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ABSTRACT
ESSAYS ON DECISION PROBLEMS UNDER UNCERTAINTY

by

Mahsa Mardikoraem

The University of Wisconsin-Milwaukee, 2021
Under the Supervision of Professor Ehsan S. Soofi

One of the fundamental questions in many operations and decision problems is

how to incorporate available information into the decision-making process in uncertain

environments. In two essays, we develop tools for operations decision problems. In the

first essay, we consider the case when only partial information (mode and a few per-

centiles) about the probability distribution of the variable of interest is available. In the

second essay, we consider the case when a sample observation from the variable of interest

and its predictors, along with prior distributions about the parameters of the probability

model, are available.

Essay 1. Maximum entropy distributions with mode and quantiles for applications to

operations problem

We use maximum entropy (ME) modeling to derive probability distributions

for management science applications when partial information consists of quantiles and

mode. In Bajgiran et al. (2021), we developed ME modeling when partial information

includes quantiles and moments. Previous research has shown that respondents are able

to assess the mode and quantiles more accurately than the mean and variance. The

ME methodology, given mode and other partial information, was developed in the 1990s.

This essay provides formulas for implementing this methodology, which depends on the

relationships between the mode and each pair of given consecutive quantiles.

This essay presents applications that include two management science prob-

lems. The first application is a model for the stochastic project planning using Project
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Evaluation and Review Technique (PERT). Recently, there was an attempt to use ME

distribution for PERT with mode information. We present a more extensive information-

theoretic modeling for PERT. We find distributions of the duration of the paths in a

network of multiple tasks by convolutions of the ME models of the duration of activities

at each path. Given the distributions of the paths, the minimal and maximal distributions

of project completion time are derived. We also develop a new probabilistic approach for

computing the distribution of the expected completion time by incorporating Dirichlet

prior distribution. We report applications of our methodologies using real-world data for

two pre-construction projects based on information provided by a national construction

firm.

The second application develops ME models for demand distribution in the

Newsvendor (NV) problem. In NV, a profit maximizing solution is a quantile of the de-

mand distribution. When the demand distribution is unknown, some rules (e.g. minimax

regret) are used to derive optimal order quantity based on partial information. Then

some arbitrary probability models are chosen for the demand distribution where its profit

maximizing quantile can be different from the proposed optimal order quantity. This

essay illustrates the perfectly robust ME models for the demand distribution given by the

NV minimax regret rule when partial information includes the mode with and without

the median.

Essay 2. Bayesian prescriptive framework for complementary products: tariff strategies

and channels inefficiencies

This essay considers the problem faced by an omnichannel retailer of complemen-

tary products that encountered on average a 35 percent increase in tariffs and attempted

to pass a portion of tariff cost to customers through price and freight charge. The om-

nichannel retailer offers various integrated channels and touchpoints, including media,

purchase, and delivery channels. We develop a new Bayesian predictive and prescriptive
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model for omnichannel retailers to study revenue management strategies of complemen-

tary products for the tariff when demand is not observable.

We define retailer sales inefficiency as the deviation of demand (maximum po-

tential sales) from observed sales. Inefficiency can be due to various reasons, including

shortage of products and salespersons’ performance; occurrences of these cases are not

recorded. We develop a new Stochastic Frontier Model (SFM) to model sales in the

presence of inefficiency. The basic SFM in the econometrics literature assumes that firms

are inefficient in meeting the frontier. We combine two existing extensions of the basic

SFM to model sales of complementary products by a system of zero-inflated SFMs. We

use copula to model the dependency of models for the different products. The use of

a zero-inflated distribution for the inefficiency relaxes the restrictive assumption of the

basic SFM to allow for the possibility of an efficient firm.

We implement the model using data provided by a retailer that operates nation-

wide. In our empirical model, the demands for each complementary product are specified

as a stochastic function of price, freight charge, discounts, tariff, and media channels

(advertising, catalogs, and website visits). The inefficiency is a stochastic function of

delivery channels and purchase channels characteristics, including salesperson’s perfor-

mance and contract types. Our results provide the probability of the firm’s full efficiency

and probability distribution for the inefficiency of each purchase channel.

We use the Bayesian approach for the inference, which includes posterior in-

tervals and the Bayes Factor for evidence about directional hypotheses for predictors

of the demands and inefficiencies of the delivery and purchase channels. Moreover, the

Bayesian approach enables deriving a predictive probability distribution of the profit.

This approach provides more insightful decision-making tools for managers in complex

environments. These tools are more versatile than the common approach of making de-

cisions based on estimates of the expected profit. We show applications of our model to

study various scenarios of passing a portion of tariff cost to customers. The results enable

examine stochastic ordering between profit distributions of various scenarios to select the
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best scenario.
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Chapter 1

Maximum entropy distributions with

mode and quantiles for applications

to operations problem

Keywords: Mode information; Quantiles; Maximum Entropy; PERT; Newsvendor; Bayesian

priors

1.1 Introduction

Assigning probability distribution in the absence of information in favor of particular

outcomes dates back to Bernoulli and Laplace. The principle of insufficient reason, also

known as the principle of indifference, stipulates assigning equal probabilities unless there

is a reason to assign unequal probabilities. Jaynes (1957) extended this to the maximum
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Maximum entropy distributions with mode and quantiles for applications to operations
problem

entropy (ME) principle, which stipulates assigning probabilities by minimally adjusting

the uniform distribution in light of partial information about the variable of interest.

This essay follows the ME principle to develop probability models for management sci-

ence problems when partial information is given in terms of mode and quantile of the

probability distribution.

1.1.1 Motivation and objective

In various operations decision problems, partial information about a probability distribu-

tion is assumed in the forms of range (minimum, maximum), moments (mean, variance),

quantiles, and mode. A few examples are as follows. The Newsvendor (NV) problem

concerns with methods for the derivation of an optimal order quantity. The NV profit

function is asymmetrically linear and the optimal solution is a quantile of the demand

distribution. Scarf’s rule is based on the mean and variance of the demand distribution

(Scarf, 1958). Solutions to the minimum regret are derived based on various combina-

tions of the range, mean, median, mode, and variance of demand distribution (Perakis

& Roels, 2008). The Program Evaluation and Review Technique (PERT) for stochas-

tic project planning problems is based on the specification of the optimistic (minimum),

pessimistic (maximum), and most likely value (mode) of the project completion time

(Malcolm et al., 1959). Partial information in various forms is solicited from experts for

constructing Bayesian prior distributions (Winkler, 1968; Sun & Berger, 1998; Van Dorp

& Mazzuchi, 2021). Survey instruments solicit forecast probabilities for a set of given

intervals of a random variable, in addition to a question that asks the respondent to give
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a point or an interval estimate for the forecast. Central banks and other institutions use

the results of these surveys for producing economic outlook reports for decision makers.

Scholars use these results to study uncertainty and disagreement of economic forecasters.

Partial information does not provide a unique probability distribution for de-

cision and inference. Consequently, researchers use parametric probability distributions

which satisfy the partial information. The choice is made arbitrarily, instead of system-

atically according to a principle. According to the ME principle, parametric distributions

fitted to partial information can induce extraneous information into the results or exclude

existing information (Bajgiran et al., 2021). However, ME distributions are “maximally

noncommittal with regard to missing information” (Jaynes, 1957).

The objective of this essay is to use the ME principle for developing probability

models based on partial information for a few management science problems. More

specifically, the focus of this essay is on problems where the partial information includes

the mode and quantile. Researchers over several years have conducted experiments on

the ability of individuals to estimate the mean, median, and mode of a distribution

(Garthwaite et al., 2005). In these experiments, subjects were asked to estimate measures

of the central tendency of the distribution based on a sample of numbers. When the

sample was drawn from an approximately symmetric distribution, subjects were able to

estimate these measures with a high degree of accuracy. When the sample was drawn from

a highly skewed distribution, “assessments of the median and mode were again reasonably

accurate, but assessments of the mean were biased towards the median” (Garthwaite et

al., 2005).
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Maximum entropy distributions with mode and quantiles for applications to operations
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Survey instruments that ask respondents to assign probabilities to a set of pre-

assigned intervals provide quantile information about the respondents’ probability dis-

tributions of the underlying stochastic object of interest. This method is called fixed

interval solicitation. Solicitation of subjective probabilities is also done by the variable

interval method, where the subject assesses points corresponding to given probabilities

(Garthwaite et al., 2005). An effective variable method is called bisection, where the

subject is asked to assess the median, the medians of the lower and upper halves (first

and third quartiles), and so on.

Engelberg et al. (2009) present a comprehensive study of the Federal Reserve of

Philadelphia’s Survey of Professional Forecasters (SPF) that examines the consistency of

respondents’ probability and point forecasts. The SPF began in 1968, but these authors

used data from Quarter 1 of 1992 to Quarter 4 of 2004, in which the respondents are

asked to assign probabilities to eight intervals of equal lengths of 1 percent and two

open-end intervals for the inflation rate and gross domestic product (GDP) growth of the

current year and the following year. The authors assumed “that the mode is contained

in the interval with the greatest probability mass” (modal interval of the histogram) and

developed bounds for the mean and median. They report that 2,930 of 3,173 respondents’

point forecasts fell within the modal intervals of the respondents’ histograms. They

showed that for all four quarters aggregated over the years, the percentages of respondents

whose point forecasts of the inflation rate were within the modal intervals was higher

than for the mean and median falling within their bounds. For the GDP growth, the

percentages of respondents whose point forecasts of the inflation rate were within the
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modal intervals were higher than those for the mean and median falling within their

bounds for the first three quarters.

Soofi et al. (2009) analyzed the data collected via a survey of business executives

after the 9/11 terrorist attack. A question asked respondents to assign probabilities to

three categories of the GDP growth in third quarter of 2002 (a year after the attack) and

a different question asked to indicate the GDP growth on a more refined scale. These

authors observed that 87 of the 93 respondents’ forecast categories fell into the modal

intervals of their distributions. This and the Engelberg et al.’s (2009) study confirm that

respondents more often think of mode for the center of a distribution.

1.1.2 Information optimal models

The information theory provides methodologies for deriving unique distributions that are

solely consistent with given partial information. The literature in this area has mainly

considered developing distributions based on various types of moments (Jaynes, 1957;

1968). A few papers have used mode (Brockett et al., 1995; Mauris, 2010; Hernández-

Bastida & Fernández-Sánchez, 2019). Quantiles also have been used in a few papers

(Hernández-Bastida & Fernández-Sánchez, 2019; Bajgiran et al., 2021). The use of both

quantiles and mode has been also limited (Brockett et al., 1995; Brockett et al., 1997).

Two information measures are used for deriving models. The Shannon entropy

of a quantity X with continuous distribution F and a probability density function (PDF)

f is defined by

H(X) = H(f) = −
∫

R
f(x) log f(x)dx, (1.1)
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where R is the support of f , provided that the integral is finite. The Kullback-Leibler

information divergence between f and g is defined by

K(f : g) =

∫

R
f(x) log

f(x)

g(x)
dx ≥ 0, (1.2)

provided that f is absolutely continuous with respect to g (f(x) = 0 whenever g(x) = 0);

the inequality becomes equality if and only if f(x) = g(x) almost everywhere. Unlike the

entropy, K(f : g) is invariant under one-to-one transformations of X for the continuous

case. This measure has been used in operations and decision problems (see, for exam-

ple, Alwan et al., 1998; Saghafian & Tomlin, 2016; Asadi et al., 2018). The Minimum

Discrimination Information (MDI) principle minimizes K(f : g) where f is in a class

of distributions Ω and the reference PDF g /∈ Ω. When g is uniform (proper PDF or

improper), the MDI coincides with the ME principle (Jaynes, 1957). For the continuous

case, the ME is defined as minimization of −K(f : g), where g is interpreted as the

“invariance measure” function (Jaynes, 1968). In the game theory problem of selecting a

distribution where the utility is defined in terms of the score function, the MDI and ME

models are minimax decisions (Smith, 1974; Grünwald & Dawid, 2004).
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In Bajgiran et al. (2021) we considered information models in the following

classes of distributions:

Ωθ = {fθ : Ef [Tj(X)] = θj, j = 1, · · · , J} , (1.3)

Ωα = {fα : Ef [1(X ≤ qk)] = αk, k = 1, . . . , K} , (1.4)

Ωθ,α = {fθ,α : Ef [Tj(X)] = θj, Ef [1(X ≤ qk)] = αk} , (1.5)

where f is a PDF on a continuous supportR, θj, j = 1, · · · , J are given moments, 1(E) is

the indicator function of the event E, and qk = F−1(αk), k = 1, . . . , K are given quantiles.

Optimal information models in (1.3) are studied extensively in the literature

used in various problems in many fields. The ME model in Ωθ, if exists, is unique and

has PDF in the following form:

f ∗θ (x) = Cλ exp

{
−

J∑

j=1

λjTj(x)

}
, x ∈ R, (1.6)

where λ1, . . . , λJ are Lagrange multipliers and

Cλ = C(λ1, . . . , λJ) =

[∫

R
exp

{
−

J∑

j=1

λjTj(x)

}
dx

]−1

<∞, (1.7)

is the normalizing factor for f ∗θ , and θj = −∂ logCλ/∂λj, see, for example, Soofi et

al. (1995). The existence of the ME model is determined by the finiteness condition

(1.7). Many families of probability distributions are ME models with various types of

moment information. Some of the known examples include the uniform distribution
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[A,B] with the range information Ef [1(A ≤ X ≤ B)] = 1, beta distribution [0,1] with

two geometric means: T1(x) = log x, T2(x) = log(1 − x); on the non-negative range, the

exponential distribution with T1(x) = x, the gamma distribution with T1(x) = x and

T2(x) = log x, and the log-normal distribution with T1(x) = log x, T2(x) = (log x)2; and

on the unrestricted range, the ME model with Tj(x) = xj, j = 1, . . . , J when J is an odd

number does not exist. The ME model with J = 2 is a normal distribution. The MDI

model in Ωθ relative to a PDF g(x), if exists, is unique and has PDF in the following

form:

f ∗θ (x) = Cηg(x) exp

{
J∑

j=1

ηjTj(x)

}
, x ∈ R, (1.8)

where η1, . . . , ηJ are Lagrange multipliers and Cη is the normalizing factor. When g is

uniform, (1.8) gives (1.6), hence the ME model is closest to the uniform distribution that

satisfies the partial information in (1.3).

The ME model in Ωα only exists on finite support and has PDF in the following

form:

f ∗α(x) = Cλ exp

{
−

K∑

j=1

λj1(x < qj)

}
, A < x < B, (1.9)

where A < q1 < · · · < qK < B. This is a piecewise uniform PDF (a density histogram

with unequal bins); (Bajgiran et al., 2021). The ME distributions in Ωθ,α has the following

form:

f ∗θ,α(x) = Cζ,λ exp

{
−

J∑

j=1

λjTj(x)−
K∑

k=1

ζk1(x < qk)

}
, −∞ < x <∞,

8
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where Cζ,λ is determined by the Lagrange multipliers (λ1, . . . , λJ , ζ1, . . . , ζK) for the mo-

ment and quantiles constraints in Ωθ,α. Optimal information models in (1.4) and (1.5)

are studied and applied to developing Bayesian priors, forecast distributions, and the NV

problem by Bajgiran al. (2021).

This essay presents the ME and MDI models with a given mode in the sets

of partial information defined in (1.3)-(1.5) and illustrate their applications in the NV

problem and PERT.

1.2 Optimal information models with a given mode

This section gives an overview of the methodology from Brockett, Charnes, & Paick

(1995), hereafter written as BCP, with some clarifications and extensions.

1.2.1 Mode with moments

BCP derived the unimodal ME PDF using a well-known characterization of the unimodal

density due to Khintchine (1938). According to Khintchine’s theorem, a “zero” unimodal

random variable X can be characterized as X = UY , where U and X are independent and

U is uniformly distributed over [0, 1]; see Jones (2002) for other constructive illustrations

of this Khintchine’s theorem.

9
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Kemperman (1971) showed that moments of Y can be computed from moments

of X as follows. For any function h(x), there exist a function h∗(y) such that

∫
h(x)fX(x)dx =

∫
h∗(y)fY (y)dy, (1.10)

where

h∗(y) = EU [h(UY )|Y = y] =
1

y

∫ y

0

h(t)dt. (1.11)

If X is unimodal with mode m, then X −m is zero unimodal. Application of (1.10) to a

moment of X −m gives

EY [T ∗j (Y )] = EX [Tj(X)], (1.12)

where T ∗j (Y ) is the transformed moment for the auxiliary variable Y , given by (1.11) as

T ∗j (y) =
1

y

∫ y

0

Tj(t+m)dt. (1.13)

For example, BCP presented the moment case Tj(x) = xj which transforms as follows:

Tj(y) =

j∑

k=0

(
j + 1

k

)
xkmj−k

j + 1
.

