19k 2k+1Y r! \E=1
16 25 +2 ) ( 5) .
The constant coefficient here is less than 6%°. This is directly computable ffr
k =2 and k = 3. Indeed, the quantity 221 is less than 6%, while 2F < 63
The extremely weak inequality a + b < ab, which is valid for positive integers a
and b both larger than 1, then implies that for & > 4 the coefficient is at most

6(k‘—1)2+1,+(k/2)+k — ghe-k/2+2 < 68>

Stage 1 in the proof is now complete. We have shown that the (k—1)-sphere

SF=1 intersects at most 6% (-g)k_l hypercubes from the family I¥_(6). As the
volume of each hypercube is &%, it follows that the (k — 1)-sphere is contained
in a finite union of cubes of total k-dimensional volume 6% rk=15. Since 6 is an
arbitrary positive number, the k-dimensional volume of §¥~1 is zero.

We now move on to the second stage of the proof.

Stage 2. Given any convex set H in R* with non-empty interior, construct a
homeomorphism T of R* onto itself that maps S*-1 = Sf_l to OH, the inside
of the unit ball to the interior of H , and the outside to the exterior of H , and
satisfies a Lipschitz condition on a neighborhood of S$*~1. To get this result we
need some more background work on general convex sets in R*.

Let C be a bounded convex set in R* and let z be an interior point of C.
For each point x on the unit sphere S¥~1 in R*, let ¥(x) be the distance from
z to the complement of C in the direction of x, that is,

P(x) =inf{t > 0: z+tx ¢ Cl=sup{t>0:z+tx e C).

Step 1. Prove that the function 1 : §5¥~1 — (0,+00) is continuous, in fact, that
it satisfies a Lipschitz condition: for some constant K, [9(x)-(y)| < K|x—y].

There exist positive numbers @ and b such that g <y(x) <bforallx € §k-1,
Indeed we can let a be the radius of the largest open ball about z that is
contained in C and b the radius of the smallest closed ball about z containing
C.

The result now follows from a lemma.

Let 0 < s < ¢(x). Then C contains the open ball of radius (1 -

Z + SX.

)a about

P(x)

Proof: If s = 1(x), this ball is empty, and if s = 0 the assertion is merely
the definition of a. Hence assume 0 < s < ¥(x). Now suppose |y — (z +

s ' s
$X)] < {l1=———)a. Lett =1— ; S0 that 0 < ¢t < 1, and let r =
i< (- 5 e
_;:min(a_ Iy__(z2f+8X)],'§)7 SO that r > 0 Let W o= y—tht_*——SJ{)_ .+.rrx’
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8§ —
and let v = . We claim that z+w € C and that z + ux ¢ C, so that

y—t(z+w)+(1—t)(z+ux)€0 _
The first claim will follow if we show that |w| < a. In fact

lw] < ly = (Zt+SX” +r (sigce Ix| = 1), |
ly—(z+sx)| 1 ly = (z + sx)||

= ¢ +§<a_ t )
< Iy——(?;—f‘sx)[_}_a_vly—(zt%—sx)l=

The second claim will- follow if we prove 0 < u < ¥(x). In fact U= (s—

w_ix__) = (1 - g)w(x) < P(x). Since r < —, we have

tr) - -—}——-—-(s——tr)- 27

1 —1
u> §¢(x) >0
Finally, the last claim is a routine computation:
t(z-}-w)—}-(l—t)(z—{-ux) = z+tw+ (1-1t)ux
= 24y~ (z+sx)+trx+ (1-thux
= y+(tr—s+(1-thu)x
= y (since (1-t)u=s-—tr).

The lemma is now proved.
Taking y = z + sv in this lemma (where |v| = 1), we see that y € C (and

hence ¢(v) > s) if
v —x| < (l - -1—)0,.

s P(x)
Now let ¢ > 9(x), |[v| =1, and |[v—x%]| < <;PT135— %)a. Choose t' € (¢(x),t)
such that 11
v —x| < (t-’ - Z)a.

If ¢(v) > t, we have a fortiori ¥(v) > ¢’ and

[~ l<(tl, E%‘,—))a

which, as already shown, implies 1(x) > ¢/, contradicting the choice of /. There-
fore ¥(v) < t.
To summarize, if s < ¢(x) < t, then s < %(Vv) < ¢ provided

Ix—vl<min<(%—@—(}—)) <?/1(1) %)a).

This prdves that 9 is continuous. Specializing to the case where s = ¥(x)—¢ and
t = ¥(x) +¢, we see that |(x) — ¥(v)| < ¢ provided |x —v| < .
- (x) 400 = (V)] < & provided [x—v] < St
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Again, a fortiori,

X =V < gy = ) - ev)] <.
We now claim that
=Vl < 5 = W) - $(v)| < e

This follows from the previous statement and the continuity of ¢ (together with
the fact that a closed ball on the sphere § is the closure of the open ball with
the same center and radius) if e < b—a. Ife > b — a, the second inequality
automatically holds because 1(x) and 9(v) differ by at most b— a. Specializing
to equality in the hypothesis, we deduce the Lipschitz inequality

[P(x) — p(v)] < —a—lx —v|.

We remark that the statement that y belongs to the interior, boundary, and
- Z -
exterior of C' is equivalent to |y — z| < g/)( Y ), ly —z| = w(l—z—l), or

ez ly — 2| ly -z
ly —z[ > w(m)

Step 2. Use the function 9(x) to define a homeomorphism of R* onto itself
that maps S*~! to H and is Lipschitz in a neighborhood of S$*=1. Such a
homeomorphism T(x) is defined for all x € R* as follows. We set T(0) = z and

X
T(x) =2+ (=
(x)=z+1 le)x
if x # 0. Since |T(x) — T(0)| < M|x|, where M = sup{¥(y) : ly| = 1},
it is clear that T is continuous at 0. At all other points it is a composition
of continuous functions, hence continuous. Since T%%:%! = ﬁ, we have the
continuous inverse function

. Tx)-2
" (T6) - 2)/ITG) )

That is, for y # =z,

- y—z
T (y) = :
V{((y - 2)/ly - z)
which is not 0. Thus the mapping is one-to-one and onto.
The mapping also satisfies a Lipschitz condition on the exterior of each ball
about 0; that is, on the set E, = {x : x| > n} for each n > 0. To see this we
observe that for any x and y in this set, '

TC) =T = ()%= v( )]
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< ’¢<§T) - w(g—l)}lﬂ +¢(%)x— yl

K-)—{——ll—}-M[x—-y]
x| Iyl

2K
< (—n— + M) x -l

Here we have used the fact that

X oy o_ o1
W T e ]
' 1
= H(ly! = D)%+ Ix|(x - y)|
1 1
< it = bl + rlx =1
= Zy-x
Y

The statements about the images of the inside of the unit ball, the unit
sphere, and the outside are now obvious. For example, as remarked above,
y € OH if and only if |y — 2| = w(,%_—;) But this is equivalent to the
statement that T~ (y) = IA;':L:I’ which says precisely that T~!(y) belongs to
the unit sphere. '

We have now finished Stage 2 of the proof and are ready for the third and
final stage.

Stage 3. For each § > 0, approximate a function f (x) that is continuous on H
by a function fs(x) that is continuous on all of R* and such that the iterated
integrals of f and fs differ by at most a fixed multiple of § no matter what order
they are taken in.

To that end, we first let § € (0,1/vk) be given. According to what was
proved in Stage 1, the hypersphere $*~1 is contained in the interior of the set
of hypercubes I} (8) that intersect it, and there are at most 65°§1~* of these
hypercubes. In each hypercube I¥_(8) from this family we choose and keep
fixed one point x,, belonging to S%~1, The image of these hypercubes under T
is a compact set containing H in its interior, and each of them is contained in
a hypercube of side at most 2Lv/k§ centered at T(xm) € O0H, where L is the
Lipschitz constant for the mapping T on the set E;_s, so that the total volume
of these hypercubes is at most 6’“2(2L\/15)’“6. Let ¢ > 0 be the distance from H
to the complement of the union of these hypercubes.

We define f5(x) as a continuous function that equals f(x) for x € H, while

for x not in the interior of H we set fs(x) = max (0,1 — ﬂ"c’—Hl)f(H(x)). Here
6(x) is the unique point of H closest to x and d(x, H) is the distance from x to H.
On the boundary of H, where we have apparently given two definitions of f5 we
have d(x, H) = 0, so that the two definitions are consistent. Hence the piecewise-

defined function will be continuous if each of the pieces is. The piece defined
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on H is continuous by assumption, so that we need only concern ourselves with
the second definition. It is well-known that d(x, H) is a continuous function of
x. It is somewhat less obvious that (x) is continuous, so that we must prove
that fact. ’

First we show that there ¢s a unique point 6(x) in H closest to x. This
is obvious if x € H, so we assume x ¢ H. Let ¢ = min{|x —z| : z ¢ HY,
and suppose z and w are two points of H such that |x —z| = ¢ = |x — wl.
Then the point w + #(z — w) belongs to H for 0 <t < 1, and so the quadratic
function [x — w — t(z — w)|* = |x — W|? = 2t(x — W) - (z — W)) + £3|z — w|?
has its minimum value ¢ on [0,1] at both endpoints. But this is impossible for
a non-constant quadratic function whose leading coefficient is positive. Hence
the function is constant, that is, z = w. Now suppose x, — x. We claim
0(xn) — 6(x).

Since H is compact, we can pass to a subsequence if necessary and assume
that 6(x,) — z for some point z € H. Certainly |x, — 8(x,)] — |x —z|. But
Xn = 0(xn)| = d(Xn, H) — d(x, H), so that |x — z| = d(x, H) = |x —6(x)|. As
H contains only one point satisfying this equality, we must have z = 6(x). Thus
6(x) is a continuous function, and therefore f5(x) is continuous on all of RF.

It is now clear that | f(x)| and | fs(x)| have the same maximum value, say J,
and that f and f5s differ only on the finite set of hypercubes covering 8H. The
iterated integrals of the two functions, taken in any order, over this finite set
of hypercubes differ by at most 6%>J L(2vk)*6. Thus the iterated integral of f
differs from the iterated integ‘ral of fs by at most this amount, and since all the
iterated integrals of f5 are equal, it follows that any two iterated integrals of f
differ by arbitrarily small amounts, hence are equal.

The proof is, at long last, complete.

Because this proof is so long and involved, it may be worthwhile to look at
an alternative proof that works only for the case k = 2 and does not generalize
to higher dimensions. To this end, let k = 2. we define two functions m(z) and
M(z), as follows: The domain of both functions is the projection of H on the
z-axis, that-is, the set [](H) consisting of z such that there exists y for which
(z,y) € H. By definition m(z) is the minimal y for which (z,y) € H, and
M (z) is the maximal y for which (z,%) € H. We claim that these functions are
continuous on [[(H). Indeed, suppose (z(™,y(™) € H and z(™ — z. Without
loss of generality we can assume that (™ > z for all . (By passing to a
subsequence if necessary, we can have either (™ < z for all n or (™ >z or
(™ = z for all n. The last case is trivial, and the other two cases are handled
by identical arguments.) Some subsequence of M (™) converges to a value
z. Since (z(™), M(z(™)) € H, and H is closed, it follows that (z, z) belongs to
H. It is clear then that the assumption z > M(z) contradicts the definition of
M(z) as the maximal number y for which (z, y) € H. Hence it suffices to prove
that z > M(z). This will certainly be the case if M (z(™ > M(z) for all n.
Hence assume that ng is an index for which M (z(")) < M (z). Now z(70) > o,
since if the two were equal, M (z(")) would equal M (z). We observe that if
t € [0,1], then the point (tz(m0) 4 (1 — ¢)z, tM (z(m0)) + (1-1t)M(z)) belongs



e

187

to H. In particular, taking t = 2 g we find that tz(70) 4+ (1 -t =z,

z(mo)—z)
It therefore follows that M (z(")) > m”(:;))"_’; M (z(mo) 4 %M(@ — M(z).
Therefore z > M(z).
(It is this part of the argument that does not generalize to R®, as shown by
the the convex set

H={1-t1yt): 0<t<1,-1<y<1,°<z<1}.

On this set, if we define My, z) =sup{z: (1,y,2) € HY}, we have M(s, s?) =0
for s # 0, but M(0,0) =1.)

It now follows that M(z) is continuous on H, and the proof that m(r) is
continuous is similar.

Now let H be a convex closed set in R2 containing an interior point. For each
6 >0, we let Hs be the 8-neighborhood of H , that is, the set of points whose
distance from H is at most 6. It is clear that Hg is a convex set containing H
in its interior. If f is a continuous function on A , we extend f to a function fs
defined on all of R2, as above.

By our definition

[ #@v)dyae = / b / " ey dy s,
H

m(z)

where [a,b] is the projectién of H on the z-axis and for each z € [a, b]
m(z) = min{t : (z,t) € H}

and
M(z,y) = max{t: (z,t) € H).

We intend to show that the when these integrals are evaluated, the resulting
value is the limit of the same integrals evaluated for f5, and of course the same
for the integrals in reverse order. Hence these two iterated integrals are equal.

