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CHAPTER 1
INTRODUCTION

1.1 Motivation

In this era of a world competitive economy quality has become the primary
differentiator in the market place; never ending quality improvement is necessary
to stay in business. Variability is present in everything we do. It is a fact of life that
no two objects are exactly alike. Although it is .impor:ant to recognize the
existence of process variation, our goal should be that of reducing variation if we
want to0 be able to provide products and services that have consistent quality.
Reducing variation therefore, is the key element in any quality and productivity
improvement program.

Fifty year$ ago Shewhart realized that process variation can be classified as
controlled variation, characterized by an stable and consistent pattern over time,
and uncontrolled variation in which the pattern of variation changes over time.
Deming calls common causes of variation those that produce controlled variation
and special causes of variation those that induce uncontrolled variation. See for

example Deming (1986).
Common cause variation is inherent in a process and is comprised of many

small sources that affect all the elements in the process. Special variation, on the

other hand, is not part of the overall system, its causes are localized in nature and



should be considered as abnormalities.

Wheeler and Chambers (1986), discuss four categories that are useful ways to

decribe the state of a process.

a) Chaos: the process is producing some nonconforming product and
special causes of variation are present.

b) Brink of Chaos: the process produces 100% conforming product but
some special causes are still present

c) Threshold State: the process is stable but is producing some noncon-
forming products. Variation is the product of common causes.

d) Ideal State: in which a process is stable and produces 100% con-
forming products.

In view of this classification we can say that the main objectives of any pro-

cess monitoring procedure, in an effort to build quality into the process, should be :

1)) Recognize and monitor the common cause system, and

ii) Identify special causes of variation so they can be removed.

It is important then to be able to quickly detect process shifts or special causes
so that an investigation of the process and remedial actions can be undertaken.
Control charts, by showing the nature and amount of variation by time, are useful
tools for studying variation. They enable the user to judge whether the process is in

a state of statistical control, to interpret patterns and to detect changes.

Control charts not only aid in process monitoring, but they also help minimize
overadjustment and underadjustment of the process. Overadjustment occurs when

changes are made even though the process is affected by common causes only, thus



increasing output variability. Underadjustment, on the other hand, occurs when
there is a delay in changing operating conditions even though evidence exists of a
change in excess of the natural variability of the process; i.e., special cause of vari-
ation.

Various types of control charts have been proposed for various purpdscs and
specifically to indicate deviations from the common cause state. These include the

Shewhart control chart and the curmnulative sum (CUSUM) control chart.

' Shewhart Charts

Control charts for averages and ranges have been used traditionally as a sim-
ple statistical tool for understanding the sources of variation in a process. They help
to understand and analyze process variables, and to identify and. differentiate

between the two causes of variation.

Shewhart control charts have the advantage of not being specific for any par-
ticular type of alternative; in other words, they do not assume that the special
causes of variation are associated with any particular pattern. This provides a sort
of safety net whatever type of variation should occur, even if it is something com-

pletely unexpected.

This type of control charts, being a sequence plot ordered in time, uses only
the information about the process contained in the last plotted point, without taking
into account the historical record of the data. Several criteria have been suggested;

e.g., warning limits, tests of runs, etc., 10 use in conjuction with the Shewhart



charts in order to incorporate the information of the whole sample. These addi-
tional criteria however, reduce the simplicity and ease of interpretation of the

| Shewhart chart.

CUSUM Charts

Cumulative sum charts or CUSUM charts, on the other hand, use the informa-
tion in the entire sample by plotting the cumulative sums of the observations. Start-
ing from a given point, all subsequent plots contain information from all the obser-

' vations up to, and including, the plotted point.

These charts are more effective than Shewhart charts if we wish to look for a
specific pattern associated with a particular kind of special cause, as for example
the detection of small shifts in process level. This is a desirable feature because, as
Marquardt (1984) points out, it is important to discover smail persistent changes
quickly before a major problem develops. The best strategy however, see Box
(1980), will involve a combination of more general, Shewhart charts, and more

specific, CUSUM charts that search for special causes of variation.

Cumulative sum charts are particularly effective for samples of size 1, making
them a very good candidate to use as dynamic control charts. These charts, see
Hahn and Cockrum (1987), utilize on-line measurements in order to provide early

warning of significant changes in the measured characteristics.