Consider the following class of distributions:

Ω∗θ =
{
fY : EY [T ∗j (Y )] = θj, j = 1, · · · , J

}
.

10
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By (1.6), the PDF of the ME model in Ω∗θ is

f ∗Y (y) = Cλ exp

{
−

J∑

j=1

λjT
∗
j (y)

}
. (1.14)

The existence of the ME PDF is determined according to (1.7) with T ∗j (y).

The relationship in (1.12) gives the following subclass of probability distribu-

tions:

Ωθ,m ⊂ Ωθ = {fX : EX [Tj(X)] = θj, arg max fX(x) = m, j = 1, · · · , J} , (1.15)

where Ωθ is defined by the moments given in (1.3) without the additional mode constraint.

BCP found the ME model f ∗X ∈ Ωθ,m by viewing (1.13) as a one-to-one trans-

formation between X and the auxiliary variable Y , and the inverse transformation f ∗Y .

This approach gives

f ∗X(x) =





∫ x−m
−∞ Cλ exp

(
−∑J

j=0 λjT
∗
j (y)

)
dy
|y| , x ≤ m,

∫∞
x−mCλ exp

(
−∑J

j=0 λjT
∗
j (y)

)
dy
y
, x ≥ m.

(1.16)

The ME PDFs f ∗Y and f ∗X are not smooth at the mode. BCP derived smoothened

versions of these models through computing the MDI model with a reference a PDF g in
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(1.8). In BCP, g is called the “goal density” and the following PDF’s are used:

g0(y) = 1 (1.17)

g1(y) =





exp

[
−(|y| − δ)2 −

(
1
|y| − 1

δ

)2
]

for |y| ≤ δ

1 for |y| ≥ δ,

(1.18)

g2(y) =
y2

√
2πσ3

exp

(−y2

2σ2

)
, σ > 0. (1.19)

On an unbounded support, g0 and g1 are not proper PDFs. The uniform goal PDF leaves

f ∗Y and f ∗X unchanged. The goal PDF g1 deviates from the uniform PDF locally in a

neighborhood |y| ≤ δ and smoothly approaches zero as |y| → 0. The MDI PDF for X

with reference g1 becomes smooth in a neighborhood of the mode. The goal PDF g2 seeks

the MDI PDF of X in Ωθ,m to be close to the PDF of the normal distribution. This goal

PDF is the PDF of the random variable Y =
√
V , where distribution of V is Chi-Square

with three degrees of freedom.

The following example illustrates the ME PDF with a given mode and its

smoothened versions.

Example 1.1 (Unimodality, mode, and finite range). Consider the case when partial

information only includes given mode. Then (1.16) gives

f ∗X(x) =





∫ x−m
−∞ Cλ

dy
|y| , x ≤ m,

∫∞
x−mCλ

dy
y
, x ≥ m.

12
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Figure 1.1: ME density and CDF with mode and finite range.

Figure 1.2: The MDI PDFs and CDFs with the goal PDF g1 given mode (m = 0.5).

This is not a proper PDF on an unbounded support. Suppose that the range of X is the

unit interval [0, 1]. Then f ∗Y is uniform and the transformed PDF is

f ∗X(x) =





log m
m−x if 0 ≤ x < m,

log 1−m
x−m if m < x ≤ 1.

(1.20)

This PDF is not defined at the mode. The left panel of Figure 1.1 presents

f ∗X . The infinite discontinuity at the mode is apparent. However, cumulative distribution

function (CDF), F ∗X , is continuous as shown in the right panel of Figure 1.1. This model

is used by Hernández-Bastida & Fernández-Sánchez (2019) for PERT application. Figure

13



Maximum entropy distributions with mode and quantiles for applications to operations
problem

Figure 1.3: The MDI PDFs and CDFs with the goal PDF g2 given mode (m = 0.5).

1.2 presents the smoothened version of (1.20) with goal PDF g1 and its CDF. As seen

in the left panel of Figure 1.2, the smoothing parameter δ controls the sharpness of the

PDF near the mode. As δ decreases the PDF grows sharper around its mode. Figure 1.3

presents the smoothened version of (1.20) with goal PDF g2 and its CDF. In the absence

of any constraint, g2 gives symmetric truncated normal distributions for the smoothened

PDF. In this case, as the smoothing parameter σ decreases the PDF becomes sharper

around mode.

In Bajgiran et al. (2021) we showed that the ME PDF with quantile constraints

is discontinuous at the quantiles, while its CDF being continuous. However, the extension

to the MDI approach with goal PDFs g1 and g2 is effective for smoothening the ME PDF

with quantile constraints. The following example illustrates the ME distribution with a

single quantile constraint and its smoothened version with the goal PDF g2.

Example 1.2 (A quantile). Consider Ωα defined in (1.4) with a single quantile, q = 0.3.

The ME PDF (1.9) gives a two-piece uniform distribution with the change point at

x = 0.3. The left panel of Figure 1.4 shows this ME PDF in blue its smoothened version
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Figure 1.4: ME density and CDF with a quantile (q = 0.3), finite range, without
smoothening function (blue), and with smoothening function g2 with σ = 0.2 (orange).

with the goal PDF g2 in orange. The smoothened PDF is also piecewise normal (and

asymmetric), however with a smaller jump at the x = .3 and high concentration around

the quantile. Corresponding CDF is shown in the right panel of Figure 1.4, which is

continuous.

1.2.2 Mode with quantiles

BCP presented plots of ME PDFs with given mode, median, and interval information,

and displayed transformation (1.13) for the following simple example:

P (X ≥ q) = EXθ,m [1(X ≥ q)] = EYθ [T
∗
β (Y )] = β.

The transformed moment for this case is

T ∗β (y) =
1

y

∫ y

0

δ(t ≥ q −m) dt =





0 y ≤ q −m,

1− q−m
y

y ≥ q −m.
(1.21)
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This holds when q−m ≥ 0 and suggests that transformations of quantiles depend on the

relationship between the mode and the quantiles. We address the problem of including

quantile constraints at the general level of relationships between the mode and a set of

quantiles.

Consider the following class of probability distributions on a finite support:

Ωm,α = {fm,α : Em,α[1(X ≤ qi)] = αi, arg max fm,α(x) = m, i = 1, . . . , n} , (1.22)

where A < q1 < · · · < qn < B; the finite support is required for the existence of the ME

model in this class, and without loss of generality we use the unit interval.

Application of (1.13) gives the following transformed moments for three cases

based on the relationships between the mode and the pairs of consecutive quantiles in

(1.22):

1. For m ≤ qi,

T ∗i (y) =
1

y

∫ y

0

δ(qi −m ≤ t ≤ qi+1 −m) dt =





0 y ≤ qi −m

1− qi−m
y

qi −m ≤ y ≤ qi+1 −m

qi+1−qi
y

y ≥ qi+1 −m.

(1.23)
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2. For qi ≤ m ≤ qi+1,

T ∗i (y) =
1

y

∫ y

0

δ(qi −m ≤ t ≤ qi+1 −m) dt =





|qi−m|
y

y ≤ qi −m,

1 qi −m ≤ y ≤ qi+1 −m,

qi+1−m
y

y ≥ qi+1 −m.

(1.24)

3. For qi+1 ≤ m,

T ∗i (y) =
1

y

∫ y

0

δ(qi −m ≤ t ≤ qi+1 −m) dt =





qi+1−qi
y

y ≤ qi −m,
∣∣∣ qi+1−m

y
− 1
∣∣∣ qi −m ≤ y ≤ qi+1 −m,

0 y ≥ qi+1 −m.

(1.25)

These results are applicable to the problem with a single quantile and the mode

as a special case. For example, (1.21) falls in the first case (1.23).

As noted earlier, researchers have found that individuals can assess median and

mode more accurately than the mean. The following example gives the ME PDF and its
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Figure 1.5: The ME PDF and CDF with given mode (m = 0.4) and median (M =
0.5).

smoothened versions for the important application where partial information consists of

the mode and the median.

Example 1.3 (Mode and median). Suppose that the partial information includes the

mode m and the median M such that m < M . The transformed moment (1.21) is given

by the first case (1.23) and ME PDF in Ωm,α is

f ∗X(x) =





∫ x−m
0

Cλ exp
(
−λ(1− M−m

y
)1(y ≥M −m)

)
dy
|y|x, x ≤ m,

∫ 1

x−mCλ exp
(
−λ(1− M−m

y
)1(y ≥M −m)

)
dy
y
x, x ≥ m.

(1.26)

The ME model when M < m can be obtained similarly with transformed moment (1.21)

given by the first case (1.25).

Figure 1.5 shows f ∗X and its CDF when m = 0.4 and M = 0.5. This PDF has an

infinite discontinuity at the mode. Figures 1.6 and 1.7 show smoothened versions of f ∗X

with goal PDFs g1 and g2, respectively, and their CDFs. The PDF plots in these figures

indicate that the smoothness issue of f ∗X is resolved to various extents.
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Figure 1.6: The MDI PDFs and CDFs with the goal PDF g1 and given mode (m =
0.4) and median (M = 0.5).

Figure 1.7: The MDI PDFs and CDFs with the goal PDF g2 and given mode (m =
0.4) and median (M = 0.5).

The next example gives the ME PDF and its smoothened versions when the

partial information consists of the mode and two quantiles.

Example 1.4 (Mode and two quantiles). The partial information consists of the mode

and two quantiles has been used to fit parametric models for variety of applications. For

example, Van Dorp & Mazzuchi (2000) computed the parameters of the beta distribution

based on the given mode, an upper quantile, and a lower quantile. Unlike the ME model,

such a parametric model does not assign non-uniform probabilities solely based on the

elicited information. Consider the case, when q1 ≤ m ≤ q2. The transformed moment
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Figure 1.8: The ME PDF and its CDF with quantiles (q1 = 0.33, α1 = 0.2, median
M = 0.67), and mode (m = .5).

(1.21) is given by the first case (1.24) and ME PDF in Ωm,α is

f ∗X(x) =





∫ x−m
0

Cλ exp
(
−λ1(1− q2−m

y
)1(y ≥ q2 −m)

−λ2[ |q1−m|
y

1(y ≤ q1 −m) + 1(y ≥ q1 −m)]
)
dy
|y| , x ≤ m,

∫ 1

x−mCλ exp
(
−λ(1− M−m

y
)1(y ≥M −m)

)
dy
y
, x ≥ m.

(1.27)

Figure 1.8 shows f ∗X and its CDF for q1 = 0.33, α1 = 0.2, the median M = 0.67,

and m = 0.5. The infinite discontinuity at the mode is apparent. Figures 1.9 shows

smoothened versions of f ∗X with the goal PDF g1, and their CDFs. The PDF plots

indicate that the smoothness issue of f ∗X is resolved to various extents.
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Figure 1.9: The MDI PDFs and CDFs with the goal PDF g1 and quantiles (q1 =
0.33, α1 = 0.2, median M = 0.67), and mode (m = .5).

Remark 1.1. The ME models on the support [0, 1] can be easily transformed for applica-

tions to [A,B] by the linear transformation: if x ∈ [0, 1], then

y = A+ (B − A), x ∈ [A,B]. (1.28)

The ME model on [A,B] is the location-scale family with PDF

f ∗Y (y) =
1

B − Af
∗
X

(
y − A
B − A

)
, A ≤ y ≤ B. (1.29)

1.3 Application to Newsvendor problem

The NV problem is defined by finding an optimal order quantity for a product with an

uncertain demand X and fixed prices. Suppose that c is the cost per unit, r is the selling

price per unit, and s is the salvage value per unit. Then co = c−s > 0 and cu = r− c > 0

are the overage and underage costs, respectively. The expected profit maximizing order

quantity is found by minimizing the risk (expected loss) of the decision d under the
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following asymmetric linear function:

L(d,X)] = co(d−X)1(X ≤ d) + cu(X − d)1(X > d).

The optimal decision that minimizes Ef [L(d,X)] is given by

q = arg min
d
Ef [L(d,X)], (1.30)

where q and is the quantile of the distribution of X corresponding to α = cu/(co+cu); see,

for example, Snyder & Shen (2011, p. 78). The risk of the decision, Ef [L(q,X)] = θ, is the

mean absolute deviation from the profit maximizing (risk minimizing) quantile q given

by (1.30). The optimal solution is traditionally represented in terms of the βth upper

quantile, β = 1−α. This optimization, however, does not offer a model for the unknown

demand distribution, F . Therefore, the profit maximizing q and the profit (risk) of the

decision remain unknown. For calculation and implementations purposes, it is assumed

that decision makers have complete knowledge of the demand distribution in terms a

parametric model.

The NV literature also offers alternatives to the profit maximizing order quantity.

Optimal order quantities are derived based other criteria and assuming partial information

about the demand distribution (Scarf, 1958; Gallego & Moon, 1993; Perakis & Roels,

2008). These rules are functions of the β and the assumed partial information. These

approaches do not provide demand distribution. Instead, well-known probability models

are chosen for the demand distribution as a separate task for the purpose of comparing
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the proposed solutions for the order quantity with the profit maximizing quantiles of

the chosen distributions. A model for the demand distribution is said to be (perfectly)

robust if its profit maximizing quantile is consistent with the optimal order quantity

derived based on an alternative criterion.

The maximum entropy (ME) principle has been invoked in the NV literature

for justifying the uniform, exponential, normal, and truncated normal distributions as

models for the demand distribution based on partial information in terms of the range,

mean, and variance of the demand. Perakis & Roels (2008) observed that, for the demand

over a finite range, their proposed minimax regret rule coincides with the quantile of the

uniform distribution, which is “consistent with the principle of insufficient reason (or the

maximum entropy)”. They noted that for the case of a given mean for the demand over

the nonnegative range, “the exponential is expected to be the most robust, given that

it is entropy-maximizing over the class of nonnegative distributions with known mean”.

They further pointed out that the ME principle provides justification for the normal

distribution when the partial information includes the mean and variance. Andersson

et al. (2013) compared the profit maximizing quantiles of ME models for the demand

with given first two moments over a finite and nonnegative ranges with optimal order

quantities given by the Scarf’s and minimax regret rules, using numerical examples and

simulations.

Because, an ME distribution is noncommittal to information which is not used in

its derivation (Jaynes, 1968), there is no basis for its profit maximizing quantile to match

the optimal order derived according to other criteria. Bajgiran et al. (2021) showed
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that for derivation of consistent distributions for the NV demand, the profit maximizing

quantile must be included in the partial information. They constructed perfectly robust

ME distributions for the Scarf’s rule which assumes given mean and variance and for the

minimax regret rules which assume a given mean and given mean and variance. These

ME models for the demand distribution are derived by including the Scarf’s and minimax

optimal order quantities as the αth quantiles in of the respective partial information sets.

In the current research, we construct perfectly robust ME models for the minimax regret

rules with partial information given in terms of the mode with/without the median.

1.3.1 Robust ME model for minimax regret rule with mode

Perakis & Roels (2008) derived the following minimax optimal order quantity assuming

unimodality with a given mode m and finite range [A,B]:

q∗ =





A+
√

(m− A)(1− β)[B(1− β)− A(1 + β) + 2βm]

if m(1− 2β(1− β)) ≥ (1− β)2A+ β2B,

B −
√
β(B −m(B(2− β)− βA− 2m(1− β))

if m(1− 2β(1− β)) ≤ (1− β)2A+ β2B.

(1.31)

They studied robustness of beta distributions with increasing, decreasing, and unimodal

PDFs on [0, 300], which were scaled or shifted to have mode m = 100. As noted earlier

in this essay, the beta distribution is characterized as the ME model subject to two ge-

ometric moments, which for the case of a finite support [A,B] are Ef [log(Y − A)] = θ1

and Ef [log(B−Y )] = θ2. Consequently, the use of beta distribution assumes information
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Table 1.1: Comparison between the profit maximizing quantile q of the ME distri-
bution given range [0, 300] and mode m = 100 and the minimax regret order quantity

q∗.

β

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Case in (1.31) 2 2 2 2 2 1 1 1 1

q∗ 211.6 176.7 150.9 130.2 112.8 97.9 83.0 66.3 45.8

q 209.4 172.2 147.6 129.6 115.8 105.9 98.1 87.3 66.6

|q∗ − q| 2.2 4.5 3.3 0.6 3.0 8.0 15.1 21.0 20.8

which is not included in the derivation of q∗ in (1.31). Moreover, for any ME distribu-

tion noncommittal to the quantile information Ef [1(Y > q∗) = β lack of robustness is

expected. The following example illustrates this for the ME models with mode and range

information.