To that end, let A be the maximal value of |f(z,y)|, which is also the maxi-
mal value of |fs(z,y)|. As we have set f (z,7) = 0 on the complement of H , the
two functions f(x,y) and fs(z,y) differ only on the set Hs \ H, and by no more
than A at any point.

Let Ps = [a— A(6),b+ u(8)] be the projection of Hs on the z-axis, We claim
that A(6) and p(8) both tend to zero as & tends to zero. For certainly A(6)
decreases as § decreases. Let its limit be ¢. There is a point (a — A(6),ys) € Hs
for each § > 0. If y is a limit point of Ys as 6 — 0, then, since (a — A(n),y,) €
H, C H; for n < 6 and Hy is closed, it follows that (a~c,y) € Hs for all 6 > 0,
and therefore, since 590 Hs = H, that (a —c,y) € H. By definition of a, it then

follows that e < a—c¢ < a, and so ¢ = 0. The proof that y — 0 is similar.

Let ms(z) and Ms(z) be the functions corresponding to m(z) and M (z) for
Hs. For z € [a,b] we have ms(z) < m(z) < M(z) < Ms(z). An argument
similar to the one just given shows that m(z) - ms(z) and Ms(z) ~ M (z) tend
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monotonically to zero for each x € [a,b]. Since these are continuous functions,
this convergence is uniform. let () = Iél[ax]{m(a:) —ms(2), Ms(z) — M(z)},
- z .

2

so that () -0 as 6 — O.

— ~ ~ [, S mwrm lae b -~
Now the double integrals that we wish to evaluate are

and

b+u(8) Ms(z)
/ / fs(z,y) dy dz.

—A(8) Jms(z)

Now ﬁx a number N 1arger than twice the absolute value of any coordinate
of any point in Hi, and assume § < min(1,N). We observe that the difference
between the two integrals is

m(z)
/ / fa(zy dyda:+/ / folay) dy dz
a-— /\(5) mg{zx)

Ms(z) b+u(8) N
//() fa(:v,y)dydx+/ / fs(z,y) dydz.
T b —_N

This expression is assuredly not larger than
2AN(/\((5) + ©(6) + ,u((S)),

and hence it tends to zero as § — 0. The same is true of the integral in the
reverse order, and for the same reasons. Since the integral of fs is the same in
either order, it follows that the integral of f is also the same in either order.

Exercise 10.2 For i = 1,2,3,..., let ¢; € C(R!) have support in (27¢, 2171,
such that [ ; = 1. Put :

[e @]

flzy) =) [wi(z) - pis1(@)]@s(y).

=1

The f has compact support in R?, f is continuous except at (0,0), and

/dy /If(m,y)dsz but /dx/f(z,y)dy=1.

Observe that f is unbounded in every neighborhood of (0,0).

Solution: The computation is straightforward:

[enis=Y ewin-1=
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o ‘

[ @ nd=3 o) - g (@)] = or()
=1 .
To justify the first of these, we observe that the sum is finite for each fixed y,
since w;(y) = 0 for i > —logy(y) if y > 0. Likewise the second sum is finite
for each fixed z. The result now follows. The function must be unbounded,
since the integral of ¢; must be 1, even though the support of that function has
length 2.

Exercise 10.3 (a) If F is as in Theorem 10.7, put A = F'(0), Fi(x) =
A~'F(x). Then F/(0) = I. Show that

Fi(x)=GroGu_10---0Gy(x)

in some neighborhood of 0, for certain primitive mappings Gi,...,G,. This
gives another version of Theorem 10.7:

F(x)=F(0)GnoGp_10---0Gy(x).

(b) Prove that the mapping (z,y) — (y, ) of R2 onto R? is not the composition
of any two primitive mappings, in any neighborhood of the origin. (This shows
that the flips By cannot be omitted from the statement of Theorem 10.7.)

Solution: (a) According to the proof of Theorem 10.7, the flips are needed only
to interchange m and k, where k is the first index not less than m for which
Dy (0) # 0. Here '

Fra(0)em = > (Dma;)(0)e;.
But in that proof F; = F, and since in the present case F'(0) is the identity,
B is the identity. But then the definition of G, (x) as

G =x+ a0~ e
implies that G/ (0) is also the identity. Suppose we know that B;, F, (0), and

: m
G’(0) are all equal to the identity for J < m. Then the inductive definition of
Frni1 88 Frnp1(y) = F 0 G (y) implies that F7,11(0) is also the identity,
- from which it then follows that F1.41(0), By, and G/ +1(0) are all equal to

the identity. Thus the decomposition of F involves no flips, as asserted.

(b) If this map were a composition of two primitive maps, its derivative at (0, 0)
would be the product of two matrices of the form

a b\ (1 0\ _[a+bc bd
0 1 c d) c d /)’
Since this matrix must be ( (1) é), it follows that ¢ = 1, d = 0. But then the

second column of the product of the two matrices is zero, which is a contradic-
tion. '
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Exercise 10.4 For (z,y) € R?, define
F(z,y) = (e® cosy — 1,e% siny).
Prove that F = G4 0 Gy, where

Gl(xay) = (excosy"f]-?y)
Ga(z,y) = (u,(1+u)tanv)

are primitive in some neighborhood of (0, 0).
Compute the Jacobians of Gy, G, and F at (0,0). Define

Hg(fL‘, y) = (Ia e’ sin y)

and find
Hi(u,’U) = (h(u, ’U),’U)

so that F = H; o H, in some neighborhood of (0,0).

Solution: The equation F = G, o G is a routine computation, and the fact
that G; and G are primitive is immediate.
The Jacobians of G; and G, are

, _ [ €°cosy —e®siny , _ 1 0
Gl(z’y)——< 0 1 )’ Gz(u’v)—(tanv (1+u)sec2v>’

so that each of them equals the identity at (0,0). It therefore follows that
F’(0,0) = I also.

If we take hA(u,v) = (Ve2* —v2 — 1,v), the primitive mapping H;(u,v) =
(h(u,v),v) will yield H; o H, = F.

Exercise 10.5 Formulate and prove an analogue of Theorem 10.8, in which
K is a compact subset of an arbitrary metric space. (Replace the functions i
that occur in the proof of Theorem 10.8 by functions of the type constructed in
Exercise 22 of Chap. 4.)

Solution: We are given a compact set K in a metric space X (say with metric
d) and a cover of K by open sets Vi,i=1,2,...,n. (We may as well assume a
- finite number of sets, since we can find 2 finite subcover of any infinite cover.)
We need to construct continuous functions Y, © = 1,2,...,n such that
0 < #i(z) < 1foralliandall z€ X, the support of t;(x) is contained in Vj,
n

and ) 9;(z) =1for all z € K.
i=]

To do this, let > 0 be a Lebesgue number for the covering of K by the
sets V;, that is such that the n-neighborhood of every point z € K is contained -
in some V;. Let € € (0,7n), and let U; be the set of points whose distance from
the complement of V; is larger than ¢ and W, the set of points whose distance



191

from the complement of V; is larger than £. Since the distance from z to the

complement of V; is a continuous function of z, it follows that U; and W; are
open sets. It is obvious that the closure of U; is contained in W; and the closure

of W; is contained in V;. We note that X C '61 U;. For if z € K there exists
1=
Vi such that the n-neighborhood of z is contained in V;, and hence the distance

from z to the complement of that V; is at least 7.
Now let A; be the closure of U;, and B; the complement of W;. Define

_ d(.’E,B.L)

Then ¢;(z) is 1 on 4; (and hence certainly on U;) and 0 on B;, ©i(z) is contin-
uous, and 0 < ¢;(z) < 1 for all z. Since the support of y; (z) is the closure of

n
Wi, it is contained in V;. Since ¢;(z) > 0 for z in W;; the sum () =3 pi(z)
=1

is positive on the open set W = '61 W;, which contains K. Now let L be the
, P

complement of W, and define a continuous function ¥(x) by

d(z, L)

¥(z) = d(z,K)+d(z, L)’

so that 0 < ¢(z) < 1forall z, ¢(z) =1 if z € K, and Y(x)=0ifz € L. If we
now define ¢;(z) = 0 for z ¢ W and

o)
¥ila) o(z)

3

then 9;(x) is continuous on the entire space. Its restriction to L is continuous.
If we can show that its restriction to the closure of W is continuous, we shall be
done. But it is obvious that it is continuous on W itself, and so we need only
show that it is continuous at a point of OW. Hence let xn — z € OW. Since
¢i(z)/p(z) is bounded, and ¥(z,) — 0, it follows that Yi(Tn) — 0 = ¢i(z)
and hence 1); is continuous at z.

The construction is now complete.

3

Exercise 10.6 Strengthen the conclusion of Theorem 10.8 by showing that the
functions ¥; can be made differentiable, and even infinitely differentiable. (Use
Exercise 1 of Chap. 8 in the construction of the auxiliary functions ©;.)

Solution: The function ;(x) is required to have only three properties: 1)
pi(x) =1 for |x —a;| < 7; 2) wi(x) =0 for Ix—a;] > si;3) 0=< ;(x) < 1 for
all x. These properties can be achieved with an infinitely differentiable function
¢i(x). To construct such a function, we go to the function f(t) in Exercise 1 of
Chapter 8, namely

ft)=e"%
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for t # 0 and f(0) = 0 = f(™)(0) for all positive integers n, f™(¢) being the
nth derivative of f(¢). It was established in that exercise that f(t) is infinitely
differentiable, and it is obvious that f(t) is strictly increasing for nonnegative
values of t.

Let

FUQ) - f(2
= LW -10)
)
Then it is obvious that g(t) is an infinitely differentiable function that de-

creases from 1 to 0 as z increases from 0.to 1. If we show that ¢g(™(0) = 0 =
g™ (1) for all positive integers n, it will follow that the function

‘ 1, t <0,
h(t) = {g(t), 0<t<1,
0, 1<t
is also a C*° function, and we can then take
[x[? ~ 7
p(x) = h(—'z—'g_)

8 — T

But it is easy to prove these properties by showing inductively that for all
integers 7 and k with 0 < j < n—k and 1 < k < n there exist infinitely
differentiable functions 6; s »(¢) such that

dMB = D GeafP(fQ) - F@) FrRTD ).
e

In fact the chain rule shows that
1
Goylvl(t) = - °
FF(D)

Then, assuming there exist such functions 6; 4, ,(t), we find

gy = Y {9§,k,n(t)f("’)(f(1)—f(t))f(““k‘j“)(t)
et

ik (@) (= F/@) FED(F(1) = F(2) o941 (1)
650 () FF (F(1) = f(t))f‘""“j“)..}

Each term in this expression contains a factor f(&)(f(1) - f(t)) fr+1=s=r+1)(¢)
with0<r<n+1-51<s<n+1and with a coefficient that is infinitely
differentiable. Thus when suitably rearranged, this sum has the appropriate
form

9" = N Gk @B (FQ) = £)) FrEI D )
0<i<n+1-k
1<k<n+1
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with infinitely differentiable functions 0;,k,n+1- Since each term contains a factor
FEFD) = () FDO(t) with k > 1, it follows that each term vanishes when #.— 0
ort =1, and hence that g(™)(1) =0 = g™(0) forn=1,2,....

Exercise 10.7 (a) Show that the simplex Q* is the smallest convex subset of
R* that contains 0,e1,...,e. '
(b) Show that affine mappings take convex sets to convex sets.

Solution: (a) By definition Q* = xizi+-z, <1, r; 20,7 =1,...,k}.
It is obvious that Q* contains all the points 0,ey,...,e;. It is nearly obvious
that Q* is convex. Indeed, if x and y are points of QF and 0 < ¢ < 1, then
tx + (1 = t)y = z, where z; = tz; 4+ (1 —1t)y;. Since z; > 0 and y; > 0 and
0 <t < 1,itis clear that z; 2 0. Simple algebra shows that 21+ 4z <
t+(1—1t) =1, so that z € Q* also. Thus Q* is convex.

Now let C' be any convex set containing these points, and let x ¢ QF.
We need to show that x € C. We shall show by induction that the point
Zi€1 + .-+ zje; is in C whenever z; > 0,...,z; >0 and Z1+--+zx; < 1.
If j = 1, this is obvious, since z1e1 = z1€e; + (1 — z1)0 and by assumption

Suppose the theorem is true for Jrand let ¢ = z; + -+ + Zj+1 <1, 2z, >
0,...,2541 > 0. Ifc= 0, the point zie7 +- - “+Zj+1€541 is 0, and hence belongs
“to C. Therefore we assume ¢ > 0. Since €j+1 € C, we need only consider the
case rj11 < 1. By the induction assumption, taking z] = 1—2“ forl=1,...,5,
we find that the point y = xrier +--- + z’e; belongs to C, and therefore the
point (1 — Ti+1)y + Tj+1€j+1 = T1€1 + -+ + T €5 + Zj+1€541 does also.