1.2 Cusum Methods for Location

Cumulative sum charts were first proposed by Page (1954), who suggested
constructing control charts using sums of observations rather than individual obser-

vations. Page’s procedure consisted of assigning a score d; to the jth sample, and to

t
plot the sums ¥ d; against . For example, if we are interested in the number of
Jj=1 .

defectives in a sample, we can assign a score +19 to each defective occurring in the

sample, and —1 for each non-defective item.

For detecting positive deviations from an acceptable value Mg, the scores are
chosen so that the path of the cumulative sum is upwards when the process is out of

" control and and downwards when the process is in control. Action is taken when-

[
ever Y d; exceeds a decision interval 4.
j=

Barnard (1959) suggested substracting the target value JL, from each sample

t
mean X;, and plotting the sums ¥ (Xj —H,). He also introduced the use of a V-
j=1

mask as a decision rule to determine whether the process is out of control. This isa
two-sided procedure in which a signal is given whenever the V-mask fails to
obscure any previously plotted point, when the point located a distance 4 from the

vertex is placed at the last plotted point

Johnson (1961) emphasized that the application of the V-mask to the control

chart, is equivalent to the application of the Wald-Barnard sequential probability



ratio test applied in reverse, and obtained some approximate formulas relating the

parameters of the V-mask with those of the sequential test.

The most commonly used scheme consists of substracting a reference value &

3
from each sample mean X; and plotting the cumulative sums 3, (x; — £). When
j=1

looking for positive deviations, one only has to plot those points that produce a
positive contribution to the cumulative sum. In other words, we should plot those
points for which the deviation from the .reference value, r; =X; ~ k, is positive. Fol-
lowing this, see also Van Dobben de Bruyn (1968), we can define the cumulative
sum procedure as follows: let CS, denote the cumulative sum plotted at time 7; then

starting at zero; i.e., CS¢ =0, we have

CS = max(Q0,CS;_y +r;) ' (1.1)

Action is taken whenever the cumulative sum exceeds the decision interval A; i.e.,

whenever CS, 2 h.

The performance of the CUSUM scheme is measured in terms of the Average
Run Length (ARL) which is the average number of samples taken at a given pro-
cess level before a signal is given by the chart. For one sided procedures, the
CUSUM charts are designed by choosing the sample size n, the reference value k
and the decision interval k, according to some pre-specified ARL at the acceptable

quality level p, and the rejectable quality level u,.



The reference value k is usually taken to be k = (1 + 1,)/2. This choice of k
is believed to be optimal, in the sense that it provides maximum discrimination
between the two values of . Although no formal proof has been given of this
result, Bagshaw and Johnson (1975) proved, by means of a Wiener process approx-

imation, that the result is true, at least approximately for the normal case.

The values of » and 4 are chosen with the aid of tables, such as those found in
Lucas (1976), or the contour nomogram constructed by Goel and Wu (1971),
which gives contours for the ARL at the acceptable level |, and the rejectable u,

inthe (AVn/c,|n—k|vn/c) plane.

A frequent criticism of the CU SUM chart, see for example Woodall (1986), is
that it does not detect large shifts in the process level as quickly as the Shewhart
chart. Several modifications to the CUSUM chart have been proposed; in particu-
lar the use of a parabolic V-mask has been emphasized by Lucas (1973), although

the idea was mentioned in Barnard (1959).

For initial out of control situations, Lucas and Crosier (1982) suggest the use
of the Fast Initial Response (FIR) CUSUM. The idea is to start the CUSUM half
way between the lower boundary and the action limit h; i.e., to set CSqo = h/2, for
more rapid response. It is not difficult to see however, that the closer you start to A
the faster you will get an out of control signal. Finally, Lucas (1982) has suggested
the addition of Shewhart limits to the CUSUM chart to increase the speed of
detecting large shifts. Usiﬁg this procedure, he says, we combine the best proper-

ties of the two charts. This may be the case, but as we have seen the two charts



serve different purposes, CUSUM charts look for particular patterns while

Shewhart charts are not specific to any paticular pattern.
1.3 Cusum Methods for Variance

Although much work has been done for CUSUM charts for detecting location
shifts in normally distributed data, the problem of monitoring shifts in process vari-
abilty, from an accepta}e level oﬂ, to a rejectable level o,, using the CUSUM

methodology has received less attention.