Example 1.5.

(a) The ME model consistent with the partial information assumed in the derivation of

q∗ in (1.31) is given by (1.20) and (1.29). This model is not robust for the minimax

regret rule. Table 1.1 compares the minimax regret order quantity q∗ in (1.31) with

range [0, 300], mode m = 100, with the corresponding profit maximizing quantiles

q of the ME distributions for several values of β. The results indicate that the

minimax regret q∗ decreases faster than q such that for β ≤ 0.4, q < q∗ and for

β > 0.4, q > q∗. The discrepancy between minimax regret order and the profit

maximizing quantile of the ME model with mode, |q∗ − q|, is increasing in β.
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Figure 1.10: Robust PDFs and CDFs of demand with the goal PDF g1, given mode
m = 1/3 and minimax regret order quantity q∗ = 0.22 (left), 0.33 (middle), 0.43 (right)

for β = 0.8, 0.6, 0.4, respectively.

(b) For the ME model consistent with the minimax regret optimal order quantity q∗,

we combine the quantile information Ef [1(X > q∗)] = β with the mode. Then

use the ME model is obtained similarly to (1.26). Figure 1.10 presents plots of the

smoothened versions of PDFs and CDFs of the perfectly robust ME models with

m = 1/3 and β = 0.8, 0.6, 0.4. Equation (1.31) with A = 0 and B = 1 gives the

minimax regret order quantities q∗ = 0.22, 0.33, 0.43. For the [0, 300] range, these

values correspond to m = 100 and q∗ = 66, 98, 130 obtained from (1.28) and the ME

PDFs can be easily found by (1.29). These perfectly robust models for the minimax

regret rule can be used for inference about the demand such as constructing interval

forecasts.
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1.3.2 Robust ME model for minimax regret rule with mode and

median

Perakis & Roels (2008) derived the following minimax optimal order quantity assuming

unimodality with a given mode m and median M ≥ m/2:

q∗ =





M + (1− 2β)
√
m(m−M) if M ≤ m, 1− m

2M
≤ β ≤ 1

2
,

2M
√
β(1− β) if M ≤ m,β ≥ 1

2
,

2
√
m(1− β)(2βm− βM +M −m) if m ≤M ≤ mQ(β), β ≥ 1

2
,

M −
√

(M −m)(2β − 1)(4βm− 2βM − 4m+ 3M) if M ≥ mQ(β), β ≥ 1
2
,

Not defined otherwise,

(1.32)

where Q(β) = 8β2−12β+5
4(β−1)2

. They studied robustness of the lognormal, gamma, and negative

binomial distributions for this rule. The lognormal and gamma distributions are ME

models that are noncommittal to the profit maximizing quantile constraint, so the lack

of robustness for the minimax regret rule is expected. The ME characterization of the

negative binomial distribution is not available in the literature.

The following example illustrates ME models with mode and median with/with-

out the quantile information in terms of q∗ in (1.32).
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Example 1.6.

(a) The ME model with the same partial information assumed in the derivation of q∗

in (1.32) is given by (1.26) and (1.29). This model is not robust for the minimax

regret rule. Table 1.2 compares the minimax regret order quantity q∗ for several

values of β with m = 150 and median as shown in the table (M = 90, 180) with

the profit maximizing quantile q of the ME distribution given the same information

obtained from (1.32) and (1.29). With M = 90 and β < 0.5 the conditions of case

1 of (1.32) are required which do not hold for β = 0.1. The discrepancy between

minimax regret order and the profit maximizing quantile of the ME model |q∗ − q|

decreases for 0.2 ≤ β ≤ 0.5, then increases for 0.5 ≤ β ≤ 0.8, and drops at β = 0.9.

With M = 180 the conditions in case 4 of (1.32) hold. The discrepancy between

minimax regret order and the profit maximizing quantile of the ME model |q∗ − q|

increases for 0.5 ≤ β ≤ 0.8, and drops sharply at β = 0.9.

(b) Figure 1.11 presents plots of the smoothened versions of PDF and CDF of the

perfectly robust ME model (1.27) on the support [0, 1] with m = 0.5,M = 0.6

and β = 0.7. Equation (1.32) with A = 0 and B = 1 gives the minimax regret

order quantities q∗ = 0.47, which is used for the quantile information included

for calculating the robust ME model. (For the [0, 300] range, the scaled values

correspond to m = 150,M = 180 and q∗ = 141) obtained from (1.28)). This

perfectly robust model for the minimax regret rule can be used for inference about

the demand such as constructing interval forecasts.
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Table 1.2: Comparison between the profit maximizing quantile q of the ME distribu-
tion given range, mode (m = 150) and median (M = 180 and 90), and the minimax

regret quantity q∗.

β

M 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

90 Case in (1.32) 5 1 1 1 2 2 2 2 2

q 130.5 116.6 104.4 90.0 79.5 66.0 51.4 35.1

q∗ 134.1 119.4 104.7 90.0 88.2 82.5 72.0 54.0

|q∗ − q| 3.6 1.8 0.3 0 8.6 16.5 21.0 18.9

180 Case in (1.32) 5 5 5 5 4 4 4 4 4

q 180 172.5 163.5 151.5 123.0

q∗ 180 157.5 144.0 131.2 118.8

|q − q∗| 0 14.9 19.5 20.2 4.2

Figure 1.11: The MDI PDF and CDF of demand with the goal PDF g1 given mode
(m = 0.5), median (M = 0.6) and minimax regret order quantity q∗ = 0.47 for β = 0.7.

1.4 Application to PERT

PERT was developed in the mid-1950s in the U.S. Navy. Malcolm et al. (1959) summa-

rized the development and application of the technique used in the Navy. Figure 1.12

presents the network graphical representation (flow) of an example for a simple project
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Figure 1.12: Project flow.

widely used in the literature since Malcolm et al. (1959). Events are depicted by cir-

cled numbers and they show a point in time that is beginning and end of a specific task

or activity required for a project. The arrows show an activity necessary to achieve an

event. An Activity cannot be initiated until the immediately preceding event has been

accomplished. The project in Figure 1.12, includes five activities, a, b, c, d and e, and

four events, 1-4. The duration of activities are assumed to be stochastic.

In the classical PERT, it is assumed that an expert provides for the optimistic

completion time (Ai), pessimistic completion time (Bi), and the most likely completion

time of each activity (mi). The completion time Yi of each activity is assumed to have

an independent beta distribution with PDF

fi(y) =
(Bi − Ai)vi+wi−1

B(Ai, Bi)
(y − Ai)vi−1(Bi − y)wi−1, Ai ≤ y ≤ Bi, i = 1, . . . , n, (1.33)

where B(Ai, Bi) = Γ(Ai)Γ(Bi)
Γ(Ai+Bi)

is the beta function and n is the number of arrows in the

graph.

30



Maximum entropy distributions with mode and quantiles for applications to operations
problem

The expected completion time of each activity is given by

E(Yi) =
Bivi + Aiwi
vi + wi

.

The pair of shape parameters, (vi, wi) cannot be determined by the given mode, hence

µi = E(Yi) cannot be computed by the triplet of elicited information (mi, Ai, Bi). For

resolving this issue, in the classical PERT analysis it is assumed that the standard devia-

tion of Yi is the following simple function of (mi, Ai, Bi) (Malcolm et al., 1959; Littlefield

& Randolph, 1987):

σi =
Bi − Ai

6
. (1.34)

This simplifying assumption implies that

µi =
4mi + Ai +Bi

6
. (1.35)

In a project that completion of the project requires that all activities in the

network to be completed, the path with maximal time of completion determines the

project completion time. PERT analysis includes the expected values and variances of

activities of the paths that connects the first and last nodes. Suppose that there are K

such paths and let Yi1, . . . , Yink denote the times required for completion times of activities

in the kth path. Then the expected completion time of the kth path is Xk =
∑nk

i=1 Yki

and

E(Xk) =

nk∑

i=1

E(Yki).
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The expect completion time of the project is defined by

E(Xk∗) = arg max
k
E(Xk). (1.36)

In the PERT literature, the path k∗ is called the critical path. The use of (1.34) for deter-

mining the beta parameters needed for computing (1.35) induces non-elicited information

about the expected project completion time (1.36).

In the PERT literature, the variance of the kth path is also computed as

V(Xk) =

nk∑

i=1

Var(Yki).

This calculation assumes that the completion times of activities are uncorrelated. Fur-

thermore, distributions of completion of each path Xk is assumed to be normal. This

assumption is based on the Central Limit Theorem which requires the number of activi-

ties in a path to be large. However, Xk can be easily simulated for any nk.

Many authors have modified the classical PERT approach. For example Hahn

(2008), Trietsch et al. (2012), and Perez et al. (2016) proposed distributions that are

more flexible than the beta distribution. Van Dorp & Mazzuchi (2000) included quantile

information for determining the beta parameters. These parametric distributions induce

non-elicited information in the analysis. Haneveld (1986) relaxed the assumption that

the distribution of duration of the activity is known and proposed a minimax approach.

However, like the case of NV problem, this approach does not provide a distribution for

the activity completion time.
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The use of ME in PERT dates back to Kotiah & Wallace (1973). These authors

used (1.34) and (1.35) for the mean and variance constraints which give the truncated

normal distribution on (Ai, Bi) as the ME model. The result of this approach is contrary

to their motivating statement that the ME distribution “makes use of all prior information

and nothing more”. Hernández-Bastida & Fernández-Sánchez (2019) attempted to use

mode for deriving the ME distribution for PERT. These authors repeated the derivation of

BCP for PERT, without citing the original source and did not include quantile information

with the mode. Also, they did not use the smoothening method. As was illustrated in

Section 1.2, the ME distribution with mode contains an infinite discontinuity at the mode,

which can be corrected by the adjustment methods proposed by BCP.

This section accomplishes the following objectives.

• We compute distributions of completion times of paths based on ME distributions

for durations of activities and include BCP’s correction for the infinite discontinuity

of the PDF around the mode.

• We compute the distributions of the minimum, maximum, and expected completion

of completion times of paths. These distributions provide probabilistic extensions

for the analysis of duration of paths.

• We report applications of our methodologies using real-world data for two construc-

tion projects based on information provided by a national construction firm. This

application includes the median with the mode for the ME modeling of PERT.
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Table 1.3: Activities duration data.

Activity Minimum Maximum Most Likely

a 0 2 0.8

b 0 4 2.5

c 0 2 0.9

d 0 3 2

e 0 2 0.8

1.4.1 ME approach to PERT

We compare path completion times according to the notion of stochastic order of random

variables defined as follows. Let X1 and X2 be two random variables with survival func-

tions Sk(x) = P (Xk > x). Then, X1 is said to be stochastically less than X2, denoted by

X1 ≤st X2, if S1(x) ≤ S2(x) for all x is the support of the distributions. In economics

and decision analysis, this notion of stochastic order is called the first order stochastic

dominance. The stochastic dominance provides stronger comparisons than the mean for

completion times of paths. The stochastic ordering implies that E(X1) ≤ E(X2) and

every αth quantile of X1 is smaller than the αth quantile of X2.

The following example illustrates distributions of completion times of paths

computed based on smoothened ME distributions for activities.

Example 1.7. Consider the project network shown in Figure 1.12 and suppose that

Table 1.3 gives the data for the completion of the activities. We use the smoothened

version of the ME PDF (1.20) with the goal PDF g1 shown in Figure 1.2 to compute

the ME model for the completion time of each activity. The support of distributions in
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Figure 1.2 is [0, 1]. The ME distribution of Yki can be obtained from the distribution of

X with support on the unit interval by (1.28). Then we obtain the distribution of the

completion time of each path by simulating from the ME distributions of the completion

times of activities in the path.

Figure 1.13 presents plots of the completion time distributions for the three

paths obtained from the ME models (blue) and beta models (orange). These PDF plots

indicate that the PDFs implied by the beta distributions have smaller variances with more

concentration around the mode than the PDFs implied by the ME distributions. This is

expected from the ME principle which relies only on elicited information Ai, Bi, and mi,

whereas, beta distributions for the activities, in addition to the elicited information, use

the non-elicited information induced via the assumed variance (1.34). The lower panels

show survival plots of the distributions obtained by the two approaches. For each path,

the two survival functions cross each other, which indicate the lack of stochastic order

between the distributions obtained by the two methods.

Figure 1.14 presents survival plots for the three paths using the ME (left) and

beta (right) approaches. The plots in the left panel indicate that the distribution obtained

by the ME approach for path a − c − e is stochastically dominated by the distributions

for the other two paths. Consequently, the mean, median, and all other quantiles of the

duration of the path a− c− e are smaller than the corresponding measures for the other

two paths. However, the survival functions for paths a-d and b-e cross each other near

x = 3, below which the survival function for a-c-e dominates the survival function for b-e

and for x > 3 the dominance is reversed. The plots in the right panel indicate that the
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Figure 1.13: Distributions of completion times for the paths a-d (left), b-e (middle),
and a-c-e (right) using ME distributions for activities (blue) and beta distributions for

activities (orange).

Figure 1.14: Survival functions of completion time of paths using ME distributions
for activities (left) and PERT distributions using beta (right).

distribution obtained by the beta approach for path b − e dominates the distributions

for the other two paths. Consequently, the mean, median, and all other quantiles of the

duration of the path b− e are larger than the corresponding measures for the other two

paths. The survival function of completion times of a-d and a-c-e are indistinguishable,

indicating that the completion times of these paths are stochastically nearly equal.
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1.4.2 Maximum, minimum, and expected distributions of paths

Consider the maximum and minimum of the set of completion times of paths:

Zmax = max{X1, . . . , XK},

Zmin = min{X1, . . . , XK}.

The distributions of Zmax and Zmin are determined by the joint distributions of (X1, . . . , XK).

In the absence of information about dependence among the durations of paths, X1, . . . , XK ,

the ME principle implies that they are independent. Then, the distributions of the max-

imal and minimal paths are given by the marginal distributions Fk of Xk as follows:

Fmax(z) = P (Zmax ≤ z) = P (X1 ≤ z, . . . , XK ≤ z) =
K∏

k=1

Fk(z),

Fmin(z) = P (Zmin ≤ z) = 1− P (Zmin > z) = 1− P (X1 > z, . . . , XK > z) = 1−
K∏

k=1

(1− Fk(z)).

Random variables Zmax and Zmin provide stochastic bounds for the completion

times of all paths: Zmin ≤st Xk ≤st Zmax, k = 1, . . . , K. In particular, if we denote the

project completion time by X∗, then

Zmin ≤st X∗ ≤st Zmax. (1.37)

We call Zmax and Zmin the maximal and minimal “paths”. Note that these stochastic

bounds may not be attainable by the completion time of any path in a project network. An
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important implication of (1.37) is that E(Zmax) ≥ E(Xk) for all k = 1, . . . , K, and every

αth quantile of Zmax dominates the αth quantile of Xk for all k = 1, . . . , K. Consequently,

optimal decisions that minimize the risks (expected losses) according to the quadratic loss

function and symmetric and asymmetric linear loss functions based on the distribution

of the maximal path are higher than those based on the distributions of duration times

of all other paths Xk, k = 1, . . . , K. Similarly, (1.37) implies that optimal decisions

that minimize the risks (expected losses) according to the quadratic loss function and

symmetric and asymmetric linear loss functions based on the minimal path are smaller

than those Xk for all k = 1, . . . , K.

The expected distribution of the completion time of the paths is given by the

following mixture of the distributions of the completion times of paths:

Fmix(x) =
K∑

k=1

πkFk(x), πk > 0,
K∑

k=1

πk = 1,

where πk is an unknown probability associated with the distribution of the completion

time Xk. We use the Dirichlet prior for the unknown probabilities (π1, . . . , πK) with PDF

p(π1, . . . , πK) =
1

B(ν1, . . . , νK)

K∏

k=1

πνk−1
k , πk > 0,

K∑

k=1

πk = 1

where

B(ν1, . . . , νK) =

∏K
k=1 Γ(νk)

Γ(
∑K

k=1 νi)
, νk > 0, k = 1 . . . , K

is the multivariate beta function.
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The following example illustrates the maximal, minimal,and expected distribu-

tions of completion times of paths in Figure 1.12.

Example 1.8. Figure 1.15 shows plots of the survival functions in left panel of Fig-

ure 1.14 superimposed by the survival plots of Fmax, Fmin, and Fmix. We have used

νk = 1, k = 1, 2, 3 which produces flat Dirichlet distribution p(π1, π2, π3) = 2; this

prior reflects lack of information that favors any of the paths. These plots illustrate

that the maximal distribution stochastically dominates and the minimal distribution is

stochastically dominated by the distributions of the completion times of all three paths.