(b) Let A(x) be an affine mapping, that is, A(x) = xo+T(x), where T(x) is
a linear transformation, let C' be any convex set, and let u € A(C), v € A(C).
We need to show that tu+(1~t)v € A(C) for all t € (0,1). But this is trivial,
since if u = A(x) and v = A(y), then tu + (1-¢)v=A(tx+ (1 —t)y) and
tx+(1-t)yecC.

Exercise 10.8 Let H be the parallelogram in R? whose vertices are (1,1),
(3,2), (4,5), (2,4). Find the affine map T which sends (0,0) to (1,1), (1,0) to
(3:2), (0,1) to (2,4). Show that J; = 5. Use T to convert the integral

a= / e*"Ydzrdy
H

to an integral bver I? and thus compute a.

Solution: Clearly the constant term in an affine mapping is the image of (0,0),
which in the present case is to be (1,1). Thus we are looking for a linear
transformation L such that (3,2) = (1, 1) + L(1,0) and (2,4) = (1,1) + L(0,1),
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which is to say L(1,0) = (2,1) and L(0,1) =
2z +y,z+3y). Then Jp =2-3-1-1
T™Yu,v) = L7(u,v) — (1

1,3). Obviously L(z,y) =
e

The parallelogram H is the image of the unit square .S under T, and so
a:/. ey dmdy:/eT—l(“’”)]JT—lldudv.
T(S) s

Thus

fi
o

Exercise 10.9 Define (z,y) = T(r,6) on the rectangle
0<r<a, 0<£6<L2r

by the equations
z=rcosf, y=rsind.

Show that T maps this rectangle onto the closed disc D with center at (0,0)
and radius a, that T is one-to-one on the interior of the rectangle, and that
Jr(r,0) =r. If f € C(D), prove the formula for integration in polar coordinates:

/Df(x,y)dﬂ?dy—‘—/Oa/:wf(T('r,Q))rdrd&.

Hint: Let Do be the interior of D, minus the interval from (0,0) to (0,a).
As it stands, Theorem 10.9 applies to continuous functions whose support lies
in Do. To remove this restriction, proceed as in Example 10.4.

Solution: The simple geometry of this transformation allows a fairly straightfor-
ward proof. Let ¢ € (0, min(7,a/2)). Let H, = {(r, f):e<r<a-—ee<f<
2m ~¢}. The transformation T is one-to-one on H.. Let ¢:(z,y) be a continuous
function on all of R? such that ¢, (z,y) = 1 for (z,y) € T(H.), pe(z,y) = 0
for (2,y) ¢ T(Hey2) and 0 < ¢, (z,y) < 1. Define fo(z,y) = (z.5)0u(z.5)
for (z,y) € D and fe(z,y) = 0 for (z,y) ¢ D. Then f.(z,y) = f(z,y) except
for (z,y) € D\ T(H,). Hence f.(T(z,y)) = f(r,y) on [0,a] x [0,27] \ H,. Let
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M be the maximum of |f(z,y)| on D. Since the support of f. is contained in
T(H, /), which in turn is contained in Dg, we certainly have

r 7
/ fe(z,y)dzdy = fe(rcos,rsinf)r drdb.
R2 R2

We need to see how much each of these integrals differs from the correspond-
ing integral of f. We first look at f,(z, y). In evaluating its integral we can
confine ourselves to the square —a Lz <a —a<y<a,sinee D is con-
tained in that square. We first exclude the three intervals —g LY < —a+e,
min(—¢, —asine) < y < max(e,asine), and a — & < ¥ < a. When y is not
in these intervals, we have ¢ < y? < (a - €)2, and f (z,y) and f.(z,y) can

differ only on the two intervals where +/ (@—¢€)?—9y? < |z| < /a2 =42, each

of which has length

(@® —9%) — ((a— ) —3?)
Val-y?—la—el 7 = Va2 _yy2+\/(a_56)2 _ny

2ae 2ae 2a
< < < € < vV 2ae.
T /a2 —9y2 T 2ae + 2 \/2a+5\/_

Since the maximum possible difference between f(z,y) and fe(z,y) is M, we

see that
< 2MV2ae

’ [ 1wy de - [t pas

if y is not in one of the three excluded intervals.
If y is in one of the three excluded intervals, since f and f. can differ by at
most M, we have

] e~ [ iy

Since the total length of the excluded y-intervals is at most (2a + 3)e, and the
total length of the interval over which y varies is at most 2a, we see that

//f(w,y)dwdy—//fe(w,y)d:vdy

Thus this approximation can be made arbitrarily good by taking e sufficiently
small.

As for the integral with respect to T, 8, we observe that we can confine
ourselves to the rectangle 0 < r < a, 0 <6< 2, and that f. (rcos,rsinf) =
f(rcosf,rsinf) fore < r<a-—¢ and ¢ <6 <27 —¢. Thus, excluding the
intervals 0 < 6 < ¢, and 2r—¢ < 0 < 2m, we find that for 6 not in these intervals
f(rcosf,rsinf) and f.(rcosd,rsin ¢) can differ (by at most M ) only on the
two intervals 0 < r < ecand g —e < r L a. Hence as béfore, if 6 is not in one of
these two intervals, then

< 2Ma.

< 4Mav2ac + 2Ma(2a + 3)e.

‘{/f(rcos&,rsin&)rdr~/fs(rcosﬁ,rsine)rdr < 2Mae.
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On the other hand, if 6 is in one of these two intervals, we have

!/f(rcos@,rsin&)rdr—/fa(rcosé,rsinﬁ)frdr < Ma?.

Since the exceptional intervals have total length 2¢ and the total length of the
¢ interval is 27, we see that

Il//f(rcosﬁ,rsin&)rdrd@—// fs(rcose,rsinel)rdrdé’l < 4nrMaec+2Ma’e.

Hence these two integrals also can be made arbitrarily close together by choosing
e sufficiently small. Since the two integrals of f. are equal for each ¢ > 0, it
follows that the other two are also equal.

Exercise 10.10 Let ¢ — oo in Exercise 9, and prove that

| /R2 f(x,y)dxdy;/Ooo/o%f(T(r,e))rdedr,

for continuous functions f that decrease sufficiently rapidly as |z| + |y| — oo.
(Find a more precise formulation.) Apply this to

f(z,y) = exp(—z® — 3?)
to derive formula (101) of Chap. 8.

Solution: Without striving for ultimate generality, we shall assume that there
are positive numbers K and § such that |f(z,y)| < K (2% + y?)~1=% for all
(z,y) # (0,0). (Such an estimate holds for (z,y) ranging over any bounded set
merely because f(z,y) is continuous.) Let D, = {(z,y) : 0 <224+ 42 < g2

and S = {(z,y) : |z| < a, |y] < a}. Since both D, and S, are convex sets, the

functions ga(z,y) = xp, (z,9)f(z,y) and ha(z,y) = xs, (z,y)f(z,y) are both
integrable over R2. We shall show that '

lim 9oz, y)dz dy = / f(z,y)dzdy = lim ha(z,y) dz dy.
R2 R2 a—0co R2

a—eco

Our job is simpler if we first show that

lim (/ 9a(z,9y) dz dy —</ ha(z,) d:z:dy) = 0.
A= 00 R2 R2

As before, we let M = sup{|f(z,y)|}. Since 9a(Z,y) = ho(z,y) except for
(z,y) € Sa\ Do, and on this set g,(z,y) = 0 and |ha(z,y)| < Ka=2-28 the
maximum possible difference in these two integrals is 4Ka=2°, which does indeed
tend to zero as a — co.
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It now suffices to show only the second of the two equalities given above,
ie., that

f(z,y)dzdy = lim / ho(z,y) dz dy.

®© JR2

To that end, we fix y. We then have, if |y| > a, so that hao(z,y) = 0,

/_ f(x,y)—ha(x,y)da:SK/_de‘”

</_lyI K, +/|yI K dm+/°° S
—— O ——— ————
- oo (:232)-1+6 —ly] (y2)1+6 Il (I2)1+6

2K [y| 1%

9 —_]1—-28 < 4K —1—-2(5.
S i T2Kll < 4K|y|

If ly| < a, we note that f(z,y) = ha(z,y) for ~a < z < a, and so

o0 -Qa K oo K
/_cof(x,y)—ha(x,y)dxg/_oode-f-/a "('x—2)1—+5d$
—1-26
< g < Ma

Applying these two inequalities we find that

} / f(#,y) = ha(z,y) dz dy' < 4K / Y77 dy + 4K +
R2 —co
°° 1
+ 4K/ y 12 dy < 4K<1 + —)a'%.
@ )
The desired formula is now proved by merely remarking that

a p27
/ ho(z,y) dz dy =/ f(rcos@,rsin6)rdo dr.
R? 0o Jo

The fact that the limit on the right-hand side exists as ¢ — oo follows from the
fact that the limit on the left-hand side does, but can also be proved directly,
since | f(r cos@,rsinf)r| < Kr—1-28

Applying this formula with f (z,y) = e"’z‘yz, we find that

00 . 2 ) . ) oo p2m )
(/ et dt) =/ oo/ e ey dxdy:/ / e " rdfdr =
—c0 —c0 ) 0 0
(e o]

oo 2
=27r/ e"rdr:w/ e “du=r.
0 0

*® 2
/ eV dt = /7.

-0

In other words, -
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Exercise 10.11 Define (u,v) = T'(s,t) on the strip
0<s<oo, O<t<l

by setting u = s — st, v = st. Show that T is a 1-1 mapping of the strip onto
the positive quadrant Q in R2. Show that Jr(s,t) = s.
For z > 0, y > 0 integrate ‘

uZ ey 1e

-
over @, use Theorem 10.9 to convert the integral to one over the strip, and
derive formula (96) of Chap. 8 in this way.

(For this application, Theorem 10.9 has to be extended so as to cover certain
improper integrals. Provide this extension.)

Solution: It is easy to compute the inverse of T, namely

v
s=u+tv, t= ,
U+ v
and this inverse is defined on the entire (u,v)-plane with the line v = —u

removed. It is obvious that v is positive if and only if s and ¢ have the same
sign, and that u is positive if and only if s and 1 — ¢ have the same sign.

Thus if u and v are both positive, then ¢ and 1 —t have the same sign, which
happens if and only if 0 < ¢t < 1. In this case s must also be positive. Conversely,
the equations that give s and t show that if « and v are both positive, then s > 0
and 0 < £ < 1. The Jacobian matrix of T is

11—t —s
t s )7
so that Jp(s,t) = s.
The integral of u®~le~“v¥~1e~" over the quadrant is
/ u*"le~u du/ v le™ du = T(z)T(y).
0 0 :
According to Theorem 10.9

/ooo/olf(s——st,st)sdtds=/Ooo/0°°f(u’v)dud@

for any function f(u,v) having compact support contained in the open quadrant.
Assuming this theorem remains valid for the particular function we have in mind,
we get

' o0 1
HNz)'(y) = / §TTYTle=s ds/ 1 -t dt =
0 0

1
=T(z+ y)/ N1 - )Yl dt,
0
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which is indeed formula (96) of Chapter 8.

Thus we need only justify the use of Theorem 10.9 with. the function f in
the unbounded regions. To do this, we first show that Theorem 10.9 applies to
the function f(u,v)ys(u,v), where @s(u,v) is the characteristic function of the
set

Es={(u,v): §<u<§t §<v<ét)

Since this function is positive on Es, it is easy to modify it and make it into
a continuous nonnegative function f, that vanishes outside the set Es_y, for
7 < 6 and this can be done without increasing its maximal value. Theorem 10.9
applies to f,,, and it is easy to see that the integral of f, on both sides of the
formula tends to the integral of fos asn — 6. (Indeed, there is a constant e such
that 77 (u,v) = (s, ) lies in the strip £ < ¢ < 1—¢ whenever (u,v) € Es_, and
n < %. In that case, for each fixed ¢, the distance between the rightmost points
(s,t) in T~1(Es_,) and in T=1(Ej) is at most =0 A similar statement applies
to the leftmost points in the two regions, showing that the usual argument
applies: The integrals of f and fos over each horizontal line differ by at most
-ZME&;"—), except for a small range of ¢ whose length tends to zero with § — 7, on
which the difference is bounded. It then follows that both of the integrals of f,
tend toward the corresponding integrals of fos

It then remains only to prove that the integral of fys tends to the integral
of f on both sides of the formula. Since these integrals increase as § decreases,
there is no question that the limit exists, and we need only show that in both
cases the limit is the integral in the formula. This is nearly immediate in the
case of the integral over the quadrant. As for the integral over the strip, the set
T~'(Es) contains the region 6§/2 < s < 75577, 612 <t <1~ 6Y2, For these
inequalities imply that § < st < 3, and since 1— ¢ satisfies the same inequalities
as t, we also have § < s(1 — t) < 1. The integral of f(s — st, st)s over the two

strips 0 <t < V6 and 1 — 5 <t < 1 tends to zero with 6, and for each t with
V6 <t<1-+6 the integral

1/(6-6%/%)
/ f(s —st,st)sds
Vs

differs from the integral from 0 to oo by less than

VE oo :
=71 - t)l"y</ TtV ds + / §7ty=le=s ds).
0. 1/(6-63/2)

The first of these integrals is explicitly calculable and tends to zero as § — 0.
In the second we use the fact that e~ < —S’%,'— for all s > 0 and take n > z+y+1.
It then follows that the integral of f(s — st, st)is (s— st, st)s over each of these
horizontal line differs from the integral of f(s—st, st)s by an amount that tends
to zero uniformly for vV <t <1— /3.

