I 1. INTRODUCTION I

A Young tableau is a combinatorial object useful in the study of the representation theory ot
the symmetric group 5, and its properties. A standard Young tableau is a tableau where
the entries are from {1,2,...n} and where the entries across each row and down each column are
increasing. A tabloid is an equivalence class of labelings of a Young tableaux of shape A, where A
is an integer partition of n. The symmetric group Sy, acts on a Young tableau (and its associated
tabloid) by permuting the entries.

Let t be a standard Young tableau and {t} its associated tabloid.

Example 1.
[f A=1(4,2,2,1) then

1 5 7

3
4
3

and {t}=

9
Let V4 be the subgroup of Sj, that preserves the columns of ¢, and set

Vi = Z sgn(o)o

oeV,

which is an element of the group algebra C(Sy,). Let T be the C-vector space of polytabloids with
basis the set of tabloids with shape A, and let e; = V¢{t} be a vector in T .

l 4. PROOF I

Lemma 2.V} = V}gm X Vtm X ... X Vt[k] as a direct product of subgroups of Sy,.

Proof. Clearly, the product Vt[l] X ‘/;5[2] X ... X %[k] is contained in V4.
Now suppose 0 € V4. Since o can be written as a product of two-cycles, let 0 = o1 09 ... 0.
Since o only preserves columns, any two-cycles that preserve distinct columns must be disjoint.
Since disjoint cycles commute, we can reorder the two-cycles in the above product o so that each
grouping preserves a distinct column. Finally, since Vi (Vi = {(1)} for r # s, this product is
direct.

[]

Corollary 1.V, = Vtm X Vt[?] X ... X Vt[k]’ the product on the right being taken in C(Sy,).

e Vi % Vig = Loy, (o)1 Yo,ey; (sn(o)oa
— Zglevtm@evtm (sen(o1))(sgn(o2))o109
= Yoievi, mevi, ($51(0102))010;
— Zalazevtmxvtm (sgn(o102))(0102)
= Vipty,
The result follows by induction.

Lemma 3. Vt[r] (t[s]):t[s] if s £ r, since by definition, V}gm permutes only the entries in the
rth column. Equivalently, Vt[r] (mt[s]):mt[s] if s # .
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By Theorem 2.5.2 from [1],
{e; : t is a standard \ — tableau}

is a basis for an irreducible representation S A of S,

Now let P(xq,...,zn) = P be the vector space of polynomials in n variables and let .S;, act
on this space by permuting the variables. Let ¢ be a standard Young Tableau with shape A,
let by tpops - i) be the columns of ¢, and we write ¢ = btk Let ;1,2 9, ..., ;| be the

entries of the the i column of ¢ and let A(tm):A (xt@-,p Tt gy oo xti,l) be the Vandermonde
Determinant in the variables sub-scripted by the entries from the it column of ¢.

Example 2.

11 1 1
L1 X2 Lg L9
Ati) = A(xq, 9, 26, Tg) =

(1) (21, 2, 76, T9) 212 392 262 202
3713 3323 x63 3393

Finally, let A(¢) be the polynomial A(t) = A(tr1)Altg)..-Alty).
In [2], it is shown that

{A(t) : t is a standard A — tableau}

is a basis for an irreducible representation of .5, in P that is equivalent to the representation
SA in 7. The polynomials A(t) are called Specht polynomials.

I 5. PROOF I

Proof. We start with the case t = th)- By the definition of the Vandermonde determinant and
applying Leibnitz’ formula for the determinant of an n X n matrix,

Finally we combine these results:

Vi t) by definition,

plet) = pl
(Vtm X v x -t[k]) by corollary 1 and notation for ¢,

T D

-+ U1g) since p intertwines,

M

by lemmas 1 and 3,

A

since p Intertwines,

||
NP A
=

by definition,

by the discussion above,

> B

by definition.

I 3. THEOREM I

Let p - T — P be the map that takes the tableau t (or the tabloid {t}) to the monomial
my = nglxa9<o‘> where () = j — 1 if a is in the j¥ row of {t}.

Example 3.

=5

Note 1. Since tabloids are row-equivalent, the map is independent of the representa-
tive t of {t}. Also, the map p intertwines the representations of Sp on T and P, ie.,
p(t{t}H)=1(p({t})), for T € Sy. It is sufficient to prove this for the case that T is a two-cycle,
since if T interchanges the entries in two rows of {t}, it also interchanges the corresponding
variables in the monomual my.

p({tV) =z w3l sl = my.

Theorem 1.
pler) = A(t)

Remark 1. We assume that this result s known, but it is not recorded in any of the standard
references.

Lemma 1. p(tmtm...t[k]):,0<tm)p(tm)...p(t[k]).
Proof. We prove this for the case for t = it and the result follows by induction.

i) = [T aa” = [T «"al™

OzEt[l]t[Q] TEtm,SEt[Q]
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1|2
t= T4 % that {t}=

I 2
3 4

Then Vi={(1), (24), (13), (13)(24)} andso Vy=(1)-(13)-(24) + (13)(24).
Now if we apply V¢ on {t}, we have

et = Vi({t})=

Thus
0, 0. 1.1 _ . 0.0 1.1 . 0. 0. 1.1, .0.0.1.1
pVt({t})) = w1 20 23 14" — 29 037w 04 — X1 T4 T T3+ X3 T4 T] T2
T1T9 + T3T4 — T9T3 — T1T4.

And by definition of the Specht polynomial,

At) = L] |11
T X3 Lo X4
= (21 — x3) X (12 — 74)

= T1T9 + T3T4 — T9T3 — T1T4.

Remark 2. This result generalizes. For example

PV({t}) = w1t wo ws’ny® — wolwstar®ey® — oy oyt ePes® + wgtat e ey,
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