Johnson and Leone (1962), based on the equivalence between sequential tests

k _
and CUSUM charts, suggested the use of sample variances, 3 (x; ~ X)2/(k - 1), to

=l
monitor process variance; they do not however, give any suggestion of what the
sample size should be. Formulas for the construction of a V-mask and for obtaining
approximate ARL values are also given. These are based on the probability o of
producing false alarms. These approximations rest on the assumption that although
o will not be exactly the proportion of false alarms, tests with the same o will have
the.same ARL. Van Dobben de Bruyn (1968) has pointed out that we should be
careful in drawing conclusions from those approximations because we have no

information about the accuracy of the assumption made.

Page (1963) suggests the use of cumulative sums of the sample ranges, and
gives a small table of ARL values for the design of such charts, These results were

obtained by approximating the integral equations that define the ARL. Although



these results are more reliable than those obtained by the Johnson and Leone, the
author points out that his results are of low accuracy and that errors of one unit in

the second significant figure can be expected.

Others have suggested, see for example Gunst ez al. (1989), plotting the
cumulative sums of log( s? ), which is approximately normal, and using the tables
and nomogram available for monitoring shifts in process mean. However this
approximation implies the use of relatively large samples. For example, Bartlett
and Kendall (1946), suggested that this approximation is good for n 2 10, should

" be used with caution for 5<n <9, and not at all forn < 5.

More recently Hawkins (1981) has proposed the use of the same CUSUM
procedure for monitoring the mean to monitor the variance, by using Y; =| X;/ cl.'/‘
which is nearly normal if X is distributed as N (0,6%). The problem with this
approach is that if the mean of the variable ¥; changes by an. amount Va, which
corresponds to a change in the variance of X; from o? to a20?, its variance also
changes by an amount a. Some results, Bagshaw and Johnson (1975), suggest that
an unstable variance can cause drastic changes in the the ARL values of the
scheme. This prevents the use of the available ARL tables or the contour nomo-

gram of Goel and Wu.

Normal Distribution
We follow on the ideas of Johnson and Leone, of equivalence between cumu-

lative sums and sequential tests, to derive cumulative sums for monitoring vari-



ance; and those of Page, of obtaining ARL values by solving the integral equations

that define the ARL.

Chapter 2 discusses a cumulative sum based on the Wald-Barnard likelihood
ratio which leads to the cumulative sum

k .
T~ w?-s%; (1.2)

i=l

where 52 is a reference value. One of the advantages of this chart is that we only
need one observation; i.e., subgroups of size 1, as opposed to the use of ranges for

which we need at least two observations.

By solving the integral equations that define the ARL, a contour nomogram
similar to the one of Goel and Wu (1971), has been developed that helps in the
design of the charts. The nomogram has contours of ARL at the acceptable quality

- level 6, and at the rejectable quality level 6,, in the plane ( hic2, 6,10, ).

Process Improvement

In the past control charts were used mainly to insure the process met levels of
specification. More recently their use in improving a process has been emphasized;
in particular reduction of process variation. Rather than focusing on the detection
and avoidance of adverse change, we need never ending improvement striving to
implement beneficial changes. Therefore, as Gitlow er al. (1989) point out, we
must constantly attempt to reduce process variation around desired target values to

achieve the degree of uniformity required to produce products and services that

10



surpass customer needs and expectations.

Sequential tests can quickly detect deviations from particular levels of varia-
tion. For example, figure 1a shows a Shewhart chart with 3¢ limits as shown in the
logo of the American Society for Quality Control. This process does not show any
abnormal pattern, nor any point out of control. Assuming that 6, = 1, the CUSUM
scheme obtained by plotting the cumulative sums given by equation 1.2 with
s2 = 1.85, can quickly detect, figure 1b, a change in process variance of 100%; i.c.,
6, = 2. The chart clearly shows an upward trend, which is an indication of possible

" lack of control.

The methods presented in chapter 3 focus on the design of CUSUM charts for
monitoring positive or negative shifts in process variability, as well as some appli-
cations for the detection of outliers. Approximate formulas for the computation of
ARL values are also given. These formulas can give an idea of what the perfor-

mance of the chart would be when using a chosen 5% and h.

Robustness of the ARL with Respect to Distributional Assumptions

It has been shown, Kemp (1967), that for CUSUM charts for locaton the
ARL estimates obtained by assuming that a non-normal variable is normal, can be
'very inaccurate. By assuming that the variate being cumulated is positively
skewed, he showed that the ARL values are overestimated when one assumes nor-

mality.