The proof is now complete.
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Exercise 10.12 Let I* be the set of all u = (uy,...,u;) € R¥ with 0 < u; < 1
for all 4; let Q* be the set of all x = (z1,...,2%) € R* with z; > 0, >z < 1.
(I* is the unit cube; QF is the standard simplex in RF.) Define x = T'(u) by

Iy = u
Ty = (l - ’U,l)’u,g
Te = (I—=wu1) (1= up_1)ug
Show that
k k

g=] =1

Show that T maps I* onto QF, that T is 1-1 in the interior of I* and that
its inverse S is defined in the interior of Q* by u; = 27 and

Z;

U; =
-z ==~y

fori=2,...,k. Show that
Jr(a) = (1 - u)* 11— ug)f 2 (1~ yy),

and
Js(x) = [(1 —z)(l-z1—a2) - (l=zy — - — Ti-1)] -1

Solution: The first identity is easily proved by induction on k. It is obvious for
k=1, and

k+1 k

Z:I),; = ki1 +Z,$k

i=1 i=1
(I=w) (1= ugupps + 1= (1= wg) - (1 — )
L= (1= )+ (1= ug) (1 = waps).

The defining formulas and the formula just proved show that x € Q* when-

ever u € I*. In the process of showing that T is onto, we sha]l prove the inverse
v k=1
formula. Let x € Q*, and assume for the moment that ) z; < 1. Then all of

i=
the equations given as inverse equations are defined. We i’leed only show that
the defining equations yield x when applied to the left-hand sides of these equa-
tions. Certainly we do have 11 = ;. Suppose that z, = (1—u;)--- (1~ur_1)u,
for r < j. For the moment assume u,. #£ 0. ‘

, 1
(1 - ul) cee (1 - ur_1)<1 - ur)u,._H =Ty (1 - ZL—)UT_H_ =
l—z; -+~ 1, Tral

=Zr- : = Tr4e1.
Tr l—2y—-- =2, *
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If up # 0, but u; = 0 for [ < j < r, then z; = 0 also for these values, and
Urp1 = g tii—. We then have

Trer = (=) (1= w)urys

1
= 331(1 — — |Ur41

ug

l—z1 == Tril
= xl
I 1—.’231—“'-—:131
= Tr41-
Finally, if uy = u2 = --- = 4, = 0, we have simply ur+; = T,.; in both sets of

equations. Thus in all cases the point u € I* is a preimage of the point x € Q*.
It remains only to consider the case when Y ._, z; = 1 for some r < k. For
these points z,,.1 = - - =z, = 0.
r
To find preimages of these points, let 7 be the first index for which 3~ z; = 1.

i=1
If r =1, we have 1o = --- = 2, = 0, and this point is its own preimage. In

general the preimage of the point x for which z,4; = --- = 2 = 0 is u, where
Uy, ...,Ur are given by the formulas for S. The formulas imply u, = 1. The
values of ¥,y1,--+,u; are then arbitrary, since the formulas that define T will
automatically make the remaining z; equal to zero.

The Jacobian matrix is a triangular matrix whose diagonal consists of the
entries 1, (1 —u1), (1 —u)(1 —ug),..., (1 = wy)---(1 —ux_;), and this fact
yields the formula for Jr(u) immediately.

Likewise, the Jacobian of S is triangular and has diagonal entries 1, —2

12,0
l—xi—-’tz e, 1_9:1_:0;“_“_1, from which again the formula for Jg(x) is imme-
diate.

Exercise 10.13 Let r1,...,r; be nonnegative integers, and prove that

rileerg!
etk dr = )
/k 1 k (k-}—’f‘l-}-----jl-’r‘k)!

Hint: Use Exercise 12, Theorems 10.9 and 8.20.
Note that the special case r; = --- = r;, = 0 shows that the volume of QF is
1/kL.

Solution: Following the hint, we rewrite the integral in terms of u, getting

/ upt Ut (1= ug) TR (] ) Te TR L
I* ,

(1 - Uk-l)rk(l - Ul)k—l(l — ’LLQ)k'—z cet (1 - uk_l) du1 s duk.

This integral is the product

k 1
H/ upt (1 — ) FTHHT T gy,
=170
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which by formula (96) of Chapter 8 (just proved in Exercise 11 above) equals
the product

| T]E[F(ri+1)r(k+1*7:+Ti+1---+7~k)
l;& Plh+2—i+ri+rig-+ry)

When this product is evaluated, the numerator Dk+1—i+r---+ Tk) in
each factor cancels the denominator I'(k +2 — (1+1)+7ig1 -+ 7%) in the next
factor. Thus the product “telescopes” to the product of the factors C(r; +1)
in the numerators divided by the first denominator Ple+14rm+--+r).
Considering that I'(n + 1) = n! for integers n, we therefore get the required
formula. '

Theoretically we ought to be worried about the fact that T is not 1-1 on the
entire cube I*. This problem, however, is handled by the same reasoning used
in Exercises 9, 10, and 11, and need not be repeated.

Exercise 10.14 Prove formula (46).

Solution: Formula (46) asserts that H sgn (g — Jp) is —1 if the permutation
_ p<q
J1s---,Jk is odd and 1 if the permutation is even. We observe that this product

is (—1)*, where k is the number of pairs (jp,Jj,) for which Jp > Jg. Since
sgn (Jg — Jp) = 1 if j, < j, and sgn (Jg = Jp) = =1 if j, > j,, we need to show
that the parity of k is the same as the parity of the number of interchanges that
will be used in converting this permutation to the identity. (Asa corollary, that
parity will be the same, no matter what particular sequence of interchanges is
used to get to the identity.) This equality is obvious if the permutation is the
identity to begin with. Suppose then that j,, > Jn and m < n. The elements
Ji» m < i < n are of three kinds: Set A, those for which j; < Jn; set B, those
for which j, < 7; < jm; and set C, those for which j,, < Ji- Before j,, and
Jn are interchanged, there is one out-of-order Dair (jm,j;) for each j; € A4, one
out-of-order pair (j;, Jn) for each j; € C, and two out-of-order PaIrs (Jm, j;)
and (j;,4,) for each j; € B. After the switch there is one out-of-order pair
(Jn,Ji) for each j; € A, and one pair (j;, jm) for each j;, € C. There are no
pairs involving any j; € B. Hence, when an out-of-order pair (jm,jn) is put in
the right order by intérchangz’ng its elements, the number of out-of-order pairs
decreases by 2|B| + 1, where B is the set of elements j; between Jm and j,
that are in the wrong order relative to both Jm and jn and |B| is the number of
elements in B.

Of course the number would increase by an odd number if we foolishly inter-
changed a pair that were not out-of-order relative to each other. (The number
would increase by 2|B| + 1, where |B| is the number of elements between them
that were in the correct order relative to both elements of the interchanged pair.)
In any case, each interchange of two elements changes the number of inversions
(out-of-order pairs) by an odd number, so that an odd number of interchanges,
starting from the identity, will result in an odd number of inversions, and an
even number of interchanges will result in an even number of inversions.
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Exercise 10.15 If w and A are k- and m-forms, respectively, prove that
wAA= (=1 A Aw

Solution: Because of the associative and distributive laws, it suffices to prove

this in the case when w = fdzi A---Adz;, and X = gdzy A Ndz;,, . In

that case ‘ ’
WAA=fgdzy A Adzg, Adzg,, A- ANdxzg,,

For each j =1,2,... k exactly m interchanges of adjacent basic one-forms will
move dz;, ., . to the position just right of dz;,, .., if these moves are made in
increasing order of j. Thus a total of km interchanges will exactly reverse \ and
w. The result now follows from the alternating property of the wedge product
on basis elements.

Exercise 10.16 If £ > 2 and ¢ = [po',pl,...,pk] is an oriented affine k-
simplex, prove that §%c = 0, directly from the definition of the boundary
operator 9. Deduce from this that 92 = 0 for every chain W,

Hint: For orientation, do it first for k = 2, k= 3. In general, if i < j, let Oij
be the (k — 2)-simplex obtained by deleting p; and p; from ¢. Show that each
035 ocecurs twice in 0%¢ with opposite sign.

Solution. For k = 2 we have

90 = [p1,P2] - [Po, P2] + [Po, p1],

so that
8% = (P2 - Pl) - (Pz —Po) + (P1 - Po) =0.
For k = 3 we have

90 = [p1,P2, P3) — [Po, P2, P3] + [Po; P1,P3] — [Po, P1,P2),

so that

0% = ([p2,Ps] - [P1,Pa] + [p1, pa))
= (P2, p3] = [Po, Ps] + [po, p2))
+([P1, Ps] - [Po, P3 [Po, p1))

]+
“([Pl,P2] ~ [po, p2] + [po,pl])
= . 0.

In general the order in which P: and p; are omitted from ¢ determines the
sign that 0y; will have. If p; is omitted first, the resulting (k — 1)-simplex 0; =
[P0, - -, Pj=1,Pj+1, .- , Px] will acquire the sign (=1)7. If p; is then omitted, the
resulting (k — 2)-simplex will acquire a factor of (=1)?, resulting in (—1)i+7 ij-

However, if p; is omitted first, p; will move forward one position in the
resulting (k — 1)-simplex o;, and when it is subsequently omitted, a factor of
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(=1)7=" will be affixed, resulting in (—1)i+J ~10;;. Hence the two occurrences
of g;; in the second boundary will cancel each other.
The linearity of the boundary operator, operating on a base of simplexes,

then shows that 82 is the zero operator on all chains.

Exercise 10.17 Put J2 =7, + 7, where
1= [O, e, e; + 92], Ty = —[0, €5,85 + el].

Explain why it is reasonable to call J2 the positively oriented unit square in R2.
Show that 8J? is the sum of 4 oriented affine simplexes. Find these. What is
Oty — 72)?

Solution: Although J? is really a collection of two affine mappings, the ranges
of these mappings cover the unit square, the diagonal from (0,0) to (1,1) being
covered twice with opposite orientations in the two mappings. In both cases,
the sense of orientation is such that the cross product of the last two vertices of
the simplex is e3, which is a reasonable definition of the positive orientation on
the unit square.

By routine computation,

BJQ = ([el,el +82]
~ —[0e1+e]+[0,e1]) — (fes, €1 + 3] — [0,€; + €3] + [0, e3])
= ler,e1 + €]+ [e; + €3, €3] + [e2,0] + [0,e;].

Again, by routine computation,

m—1) = ([er,e1+ey]~[0,e; +ey]+ [0,e1])
+(le2, €1 + €3] — [0, 1 + €3] + [0, e3])
= [e1,e1+e3] — [e1 + e, e5] — [e2,0] +[0,e;] — 2[0,e; + e].

Exercise 10.18 Consider the oriented affine 3-simplex
o = [O, e1,e1 t+ex,e; +ey+ 83]

in R®. Show that o1 (regarded as a linear transformation) has determinant 1.
Thus o is positively oriented.

Let 03,..., 0g be five other oriented simplexes, obtained as follows: There
are five permutations (i1,12,43) of (1,2, 3) distinct from (1,2,3). Associate with
each (i1,12,73) the simplex

s(11,12,13)[0, €;,, €;, + €iy,€;, + €, +€;,]

where s is the sign that occurs in the definition of the determinant. (This is
how 75 was obtained from 7, in Exercise 17.)
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Show that g, ..., 06 are positively oriented. -

Put J® =0, 4 --- + 0g. Then J3 may be called the positively oriented unit
cube in R3. .

Show that 9J° is the sum of 12 oriented affine 2-simplexes. (These 12
triangles cover the surface of the unit cube I3.) |

Show that x = (21, Z9,z3) is in the range of o, if and only f 0 < z3 < 25 <
Show that the ranges of 01,...,06 have disjoint interiors, and that their
union covers I°. (Compare with Exercise 13; note that 3! = 6.)

Solution. We first show that each of these simplexes is positively oriented. To
that end, it is convenient to refer to the simplex [0, e;,,e;, + €,,€;; + €, +e;,]
corresponding to the permutation (4,49,43) as o(#1-72/%),

The simplex o{*1%2:%%) | regarded as a linear transformation, maps (z,9,2) to
(z+y-+2)es, +(y+2)ei, +2e;,. Its matrix therefore has (1 1 1) asrow 4y, (011)
as row 12, and (0 0 1) as row i3. By interchanging rows in correspondence with
the interchanges needed to convert the permutation (41,42,%3) to the identity,
we can convert this matrix to an upper-triangular matrix with 1’s on the main
diagonal. The determinant of the matrix is therefore s(i1,42,%3), so that the
simplex s(i1,42,43)[0, €;,,€;; +e;,,€;, + €, + e;,] is positively oriented.