Consequently, the maximal and minimal distributions provide upper and lower bounds

for the completion times of all three paths. The expected distribution of the completion

time of the paths provides a stochastic average for the completion times of all paths.

The expected, minimal, and maximal distributions are useful for learning about

the project. Table 1.4 reports selected percentiles of the maximal, minimal, and expected

distributions. The median completion times of the paths is between 1.02 and 3.52 with a

weighted average of 2.86. The 90 percent intervals for minimal, expected, and maximal

distributions are [0.11, 2.76], [1.54, 4.16], and [1.77, 4.81].

Table 1.4: Percentiles of the minimal, maximal, and expected distributions.

Percentiles 5 % 10 % 25 % 50 % 75 % 90 % 95 %

Minimal 0.11 0.21 0.51 1.02 1.71 2.39 2.76

Expected 1.54 1.83 2.31 2.86 3.42 3.88 4.16

Maximal 1.77 2.14 2.81 3.52 4.22 4.62 4.81
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Figure 1.15: Survival functions of minimal, expected under Dirichlet prior, and max-
imal for completion time of paths.

Table 1.5: Construction project data.

Duration Common factors causing delay Other factors causing delay

Minimum 27 No delays

Most likely 30 Shortage of labor, Re-design

Median 31 Shortage of labor, Re-design, Weather, Shortage of material

Additional city required work

Maximum 38 Shortage of labor, Re-design , Shortage of material, Pandemic,

Weather, Additional city required work, Project shutdown by community,

Lack of coordination between trades Fire/Accidents

1.4.3 ME models for construction projects

We report applications of our methodology for two real-world projects based on informa-

tion provided by a national construction firm. The company is planning to construct an

apartment complex with 250 units and 500 stall garages in 2021. Information for these

two projects (construction and pre-construction) is provided by a Senior Pre-construction

Manager.
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1.4.3.1 Completion time of the construction project

In the construction project, information on minimum, maximum, most likely, and the

median of project completion time is given in month. The minimum estimation is based

on the assumption of no delays. The median value is estimated by taking into account

some common factors, such as shortage of labor and re-design delays, which can cause

delays. The most likely value is based on the same factors and some other factors, such

as bad weather and additional city required work. The maximum value is estimated by

considering all the common factors and other factors, such as shortage of material, project

shutdown by the community, and the pandemic. Table 1.5 presents the information about

the project and factors that can cause delays.

Figure 1.16 presents PDFs and survival functions of the construction comple-

tion time obtained by the smoothened version of the ME model (1.26) with smoothening

function g1 (shown in blue) and by the basic PERT approach (shown in orange). The ME

PDF is sharper around the mode. The reason for this is that the mode and median are

close and beta model does not use the given median and uses other types of extraneous

information. The survival plots show that the ME distribution stochastically dominates

the beta distribution. Thus, the mean and every αth quantile of the ME model for the

construction completion time dominate the mean and the αth quantile of the beta model.

Consequently, the tradition PERT provides a more optimistic model for the construction

completion time than the ME model which uses every piece of partial information avail-

able for the project. Table 1.6 compares some selected percentiles of the ME and beta

distributions. We note that the median of beta distribution is smaller than the median
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Figure 1.16: Construction project completion time PDF and survival function using
ME approach and g1 smoothing function (blue), and beta distribution (orange)

Table 1.6: Construction project completion time percentiles.

Percentiles 5 % 10 % 25 % 50 % 75 % 90 % 95 %

ME 28.79 29.36 30.11 31.00 32.86 34.72 35.83

Beta 27.97 28.37 29.29 30.63 32.23 33.62 34.41

provided by the manager. In this case, the median of beta model is close to the median

given by the manager, however, such proximity is not general.

1.4.3.2 Completion time of the pre-construction project

In this problem the manager is interested to estimate the total time of three activities

required before starting the construction. The activities consist of obtaining city approval

for the project, completing land purchase, and obtaining construction permit. These

activities must be completed sequentially, which makes this a single path problem. The

manager provided the minimum, maximum, and most likely values of each activity as

shown in Table 1.7.

Figure 1.17 presents PDFs and survival plots of the completion time of pre-

construction project obtained by the ME approach (blue) and basic PERT approach
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Table 1.7: Pre-construction project’s activity duration data (months).

Activity Minimum Maximum Most Likely

City approval 1 4 2

Land purchase 12 20 14

Permit approval 1 4 2

(orange). The ME distribution for each activity is computed using the smoothened ver-

sion of the ME PDF (1.20) with the goal PDF g1. The distribution of the pre-construction

completion time is obtained via simulating from the ME distributions of the activities.

The PDF plots indicate that the distribution obtained from the ME models is substan-

tially less concentrated than the distribution obtained from the beta distributions. The

concentration of the distribution obtained from the beta distributions is due to the fact

that the beta model uses non-elicited information in addition to those provided by the

manager. The survival plots display the lack of stochastic dominance between the distri-

butions obtained by the two approaches.

Table 1.8 compares selected percentiles of completion time given by the two

models. The model obtained by the ME approach is less concentrated and provides

more prudent interval estimates for the pre-construction project completion time than

the model obtained by the basic PERT approach. For example, the ME model gives the

90 percent interval as [15.75, 23.65] which is wider than interval estimate [16.49, 21.82]

given by the basic PERT model.
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Figure 1.17: Pre-construction completion time PDFs and survival functions using
ME and beta distributions.

Table 1.8: Completion time of pre-construction project’s percentiles.

Percentiles 5 % 10 % 25 % 50 % 75 % 90 % 95 %

ME 15.75 16.39 17.69 19.65 21.66 22.98 23.65

Beta 16.49 16.92 17.79 18.89 20.97 21.22 21.82

1.5 Concluding remarks

The ME modeling with moments has been used in various management science problems.

Recently, in Bajgiran et al. (2021), we developed ME modeling when partial informa-

tion includes quantiles and moments, and we illustrated its applications in constructing

Bayesian prior, measuring uncertainty and disagreement of economic forecasters, and

the Newsvendor problem. However, research in methods of eliciting information about

a probability distribution has shown that respondents are able to assess the mode and

quantiles more accurately than the mean, and assessing the variance is a formidable task.

Brockett et al. (1995) developed the ME model with mode.

This essay has continued this line of research when partial information includes

the mode and quantiles for applications in management science problems. Brockett et
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al. (1995) posed the problem in terms of the mode and moments, and briefly pointed out

the applicability of their methodology for including a quantile. Their methodology is

based on transforming moments of the variable of interest to the moments of an auxiliary

variable. They displayed only an example of the transformation for a single quantile and

presented plots of ME PDFs with given mode, median, and interval information.

This essay posed the problem at the more general level of relationships be-

tween the mode and quantiles. For each pair of consecutive quantiles, we identified

three cases and derived the transformation of the quantiles for each case. The ME PDF

with given mode and quantiles is discontinuous at the mode and sharp in the neighbor-

hood of the mode. However, the CDF is continuous. Brockett et al. (1995) proposed an

information-theoretic method for smoothening the ME PDF. We presented several exam-

ples of smoothening of ME models with a given mode, with and without given quantiles.

In addition, an example illustrated that the smoothening method is also effective for ME

models when the partial information includes only quantiles.

Applications to two management science problems have been presented. The

first application develops ME models for demand distribution in the newsvendor problem.

The newsvendor’s profit function is asymmetrically linear and the optimal solution is a

quantile of the demand distribution. Perakis & Roels (2008) derived the minimax optimal

order quantity based on various types of partial information about the demand, including

cases of given mode with and without the median. They examined the robustness of some

well-known parametric models by comparing the profit maximizing quantiles of the chosen

distributions with the minimax optimal order quantity. Bajgiran et al. (2021) illustrated
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that adding the profit maximizing quantile to the set of partial moment information (mean

with/without the variance) assumed for deriving the minimax optimal orders produces

perfectly robust models for the demand distribution. This essay illustrated developing

perfectly robust ME models for the minimax rule when partial information includes the

mode with/without the median.

The second application develops ME models for completion times of activities in

the stochastic project planning problem, known as PERT. This problem usually involves

partial information in terms of the minimum, maximum, and mode of the completion

time of each activity. Inclusion of quantiles has also been considered (Van Dorp & Maz-

zuchi, 2000). Hernández-Bastida & Fernández-Sánchez (2019) repeated the derivation of

Brockett et al. (1995) for PERT, without citing the original source. These authors did

not use the smoothening method and did not include a quantile. This essay illustrated

a more extensive information-theoretic modeling for PERT, which includes smoothening

of ME models with the given mode and a quantile.

This essay also has offered a new methodology for the PERT problem that

includes a network of activities between the start and completion of the project. The

convolution of probability distributions of completion times of all activities in a path gives

distribution of the completion time of the path. Operations researchers have studied the

expected completion times for the minimal or/and maximal paths in terms of the expected

value. We extended this approach in terms of stochastic order between random variables

and provided stochastic upper and lower bounds for the completion times of paths and the

project. We also introduced the notion of expected distribution of completion time for a
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network of completion times in terms of Dirichlet mixture. This formulation assumes that

distributions of completion times in the space of all paths are distributed according to

a discrete probability distribution with unknown probabilities. Then the Dirichlet prior

distribution for the unknown probabilities gives the expected distribution. Using the ME

distribution of the completion times of activities and a non-informative Dirichlet prior,

we computed the expected distribution. The methodology of computing the stochastic

bounds and expected distribution of completion time is applicable to other distributions

used in PERT. Derivations of the stochastic bounds are based on the assumption that

completion times of paths are independent. Investigating this assumption and extending

it to the dependence case provide challenging research problems for future.

This essay reported applications of our methodologies to new real-world data.

We elicited assessments of completion times for two projects from a Senior Preconstruction

Manager of a national construction firm. The assessment for one project included the

minimum, maximum, mode, and median of the completion time of a construction project.

For this project, we developed the smoothened ME distribution for the completion time.

The assessment for the second project included the minimums, maximums, and modes

for the duration of each task in the sequence of obtaining the city permit for the project,

purchasing the lot, and obtaining the construction permit. For this project, we developed

the smoothened ME distribution for each task and the total time until receiving the

construction permit.
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Chapter 2

Bayesian prescriptive framework for

complementary products: tariff

strategies and channels inefficiencies

Keywords: Prescriptive analysis; Bayesian Modeling; Firm’s inefficiency; Omnichannel

retailing; Tariff; Pricing

2.1 Introduction

During the last five decades, five of the seven United States presidents have imposed

tariffs or surcharges on imports. The latest in this series is $283 billion in 2018, with rates

ranging between 10 to 50 percent (Amiti et al., 2019). These tariffs caused firms to face

increasing costs across their products. For protecting their profit margins, retailers that
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rely on imports needed to adjust their pricing strategies to pass tariff costs to customers

through pricing elements. Determining the effect of the reduction of the tariff burden

through pricing elements on the demand became a challenging decision issue for retailers.

The prompt decision required for addressing the problem of a sudden sharp spike of the

tariff cost often did not allow the usual experimentation to learn customers’ responses

to major pricing adjustments. Decisions become more complex when a retailer receives

orders that include complementary products, where pricing adjustments for one of the

products affect the other products. More complexity arises when omnichannel retailers

do not record incidences of lost sales due to the inefficiency to meet the demand. This

essay studies these issues through developing a new econometric model for sales which

allows probable inefficiency of meeting demands for complementary products.

Omnichannel retailers offer various channels and touchpoints, including web-

sites, online advertising, and customized catalogs. The channels in the customers’ jour-

ney can be categorized into three groups: media channels where customers get exposed

to the products, purchase channels where customers make a purchase, and delivery chan-

nels from which the retailer distributes the products. From a customer’s perspective,

it is more convenient to have access to multiple touchpoints and purchase options that

provide information about products, prices, and promotions. These conveniences for cus-

tomers have prompted many retailers to transform to omnichannel retailing. Successful

omnichannel retailers look for ways to identify sources of inefficiencies and improve all

the touch-points in the customer’s journey. For omnichannel retailers, it is challenging to

coordinate tariff decisions with price, discounts, and freight of complementary products
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while monitoring the customer purchase experience in an integrated framework.

This research is motivated by contacts with a national omnichannel retailer that

faced on average a 35 percent increase in tariffs in late 2018. This retailer offers varieties

of complementary products through multiple media channels, purchase channels, and

delivery channels. Our retailer, like many other retailers that faced tariffs, looked for

solutions to protect the profit margin. The retailer first compensated for the tariff costs

by increasing the freight charge to customers, which led to push back from customers.

The reduction of demand was perceived in terms of the ratio of freight charge to the total

price of the order being too high. Then the pricing strategy was adjusted by keeping

the freight charge as before and increasing the price of the product. This strategy also

led to the reduction of demand. To mitigate the demand reduction, retailer offered more

discounts.

In this essay, we develop a new model for omnichannel retailing and prescriptive

analysis for tariff strategies of complementary products. Our retailer has provided data

that enables us to study issues empirically in the presence of probable latent inefficiency

(lost sales) due to characteristics of the purchase and delivery channels.

The lost sales historically has been viewed in terms of shortage of products in

the firms. But in the new retailing trend, in which the focus is on the customer as well

as the product, shortage is not the only reason anymore for lost sales. We expand this

view and conceptualize the notion of lost sales in terms of inefficiency of the retailer to

meet the maximum possible sales (demand) for a product. A variety of factors in the

customer journey can deviate sales from maximum potential sales. Sales of different types
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of products can be less than the demand for a product under a pricing structure due to

factors such as salesperson’s performance, website design, and delivery channels (shortage

which may not be recorded by the firm such as our focal retailer). Such observable factors

can lead to inefficiency in terms of unobservable random lost sales.

We propose a new econometrics model where the notion of inefficiency is defined

as the deviation of the firm’s actual sales from its potential maximum sales, given the

firm’s input variables for the demand. The proposed model combines variants of existing

stochastic frontier models (SFMs) in the production economics literature. The SFM

originally was proposed for studying the technical inefficiency of firm’s production by the

deviation of the firm’s output from the maximum output that should have been produced

from the production inputs, called production frontier (Aigner et al., 1977; Meeusen &

Van Den Broeck, 1977). Applications of the SFM later have been expanded beyond

production to the more general problem of performance. The econometric specification

for the original SFM, in addition to the random noise, includes a strictly positive random

term for the inefficiency. This specification is not applicable to problems where some

firms could probably be perfectly efficient, such as when a retailer sometimes is able to

meet the demand. This essay combines two existing extensions of the original SFM to

provide a new model for sales of complementary products, which allows probable perfect

efficiency of the firm to meet the demand. This model enables us to study the following

problems.

• Relationships between the firm’s demands for complementary products with the

imposed tariff and media channels (online advertising, website visits, and catalogs),
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given the pricing strategies in terms of the price, freight charge, and discounts while

controlling for proprietary items.

• Relationships between the probabilities that the firm can meet demands for com-

plementary products (perfectly efficient or not) and the delivery channels.

• Relationships between characteristics of purchase channels (including the channel

type and salesperson’s performance) and the probability distributions of inefficien-

cies to meet demands for complementary products.

• Develop a probability distribution for the firm’s profit which allows prescriptive

analysis and comparison of various pricing strategies under the tariff regime.

We utilize a Bayesian methodology which is known to be more flexible than

the frequentist approach. This approach includes uncertainty about the via probabil-

ity distributions for the unknown parameters (coefficients of various predictor variables,

variances of the random inefficiency terms, and correlation between the random terms of

SFMs for the complementary products). The data updates prior distributions to poste-

rior distributions which provide inferences about the model parameters. We use Bayes

Factor for the evidence (Kass & Raftery, 1995) that data provides about the directions

of relationships between the demand for each product and its predictors, between the

inefficiency and characteristics of the purchase channel, and between the delivery channel

and the probabilities that the firm can meet demand. The Bayesian methodology enables

prescriptive analysis in terms of the predictive probability distribution of the firm’s profit.

The firm’s profit function from filling an order includes sales of each type of products and
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components of the price (price, freight charge, and discounts). Our model gives sales

as random outputs whose distributions are induced by the posterior distributions of the

model parameters. The uncertainty about the sales in turn induces in the profit function.

The Bayesian predictive profit distributions is defined by the expected profit distribution

under all outcomes of the parameters’ posterior distributions. The predictive distribution

is a versatile decision-making tool that enables moving beyond relying on the expected

profits for prescriptive analysis. Having profit distributions, we compare predictive profit

distributions for multiple strategies for passing tariff costs to customers based on quan-

tiles of profits, such as the median, and according to stochastic order. The predictive

distributions enable computing the expected profits when so desired.