11



Figure 1 a) ASQC logo showing an X-chart with action limits at + 3. b) CUSUM

chart for monitoring an increase in variance from 6, =1 to 6, = 2.
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In section 2.6 we study the effect of non-normality in the ARL values by
assuming that the observations are distributed according to the exponential power
distribution, Box and Tiao (1973). This is a family of symmetric distributions, of
which the normal is a member, with different degress of kuﬁosis ranging from the
rectangular distribution to the double exponential. We show how the assumption of
normality can lead to overestimated ARL values, for platykurtic distributions, and

underestimated values for leptokurtic members of the family.
1.4 Cusum Methods for Models

Statistical models are very u.seful for the study of nature. They allow us to
express the relationship between a response vaﬁable and some explanatory vari-
ables. Modelling of the relationship between variables invoives several unkown
parameters that have to be estimated from the data. Once a model has been ade-
quately identified, fitted and checked, it can be used to forecast future values of the

response.

Time series models, for example, can produce methods for optimal forecast-
ing of future observations. However, if the parameters in the model were to
change; such forecasts would be in error and it would be neccesary to update the
parameters in our model. These situations need to be detected quickly so appropi-

ate action can be taken in order to minimize possible losses from the errors.

In chapter 4 it is shown how a sensitive test for shifts of the parameters of any

model can be derived using a cumulative score technique (CUSCORE), of which

13



the cumulative sums mentioned in section_2.2 are a special case. As a particular
example consider an industrial process in which trouble has been experienced
becausé of a characteristic harmonic cycling at a particular period and phase. Sup-
pose action has been taken which, temporarily anyway, has removed this source of
difficulty, but it is feared that it might recur. In such a case a test procedure is
needed which is particularly sensitive to this kind of deviation from randomness

and so can give the earliest possible warning of recurrence of the rouble.
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CHAPTER 2
SEQUENTIAL MONITORING OF VARIANCES

In every process it is important that the mean be as close as possible to the tar-
get value; but ensuring that the mean is on target is usually not enough to produce
products and services with a desired level of quality. If the variability of the pro-
cess is out of control, no matter how close to the target the mean is, we are always

| going to produce products that do not satisfy the customer requirements. It is then

important to monitor the variability around the target value.

In section 1.3 we described several methods that can be used to monitor pro-
cess variability. In particular, Shewhart charts for ranges have been used as a com-
plement to the X charts. The purpose of this chapter is to show how sequential tests

lead to the use of cumulative sums to monitor the variability of a process.
2.1 Sequential Methods and CUSUM Tests

In the usual setting of point estimation and hypothesis testing the sample size
is determined in advanced. A sample of n independent observations is made, and
from this sample we obtain point estimates for the parameters of interest and base
our final decisions on the calculated value of some test statistic that usually has cer-
tain optimal properties. In sequential tests on the other hand, the sample size is not

fixed in advance but may depend, in some specified way, on the data as they

15



become available in the course of the investigation. In other words, the sample size

is a random variable determined by the observed data.

Sequential methods take the approach that acceptance or rejection of the null
“hypothesis should be made as soon as convincing evidence is available either in
support of or against the null hypothesis. Sample information is evaluated as it
becomes available, rather than at the end of the sampling process. These methods
are motivated by economy of experimentation and duration of sampling; i.e., since
observations are taken until a decision can be reached, time and money are not

wasted by taking more measurements than are needed.

These methods when combined with graphics as in the cumulative sum charts,
are particularly useful for process surveiilance and improvement since they allow
us to monitor processes by plotting observations one at a time until a lack of con-

trol is indicated.

Consider & process that produces observations x; that are distributed with
known mean as N (u.,d). We want to be able to discriminate between the process
being at an acceptable quality level with standard deviation G, and a rejectable

quality level with standard deviation G,.

At each stage of sampling k, the ratio of the likelihood, LRy, of obtaining the
observations under the two states of the process, in control with variability o, or
out of control with variability G,, is calculated. If this ratio is large, we conclude
that the process is out of control; if the ratio is small, we conclude that the process

is in control; finally if LR, has an intermediate value, the decision is postponed

16



until further observations produce either a higher or lower value of LR.
The upper and lower limits for the likelihood ratio LR, are often chosen to
make the probabilities of making wrong decisions, errors of type I and II, small; or

in terms of the Average Run Length (ARL) of the test.