The boundary of ¢{%1:%2:%) consists of four terms, two of which (ley; e, +
€iy,€i, + €, +€;,] and —[0,e;,,€;, + e;,]) are not shared with any other o(®.
The other two terms (—[0,e;,,e;, + e;, + e;,] and [0,e;, +e;,,e;, + €, + e;.]
are shared with o(1:%2+%2) and g(i27%1.%) respectively. As these two permutations
each differ from (i, 42,43) by a single interchange, the sign of each of these terms
will be opposite in its two occurrences, and hence they will cancel out. Thus
the boundary of J® will consist of a total of 12 oriented affine 2-simplexes.

A point x = (21,22, 23) is in the range of oy if and only if there are numbers
7,8, € [0,1] such that r+s+1 < 1 and x = re; + s(e; + e3) + t(e; + ey +e3),
that is, z; = r+s+1t, 2o = s+t, and z3 = ¢t. If such numbers T, 5,1 exist,
obviously 0 < z3 < zp < 77 < 1. Conversely, if these conditions hold, there will
be such numbers 7, s,t, namely t = z3, s = z5 — z3, and r =z, — z,.

The interior of the range of ¢(*1:%2/%) ig the set of all x = (1,29, z3) such
that 0 < z;; < z;, < 2;, < 1. For the range of this simplex is the set of x for
which each of these inequalities or the corresponding equality holds. If equality
holds in any of them, the point can be approached by points outside the range,

-as one can easily see. That the union covers I® is also obvious. Indeed, the
characterization of the range of oy applies to all o(+12+%8) and shows that this
range is contained in J3. Thus we need only show the reverse inclusion.

If x = (z1,29,73) € I3, let i; be the smallest subscript ¢ for which z; =
max{zy,z2,z3}. Let iy be the first subscript for which z; = max ({z1, 72,73} \
{z:,}). Finally, let i3 be such that {z;,} = {z, z2, 23} \{Zs,, Ts, }. By construc-
tion 0 < z;5 < 75, < x5, <1, and so, by the argument given above, x belongs
to the range of o(*1:i2:%), Symmetry shows that all of these simplexes have the
same volume, which must therefore be 1/6. (Remember that we showed back in
Exercise 1 that the boundary of a convex set in R* has k-dimensional volume 0,
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so that the volume of each of these sets equals the volume of its interior. As the
interiors are-disjoint, the sum of their volumes is at most 1. Since the simplexes
ogether cover I3, the sum of their volumes is at least 1. Therefore it is exactly

Exercise 10.19 Let J? and J® be as in Exercise 17 and 18. Define

Box (u, v_) = (0,u,v), Bii(u,v) = (1,u,v),
Boa(u,v) = (u,0,v), Biz(w,v) = (u,1,v),
Bos(u,v) = (u,v,0), Bis(u,v) = (u,v,1).

These are affine and map R? into R3.
Put Br; = By5(J?), for r = 0,1, ¢ = 1,2,3. Each f,; is an affine-oriented
2-chain. (See Sec. 10.30.) Verify that

3
8J3 = Z('—l)i(/@Oi — Bhi),
i=1

in agreement with Exercise 18.
Solution. Although we did not spell it out in our solution of Exercise 18, the
boundary of J? is the 2-chain
Z s(i1,92,43) ([, €, + €15, €5, + €5, + €5,] — [0, €5, €5, +3,]).
i1 ’7:2y7:3

This sum can be rearranged as a sum of three terms, each of which consists of
four terms. For example, the terms in the sum for which i_1 can be written as

(fe1,e1 + ez, €1 + e + €3] .
—[e1,e1 +e3,e; + e +e3]) — ([0,81,91 + €3] — [0,e1,e1 +e3)).
For i; = 2 we get a similar set of four terms, namely,
(—[e2,e2 +e1,e1+ €3+ €3] + [e, €2 + €3,01 + €2 + €3])
’ + ([0, €2, €1 + €3] — [0, €0, €2 + €3)).
Finally, for ¢; = 3 we have
(les,es +e1,e1 + ez + €3] — ez, €3 + €5,€1 + € + es))
— ([0,e3,e3 + 1] — [0, e3,e3 + &)).

Now consider the 2-chain fBo;. According to the notation of Eq. (88), it
is Bo1(m1) + Bo1(72). Letting (u,v) = 71(z,9) = (z + y)e; + yes, and then
(u,v) = 12(z,y) = (z+y)e2+ye; (and keeping in mind the orientation assigned
to 73), we see that fo1(z,y) = Boi(z +4,9) — Bu(y,z +y) = (0,2 +y,3) —
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(0,5,2+y) =[0,e0,e2+e3]— [0, e3, €3 +e3]. Notice that these two terms occur
in the expression for 9.J2, in the groupings for 4; = 2 and i; = 3 respectively,
but each occurs with the opposite sign. Hence these terms can be accounted for
in 8.J3 by being grouped together and written as — Sy, . Similarly when we look
at f11, we find that it is the 2-chain whose points are (1,2 +y,y) — (1,y,z +9),
which is [e;,e; +eq,e; + €5+ e3] - [e1,e1 +e3,e; +eq+ e3]. Again these terms
occur in the expression for e;, this time with exactly the same signs, so that
they can be accounted for by grouping them and writing them as the term B11.
Thus four of the twelve simplexes in 8.J3 are accounted for by the expression
(=1)(Bo1 — B11). The other 8 simplexes are accounted for similarly.

Exercise 10.20 State conditions under which the formula

/@fdw=/%fw—/¢(df)/\w

is valid, and show that it generalizes the formula for integration by parts.
Hint: d(fw) = (df) Aw + fdw.

Solution. Given the formula in the hint, we need only invoke Stokes’ Theorem.
For any chain & satisfying the hypotheses of that theorem we shall have

| / dfw)= [ fu,
[} 8%

which is precisely the given theorem. The ordinary formula for integration by
parts follows by considering a 0-form fg.

Exercise 10.21 Asin Example 10.36, consider the 1-form

| _rdy—ydz

= T 7

in R%\ {0}. ~

(a) Carry out the computation that leads to formula (113), and prove that
dn = 0. ,

(b) Let ~(t) = (rcost,rsint), for some 7 > 0, and let T be g C’-curve in

R?\ {0}, with parameter interval [0, 27], with ['(0) = I'(27), such that the
intervals [y(¢),I'(t)] do not contain 0 for any ¢t € [0,27]. Prove that

/‘77=27r.
r

Hz’nt.; For0<t<2m, 0<u< 1, deﬁné

Ot u) = (1—u)T(t) + wy(t).
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then @ is a 2-surface in R2 \ {0} whose parameter domain is the indicated
rectangle. Because of cancellations (as in Example 10.32), '

0% =T ~~.

Use Stokes’ theorem to deduce that
[1- /s
Jr P
because dn = 0.

(c) Take T'(t) = (acos‘t,bsin.t) where a > 0, b > 0 are fixed. Use part () to
show that

27
b
/ a —— dt = 27,
o a2cos?t+ b2sin?t

(d) Show that

Y
— d( t __)
7 arctan

in any convex open set in which z # 0, and that
z

n= d( — arctan —)

)

in any convex open set in which y # 0.
Explain why this justifies the notation n = df, in spite of the fact that 7 is
not exact in B2\ {0}.
(e) Show that (b) can be derived from (d).
(f) If T'is any closed C'-curve in B2\ {0}, prove that

1

(See Exercise 23 of Chap. 8 for the definition of the index of a curve.)

Solution. (a) By the rules for computing line integrals, given that z = rcost
and y = rsint,

. 2 : : 27 ’
t - -
/ / (7 cost)(r cos ) dt — (rsin t)(—rsin t)dt / Ny
07 0 0

r2cos2t + r2sin?t

(0) Let (%) = (X (¢),Y(¢)) and (t) = (z(),y(t)). Following the hint, observing
that the hypothesis that the interval from I'(¢) to () does not pass through
0, we find that ®(¢,u) is indeed a 2-surface in R2 \ {0}, and making it into a
singular 2-chain by regarding the domain as an affine 2-chain, as in Exercise 17,
we find by Stokes’ theorem that

i 8%
= ~‘/7/"‘/"7‘*‘/‘77—/77,
r 0% é €
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where 6 is the curve §(u) = &(2n, u) = (1—u)T(27) +uy(27) and ¢ is the curve
&(u) = ®(0,u) = (1 —w)I(0) +u¥(0). Since 6 and ¢ are the same curve, the last
two terms in this expression cancel each other, yielding the required result.

(c) We need only verify that ®(¢,u) # 0 = (0,0). But this is clear: If (1 -
u)a + ur) cost = 0, thent=Z ort = 37 since (1 — u)a +ur > min(a,r) > 0.
But this means that ((1 — u)b+ur)sint # 0, since ¢ is not a multiple of 7. The
result now follows. ‘

(d) It is a routine computation that the differential of arctan £ is 7 in the entire
right or left half-plane, and similarly for 7 —arctan %, which is after all arccot z
which in turn is arctan £ wherever both functions are defined. Thus locally we
have n = df, even though 6 is not defined globally in R%\ {0}.

(e) Break the integral over 7y into five parts: 0 < ¢ < nE<t< 3-;’-, 34—" <
t< %”, 5—;’- <t< 14’1, 341 <t < 27 In the first, third, and fifth parts we have

n = d(arctan £), and in the second and fourth we have n = d(—arctan £). Now

in the first, third, and fifth parts, £ = fﬁ% = tant, so that either t = arctan £ or
¢ =7 +arctan £ on these arcs. In either case the integral over the these parts is
Just the difference in ¢ at the endpoints. Hence these three integrals contribute
T+S+ 7 = 7 to the integral. On the other parts i— = cott = tan (% - t).

Hence, once again, arctan% is either £ —¢ or %’1 —t. In either case, these two

integrals contribute Z + Z = 7 to the integral, and provides the result of (b .
g 5 5 g

(f) The definition of Ind (I') is defined by regarding I (t) as a curve X (t) + Y ()
in the complex plane, in which case

27 v 27 _ ; , , ;
Ind (T) = —— / ') 1 / (X(8) = Y(O))(X'(2) + Y (1))

omi Jo TG © = 3m XOPFY )2 at.

Since we know the imaginary part is zero, we consider only the real part, which
is

L (" XOY'() - Y(©)X'(1) o 1
e T XOEAY@RRE YT )

(Incidentally, it follows from Stokes’ theorem that the imaginary part of this
complex integral is zero, since it is

1 XX+ Y)Y @) _ 1 _ 1
e T XORErTE)E %= 47"/1‘dc I fon©

where ((z,y) = In (z2+y?). This last integral is zero, since I is a closed curve.)

Exercise’ 10.22 As in Example 10.37, define ¢ in R® -0 by

= xdy/\dz—i—ydz/\dx—f-zdx/\dy

r3 ’
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where 7 = (72 4+ 92 + 22)1/2, let D be the rectangle given by 0 < u < T,
0 < v < 27, and let T be the 2-surface in R, with parameter domam D, given
by

3]
wn
5
~
@]
Q
wn
2
I

v, Y =sinusinv,

(a) Prove that d{ =0in R®\ 0
(b) Let S denote the restriction of ¥ to a parameter domain F C D. Prove that

/SCZ/ESiHUdUClva(S)’

where A denotes area, as in Sec. 10.43. Note that this contains (115) as a
special case.

Z = COSU.

(c) Suppose g, k1, ha, h3, are C"-functions on [0,1], g > 0. Let (z,y, 2) = (s, t)
define a 2-surface ®, with parameter domain I?, by

=gMhi(s), y=g(B)ha(s), z=g(t)hs(s).

[e=o,
3
directly from (35).

Note the shape of the range of <I> For fixed s, ®(s,t) runs over an interval
on a line through 0. The range of ® thus lies in a “cone” with vertex at the
origin.

Prove that

(d) Let E be a closed rectangle in D, with edges parallel to those of D. Suppose
f € C"(D), f > 0. Let Q be the 2-surface with parameter domain E, defined
by

Q(u,v) = fu,v)Z(u,v).

Define S as in (b) and prove that

LC=LC=M&

(Since S is the “radial projection” of () onto the unit sphere, this result makes
it reasonable to call fQ§ the “solid angle” subtended by the range of ) at the
origin.)

Hint: Consider the 3-surface ¥ given by

Ut u,v) = [1 =t +1f(u,v)]D(y, v),

where (u,v) € E,0 <t < 1. For fixed v, the mapping (t,u) — U(¢,u,v) is a
2-surface @ to which (c) can be applied to show that | s ¢ = 0. The same thing
holds when u is fixed. By (a) and Stokes’ theorem,

e fes
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(e) Put A = —(2/r)n, where
| _zdy—ydz
- 2 + y‘Z ’

as in Exercise 21. Then )\ is a 1-form in the open set V C R® in which 2492 > Q.
Show that ¢ is ezact in V by showing that '

¢=d)\.