2.1.1 Literature review - Operations

The management science literature includes very few research papers about tariff impacts

on firms. Dong & Kouvelis (2020) discussed tariff impacts in a global supply chain network

at a general level and showed the application of the responsive Newsvendor network model

for the firms affected by tariff fluctuations to adjust their ordering and pricing. In practice,

retailers’ decisions involve more factors than only price. For example, our focal retailer

in Midwest first increased the freight charge, then examined adjustments of price, and

eventually offered more discounts to mitigate the demand reduction. We use real data

from this retailer to study the firm’s decisions to remedy tariff costs for complementary

products.
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Omnichannel retailing is an expanding practice. Many companies are trans-

forming from multichannel retailing to omnichannel retailing. This transformation pro-

vides new opportunities and new operations problems. In a survey of developments in

multichannel and omnichannel retailing, Verhoef et al. (2015) categorized research in

multichannel and omnichannel retailing in terms of the following problems: (1) impacts

of channels on the retailer’s performance; (2) shopper’s behavior across channels; and (3)

retail mix across channels. Our work contributes to the first problem, by developing a

new model for the retailer’s performance which includes probable inefficiency in meeting

the demand as a function of characteristics of purchase and delivery channels.

Several papers in the literature have studied roles of channels in omnichannel

retailing. Gao & Su (2017a) proposed a model to study “buy online, pick up in store,” and

Gao & Su (2017b) studied the use of online and offline channels for information provision.

Gallino et al. (2019) developed a model to design omnichannel customer offerings. We

categorize channels into three groups and study relationships of their characteristics with

demand and inefficiency of the retailer to meet the demand. More recently, Caro et al.

(2020) suggested some future directions for retail operations. They noted that “in the om-

nichannel perspective, demand must be forecasted taking the new complexities that arise

into consideration”. Our model can be used to forecast sales and unobservable demand,

where complexities are present (unobservable inefficiency to meet the demand, multiple

channels, and multiple complementary products). They also suggested that demand fore-

casting should avoid aggregate demand or panel data to predict future aggregate sales for

inventory. Our model enables estimating sales, demand, and inefficiency at a disaggregate
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level. Furthermore, our empirical analysis for predicting sales of complementary products

is at the order-level.

Pricing papers for omnichannel retailers are limited. Harsha et al. (2019a)

studied price optimization of omnichannel retailers in the presence of cross-channel inter-

actions in supply and demand, where cross-channel fulfillment is exogenous. Harsha et

al. (2019b) studied price optimization for omnichannel demand with channel substitu-

tion. There are key differences between our model and theirs. First, our model considers

the demand as a function of the product and media channel characteristics. Second, our

model includes inefficiency in terms of characteristics of purchase and delivery channels.

Third, our model includes dependence between sales of complementary products. Fourth,

our statistical inference approach provides a new revenue management framework that

enables learning from profit predictive distribution. This framework gives the customary

point estimation of the profit in terms of the expected profit. The expected value min-

imizes the risk under the squared error loss. The profit predictive distribution enables

minimum risk decisions under various types of loss functions.

This essay also contributes to the literature on the coordination of complemen-

tary products. Wang (2006) studied joint pricing-production decisions of complementary

products with uncertain demand. Li (2019) studied jointly conducting intertemporal

price discrimination for hardware and software. Banciu and Ødegaard (2016) used cop-

ula to study the problem of pricing a bundle of products when the underlying valuations

of the bundle components are dependent. We model sales of complementary products

with the demand being a function of the product characteristics which includes the price
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and characteristics the firm’s media channels.

2.1.2 Literature review - Methodology

This essay contributes to the literature of demand estimation. Many papers in the op-

erations literature study demand estimation with censored data in various problems,

including inventory management (Huh et al., 2011; Zhang et al., 2018; Shi et al., 2016),

pricing strategies (Rhuggenaath et al., 2019), and joint pricing and fulfillment decisions

(Chen 2017). Ferreira et al. (2016) used sales data on items that did not sell out in Ru

La La to estimate lost sales of items that did sell out. Subramanian & Harsha (2017) es-

timated the unobserved market-shares of competitors when the unobserved lost sales are

attributable to no-purchase, or a purchase from one of the competitors. Similarly, Cho et

al. (2020) estimated the size of the no-purchase customer population when transaction

data for a single firm’s set of products is available. These studies followed censored data

analysis methodologies that censored cases are known and recorded by a binary indicator

variable. These methodologies do not apply to the problem when inefficiency to meet the

demand is not so observable. In this essay, lost sale is defined as the difference between

sales which is an observable quantity and the demand defined as the maximum possible

sales for a retailer’s product which not observable and cannot be recorded. Hence, the

instances of lost sales cannot be recorded.

Methodologically, this essay relies on the SFM literature. The origin of SFM

dates back to 1977 for the purpose of studying technical efficiency in manufacturing at

the industry level (Aigner et al., 1977, and Meeusen & Van Den Broeck, 1977). The
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model decomposes a firm’s production output as follows: production frontier (maximum

potential output given the firm’s production inputs), a firm-specific stochastic inefficiency

term with a continuous distribution on the strictly positive support, and a random noise

term. The model has been applied to various economics and management problems, such

as health care utilization (Griffin & Steel, 2004), the performance of bank assets (Greene,

2005) and bank management skills (Bos et al., 2009), the performance of individual

(Griffiths et al., 2014), strategic management (Lieberman & Dhawan, 2005), productivity

shocks (Tsionas & Mallick, 2019), and excess inventory (Chuang et al. 2019).

The SFM literature has developed various assumptions and models for the in-

efficiency term. Koop et al. (1997) modeled the inefficiency term as a random effect.

Osiewalski & Steel (1998) modeled the parameters of the distribution of inefficiency to be

dependent on firm-specific characteristics. Amsler et al. (2017) specified inefficiency to

be a function of firm-specific characteristics. We model the inefficiency term as a function

of purchase and delivery channels characteristics.

In the original SFM, the strictly positive support of the inefficiency implies that

all firms are always inefficient in meeting the frontier. Kumbhakar et al. (2013) extended

the original SFM by introducing the zero inefficiency SFM, referred here as the ZI-SFM,

where the distribution of the random inefficiency term includes a non-zero probability at

zero and a continuous distribution on strictly positive support; this type of distribution is

called hurdle model (Cragg, 1971). This model relaxes the restrictive assumption that all

firms are inefficient and allows some firms to be perfectly efficient with a given probability.

However, unlike the censored data, in this model it is not known which firms are perfectly
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efficient and which ones are inefficient.

Application to complementary products requires a system of simultaneous SFM

that allows for dependence between the models for individual products. Several papers

have proposed extensions of the original SFM for multiple products. For example, Ferreira

& Steel (2007) used multivariate skewed elliptical distribution for modeling multi-output

stochastic frontiers. Carta & Steel (2012) used copula for modeling the dependence be-

tween the firm’s inefficiencies across the products. These authors also developed Bayesian

inferences for their proposed models. We use copula for modeling the dependence between

compound deviations (inefficiency plus noise) of the frontiers and the firm’s performances

of the individual product models. Copula models are used in the operations literature to

model demand dependence by Corbett et al. (2006) to study the inventory pooling effect

for non-normal dependent demand models, and by Yang et al. (2020) to study ordering

decisions for multilocation newsvendor problems.

We contribute to prescriptive analysis literature. Prescriptive analysis is de-

fined as the prescription of a decision in anticipation of the future. Bertsimas & Kallus

(2019) studied the conditional-stochastic optimization problem of minimizing expected

costs, given the observed data. They proposed various methods for constructing weights

in the cost function, based on kernel regression, k-nearest neighbors, local linear re-

gression, classification and regression trees, and random forests. Bertsimas & McCord

(2019) extended the prescriptive learning framework to solve finite-horizon multiperiod

optimization problems, including the inventory management problem. In the context of

inventory management, Ferreira et al. (2018) used Thompson sampling for learning the
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elasticities and optimization of prices at the same time. Other research on prescriptive

analysis includes Bertsimas et al. (2019), and Harsha et al. (2019c). Research on pre-

scriptive analysis in omnichannel retailing is very limited. Our prescriptive framework is

new, in that it includes firm’s inefficiency and complementary products for predictions

and decisions based on Bayesian predictive distributions for profit.

This essay is organized as follows. Section 2 gives the econometric specifications

of the original SFM model and its existing extensions, which provide backgrounds for

developing our new SFM. Section 3 presents specification of our model for the applica-

tion to omnichannel retailing problems. Section 4 presents the empirical results of the

proposed model using data supplied by our focal retailer.

2.2 Original SFM and its existing extensions

Classical production theory assumes that firms are fully efficient. In reality, some firms

may not be efficient in utilizing their factors of production which leads to the discrepancy

(inefficiency) between their observed output and the maximum possible output. The SFM

methodology is developed for estimating the underlying maximum output (production

frontier) while accounting for firm’s random inefficiency.
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2.2.1 Variants of original SFM

The original SFM model relates a performance variable yi of the firm i to a vector of

input variables xi in the following form:

yi = F(x′iβ)− ui + νi, i = 1, . . . , n, (2.1)

where β is a vector of coefficients for the inputs, F(x′iβ) represents the maximum per-

formance that can be achieved by the given inputs, called the frontier, ui is a stochas-

tic component that represents the firm’s performance inefficiency, and νi is the random

noise. All firms are assumed to be inefficient, so the distribution of ui is assumed to

have a continuous probability density function (PDF) fu on the strictly positive support.

The noise terms are assumed to be independent and identically distributed (IID) and

fν = N(0, σ2
ν). The distribution of inefficiency is assumed to be half-normal on the pos-

itive support, fu = N+(0, σ2
u). Similar to the random components models, it is assumed

that the inefficiency and noise are independent. The PDF of the compound deviation of

the firm’s performance from the frontier, εi = νi − ui, is

fε(ε) =
2

σε
φ

(
ε

σε

)
Φ

(−λε
σε

)
, (2.2)

where φ is the PDF and Φ is the cumulative distribution function (CDF) of the standard

normal distribution, λ = σu/σν , and σε =
√
σ2
ν + σ2

u; see, for example, Greene (2005).

Some variants of the original SFM include firm specific characteristics in the
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model. Most of empirical research in the SFM literature utilizes panel data. The following

panel data SFM model was introduced by Greene (2005):

yit = F(µ+ x′itβ,w
′
iζ)− uit + νit, i = 1, . . . , n, t = 1, . . . , T, (2.3)

where xit is the input vector (such as prices), wi is a vector of firm specific characteristics

that represent heterogeneity unrelated to the inefficiency.

The SFM literature also offers various models for relating the random inefficiency

term to a vector of covariates that represents environmental variables such as a firm’s

specific characteristics (Amsler et al., 2017; and Kutlu et al., 2019; among others). For

example, Amsler et al. (2017) offered the following model for the inefficiency term:

ui = u0
i exp{z′iη}, (2.4)

where u0
i is the “basic inefficiency term” with distribution fu0i = N+(0, σ2

u), z is a vector

of firm specific variables unrelated to the frontier, and exp {z′iη} is called the “scaling

function”.

2.2.2 Zero-inefficiency SFM

The zero-inefficiency SFM introduced by Kumbhakar et al. (2013) accommodates both

efficient and inefficient firms. Let α ∈ [0, 1] denote the probability that the firm is perfectly
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efficient. Then the PDF of the inefficiency term in (2.1) is the following mixture:

fu(u) = α1(u = 0) + (1− α)fc(u)1(u > 0), (2.5)

where 1(A) is the indicator function of set A and fc is a continuous PDF on strictly

positive support. Specification of fc completes the specification of the extension of (2.1)

to accommodate perfectly efficient firms. With the normal distribution for fν and half-

normal distribution for fc, the PDF of the compound deviation of the firm’s output from

the frontier is the following mixture,

fε(ε) =
α

σν
φ

(
ε

σν

)
+

2(1− α)

σε
φ

(
ε

σε

)
Φ

(−λε
σε

)
. (2.6)

A natural extension of zero-inefficiency SFM is the specification of the prob-

ability of full efficiency α as function of a set of covariates. Kumbhakar et al. (2013)

suggested the Probit or logit models:

α = Φ(v′δ), or α =
exp(v′δ)

1 + exp(v′δ)
, (2.7)

where v is a vector of covariates and δ is a vector of coefficients.

2.2.3 Multi-output SFM

Modeling multi-output SFM requires a system of simultaneous SFMs that allows for

dependence between the SFMs for individual outputs. Carta & Steel (2012) used a
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copula to model dependence between the firm’s inefficiencies across the outputs. Consider

Y1, . . . , YK to be K random outputs with marginal CDFs F1, . . . , FK . The copula is a

multivariate function, C : [0, 1]K → [0, 1] that transforms the marginal CDFs to a joint

CDF for (Y1, . . . , YK) as follows:

F (y1, . . . , yK) = C(F1(y1), . . . , FK(yK)).

The function C, called copula function, is a multivariate distribution function with uni-

form marginals on [0, 1]. The joint PDF of (Y1, . . . , YK) is given by the marginal PDFs

fi and the nth-variate copula PDF as follows:

f(y1, . . . , yK) = c(F1(y1), ..., FK(yK)) f1(y1) ... fK(yK).

Numerous examples of copula are available and are used in many fields for var-

ious application; see https://en.wikipedia.org/wiki/Copula and references therein. Any

multivariate continuous CDF can be used as a copula. For example, the Gaussian copula

is on (u1, . . . , uK) ∈ [0, 1]K

CGauss(u) = Φ
(

Φ−1
1 (u1), . . . ,Φ−1

K (uK)
)
, u = (u1, . . . , uK) ∈ [0, 1]K , (2.8)

where Φ is the multivariate normal CDF with correlation Γ and Φk is the univariate

standard normal CDF. This copula with uk = Fk(yk) is used to model dependence by a

given correlation structure among (Y1, . . . , YK). The Gaussian copula function does not
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have simple analytical formula. However, approximations are available for integrating the

Gaussian copula PDF.

cGauss(u|Γ) = |Γ|−1/2 exp

{
1

2

(
Φ−1

1 (u1), . . . ,Φ−1
K (uK)

)′
(Γ−1 − IK)

(
Φ−1

1 (u1), . . . ,Φ−1
K (uK)

)}
,

(2.9)

where IK is the K-dimensional identity matrix. Even when the copula function and its

PDF have simple analytical formulas, computational challenge arises when a marginal

distribution Fk does not have simple analytical formula. For example, the analytical

expressions for CDFs corresponding to the PDFs of compound error (2.2) and (2.6)

are not available. However, various approximations and simulation methods have been

developed for CDFs of (2.2) and (2.6) which can be used for implementing copulas for

SFMs; see, Amsler et al. (2019) and Tsay et al. (2013).

2.3 New SFM and prescriptive analysis

This section introduces a new SFM model that integrates the variants (2.3) and (2.4) and

the two extensions of the original SFM presented in the preceding section into a single

model, called Multi-product-Zero-inefficiency SFM (MZI-SFM). Figure 2.1 shows the vi-

sualization of the exiting SFM models that are integrated to develop our proposed SFM

for performance of omnichannel retailers that can meet the demands for complementary

products in some, but not all, occasions. The Bayesian predictive distribution of profit

for prescriptive analysis will be obtained from Bayesian estimation of the MZI-SFM.
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Existing extensions New SFM Prescriptive analysis

Original SFM
Single product

All inefficient firms

Variants of
Original SFM

Model (2.3)
Model (2.4)

Multi-product SFM

Dependent equations

Inefficient firms

Zero-Inefficiency SFM
Single product

Some efficient firms
Model (2.7)

Multi-output-

Zero-Inefficiency SFM

Bayesian predictive

distribution of profit

Figure 2.1: Development of the Multi-output-Zero-Inefficiency SFM and Bayesian
prescriptive analysis.

2.3.1 Multi-product, zero-inefficiency SFM

2.3.1.1 Modeling omnichannel retailing

In the omnichannel retailing, costumers are exposed to advertising messages from online

media and traditional media, including email and catalog. Danaher et al. (2020) measures

advertising effectiveness for retailing multiple brands in multimedia and multichannel

environment. The media channels have relationships with demand. Heterogeneity of the

media channels’ characteristics is different than product characteristics. This suggests

that media channels’ characteristics should be included in the frontier (demand) along

with the pricing components. We adapt Greene’s (2005) variant of original SFM, (2.3)

to accommodate heterogeneity of the media channels’ characteristics.

A retailer is efficient if the firm’s purchase channels always can generate the max-

imum possible sales and its delivery channels always can fulfill purchase orders. However,

a retailer may not be able to do so because of inefficiencies of the purchase channels
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and/or distribution channels due to shortage or other factors. As such inefficiency to

meet the demand is not observable to be recorded. For example, our focal firm indicated

that there could be rare cases of shortage, which are not recorded. Let κ denote the latent

indicator of instances that a retailer does not meet demand:

κ =





1 if demand ≤ sales

0 otherwise.

(2.10)

We use the zero-inefficiency SFM (2.5) with α = P (κ = 0) for the probability of the case

when the firm is efficient (the firm’s purchase channels generate the maximum possible

sales and its delivery channels fulfill purchase orders). This gives P (κ = 1) = 1 − α for

accommodating instances that the firm’s purchase channels do not generate the maximum

possible sales. Recall that if κ were observable, (2.10) would have simply served as

a censoring indicator with α being the proportion of non-censored observations. We

adapt Amsler et al.’s (2017) variant of original SFM, (2.4) in terms of purchase channel

characteristics and Kumbhakar et al.’s (2013) suggested logit model (2.7) in terms of

delivery channel characteristics.

For purchasing complementary products, customers’ decisions about one prod-

uct are influenced by the other product. Examples include hardware and software, desk

and chair, and tennis racket and tennis balls. A few scenarios to demonstrate the im-

portance of taking into account the dependency between SFM for each product are as

follows:
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• Promotion on product A can trigger the demands for both complementary products

A and B.

• Firms can benefit from coordinating the two price instruments for A and B, because

the demands for the complementary products are closely linked.

• Product A has more varieties than product B, which can effect the salesperson’s

performance on the purchase inefficiency of this product. Products A and B are

purchased together, which makes the salesperson’s performance on the purchase

inefficiency of complementary products dependent.

• Shortage in product A can generate lost sales for both products A and B.

2.3.1.2 MZI-SFM specification

Without loss of generality, we present econometric specifications of our MZI-SFM for the

performance of a potentially efficient retailer with two complementary products. The

performance is defined by the sales of product type k, k = 1, 2 generated from order

i, i = 1, . . . , n and will be denoted by sik.

yik = γk + x′ikβk +w′ikζk − uik + νik, νik ∼ N(0, σ2
νk

), (2.11)

uik = uok exp (z′ikηk) , (2.12)

αik =
exp(v′ikδk)

1 + exp(v′ikδk)
, (2.13)
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where yik = log sik and uok ∼ N+(0, σ2
u0k

). The logarithmic transformation comes from the

original SFM for transforming the Cobb-Douglas production frontier to additive function

of factors of production inputs.

In (2.11), the frontier γk + x′ikβk +w′ikζk is for the maximum potential sales of

product k that could have been generated for purchase order i. This model for the frontier

is adapted from (2.3) to include two types of variables represented as xik for product

characteristics and wik for media exposure variables. The first component, x′ik, includes

products’ characteristics such as price of product k, discount of product k, freight charge of

product k, and tariff indicator of product k. The second component, w′ik, includes media

channels’ characteristics such as advertising platforms, catalogs, and website exposure

variables, which are common for both products and change periodically.

The inefficiency term uik in (2.11) captures lack of meeting the maximum po-

tential sales of product k that could have been generated for purchase order i. The model

for the inefficiency term (2.12) is adapted from (2.4) for the inefficiency variables, zik,

which includes variables related to purchase channels, among others.

Distribution of inefficiency is the following adaptation of (2.5):

fu(uik) = αik1(uik = 0) + (1− αik)[1− 1(uik = 0)]fc(uik),

fc(uik) = N+

(
0, exp(2z′ikηk)σ

2
uok

)
,

where the half-normal distribution parameter is implied by (2.12). The logit model (2.13)

for αik is from (2.7) for the full efficiency variables, vik, which represents delivery channels.
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Our model for the dependence between the SFMs for complementary products

are as follows. Stochastic terms νik and uik are independent in the equation for kth

product, k = 1, 2, and are correlated across the equations for the two products. This

implies that the compound deviations from the frontiers, εik = νik − uik, k = 1, 2, are

correlated across the equations for the two products. We use the Gaussian copula (2.8)

with K = 2 for modeling dependence of the compound errors in the equations for the

two products. Although the PDFs fεik , k = 1, 2 are not continuous, the CDFs Fεik are

continuous and imply continuous marginal CDFs for Yik, k = 1, 2. This allows unique

copula transformation tik = Fk(yik): tik ∼ U [0, 1].

We denote the set of parameters of the MZI-SFM by θk = {γk,βk,ηk, ζk, δk, σ2
νk
, σ2

uok
},

and the correlation between εi1 and εi2 by ρ12. Conditional on θk and ρ12, the Gaussian

copula PDF (2.9) gives the joint PDF of (Y1, Y2) as:

f(y1, y2|θ1,θ2, ρ12) = cGauss(F1(y1), F2(y2)|ρ12)×
2∏

k=1

fk(yk|θk), (2.14)

where fk(yk|θk) = fεk(yk − γk − xkβk −wiζk), k = 1, 2, given by (2.6). We compute this

joint PDF using the approximation formulas for the Gaussian copula and for F1 and F2.

2.3.1.3 Bayesian inference

Observations (yi1, yi2), i = 1, . . . , n from (2.14), provide the likelihood function as

L(θ1,θ2, ρ12) =
n∏

i=1

f(yi1, yi2|θ1,θ2, ρ12).
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Given priors for the vector of marginal parameters (θ1,θ2) and the correlation ρ12, the

Bayesian machinery produces posterior and predictive distributions for various inferences.

We use the following simple prior distributions for the parameters of MZI-SFM:

(γk,βk,ηk, ζk, δk) ∼ N(0, σ2
kId), k = 1, 2,

σ−2
νk
, σ−2

uok
∼ Gamma(a, b), k = 1, 2,

ρ12 ∼ U(−1, 1),

where all parameters are independent and the dimension d is determined by the number

of components of (γk,βk,ηk, ζk, δk). The precision parameters σ−2
νk

and σ−2
uok

have gamma

distributions with parameters a and b. The uniform prior for the correlation parameter

ρ12 is non-informative. We assign large values for σ2 and small values for a and b so that

the normal and gamma prior distributions are nearly flat, reflecting “little information”

about the parameters.

The data D (set of observations) updates the priors via the Bayes rule to pos-

terior distribution π(θ1,θ2, ρ12|D). The effects of priors on posterior distributions vanish

when D includes a large number of observations. The posterior distribution is obtained

via approximation by Markov Chain Monte Carlo (MCMC) simulations. We use the

Metropolis-Hastings (M-H) algorithm which does not require derivation of conditional

distributions of the parameters (Chib & Greenberg, 1995). The M-H algorithm can be

implemented in R and python, among other statistical packages. We have written python

codes for M-H algorithm implementation of our MZI-SFM.
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The posterior distribution π(θ1,θ2, ρ12|D) is approximated from the MCMC

draws θm1 ,θ
m
2 , ρ

m
12,m = 1, . . . ,M . It has been shown in the literature that the M-H algo-

rithm converges so that with a large number of draws M , the approximation is accurate

(Chib & Greenberg, 1995); diagnostics for convergence of the MCMC are available.

The posterior distributions of the MZI-SFM parameters provide tools for infer-

ences. The Bayes Factor (BF) quantifies the evidence that data provides in favor of a

hypothesis. Suppose that H1 is a hypothesis about a parameter that we want to test

against H2. Let P (H`), ` = 1, 2 be the prior probability of H`. The data D updates these

probabilities to the posterior probabilities P (H`|D), ` = 1, 2, along with updating the

priors for the parameters to the posterior distributions. The BF in favor of H1 is given

by the ratio of the posterior to the prior odds:

BF12 =
P (H1|D)/P (H2|D)

P (H1)/P (H2)
.

For example, consider testing H1 : β1k > 0 against H1 : β1k > 0 under the prior θk ∼

N(0, σ2
kI). Then P (H1) = P (H2) = 0.5 and the BF is the posterior odds given by

BF12 =
P (β1k > 0|D)

P (β1k < 0|D)
.

This index can easily be computed using the MCMC draws from the posterior distribution

of each parameter.

The interpretation of BF for statistical significance is according to the Jeffreys’

scale for the grade of evidence (Kass & Raftery, 1995) as shown in Table 2.1.
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Table 2.1: Jeffreys’ scale for the grade of evidence (Kass & Raftery, 1995).

Evidence BF range Asterisk

Bare mention 1 < BF < 3.2

Substantial 3.2 ≤ BF < 10 ∗

Strong 10 ≤ BF < 100 ∗∗

Decisive BF ≥ 100 ∗∗∗

The posterior predictive distribution of new outcomes of (Y1, Y2) is by

f((y1, y2)|D) =

∫
f((y1, y2)|θ1,θ2, ρ12)π(θ1,θ2, ρ12|D) dθ1 dθ2 dρ12, (2.15)

where π(θ1,θ2, ρ12|D) is the joint posterior distribution of all MZI-SFM. Computation

algorithm for the predictive distribution is as follows. Each MCMC draw θm1 ,θ
m
2 , ρ

m
12

from the posterior distribution π(θ1,θ2, ρ12|D) provides the distribution conditional dis-

tribution f((y1, y2)|θm1 ,θm2 , ρm12). Then f((y1, y2)|D) is approximated by the average of

the conditional distributions over all T draws.

The predictive distribution of sales (S1, S2) are obtained from (2.15) by the trans-

formations Sk = exp(Yk), k = 1, 2. This predictive distribution g((s1, s2)|θm1 ,θm2 , ρm12)

is approximated by the average of g((s1, s2)|θm1 ,θm2 , ρm12) over all MCMC draws m =

1, . . . ,M .
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2.3.2 Predictive distribution of profit

The profit function per purchase order, Π, is function of the sales of the two comple-

mentary product and the variables defined in Table 2.2. The set of price components for

each product, denoted as Λk = {PRk, FRk, QDk, CDk}, includes the price of the product

PRk at the time of order, the freight charge for the product FRk, the quantity discount

for the product QDk, and the contract discount for the product CDk. The costs of the

order, denoted Ψk = {Ck, FCk, TCk}, includes the unit cost Ck of the product, the tariff

cost of the product TCk, and the freight cost FCk of the product.

The profit function per purchase order, Π, is the following function of the sales

of the two complementary products:

Π(s1, s2|Λ1,Λ2,Ψ1,Ψ2) =
2∑

k=1

{FRk − FCk + Sk[(PRk −QDk − CDk)− (Ck + TCk)]}.

(2.16)

where (S1, S2). The uncertainty about the sales of products in the future, (S1, S2),

induces uncertainty about the profit of a future order. The predictive distribution of

profit is obtained from the predictive distribution of sales (S1, S2) by the transformations

(S1, S2)→ Π according to (2.16). This predictive distribution is approximated by the av-

erage of the conditional distributions of the profit Π(s1, s2|Λ1,Λ2,Λ2,Ψ1,Ψ2,θ
m
1 ,θ

m
2 , ρ

m
12)

over all MCMC draws (θm1 ,θ
m
2 , ρ

m
12), t = 1, . . . , T .
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Table 2.2: Description and notations for the variables of the profit function.

Type Variable Notation

Price components Price PR

Λ Freight charge FR

Quantity discount QD

Contract discount CD

Costs Unit cost C

Freight cost FC

Tariff TC

2.3.3 Notations and variables of MZI-SFM

2.4 Empirical results

A national retailer provided us order-level sales data from January 2018 to January 2020,

which includes tariffs and several other variables. We use data on the variables listed in

Table 2.3 to estimate our MZI-SFM for two complementary products, A and B. There are

2,463 orders both products A and B and about 48 percent of orders are impacted by tariffs.

The predictor variables are four types: product characteristics, media exposure variables,

inefficiency variables including salesperson efficiency in different purchase channels and

contract types, and delivery channels characteristics.

Table 2.3 presents the descriptions and notations for the variables (details about

the variables are given in the appendix). Predictors of the frontier (maximum potential

demand) are product characteristics, media exposure variables, and seasonality. The

product characteristics include tariff, price, freight charge and two types of discounts,

and proprietary item. The tariff indicator takes value one if the product is impacted by
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Table 2.3: Description and notations for the variables of MZI-SFM.

Type Variable Notation

Response Log sales y

Frontier

Product characteristics (x) Tariff indicator TI

Price PR

Freight charge FR

Quantity discount DQ

Contract discount DC

Proprietary item indicator PI

Media Exposure (w) Website visits WC

Catalog index CA

Online advertising AD

Seasonality August and September indicator AS

Inefficiency variables

Salesperson performance (z1, z2) Phone salesperson PS

Outside salesperson OS

Contract type (z3, z4) Contract type 1 CT1

Contract type 2 CT2

Full efficiency variables

Delivery channels (v) Indicator variables for:

Distribution center 1 DC1

Distribution center 2 DC2

Distribution center 3 DC3
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a tariff, and zero otherwise. The quantity discount is offered at the time of order and the

contract discount is offered based on the type of the contract that a customer has with the

retailer. The proprietary item variable takes value one if the product is private-label, and

zero otherwise. The seasonality variable is the indicator of the order is fulfilled during the

high demand season (August and September). The retailer has three media channels for

generating sales: website, catalogs, and online advertising. The media exposure variables

are defined with time lags to allow time for kicking in sales (details are shown in the

appendix).

Predictors of inefficiency in Table 2.3 are related to four purchase channels.

• Outside Sales: An order that is placed through a sales representative in person.

This channel tends to include larger orders.

• Phone-Phone: An order that is placed solely through phone contacts.

• Web-Web: An order that is placed solely through the website without involvement

of a sales representative.

• Web-Phone: An order that is resulted from the customer’s visits of the firm’s website

and contacts with a sales representative.

Outside sales representative performance is for an order which is placed through the

Outside Sales channel. Phone sales representative performance is for the salesperson of

an order which is placed through Phone-Phone or Web-Phone channels. Any order that

is placed through any of the above channels is under one of the two types of contracts

offered by the retailer.
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The predictors of the probability of the firm’s full efficiency is the function of

three delivery centers located across the country.

2.4.1 Empirical results

We report the means, standard deviations, and medians of the posterior distributions of

all parameters. The posterior mean and median are the Bayes estimates of the coefficient

under the squared error and the absolute error loss functions, respectively. We also report

the BF for the evidence provided by the data in favor of the directional hypothesis that

the parameter is positive when the median is positive or negative when the sign of the

median is negative (in all cases the signs of the posterior mean and medians are the same;

the Asterisks signify the grade of evidence according to Table 2.1).

2.4.1.1 Model parameters

Table 2.4 shows the results for the parameters of the frontier. The results for product

characteristics are as follows. The Bayes estimates of the coefficients of tariff for both

products are negative. The data provides a decisive evidence for the coefficient being

negative for product A and strong evidence for product B. These results confirm that,

given all other variables in our MZI-SFM, imposing tariffs is associated with decrease

in demands for these products. The Bayes estimates of the coefficients of the price for

both products are negative. The grade of evidence for the coefficient being negative is

decisive for product A and strong for product B. The Bayes estimates of the coefficients

of freight for both products are negative with a decisive grade of evidence. The Bayes

77



Bayesian prescriptive framework for complementary products

estimates of the coefficients of both types of discounts are positive for both products, all

with decisive evidence. These results for the tariff, price, freight, and discounts are in

accord with the economic theory of negative relationship between quantity demanded and

price. Passing the tariff and freight costs to customers is in effect increasing the purchase

price and offering discounts is in effect decreasing the purchase price that the customer

must pay a product. However, as will be shown in sequel, the mix of these variables in a

given purchase price for the consumer can have different effects on the firm’s bottom line

(profit).

Table 2.4 shows that the Bayes estimates of the coefficients of the propriety item

is negative for product A with a decisive grade of evidence, and positive for product B

with a substantial grade of evidence. These results, in the context of all variables present

in the MZI-SFM, suggest that private-label items for the two products have opposite

effects on their demands.

The results for the seasonality indicator shows that the MZI-SFM captures the

high demand months.

The results shown for the media exposure channels in Table 2.4 shows that the

Bayes estimates of the coefficients for the all three media channel variables are positive.

These results indicate that exposures for the products can be effective to generate de-

mands for these product. However, the data provides various levels of evidence for the

coefficients being positive. For product A, the evidence for the coefficient of catalog being

positive is substantial. This also holds for the coefficient of the website visits, but the

evidence for the coefficient of online advertising being positive is decisive. For product B,
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Table 2.4: Posterior statistics for parameters of frontier.