(f) Derive (d) from (e), without using (¢).
Hint: To begin with, assume 0 < u < 7 on E. By (e),

Kzgz/an/\ and /.S'C: as/\'

Show that the two integrals of ) are equal, by using part (d) of Exercise 21, and
by noting that z/r is the same at £(u,v) as at Qu,v).

(9) Is { exact in the complement of every line through the origin?

Solution. (a) We note that, since g—;— =zr~1, we have
0z 3 2 .5 .
-3 =T 0 = 32°r7° = r73(r? - 322).
Oz r3 ( )

By symmetry we have analogous relations for the partial derivatives of yr=2 and
2r~3 with respect to y and z respectively. Since dx A dyNdz=dy Adz A dx =
dz Adz A dy, we find that

d¢=7r"5(r? — 322 + 2 — 3y 4+ r2 -—322)d9:/\dy/\dz= 0.

(b) Since r((u, v)) = 1, we have only to note that the differentials pull back to
DasdyAdz = g—((fi—:fj—gdu/\dv = sinzucosvdu/\dv, dz Adz = sin® u sinv du A dv
and dr A dy = sinucosudu A dv. The integrand then pulls back as (sin® u +

sinucos?u)du A dv = sinudu A dv. The reference to Sec. 10.43 must be a
misprint for Sec. 10.46.

(¢) For the application to be made in part (d) below we actually need to al-
low the function g(¢) to depend on s also. Thus we consider g(s,t) instead
of g(t). Using only the definition (35) for the integral, we need to get the
pullbacks of the wedge products to the parameter domain [0,1] x [0,1]. Since
dzr = %%hl (s)dt+(g(s,t)hs(s) + hy (s)%g ds, with similar expressions for dy and
dz, we find that dy A dz = g(s, )32 (ha(s) R (s) — h3(s)ha(s)) ds A dt, dz A dx =
(5, )32 (14 (5)hs(5) = ha(s)H () s A dt, and. d hdy = g(s, )22 () (5)ha(s)
h1(s)h5(s)) ds A dt. Thus,assuming h, (t), ha(t), and hs(t) do not vanish simul-
taneously, we have

PN B ((9)ha(s)ha(s))’ — (ha(s)ho(s)ha(s))
— ot 1 S _
/@C_/o /o g9(s,1) (h1(5))* + (ha(s))2 + (hs(s))2 dsdt = 0.
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(d) Using part (c), as amended, we note that ¥ consists of six mappings
U(1,u,v) = Qu,v), ¥(0,u,) = S(u,v), U(t,b,v), U(t,a,v), (¢, u,d), and
¥(t,u,c), whete E = [a,b] X [c,d]. By part (c) the integrals over each of the last
4 surfaces are all zero. Since d¢ = 0, Stokes’ theorem implies that

fe-hemn

(e) By straightforward computation,

dA = .—d(z/r)An—(z/r)dn
_ mzdx'+yzdy:(z2—r2)dzAn
T
(222 +y22)dz Ady zdzAdy—ydzAdx
r3(z2 + 32 -3
= ¢

(f) Again by Stokes’ theorem we must have

But 7 is independent of z, and z/r is the same for both S(u,v) and Q(u,v).
Therefore :

/ A= A
a0 8s

(9) Yes, ¢ is exact on the complement of every line through the origin. Indeed,
for every line through the origin there is a rotation 7' that maps that line to
the z-axis. By Theorem 10.22, part (c) we have d(Ar) = (dA)r = (7. However,
¢r = (, as one can easily compute. Indeed, since r is invariant under T, we
need only show that zdy A dz + ydz A dz + zdz A dy is rotation-invariant.
To that end, suppose (u,v,w) = T(z,y,2), say u = tyyz + t12y + 132, so
that du = t11dz + tiody + t13dz, etc. We then have du A dw = (tgotsz —
t32t23) dy A dz + (t23t31 — t33to1) dz A dx + (t21t32 - t31t22) dz A dy, etc. and
80 udv A dw +vdw A du +w du A dv works out (after tedious computation) to
precisely z dy A dz + ydz Adzx + zdz A dy.

Exercise 10.23 Fix n. Define r, = @24+ +2) 2 for 1<k< n, let Fy be
the set of all x € R™ at which r4, > 0, and let w;, be the (k — 1)-form defined in
Ek by

k
W = ('f‘k)_k Z(—l)i'lxi diEl Ao A dx‘i—l A dCL‘H_l VANCAY dl‘k.

=1

Note that wy = 7, wg = ¢ in the notation of Exercises 21 and 22. Note also
that
EyCE;C---CE,=R"\{0}.
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(a) Prove that dwy = 0 in Ej.
(b) For k =2,...,n, prove that wy, is exact in E_1, by Showing that

wi = d(frwr-1) = (dfe) A w1,

where fi(x) = (=1)*gx (21 /%) and |
gr(t) = /t 1-s)*92gs (—1<t<1).
-1

Hint: fi satisfies the differential equations
x-(Vfi)(x) =0

and
(=1)*(rg_)*!
(r)k '

(Drfe)(x) =

(c) Is w, exact in E,?

(d) Note that (b) is a generalization of part (e) of Exercise 22. Try to extend
some of the other assertions of Exercises 21 and 22 to wn, for arbitrary n.

k
Solution. (a) Computation shows that d( Z(— 1)1z dzy A - -Adzs_, Adz; 11 A
i=1

o ANdzg) = kdzy A --- A dzy, and Ire — Zj for j < k, so that d(r,) =
Oz

Tk

k
~k(ry)™*=2 3" z;dz;, we find that
j=1

k
dwy, = k(Tk)~k dxi N--- A dz;, — k(rk)'k—2 Z a:?dxl A ANdzy, =
_ =1 ‘

= k(ry,) k2 (r,% - Zx?) dzy A--- ANdzy = 0.

=1

This argument shows, incidentally, that dwi =0in E, = R\ {0}. ;
(b) We compute that

k-1
dfe = (-1)*(1- x%/fﬁ)(k‘s)ﬂ((r;l - xirk—:s)da:k - Z TraiTy > d:ci)
i=1
_ k—1
= (-1)k(rk_1/rk)k'3 ((rk_s‘r,%_l)dxk - rk's Z a:lzck> dz;

i=1

o

-1
= (—-l)lc(rk)‘]c (r,’j:%dmk — r’k“:f TiTk d:z:,'>.
=1

1
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Hence, since (dfy) A wi—1 = (=1)*"2w,_; A (df), the first term in this last
expression contributes

k=1
('f‘k)—k Z(-—l)i—ll‘i dl‘z VAR dIEi_l A d.’13i+1 FARERIVAN dCIIk_.l A d.’ISk
=1

to the wedge product. As this contribution is all of wy, except the last term

r,:k (=1)* 1z dzq A- - ‘Adzy_1, we must endeavor to show that the contribution

of the remaining terms amounts to this expression. Since any term containing
a repeated factor dz; is zero, we see that the rest of the expression is

k=1
(=) 2x () ™ rema )2 (3w ) A (s )6 x
i=1

k-1
X Z(—l)i"’lmi dl‘l VANREIAN d.’IIi__l A dZEH.l N A dl‘k_l,
=1

which is easﬂy seen to be the same as

k—1
(-—l)k_lrk_kxkr,;zl Z z2dzy A A dxrp_.1 = (—1)k—1r,:ka:k drxi A -+ ANdzg_q,
1=]
exactly as required. Thus we have computed this result by “brute force,” arro-
gantly ignoring the hint.
For the benefit of those who wish to use the hint, here is an alternative
approach. The wedge product (dfi) A we—; is the sum of D fr(x) dxp A wy—q
and

k-1
=1

=r (x- (Vfr)(x) - TeDrfr(x)) dzy A -- - A dzg,
and hence, by the first differential equation, equals
Dy fie(x) dzr Awi_1 = 7757 2y, Dy fo (%) dacy A -+ d_1,

so that the second equation yields the result immediately. The two differential
equations themselves are routine computations.

(¢) No, wn, is not exact in E, for any n, since its integral over the (n — 1)-sphere
27/ 2

equals ; as will be shown below in the answer to part (d). (If it were exact,

2
say the differential of A, this integral would equal thte integral of A\ over the
boundary of the (n — 1)-sphere, which is the 0 (n — 2)-chain.)

(d) We can parameterize the (n — 1)-sphere £™~1 by the mapping 7}, defined
by

Ty = sintysints---sint,_;,
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To = .costysints---sint,_q,

X3 = COStpsints---sint,_i,
Tn-1 = COStp_gsint,_

Z, = CO0Stu,_1,

where 0 <¢; <2mand 0 <t; <mfor2< j < n-1That is, the domain of T}, is
the parallelepiped D = [0, 27] x [0, 7]~2. This is known to be true for n = 2 and
n = 3, and follows easily by induction on n. Suppose, for example, we know it is
true for n — 1, and suppose 22 +---+ 22 = 1. If z,, = +1, we can take t,_; = (
or 7, and the values of the other angles can be anything. If -1 < 2, < 1, there
s precisely one angle t,_; € (0,7) such that z, = cost,_;. But then the point
(z1/sintn—1,...,Zn_1/sint,_;) belongs to £"~2, and hence, by induction, can
be written as

T1/sint,_; = sint;---sint,_o,

Za/sint,_1 = costy---sin tn—2,
Tn-2/sintn_1 = coSt,_zsint,_o
Tp_1/sinth_; = costp_s.

This completes the induction. Observe that the angle t; requires the entire range

[0, 2] That is, all points on the unit circle in R? can be written as (cost,sint)

only if ¢ is allowed to range from 0 to 27. Otherwise put, the (n — 1)-sphere is

parameterized by n — 2 latitude angles and one longitude angle. :
We can easily show by induction that the pullback of w,, is

(wn)T, = (=1)""'sintysin?ts---sin 2 t,_  dty A A dtn_1.

To make the induction work, we need to distinguish the z;’s in various
numbers of dimensions; hence let the transformation T, be defined by giving its
components z.™, i < n, by the equations

1

z; = sint;sintsy---sint,_;,
:z:(n) = costysinty---sint
2 = 18112 --8INTp_1,
:rgn) = costysintz---sint,_q,
5”5:21 = COSlp_gsint,_i,
M = cost,_1,

(n-1)

- n
Thus we have z]} = cost,_; and :c§ ) = T;

have proved that

sint,—; for j < n. Suppose we

n—1
( Z(—l)“%?“”dm&"‘n Ao Adz{mTD A dargifl) A A dxff:ll)> =
T

i=1 . -1
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= (—1)""2(sin t1sin?te - sin™ P tp_adty A Adig_s.

We observe that the Jacobian matrix of the transformation 7, is the n x
(n — 1) matrix

o™ am(‘n'—l) -1 3
_xér sint,_1 '35:1__;_ Sin tp—1 a:§” ) cos tn_1
(n—-1) (n—1)
(n) (n) oz . o oz . (n~1)
Oz .o yTn ) _ ""z_atl sintp—1 ———2—atn_2 sint,—1 CcoStn_1
a(tly--'at’n——l) ;sf'(r'z'—i)":""”"""";(7':'—'1)"'. .......... (n_l) ........
g;l sintp—1 a:,:_lg sintp,—1 Z,_; COSln_1
—sin tn—l

It follows immediately, when we expand the determinant of the first n — 1 TOWS
along the last column, that

(deg”) ARRE /\fdivff_)l)Tn =sin" "2 ¢t,_1 COStp_1 X

n-1 (n—1) (n—1)
1 O(z ce s T )
x S (=1)pitignm D IEL 2 el Y A Adpor =
;( ) ‘ 8(tr,. .. ta2) '
n—1 )
= (=1)"sin™ % ¢, coStp_1 ( Z(—l)"lzgn_l) dxgn’l) A---
' i=]

NPT AT A A dazﬁl"_"ll)>T A dtn_1
n—1

= sin™ "2 tn—1COStp_1 ( sints sin? t3--- sin® ™3 tn_z)dtl N Adtp_1.
Hence

(_1)7:.—1(1.%71) dzgn) Ao A dxfzn—?l)’_rn =

= (=1)"! 08 t,—; sints sin? t3 - - - sin™ 2 tn_l) dty AN+ Adtp_q.

Next, omitting row ¢ (¢ < n) and expanding the resulting determinant along
the last row, we find that

(dz{™ A A dzP A delD A A de) g, =
= —sin" 1 (dz"TV A Az T Ads TN AT Adt

i+1 n—1
so that
n—1
( Z(—m"“lzg”)dxﬁ”) Ao Adxlog A dxz(.i)l A A dx;"))T =
i=1 , . v
= —sin" i1 ( 2(—-1)i_1x§n—1)d:c§n‘l) A A d;cgf'l'l) A dmg:l)v/\ e
i=1

A dzﬁ[‘_‘ll)) Adt,_y,

n—1
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and again by induction this is

(=)™ 1lsin?t,_, (sintgsin®t3---sin™ 2 tn—1)dty - “din_1.

(Z(-1>i—1x§”>dx§“> A Nz Az A A da:?) =

k3

o,
If
—

= (-1)""tsint, sinzy tg---sin™2 tn—1dti A - Adtp_;.