Product A Product B

Parameter Mean (SD) Median BF Mean (SD) Median BF

Intercept 0.79(0.204) 0.79 0.62(0.157) 0.62

Product characteristics

Tariff −0.18(0.043) −0.18 > 100∗∗∗ −0.05(0.035) −0.05 17.18∗∗

Price −0.38(0.121) −0.38 > 100∗∗∗ −0.18(0.126) −0.18 10.77∗∗

Freight −2.30(0.277) −2.30 > 100∗∗∗ −1.71(0.229) −1.71 > 100∗∗∗

Quantity discount 18.80(0.640) 18.80 > 100∗∗∗ 15.73(0.611) 15.74 > 100∗∗∗

Contract discount 2.74(0.241) 2.73 > 100∗∗∗ 1.89(0.167) 1.89 > 100∗∗∗

Proprietary item −0.09(0.046) −0.10 > 100∗∗∗ 0.04(0.039) 0.04 4.00∗

August and September 0.07(0.043) 0.07 > 100∗∗∗ 0.03(0.034) 0.03 3.88∗

Media channel variables

Catalog 0.07(0.062) 0.07 5.90∗ 0.02(0.048) 0.02 2.28

Website visits 0.09(0.072) 0.09 7.00∗ 0.17(0.063) 0.17 > 100∗∗∗

Online advertising 0.91(0.249) 0.92 > 100∗∗∗ 0.04(0.191) 0.04 1.25

Overall media efforts 0.74(0.074) 0.72 > 100∗∗∗ 0.06(0.053) 0.04 > 100∗∗∗

the evidence for the coefficient of website visits being positive is decisive, but for the other

media channels is not more than a bare mention. These findings provide insights for the

managers to make strategic decisions for improving the effectiveness of media channels to

generate demand for these products. The table also includes summary statistics for the

posterior distribution of the three media channels together for the two products computed

using w′ikηk. The Bayes estimates for both products are positive with a decisive grade

of evidence. These results seemed to be derived from online advertising for product A
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Table 2.5: Posterior statistics for inefficiency variables.

Product A Product B

Parameter Mean (SD) Median BF Mean (SD) Median BF

Inefficiency variables

Intercept −1.15(0.476) −1.13 −1.37(0.497) −1.33

Salesperson performance

Outside sales −0.99(0.871) −0.99 5.66∗ −2.05(0.809) −2.07 > 100∗∗∗

Phone sales −0.85(0.634) −0.83 6.69∗ −0.01(0.996) −0.01 1.00

Contract type

Contract type 1 −0.66(0.824) −0.65 0.72 −0.33(0.884) −0.30 1.76

Contract type 2 −0.34(0.642) −0.26 2.66 0.10(0.528) 0.16 1.32

Perfect efficiency variables

Distribution center 1 0.18(0.743) −0.65 1.33 −0.51(0.799) −0.30 1.86

Distribution center 2 −1.47(0.692) −0.26 > 100∗∗∗ −1.41(0.744) 0.16 > 100∗∗∗

Distribution center 3 0.77(0.764) −0.65 3.55∗ −0.33(0.889) −0.30 1.25

Correlation, variation

σuok 0.97(0.461) 0.86 0.96(0.467) 0.84

σνk 0.83(0.015) 0.83 0.65(0.012) 0.65

ρ12 mean(SD): 0.28(0.019), Median: 0.28 , BF > 100

and website visits for product B. Nonetheless, the positive association between the firm’s

overall media efforts and the demand suggested by our model should be good news for

the management.

Table 2.5 gives the posterior results for other parameters of the MZI-SFM. The
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Bayes estimates of coefficients of all inefficiency variables are negative with one excep-

tion, the contract type 2 for product B. The grades of evidence, however, are different.

The grades of evidence for the coefficients of the outside salesperson performance being

negative are substantial for product A and decisive for product B. These results of our

MZI-SFM suggest that the outside sales channel and inefficiency are negatively associ-

ated. The grade of evidence for the coefficient of the phone salesperson performance

being negative is substantial for product A, but for product B the grade of evidence for

the negativeness of the corresponding coefficient just border to the bare mention level.

These results suggest that the salesperson’s performance in Web-Phone & Phone-Phone

channels and inefficiency are negatively associated, data does not provide any evidence

in favor of the negative association for the product B. This suggests that the company

could benefit from providing training workshops for the phone sales representatives. The

data does not provide evidence for the negative coefficients of contracts and inefficiency.

Table 2.5 also shows the summary statistics for the posterior distribution of the

standard deviations of the base inefficiency and noise, and the correlation between the

compound deviations of the sales from the demand for these two products. The Bayes

estimate of the correlation coefficient is positive which confirms that products A and B

are complementary.

2.4.1.2 Comparison of purchase channels

We compare the purchase channels in terms of the stochastic order between random

variables defined in the first Essay as follows. Let X1 and X2 be two random variables
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with survival functions Sk(x) = P (Xk > x), k = 1, 2. Then, X1 (or its distribution)

is said to be stochastically less than X2 (or its distribution) if S1(x) ≤ S2(x) for all x

is the support of the distributions. In economics and decision analysis, this notion of

stochastic order is called the first order stochastic dominance. The stochastic dominance

provides stronger comparisons than the mean for the purchase channels. The stochastic

ordering implies that E(X1) ≤ E(X2) and every αth quantile of X1 is smaller than the

αth quantile of X2.

Figure 2.2 compares plots of the survival functions of the inefficiency for the

orders received through each of the four purchase channels. The following results for

product A are evident.

• The inefficiency of the Web-Web channel stochastically dominates the inefficiencies

of the other channels. This result suggests that for this product the involvement of

a salesperson can be more efficient than relying entirely on online shopping.

• The inefficiency of the Web-Phone channel is dominated by the inefficiencies of the

other channels. This result suggests that for this product combinations of the online

and a salesperson’s involvement can be more efficient than the other three options.

• The inefficiencies of the Phone-Phone and Outside purchase channels lack stochastic

dominance.

Figure 2.2 gives the following results for product B.

• The inefficiency of the Outside-sales is dominated by the inefficiencies of each of the

other three channels, indicating that this channel is the most efficient channel for
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Table 2.6: Posterior statistics for the inefficiency purchase channels.

Number Product A Product B

Channel of orders Mean 2.5th 97.5th Mean (SD) 2.5th 97.5th

Outside-Sales 811 0.25 (0.130) 0.06 0.56 0.18 (0.099) 0.04 0.40

Phone-Phone 779 0.24 (0.123) 0.07 0.54 0.22 (0.118) 0.06 0.49

Web-Web 492 0.27 (0.136) 0.08 0.59 0.22 (0.114) 0.06 0.48

Web-Phone 381 0.23 (0.125) 0.05 0.53 0.23 (0.164) 0.05 0.59

product B. This can be due to the fact that product B includes more expensive items

and customers prefer to purchase expensive items via person-to-person contacts.

• The inefficiencies of the other three purchase channels lack stochastic dominance.

The stochastic order results displayed in Figure 2.2 imply that the expected value

and every αth quantile are ordered accordingly. Table 2.6 illustrates this property for the

means and two quantiles (2.5th and 97.5th percentiles) of the inefficiency distributions for

the purchase channels. For product A, the mean and quantiles for the Web-Web channel

are larger than the other channels and the mean and quantiles for the Web-Phone channel

are smaller than the other three channels. For product B, the mean and quantiles for

the outside channel are smaller than the other channels. Such consistent relationships

do not hold for the inefficiency distributions that lack stochastic order. For example,

the mean and 97.5th percentile for the Outside sales channel are larger than those for

the Phone-Phone channel while the reverse holds for the 2.5th percentile. Table 2.6 also

shows the standard deviations of the inefficiency distributions, which are unrelated to the

stochastic order.
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Figure 2.2: Survival functions of the inefficiency for the orders received for product
A (left) and product B (right) through purchase channels.

2.4.1.3 Comparison of delivery channels

In our MZI-SFM, the probability of full efficiency is determined by the delivery channels.

We also compare the posterior distributions of this probability in terms of the stochastic

order.

Figure 2.3 compares plots of the survival functions of the posterior distributions

of the probability of full efficiency for the orders delivered through each of the three

distribution centers. Stochastic dominance for probabilities of full efficiency is evident for

both products. The distribution for Center 3 dominates the distributions for the other

two channels and the distribution for Center 2 is dominated by the distributions for the

other two channels. That is, Center 3 is the most probable delivery channel and Center

2 is the least probable delivery channel to be fully efficient.

Center 2 is the main delivery channel, which is close to the firm’s headquarter

and fulfills more orders than the other centers, as shown in Table 2.5. This table also

gives the means, standard deviations, and two quantiles (2.5th and 97.5th percentiles) of
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Figure 2.3: Survival functions of the posterior distributions of the probability of full
efficiency for delivery of products A (left) and B (right) by three distribution channels.

the posterior distributions of the probability of full efficiency for the delivery channels.

On average, an order from Center 1 is fully efficient with a probability of 0.54 for product

A and 0.38 for product B, while the corresponding probabilities for Center 2 are 0.38

for product A and 0.22 for product B, and for Center 3 are 0.66 for product A and 0.43

for product B. Note that for product A, the means and standard deviations are ordered

reversely, but for product B these two measures order similarly.

2.4.2 Revenue management strategies

Our focal retailer indicated an interest in studying profit functions under some of the

scenarios for combinations of charges to customers (elements of Λ in the profit function).

The retailer provided us several scenarios. We illustrate applications of our model for

revenue management using examples of the scenarios. Our comparison is based on the

stochastic order of the predictive distributions of the profit under the given scenarios.

1. The retailer provided scenarios to pass a portion of the tariff costs to customers

through increasing price and/or freight charge for either one or both products. We
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compare predictive distributions of profit for the following scenarios to pass $150 of

tariff cost to customers.

(a) Current scenario: The retailer’s most recent values of Λ.

(b) Scenario 1: Increases prices of both products by $75.

(c) Scenario 2: Increases the freight charges of both products by $75.

(d) Scenario 3: Increase the price of product B by $150. Recall that product B is

the more expensive one.

(e) Scenario 4: Increase the freight charge of product B by $150.

Figure 2.4 shows the plots of the survival functions of the predictive distributions

of profit under the above five scenarios. The profit under Scenario 1 stochastically

dominates the profit for all other scenarios, followed by the stochastic dominance

of the profit under Scenario 3 over the profit under the other three scenarios. The

profit under the current scenario, Scenario 2, and Scenario 4 lack stochastic domi-

nance. These results suggest that passing the tariff costs to customers by increasing

prices of two products by a smaller amount is more beneficial for the retailer rather

than increasing either the price of each product or the freight charge by a larger

amount. Table 2.7 gives the means, standard deviations, and several percentiles of

the predictive distributions of the profit under these scenarios in dollar.

2. The retailer provided scenarios to change the mix of the current prices and discounts

and for passing a portion of the tariff costs to customers through increasing price
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Figure 2.4: Predictive distributions of profit for passing tariff cost to customers
through adjusting the price and/or freight charge according to five scenarios.

Table 2.7: Summary statistics for predictive distributions of profit for passing and
not passing tariff costs to customers through increasing price or freight for either one

or both products according to five scenarios.

Mean SD 2.5th 25th 50th 75th 97.5th

Current scenario 1265.84 857.52 511.38 733.62 976.51 1531.47 3428.68

Scenario 1 1683.76 1242.14 656.03 953.01 1277.73 2021.21 4715.23

Scenario 2 1267.97 751.67 603.28 801.58 1016.21 1499.16 3156.24

Scenario 3 1539.85 1011.07 621.61 899.82 1198.18 1864.90 4117.77

Scenario 4 1292.00 827.80 605.51 804.69 1022.85 1522.80 3289.27

and/or discount for either one or both products. We compare predictive distribu-

tions of profit for the following scenarios.

(a) Current scenario: The retailer’s most recent values of Λ.

(b) Scenario 1: Increase the price and contract discount for product B by $50.

(c) Scenario 2: Increase the price and contract for product B by $100 and $50,

respectively.
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(d) Scenario 3: Increase prices of both products by $50 and discount for product

A by $100.

(e) Scenario 4: Increase the price of product A by $50, price of product B by $100

and discount for product B by $50.

Scenarios 1 and 3 change the mix of the current prices and discounts without passing

additional cost to customers. Scenarios 2 and 4 pass $50 costs of tariff to customers.

Figure 2.5 shows the plots of the survival functions of the predictive distributions

of profit under the above five scenarios. The following patterns are emerging.

• The profit under Scenario 4 stochastically dominates the profit for all other sce-

narios, followed by the stochastic dominance of the profit under Scenario 2 over

the profit under the three scenarios which do not pass additional tariff costs to

customers. These results indicate that passing tariff costs by increasing the price

of more expensive product B can be more beneficial for the retailer than increasing

the price of this product twice as much a discount for it.

• Among the three scenarios which do not pass additional tariff costs to customers,

the profit under Scenario 1 stochastically dominates the profit for all other scenarios.

This result suggests that increasing the price and contract discount for product B

in equal amounts can be beneficial for the retailer.

• The profit under the current scenario and Scenario 3 lack stochastic dominance.

Table 2.8 gives the means, standard deviations, and several percentiles of the predictive

distributions of the profit under these scenarios in dollar.
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Figure 2.5: Predictive distributions of profit for passing and not passing tariff costs
to customers through increasing price and/or discount for either one or both products

according to five scenarios.

Table 2.8: Summary statistics for predictive distributions of profit for passing and
not passing tariff costs to customers through increasing price and/or discount for either

one or both products according to five scenarios.

Mean SD 2.5th 25th 50th 75th 97.5th

Current scenario 1265.84 857.52 511.38 3428.68 733.62 976.51 1531.47

Scenario 1 1374.37 970.85 639.13 3333.19 882.35 1107.03 1598.21

Scenario 2 1474.04 1013.62 686.72 3581.13 949.34 1192.41 1719.39

Scenario 3 1273.63 800.83 602.34 3012.27 831.66 1041.91 1493.22

Scenario 4 1553.66 1201.08 714.01 3868.15 985.34 1236.89 1798.73

2.5 Concluding remarks and future research

Forecasting sales is vital for developing revenue management strategies. This essay has

developed an econometric model for forecasting sales for omnichannel retailers that face

the burden of tariff costs on complementary products. The tariff has been a continuing

serious problem for retailers in the U.S. During the last five decades, five of the seven

United States presidents have imposed tariffs or surcharges on imports. The latest in the
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series was $283 billion in 2018. This study was motivated by the experience of a national

retailer in the Midwest that encountered on average a 35 percent increase in tariffs in

2018 and made various attempts to protect its profit margin.

The operations literature usually assumes that firms are efficient to meet the

maximum potential demands for their products and sales can be less than the demand

due only to shortage of inventory. Econometric literature offers models for problems

where full efficiency assumption may or may not hold. We have used this approach

to develop an econometric model for sales of complementary products of retailers that

operate multi-channels for the exposure, multi-channels for purchase, and multi-channels

for delivery of the products. Our focal retailer provided us data enabling us to examine

revenue management strategies that pass tariff costs to customers.

The class of econometric models that do away from the assumption of full effi-

ciency of firms is called the Stochastic Frontier Model (SFM). Variants of SFM decompose

a performance variable into three parts: the frontier defined by the maximum potential

output based on given inputs, a random term with a distribution on the strictly positive or

nonnegative that captures the inefficiency to meet the frontier, and a random noise term.

We contribute to the SFM literature by developing a new SFM, called Multi-product-

Zero-Inefficiency SFM (MZI-SFM), which adapts and combines a few exiting variants for

sales of complementary products of an omnichannel retailer. Recently, Caro et al. (2020)

have suggested that demand forecasting should avoid aggregate demand or panel data

to predict future aggregate sales. We have used order-level data to forecast sales at the

disaggregated level for each product while allowing for correlations between SFMs for the
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individual products.

The inefficiency term of our MZI-SFM has generalized the usual definition of

lost sales to a random deviation of sales (observed output) from the maximum potential

demand that could have been realized given the product’s characteristics (price, freight

charge, tariff cost, among others) and the exposure of the product through the firm’s

media channels. The inefficiency occurs for various reasons, such as shortage, salesperson’s

performance, and the delivery channel’s performance. The zero-inefficiency feature of our

MZI-SFM allows for the possibility that the firm can be fully efficient in fulfilling some

orders. Correlations between SFMs for the individual products are modeled by a copula.