The induction is now complete.
Except for the unimportant factor of —1, this formula gives results consistent
with the known results for the area of the (n —1)-sphere, namely a total area of

This is easily verified for n = 2 and n = 3. In general

T

Ano1 = An—Z/ sin™ ™2 ln—1dtn_y =
0
A

3 (1) (25
2An._2/2 sin"‘_23d5 = 2An_2—'(—2)———)—.
0

r(3)

It easily follows, since I'(3) = /7, that the formula for the surface area of

(=1 is valid for all n.
Similarly we can show the analog of part (c) of Exercise 22, namely that

/wn=0
®

for any (n — 1)-dimensional surface given by a mapping of the form

®(s1,...,8p-2,t) = (g(sl,...,sn_g,t)hl(sl,...,sn_g),...
cer G(815 00y Snm2, t)hp(s1, .. .y 8n-2))-

Indeed, the pullback of w, is

(wn><1> =
] 8h a Jh 2]
ghi  z&hi+g5% - T +95.  Fh
= 6 ......... 8h ........ SRR ah ..... 5 d81/\---/\d8n_2/\'dt.
ghn 3_821h" +gg;i T Fsn—z hn +g@$nz2 E%hn

But this determinant is zero, since the first and last columns are proportional.
We can-now prove that if f(¢1,...,¢,-1) > 0 and

Qt1, -y tam1) = flty, e tam)) DO (b, L ts),
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then

[ .
Ja " Jg "

To do so, we consider the n-surface in R given by

I
H

Uttt =1 - ttf(ty, .t )]0, Eay),

for 0 < ¢ <1 and t1,...,tn ranging over a parallelepiped contained in the
interior of D with boundary faces parallel to those of D. For each fixed t;, this
W is an (n — 1)-surface of the form just considered, and hence the integral of w,
over it is zero. This applies in particular to the faces of the closed parallelepiped

E. Since / wn = [ dwp =0, it then follows that, up to a factor of +1,

oy A4
/wn=/wn=An_1(S).
Q S

Finally, as in Exercise 22, w, is exact in the complement of every (n — 2)-
hyperplane through the origin, since there is a rotation that maps the comple-
ment of that hyperplane to E -1, while w,, is rotation-invariant.

Exercise 10.24 Let w = gaq; (x) dz; be a 1-form of class C” in a convex open
set £ C R™. Assume dw = 0 and prove that w is exact in E by completing the
following outline:

Fix p € E. Define

f(x):/[ ]w (x € E).

Apply Stokes’ theorem to affine-oriented 2-simplexes [P,x,y] in F. Deduce that

n

1
£ = £2) =3 (s — ) / a:((1— t)x + ty) dt

i=1

forx € E, y € E. Hence D;f(x) = a;(x).

Solution. Because dw = 0, the integral of w over the boundary of the oriented
2-simplex [p, x, y] is zero. That is

/ w— / w+ / w =0,
(xy] [p,y] [p:x]

which can be rewritten as

n

1
f(Y)—f(X)=/[ ]w= (yi—:ci)/o a;((1 - t)x + ty) dt.
X,y 1

=
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Differentiating with respect to y;, we find

1 ) n 1
Dif(y) = JC ai((1~t)x+ty)dt+ ) (y; — ;) j{) tDia;((1 — t)x + ty) dt.
-

The fact that dw = 0 says that D;a; = Dja;, so that we have

n

1 1
D) = [ ed=xremaes [ty a)Dja(1 — s + e
1

- /Olai((i—t)x+ty)dt+/() t%ai((l—t)x—l-ty)dt
= /lai((l—t)x+ty)dt+tai((1—t)x—l—ty)‘é
0

1
—/ a;((1 - t)x + ty)dt
, 0
= a(y).
Thus w = df.

Exercise 10.25 Assume that w is a 1-form in an open set E C R" such that

/sz
”

for every closed curve v in E of class C’. Prove that w is exact in E, by imitating
part of the argument sketched in Exercise 24.

Solution. We first observe that Stokes’ theorem and the argument of Theorem
10.15 show that dw = 0 in E. (Theorem 10.15 actually shows that if some
component of dw is nonzero at some point of E, then there is a 2-surface ® in E
whose domain is a 2-cell in R? for which [, o dw # 0. Then by Stokes’ theorem,
[ asw 7 0 also, contradicting the assumption of the problem.

In each connected component E,, of E, we choose a fixed point x,. There is
a ball of some positive radius r, centered at Xo and contained in E. Let this ball
be B,. Exercise 24 shows that there is a function f (x) such that w(x) = df (x)
inside B,,. By subtracting a constant from f we can assume that f(xa) = 0.

Now consider the set S of all points x € E,, having the property that there
exist a connected open set Fy containing x and X, and a function fy defined on
Fy such that dfy = w on F and Sfxa = 0. It is clear that S is an open connected
subset of E,, being the union of all the connected open sets F,, which have the
common point X,. It is also clear that there is a function [ defined on S such
that df = w on S. In fact we can define f(x) = fx(x), and this definition is
unambiguous, since if fy and fy are both defined at z, then

fx(Z)=Ldfx=Lw=/5w=/5dfy=fy(Z)-



220 CHAPTER 10. INTEGRATION OF DIFFERENTIAL FORMS

Here 7 is a path in Ey from x, to z, and § is a path in Ey from x4 to z. The
path v — 6 lies in F and is a closed loop, so that

/ w=0.
-6

We need only show that S = E,. But if not, then E, contains a boundary
point x € S. Some open ball B about x is contained in E, and this open
ball contains a point y € S. But then there exists a function g such that
dg = w in B, and subtracting a constant makes it' possible to ensure that
9(y) = fy(y) = f(y). We claim that g(z) = f(z) on the entire set SN B. In
fact this argument merely repeats the argument just given to show that f is
unambiguously defined. It then follows that y is contained in the connected
open set SN B and that the function h defined to be fon S and g on B has
the property that dh = w on SN B. By definition, this means y € S, which
contradicts the assumption that y is a boundary point of S. Therefore S = E,.

Thus we can find a primitive for w on each connected component of E. These
primitives can be pieced together to provide a single primitive for w on E.

Exercise 10.26 Assume w is a 1-form in R®\ {0}, of class ¢’ and dw = 0.
Prove that w is exact in R®\ {0}.

Hint: Every closed continuously differentiable curve in R®\ {0} is the bound-
ary of a 2-surface in R®\ {0}. Apply Stokes’ theorem and Exercise 25.

Solution. Given the assumption in the hint, the solution is easy. By Exercise
25 we nieed only show that the integral of w over every closed curve is zero. By
the assertion in the hint, this closed curve is the boundary of a two-surface. By
‘Stokes’ theorem, the integral of w over the curve equals the integral.of dw over
the 2-surface.

To prove the claim that every continuously differentiable curve in R®\ {0}
is the boundary of a two-surface, we may assume that the curve is of the form
x(t), 0 <t <1 and x(0) = x(1). Let x(t) = (z(¢),y(¢), 2(t)). We shall show
first of all that there is some line through the origin in R that does not intersect
the curve. - ,

To that end, we observe that the intersection of a sphere of radius p in R®
with a ball of radius r (r < 2p) about a point of the sphere is a spherical cap
whose area is 7r2. (Note that this result is independent of p. It is a remarkable
fact, whose proof is a routine computation.) Since the area of the whole sphere
is 4mp?, it follows that half of any given hemisphere cannot be covered by fewer
than p?/r? such spherical caps. Now, since x(t) # 0 and x'(t) is continuous,
it follows that v(t) = x(t)/|x(t)| is a Lipschitz function, that is, there exists a
constant M such that |v(s) — v(t)| < M|t — s| for all s and ¢. In particular the
image of each interval [k/n, (k + 1)/n] is contained in a spherical cap of radius
M /n. Thus the complete curve is contained in a set of n spherical caps of radius
at most M/n. But to cover the half of any given hemisphere of the unit sphere
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requires at least ﬁ% such caps. Hence, if n > M2, the projection of the curve
x(t) on the unit sphere is contained in a set of spherical caps covering less than
half of the upper hemisphere and less than half of the lower hemisphere. Hence
there are two antipodal points Xo and —Xo on the unit sphere not in its image..
That means there is at least one line through the origin that the curve does not
intersect. :

This line through the origin gives us a sense of positive rotation from x(t) to
x(t+3) for each ¢ € [0, 1]. We can then construct a C'-curve 7:(s) in R*\{0} that
goes from x() to x(¢ + ) by letting cylindrical coordinates vary linearly with
respect to s. To be specific, we can assume without loss of generality that the line
is the z-axis. In that case, the radial coordinate r(t) = \/z2(t) + y2(t) is never
zero and is a continuously differentiable function of position. We choose 6(t) as
the cylindrical polar coordinate of x(t) in a continuously differentiable manner
for 0 <t < 1. (This is possible by piecing together sections of this function over

-sufficiently small intervals.) We then define v(s,t) = (z(s,t),y(s, 1), 2(s,t)) for
0<s<1,0<t<1/2by

z(t,u) = (1—-wu)r(t)cos((1 - w)0(t)) + ur(1 - t) cos (uf(1 — 1)),
y(t,u) = (1—w)r(t)sin((1- w)0(t)) + ur(1l - t)sin (uf(1 — 1)),
z(tu) = (1-w)z(t) Fuz(l - t).

We let the boundary of this cell be &, +62+03+04. Here 6 isy(t,0),0< ¢ < 1/2,
which is just x(#) over the same interval; 83 is y(1/2,u), which is the “line
segment” from x(1/2) to x(1/2), whose range is just a point, and hence counts
as 0 when regarded as a 1-chain; 63 is (1 /2—t,1) which is just x(¢+ %), so that
61 + 03 represents x(t) as ¢ goes from 0 to 1. Finally é4 is v(0,u), which is the
line segment from x(1) to x(0), and since x is a closed curve, these two points
are the same. Hence once again 64 counts as 0 when regarded as a I-chain.
Thus the boundary of v is indeed the curve x.

Exercise 10.27 Let F be an open 3-cell in R3, with edges paralle]l to the
coordinate axes. Suppose (a, b, ¢)€E, fy € C'(E) for i = 1,2,3,

W= fldyAdz+f2dzAd:c+f3dxAdy,
and assume that dw = 0 in E. Define
A=gidz+ g, dy

where

z ry
) = yY,5)ds — ,t,c)d
91(z,y, z) /C fo(z,y,5)ds /b f3(z,t,c)dt
92(I3y7z) = _/ f’l(.’II,y,S)dS,
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for (z,y,2) € E. Prove that d\ = w in E. :
Evaluate these integrals when w = ¢ and thus find the form A that occurs
in part (e) of Exercise 22.

9o 991 0g2 Ogq
= 22 Zdzndr+ (22 %9
dr = —ZZdy ndz+ 2 dz m+(8x 8y) z Ady,
we need only show that

0g2 ‘_
5, = ~fu
991 _
2 = [

92 99 _

dr Oy 5

The first two equations are immediate. As for the third, direct computation
shows that

Dlg2(x’ Y, Z)—D2gl ($7 Y, Z) = / —(lel (.’IJ, Y, $)+D2f2($, Y, 8)) d8+f3($,y, C)'

Now the assumption that dw = 0 says that
lel(:z?yya 3) + D2f2($’ Y, 'S) = —D3f3(.'17, Y, 3):

Substituting this value into the last expression and evaluating the integral using
the fundamental theorem of calculus yields the result d\ = w. -
Taking

T
fl(x)yvz) = ($2+y2+22)3/2,
_ Y
f2($ay7z) - (:2:2+y2+z2)3/2’
Zz
f3<.’1),y,Z)

(:EZ + yz + z2)3/2’
we get

z z
» &y = - ds =
92(z,9, z) /c ($2+y2+32)3/2 $

N 1 ( cr ZT )
PAYP 2 r 12 Ry
‘ z : Y y C
i ? = ds B dt
91(z,y, 2) /c (22 + 42 + §2)3/2 /b (x2 + 82 + c?)3/2

1 ( Yz yc >
2+ 2\ 22 g2 1 2 Vot +y2+c2)

1( cy be )
P+E\Vel i+ VR iria)
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It is a routine computation to verify that these functions do indeed provide a
primitive for w.

Exercise 10.28 Fix b > a > 0, define .
®(r,0) = (rcosb,rsinf)

fora <7 <b,0<6 <27 (The range of @ is an annulus in R2.) Put w = 23 dy,

and compute both
' / dw and / w
® 9%

to verify that they are equal.
Solution. Since dw = 3z% dz A dy, we have (dw)e = —rdr A df, and

b 27 37T
/‘dwz—/ 3T30082(9d9d’r=z(a4—b4).
a J0

2]

For the integral over the boundary we have dy = r cos df +sin 6 dr, and we get,

27
/0 (a* —b*) cos? 0 dh = 377;( b4,

Exercise 10.29 Prove the existence of a function & with the properties needed
in the proof of Theorem 10.38, and prove that the resulting function F is of
class C'. (Both assertions become trivial if E is an open cell or an open ball,
since a can then be taken to be a constant. Refer to Theorem 9.42.)