We used the Bayesian approach for our empirical analysis, which includes un-

certainty about the model parameters. In this approach, entire posterior distributions

of the model parameters are available for estimation and testing. For each parameter,

we reported the posterior mean and median, which are Bayes estimates of the parameter

as the optimal decisions under the squared error and absolute error loss functions. We

also reported the Bayes Factor as the evidence for the directional hypothesis that the

parameter being positive or negative according to the sign of the median.

2.5.1 Summary of findings and implications

The results for all coefficients of variables in the frontier are in accord with economic

theory and marketing literature. The data provides decisive evidence that the maximum

potential demand that could have been materialized is negatively associated with every

variable that represents a cost to the customer. These findings provide insights for the
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managers to make pricing decisions. The evidence for the positive association between

the maximum potential demand and the firm’s overall media efforts is decisive, which

should be good news for the management of our focal firm. The results for each of the

two complementary products that we considered, suggest that the result for the overall

media efforts seemed to be derived by online advertising for one product and by website

visits for the other more expensive product. These findings provide useful information

for the management in making strategic decisions about the firm’s media efforts in terms

of the media channels.

The probability distribution of the random inefficiency term in our MZI-SFM

includes for purchase channel variable (salesperson’s performance), contract type of the

purchase order, and delivery channel that fulfills the order. A salesperson is involved in

orders generated in person called “Outside sales” or in orders generated via “Phone sales”

which can be solely phone contacts (called “Phone-Phone” channel), or a combination of

phone and online contacts called (called “Web-Phone” channel). The Bayes estimates of

the coefficients for both types sales for both products are negative, which reflects higher

salesperson’s performance scores are associated with lower inefficiency in meeting the

maximum potential demand that could have been generated for orders. However, the

grades of evidence for such negative association vary for the type of the sales (Outside

sales, Phone sales) and the type of the product. For the case of the more expensive

product, the data provides decisive evidence in favor of the negative association between

the outside salesperson’s performance and inefficiency. Our model relates the probability

of full efficiency in meeting the maximum potential demand to the delivery channels that
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fulfill the order. Among the three delivery channels of the firm, the date provides decisive

evidence for the negative association between the distribution center located close to the

firm headquarter and the probability of full efficiency.

The posterior distributions of our MZI-SFM’s parameters allowed computing the

posterior distributions of inefficiency for each of the firm’s purchase channels (Outside

sales, Phone-Phone (phone contacts only), Web-Phone combination, and Web-Web (on-

line only)) and the posterior distribution of the probability of full efficiency for each of the

firm’s three delivery channels. Having these distributions on hand, we compared channels

based on the notion of stochastic order between random variables. The stochastic order

comparison is stronger than the comparison of the expected value (which is widely used

in the operations literature), in that the stochastic ordering implies the same order for

the expected values and for every corresponding quantiles of the random variables. Our

findings suggest that for the less expensive of two products under study, the involvement

of a salesperson can be more efficient than relying entirely on online shopping. Further-

more, for this product combinations of the online and a salesperson’s involvement can

be more efficient than the other three options. For the case of more expensive products,

customers prefer the Outside-sales channel which relies solely on person-to-person con-

tacts. The stochastic order comparisons of delivery channels revealed that the distribution

center close to the firm’s headquarter is the least probable to be fully efficient.

The Bayesian framework provides predictive distribution for sales of each prod-

uct, given by the sales forecast model which is the average over of all sales forecast

models whose parameters are the random outcomes of the posterior distributions of the
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MZI-SFM parameters. The firm’s profit is a function of the random outcomes of random

sales outputs for the products. In this framework, the profit is endowed with a proba-

bility distribution induced by the predictive distributions of sales of the products. We

computed and compared predictive distributions of profit for several scenarios provided

by our focal firm for passing tariff costs to customers. Our stochastic order comparisons

of profits of the scenarios that pass a portion of tariff costs through five combinations of

price and freight charges suggest that passing the tariff costs to customers by increasing

prices of two products by a smaller amount is more beneficial for the retailer rather than

increasing either the price of each product or the freight charge by a larger amount. The

stochastic comparisons of profits of five scenarios that pass a portion of the tariff costs

to customers through increasing price and/or discount for either one or both products.

The results suggest that passing tariff costs by increasing the price of more expensive

product B can be more beneficial for the retailer than increasing the price of this product

twice as much as a discount for it. Among the three scenarios which do not pass addi-

tional tariff costs to customers, the profit under Scenario 1 stochastically dominates the

profit for all other scenarios. Our results also suggest that, among three scenarios with

a different mix of price and discount increases without passing additional tariff costs to

customers, increasing the price and contract discount for the more expensive product in

equal amounts can be beneficial for the retailer.

Overall, this essay opened new directions of modeling and empirical analysis in

the management science literature. The MZI-SFM can be applied to various applications

in management science problems where firm’s performance is based on multiple outputs
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and the firm may or may not be fully efficient. Many management science problems

include a profit or a loss function, which is a function of the firm’s performance. The

Bayesian approach used in this essay provides decision-making tools in terms of the

distribution of the profit or loss function rather than relying on a single summary measure,

such as the expected value.

2.5.2 Future research

This essay has not addressed a few related problems which provide interesting and in

part challenging topics for future research. Alternative specifications of the MZI-SFM in

terms of inclusion of other variables are presently under consideration. The inclusion of

variables that differentiate characteristics of online exposures of products, solely online

purchase channel, and combinations of online and salesperson purchase channel will enrich

the current model. Inclusion of sales of each complementary product in the SFM for other

products will also enrich the current model.

An approach for modeling inefficiency that has been studied extensively in man-

agement science is Data Envelopment Analysis (DEA). Comparison of our MZI-SFM and

DEA for sales of multi-product and subsequent study of revenue management strategies

remains for the future.

We studied sales, maximum potential demand, inefficiency, and profit for each

order. We barely touched the time series aspects of the data generating process by in-

cluding a seasonal indicator and lags of the media channel variables, mainly because of
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a limited data span. Extending our model to a dynamic MZI-SFM would be an inter-

esting topic for future studies. A dynamic MZI-SFM includes correlations between the

compound errors within the SFMs for individual products in addition to the correlations

between the SFMs for the complementary products. Implementation of a dynamic SFM

requires data over a long time span. Such a model will allow studying weekly or monthly

profit distributions. Researchers mainly have focused on estimating aggregated sales.

However, a disaggregated model can easily provide aggregation sales and profits.

Developing an algorithm that finds the optimal values of inputs (price, discount,

freight charge, and tariff costs) simultaneously is a challenging topic for future research.

Reaching an analytical solution would be extremely difficult, if not impossible. However,

solving this problem computationally would be a valuable contribution.

For the Bayesian analysis, we used a simple set of prior distributions. The MZI-

SFM with other existing parametric and the Dirichlet process prior will be considered in

future research. Developing computation codes for implementing other priors will allow

studying the robustness of our results for the choice of priors.
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Chapter 3

Appendix

3.1 CDF of compound deviation of the performance

from the frontier (Essay 2)

The CDF of compound deviation of the firm’s performance from the frontier (ε in 2.2)

does not have analytical expression. There are different approaches in the literature that

provide approximations and simulation methods (Tsay et al., 2013, and Amsler et al.,

2019). Exact result is available only where σν = σu. For other cases, we use closed

form approximation introduced by Tsay et al. (2013). Suppose CDF function for ε is as

follows:

Fε(Q) =

∫ Q

−∞
f(ε)dε

Tsay et al. (2013) show for each value of Q, F (Q) can be written as 2
σ
I(Q), where I(Q)’s

approximation is as following:

I(Q) = exp(
a2c2

1

4b2 − 4a2c2

)
1

4
√
b2 − a2c2

[1− erf(
−ac1 +

√
2Q(b2 − a2c2)sign(Q)

2
√
b2 − a2c2

) +

erf( bQ√
2
)

2b

1 + sign(Q)

2
,

where c1 = 1.09500814703333 and c2 = 0.75651138383854.
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Appendix

3.2 Variables descriptions (Essay 2)

Var Description

s Number of items sold in an order

PR Average (Price of each item at each order - Min price of the item
Min price of the item ) for items of each type at each order

FR ( Freight sell
Extended sell price ) of each order

DQ Average ( Unit quantity break price of each item - Unit sell price of the item
Unit quantity break price of the item ) for items of each type at each order

DC Average (Unit advertised price of each item - Unit quantity break price of the item
Unit advertised price of the item ) for items of each type

at each order

TI 1 if the product sold faced tariff, 0 otherwise

PI 1 if private brand, 0 otherwise

AS 1 for Aug-Sep, 0 otherwise

WC Average daily clicks in the last 3 weeks of order - Min average of clicks over 3 weeks
Min average of clicks over 3 weeks

CA Total catalogs sent in the previous 3 weeks - Min catalogs sent in the 3 weeks
Max catalogs sent in the 3 weeks

AD Advertising dollar spent during the previous month of order (in $M)

PS Total sales a phone representative made during 2018-2019
Total sales made in the phone-related channels × 100

OS Total sales an outside sales representative made during 2018-2019
Total sales made in the outside sales channel × 100

CT1 1 if order has contract type 1, otherwise 0

CT2 1 if order has contract type 2, otherwise 0

DCj DCj = 1 if order delivered in channel j, 0 otherwise

112



Curriculum Vitae

University of Wisconsin-MilwaukeeEducation
Sheldon B. Lubar School of Business

Ph.D., Management Science (August 2021)
Major : Operations and Supply Chain Management
Minor : Business Statistics

Thesis : Essays on decision problems under uncertainty
• Maximum entropy distributions with mode and quantiles for applica-

tions to operations problem
• Bayesian prescriptive framework for complementary products: tariff

strategies and channels inefficiencies

College of Engineering and Applied Sciences
M.Sc., Industrial Engineering, 2016

Thesis: Manufacturing Site Selection in the Global Context using Ma-
chine learning techniques

Sabanci University, Istanbul, Turkey
Graduate work, 2014

Sharif University of Technology, Tehran, Iran
B.Sc., Industrial Engineering, 2013

Applications: Retail operations, efficiency analysis, digital Supply Chain, Com-Research
Interests putational Advertising, sustainability

Methodology: Prescriptive analysis, Bayesian econometrics, data-driven opti-
mization, information theory, machine learning

Published paper:Publications

Maximum entropy distributions with quantile information (with A.H.Bajgiran
and E.S.Soofi), European Journal of Operational Research, 2020

Working paper:

Bayesian prescriptive framework for complementary products: tariff strate-
gies and channels inefficiencies (with E.S.Soofi, target journal: Manufactur-
ing & Service Operations Management)

Maximum entropy distributions with mode and quantiles (with E.S.Soofi,
target journal: European Journal of Operational Research)

113



Manuscript under preparation:

Recent advances in Computational Advertising (with E.Fokoue, Rochester
Institute of Technology and E.Nwankwo, Duke University)

Conferences,
Workshops

Bayesian prescriptive framework for complementary products pricing with chan-
nels inefficiencies, 2020 INFORMS Annual Conference, (Session: Bayesian data
science and analytics)

Pricing strategies for tariff on complementary products: A Bayesian prescrip-
tive model, 2020 DSI Annual Conference (Session: Business Analytics)

Bayesian predictive demand model with promotion, tariff, and freight costs,
INFORMS Annual Conference National Harbor, MD, November 2020

Bayesian seemingly unrelated mean and quantile stochastic frontier model for
demand, Joint Statistical Meetings (American Statistical Association), August,
Philadelphia, PA, August 2020

Impacts of an IoT application on supply chain collaboration: A Bayesian pre-
scriptive framework, MSOM Annual conference, June 2020 [Abstract accepted
but conference cancelled due to Covid19]

Data-Driven approach to the price-setting Newsvendor, Statistical and Applied
Mathematical Sciences Institute, program on Games, Decisions, Risk and Re-
liability, Lehigh, NC, August 2019

Sixth Symposium on Games and Decisions in Reliability and Risk, George
Washington University, Washington, DC, May 2019

Bayesian quantile regression model for the price-setting newsvendor problem,
invited session at Production and Operations Management Society (POMS)
Annual Conference, Washington D.C., May 2019

Maximum entropy demand models with newsvendor information, presented (by
Prof. Soofi) at the invited session ”Statistics in Operations” of International
Symposium on Business and Industrial Statistics (ISBIS Meeting), Greece, July
2018

Newsvendor Demand Models with Partial Information, Lubar School of Busi-
ness Research Seminar Series, UWM, October 2017

New maximum entropy newsvendor models, invited session, INFORMS Annual
Conference, Houston, TX, October 2017

Maximum entropy newsvendor models, American Statistical Association 34th
Quality and Productivity Research Conference QPRC, Storrs, CT, June 2017

Other
research
activities

Statistical and Applied Mathematical Sciences Institute (SAMSI)

Program on Games, Decisions, Risk and Reliability
Research group: Computational advertising (under coordination of Prof.
David Banks, Duke University), August 2019 - May 2020

114



Honors and
Awards

Sheldon B. Lubar Doctoral Scholarship (5000$), UWM, 2018, 2019 and 2020

Travel award, poster presentation at the Statistical and Applied Mathematical
Sciences Institute, program on Games, Decisions, Risk and Reliability, Lehigh,
NC, 2019

Travel award, Sixth Symposium on Games and Decisions in Reliability and
Risk, George Washington University, Washington, DC, 2019

NSF/QPRC award for presenting in American Statistical Association-Quality
and productivity Conference, Storrs, CT, 2017

Graduate chancellor award, UWM, 2015

Full scholarship for one-year graduate study, Sabanci University, 2013

Ranked among the top 0.1% from 400,000 applicants in the nation-wide en-
trance exam, admission to Sharif University of Technology, 2009

Teaching
Experience

Instructor

Lubar School of Business, UWM
Supply Chain Analytics, 1 section, Online, Fall 2021

Supply Chain Analytics, 1 section, Online, Spring 2021

Supply Chain Analytics, 1 section, Online, Fall 2020

Supply Chain Analytics, 2 sections, Hybrid, Spring 2020

Supply Chain Analytics, 2 sections, Fall 2019

Teaching Assistant

Lubar School of Business, UWM
Introduction to Management Statistics, Fall 2018 - Spring 2019
Supply Chain Management, , Fall 2017 - Spring 2018

College of Engineering and Applied Sciences, UWM
Introduction to Engineering, Fall 2014 - Spring 2016

Sabanci University
Introduction to Optimization, Fall 2013 - Spring 2014

Industry
Experience

Lubar School of Business Industry Connect program, April - June 2020

Developed and presented Bayesian predictive algorithms for 3 years data
Developed prescriptive analysis for price, discounts, promotion and freight
charge of multiple products

Allen Edmonds, WI, Sep 2015 - Jan 2016

Developed forecasting models for 60+ stores nationwide given sales data
over the past 10 years
Implemented inventory optimization for stores and warehouses
Analyzed strategic decisions on transition to omni-channel retailing

115



Professional
Service

Journal Reviewer: Journal of Applied Stochastic Models in Business and In-
dustry

Empirical Methods & Data Analytics:Selected
Graduate
Courses

Doctoral seminar decision sciences (Bayesian Econometrics, two courses)
Multivariate Techniques in Management Research
Pattern Recognition-Statistical-Neural and Fuzzy Approaches (Computer
science department)
Statistical Analysis (linear models)
Advanced Econometrics Methods (Time series)
Machine Learning (Sabanci University)

Operations and Supply Chain Management:

Probability Models for Operations Decisions
Analytical Modeling in Operations Management
Applied Game Theory in Supply Chain Management
Optimizing Supply Chains for Environmental Sustainability
Inventory Management under Uncertain Settings
Supply Chain Logistics Management

Operations Research & Mathematics:

Applied Stochastic Processes (Mathematics department)
Linear Programming (Sabanci University)
Optimization (Sabanci University)
Advanced Operations Research Models

Computer
skills

Python (Pandas, Scikit-learn, PyMC, SciPy), R, SQL, Win-Bugs, SAS, C++,
JMP, WEKA

References Ehsan S. Soofi (Advisor)
Distinguished Professor of Management Science and Statistics
Sheldon B. Lubar School of Business
University of Wisconsin-Milwaukee
Email: esoofi@uwm.edu, Phone: (414) 202-6666

Layth C. Alwan
Professor of Supply Chain, Operations Management & Business Statistics
Sheldon B. Lubar School of Business
University of Wisconsin-Milwaukee
Email: alwan@uwm.edu; Phone: (414) 229-6253

David Banks
Professor of the Practice of Statistical Science
Director of Statistical and Applied Mathematical Sciences Institute
Duke University
Email: dlbanks@duke.edu; Phone: (919) 684-3743

116



Refik Soyer
Professor of Decision Sciences & Statistics
The George Washington University
Email: soyer@gwu.edu; Phone: (202) 994-6445

117