Solution. We are given a convex open set V C RP whose projection on RP~1
is the convex open set . We need to show that there is a continuously differ-
entiable function o : U — R whose graph is contained in V. If V is a cell or
an open ball, there exists a section z, = ¢ of it (many sections, if it is a cell),
whose projection is U, and we can simply define aly)=cforally e U.

Now write V' as a countable union of open balls V = _ole B;. Also write
i=

V' as the union of an increasing sequence of compact sets K, such that K, C
int (Kn+1). v

We claim that, as in Theorem 10.8, there exist continuous functions 1; such
that the support of 7; is contained in the projection of B; on RP~!, 0 < 1, (y) <
1 for all y, and )" 4;(y) = 1.for all y € U. Moreover, this sum is locally finite,

g=1 :

that is, each point y has a neighborhood Uy, such that the set of indices 4 for
which ;(z) # 0 for some z € Uy is finite.

To construct such functions, for each x € V, let i(x) be the smallest index
r such that x € B;. Then, as in the proof of Theorem 10.8, for each x € K 1,
choose open balls B(x) and W(x) centered at x such that

B(x) C W(x) C W(x) C Bix)-
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Since K7 is compact, there are points x13,...,X;, such that
K]_' Q B(Xll) U---u B(X1N1>.

For later convenience we define Li =K. }
Now let Ly = K\ ﬁll B(x1;). For each x € Ly there are open balls B(x)
j= .
and W (x) centered at x such that

[

B(x) CW(x)Cc W) C Bixy \ K1.
Since Ly is compact, we choose a, finite set of points X21,...,X2n, such that

Ly C B(Xgl) U--- UB(XgNz).

_ 2 N,
Notice that Ky C kUl _U1 B(xy;).
=] j=

Now suppose we have chosen a (possibly empty) collection of open balls
B(xk;) and Wi(xk;), 1 <5< N, 1 < k < r, centered at Xkj € Ly = Ky \

k-1 N;
u .Ul B(x;;), and such that

D —

B(xij) € W(xg;) C W(Xe;) C Bitxyy) \ K1,

and : LN N
K\ U U B(x;) ¢ U B(x,),
=1 75=1 J=1

and

N,
K, U U B(xyy),
k=1 j=1

for 1 < s <r—1. It then follows from the last two relationships that the
last one also holds with s = . By then considering the compact set L., =

N
K. \qu:l1 Uk1 B(xx;) and repeating the argument, we can assume that the sets
= J=

B(xg;) and W (xx;) with these properties have been chosen for all k and al] 7,
1<k <o0,1<5< Ng. It follows in particular that

N,
V=0 K.c T U Bxy,).
n=]1 . k=1j=1

Now let K, E(ij), and W(ij) be respecﬁively the projections on RP~1 of
Ky, B(xg;), and W(x;), and let ’ ’

~ =~ r—1 Np ~
Lr = K\ U U B(xyy).

k=1j=1

We then choose functions Pjk_3s smooth as we like such that ori(y) = 1

on E(X]cj) (and hence also on E(xkj)), vr;(y) = 0 outside W(xkj), and 0 <
or;(y) < 1 on RP-L, Tet ©i(y) = oi(y) for 1 < 5 < N1 and ¢;(y) =
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(Pk,j—(N1+'~-+Nk_1)(Y) for Ny+- -+ N1 <FS Ny+---+Ng, 2< k<00 We
define x; analogously. Let x; = (y;,¢;).
“We then proceed to define 9, (y) = ¢1(y) and

i1 (y) = (1—@1(¥) -+ (1 - ;(¥))pi+1(y)

for 7 = 1,2,..., as in Theorem 10.8. It is obvious that the support of 9; is
contained in the closure of W(xj) and hence in f)’i(xj) \I~( k-1 S U\ Ki_y when
N+ - 4+ Ny <j<Ny+-- -+ Nk.

Now by the choice of the sets Kn, if y € U, there is some n such _that
y € K, Cint n+1) and hence ;(y) = 0 on the open neighborhood int Ky 11

ofy if j > Ny +--- + Npy1. Therefore the sum and product
Z% (y)=1- H[l — i(y)]
i=1

are both locally finite at each point. (Local finiteness of the product means
all but a finite number of factors equal 1 on a neighborhood of each point.)

However, if y € U, then y € E(Xj) for some 7, and so ¢;(y) = 1, from which it
then follows that

ij(w =1

forally e U.
Since we have defined c; so that x; = (yj,cj) it follows that the progecmon
of the c;-section of B(x;) on RP™!, which we denote Cj, is the same as the

projection of B(x;) on this subspace. That is, it is E‘(xj). We can now let

o0
a(y) = > c;i1(y). For then at each y € U there is a finite integer n such that
5=1

(¥, q(y)) =1 (¥)(y,c1) + - F U (YT, Cn)-

Since Yr(y) = 0'if y ¢ Cr and (y,cx) € By C V if y € Cy, it follows that
(v,a(y)) is a weighted average of points in V', hence belongs to V for ally € U.

Exercise 10.30 If N is the vector given by (135), prove that

a1 i Bz —aszfs
det | ap Ba o3P — a1fs | = |NJ2
las Pz afs— a2

Also, verify Eq. (137).

Solution. The equation in the problem is a straightforward computation, and
amounts merely to expanding the determinant along the last column. Likewise
Eq. (137), which merely asserts that a cross product is perpendicular to each
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of the factors, is routine. The two inner products in the equation can be ob-
tained by replacing the last column of this determinant by either (a1, as, a3) or
(B1,B2,B3). In each case, the result is a determinant with two equal columns,
which is therefore zero.

Exercise 10.31 Let E C R3 be open, suppose g € C"(E), h € C"(E), and
consider the vector field

F= th.

(a) Prove that
V-F = gV2h+ (Vg) - (Vh)

where V2h = V- (Vh) = 5" 8%h/0z? is the so-called “Laplacian” of h. (b) If

{2 is a closed subset of E with positively oriented boundary o9 (as in Theorem
10.51), prove that

/ [gV?h + (Vg) - (VR)] dV = g@ dA
Q an On

where (as is customary) we have written &h/8n in place of (Vh) -n. (Thus
Oh/On is the directional derivative of h in the direction of the outward normal

to 01, the so-called normal derivative of h.) Interchange g and h, subtract the
resulting formula from the first one, to obtain

Oh dg
/Q (g h=h g) d /39 (g(?n 6n> dA.

These two formulas are usually called Green’s identities.

(c) Assume that h is harmonic in E; this means that V2h = 0. Take g =1 and

conclude that :

Oh
—dA =0.
Jaq On

Take g = h, and conclude that h=0in Q if A = 0 on §9.

(d) Show that Green’s identities are also valid in R2.

Solution. Part (a) is simply the product rule for derivatives.

The main equation in part (b) is simply the divergence theorem applied to F.
Green’s identities then follow by completely routine computation.

(c) Taking g = 1 forces Og/On = 0 and V3¢ = 0. Since V2h = 0 by the
assumption that A is harmonic, the result follows. For the other assertion of
this part we have to go back to the main equation before taking g = h. When
we do, we actually get a slightly stronger assertion: VA = 0 in Q, and so h is
constant on each component of €, if either A = 0 or 8h/8n = 0 on all of 6.
When h = 0 on 99, obviously the constant value of A must be 0.
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(d) The “two-dimensional” divergence theorem is simply Green’s theorem. That
is, the assertion that .
/ V-F= / kxF

JQ Jog

follows upon applying Green’s theorem to the one-form w = —Fydz + F} dy
corresponding to the vector field k x F = —Fyi+ Fij. Because the dot and cross
operations can be interchanged in the scalar triple product, integrating k x F
along a curve, that is, taking the product k x F - r, where r is the tangent to
the curve, and then integrating, is the same as integrating F - k x r, which is
the normal component of F. All the same identities now follow.

Exercise 10.32 Fix §, 0 < § < 1. Let D be the set of all (4,t) € R? such that
0<6<m —6<t<4. Let @ be the 2-surface in R® with parameter domain D
given by

= (1-tsinf)cos26
= (1—tsinf)sin26

z = tcosH

where (z,y,z) = ®(6,t). note that ®(m,t) = ®(0, —t) and that ® is one-to-one
on the rest of D. '

The range M = ®(D) is known as a Mdbius band. It is the simplest example
of a nonorientable surface.

Prove the various assertions made in the following description: Put P1 =
(07 “6)» P2 = (7T7 _6): P3 = (71-76)7 P4 = (Oa 5); Ps — P1. Put Y= [piapi—l]a
t=1,2...,4,and put I'; = ® o~;. Then

0P =T1+T9+TI3+7T4.

Put z = (1,0,-48), b= (1,0,6). Then

®(p1) = ®(p3) =a, P(p2)=®(ps)=h,

and 09 can be described as follows.

I'y spirals up from a to b; its projection into the (z,y)-plane has winding
number +1 around the origin. (See Exercise 23, Chap. 8).

Pz = [b, a].

I's spirals up from a to b; its projection into the (z,y)-plane has winding
number —1 around the origin.

F4 = [b, a].

Thus 6® =T'; + '3 + 2.

If we go from a to b along I'; and continue along the “edge” of M until we
return to a, the curve traced out is

=T -T;,
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which may also be represented on the parameter interval [0, 2] by the equations

= (1+6sinf)cos26,
= (1+ ésinf)sin 26,

z = —=bcosb.

It should be emphasized that I’ # 0®: Let n be the 1-form discussed in
Exercises 21 and 22. Since dn = 0, Stokes’ theorem shows that

/ n =0,
od

But although T is the “geometric” boundary of M, we have

/n=47r.
r

In order to avoid this possible source of confusion, Stokes’ formula (Theorem
10.50) is frequently stated only for orientable surfaces ®.

Solution. The claim about the boundary 6% follows immediately from the
definition of a boundary. The domain D is a cell whose boundary is y; + 5 +
73 + 74, so that by definition 8@ = ®(v;) + ®(y,) + D(v3) + D(74).

The claims that ®(p;) = ®(ps3) = a and ®(p;) = ®(py) = b are routine
computations.

The description of I'; follows from the fact that v, can be described as the
set (6,~6), 0 < 0 <, so that the projection of I'; in the (z,y)-plane is the set
of all points (z(6), y(6)), where

z(0) = (1+6sinf)cos26
y(0) = (1+6sinf)sin29.

Regarding the pair (z(6),y(6)) as the complex number 2(0) = z(8) + iy(9) =
(1 + 6sin6)(cos 26 + i sin 26), and using the definition of the winding number,
we find this winding number to be

_1 e
n= 27rz'/0 2(0) 0.

Now, 2'(6) = 2(1 + 6sin 6) (- sin 20 + i cos 20) + 6 cos 8(cos 20 + i sin 20), so that
we get

1 T —sin26 + i cos 26 T cosfl
= dd+6 | ————db).
" 7rz'</0 cos 26 + i sin 26 i /0 l+5sin0d>

But —sin 26 + 4 c0s 20 = i(cos 20 + i sin 20), so that the first integral is just i,
and that term contributes +1 to the winding number. The second integral is
Just In(1 + §sin @), and since this function has the value 0 at both § = 0 and
6 =, it contributes nothing. - o
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As for Ty, since 6 = m, it is given by (z(t),y(t),2(t)), —6 < t < 6, where
z(t) = 1, y(t) =0, z(t) = —t. It therefore describes the line segment from b to
a as t goes from —§ to §. , '

The descriptions of I'; and T'4 are justified exactly as was just done for I';
and Fg.

As both I'; and I's spiral upward from a to b, it is manifest that I'; — I's
represents a spiral that goes from a to b and back again. It is also easy to see
that this spiral does not intersect itself, as the ranges of I'y and I's meet only
in a and b. For suppose 6 and ¢ are such that I'1(6) = ['s(¢). This means
in particular that —§cosé = §cosyp, and so § = m — . It then follows that
(1+ 6sinf)cos20 = (1 — §sinb) cos26, so that either cos26 = 0 or sinf = 0.
Since we also have (1 + §sin)sin20 = —(1 — ésin 6) sin 20, the possibility that
cos 20 = 0 is ruled out, and so sinf = 0, i.e., 8 = 0 or § = 7, meaning the point
in common is either a or b, as asserted.

As for the description of I'; — I's, it is clear that the mapping T'(8) given by
the equations

= (1+6sinf)cos26
y = (14+6sinf)sin26
z = =—bcosb

has the property that T(8 + ) is given by the equations

= (1-6sin6)cos26
= (1-6sin6)sin20
z = 6cosé.

Hence it equals describes I'y(—4, 6) on the interval [0,7] and ~I'3(6,6) (since '3
is given by the latter formulas, but is traversed with 8 decreasing from 7 to 0).

Since z° 4+ y? = (1 — tsin6)? > (1 — 6)2 > 0 on all of M, it follows that 7 is
defined on M. On I'; and I's we have n = 2d#@, so that

/77:471’.
r