Following Wald (1947), the likelihood ratio test, LRy, for detecting changes in
the variability of the process from a level 6, to a level o, is the ratio of two nor-

mal densities with standard deviations 6, and G, which simplifies to

\ | ) |
LR, = [~°—"] exp [%(-é——%)!:(x;—mz @.1)

O a r i=l

If A and B denote the lower and upper limits respectively, the sequential probabil-

ity ratio test is then

if LR, <A process at acceptable variability G,
if LRy 2B process at rejectable variability oy, (2.2)
if ASLR;<B continue taking observations.

After taking logarithms equation (2.1) simplifies to

G, G,
2 log (-C-If-) L 2log ('GL)
logA +k ———— < Yoi—p? SlogB+k———— . (23)
—_——— —— i=1 ——
o of c; of

The right and left hand sides of equation (2.3) define the boundary lines of the
sequential test. Note that the slope depends on the two values of the variability of

the process. Crossing any of these two lines will give rise to a decision that either

17



the process variability has changed or has remained constant. Sampling will con-

tinue as long as we stay within the boundary lines.

The sequential test leads to the use of the cumulative sum§ of (x; — p)2. John-
son (1961) illustrated that the application of the V-mask to the cumulative sum |
control chart can be regarded as equivalent to the application of a sequential proba-
bility ratio test in reverse (see also Khan 1984). The difference between the two
procedures is that the CUSUM éhart makes no provision for the definite acceptance
of no lack of control. In other words, even if the cumulative sum hits the lower

 boundary we will continue taking observations until the upper boundary is crossed.

A convenient CUSUM chart can be obtained by choosing a "reference” value
52, and plotting the cumulative sum of
& .
Se= Tl - w?-s% @2.4)
versus the number of observations k. If the population variance is equal to this
value, the resulting figure will be horizontal; otherwise, the ﬁghrc will slope down-

wards if the population variance is less than s2 and upwards if it is greater than s 2.

By looking at equation (2.3), we see that we can choose s2 to be the slope of

the sequential test; i.e.

1og (2
o —
}'4 o2

2 . @ 2.
s 7 7 (2.5)

o: ¢?
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Figure 2.1 Normal distributions with mean 0 and variance 1 and 4 (solid lines).

Normal distribution with variance s2 = 1.85 (dotted line).
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f(x) 0.2

0.1
N(0.4)
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This choice of 52 corresponds to the value at which the likelihood of an obser-
vation coming from each of the two stages of the process or populations is the .
same, providing maximum discrimination between 0, and ©,. This can also be
seen as a "mean” value between 02 and G2, in the sense that two normal curves
with variances 62 and o2 will intersect at the points * s. This is illustrated in figure
2.1 which_ shows two normal distributions with mean 0 and variances 1 and 4
respectively; the dotted line corresponds to a normal distribution with mean 0 and

"mean” variance s> which in this example is equal to 1.85.

If we consider departures from G, in one direction only; i.e., one-sided tests,
we could plot the cumulative sums in (2.4) only when they are relevant towards
taking a decision that, for example, the process variance has increased. This means
that starting from zero, values of §; less than zero need not be plotted and the pro-
cess can be considered satisfactory. However, as soon as a result exceeds zero, a
cumulative chart is started. If the cumulative sum subsequently reverts to zero, it is
concluded that tﬁe process is satisfactory, but whenever S; reaches or crosses a
stated amount h, called the "decision interval”, the process variance is said to have
increased. See figure 2.2 which shows a chart with decision interval h = 10 and

out-of-control signal given at observation 30.

The control scheme just described corresponds to a sequence of Wald sequen-
tial tests with horizontal boundaries (0,4) and initial score zero. The test is reap-
plied when the previous test ends at the lower boundary and action is taken when a

test ends at the upper boundary A. The efficiency of this control scheme will

20



Figure 2.2 Cusum chart for detecting an increase in variance. The decision interval

is h = 10 and a signal is given at observation 30.
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depend on the choice of the parameters A and s2. This choice, as in the case of
cumulative sum charts for the mean, see for example Goel and Wu (1971), will be

based on some predefined Average Run Lengths.
2.2 Average Run Length

Following Page (1954), we defined the average run length (ARL) of a control
scheme as the expected number of items sampled at a given quality level before a
lack of control is indicated. In other words, if we focus on monitoring increases in
| process variability from an acceptable quality level 6, to a rejectable quality level
O,, the ARL is the exp'ecfed number of items sampled before concluding that an

increase in standard deviation has occurred.

The average run length depends on the values of h, 52, the true standard devi-
ation of the process and the distribution of the observations. The values of 4 and
s2 are chosen to yield large values of ARL when the process variability is at an
acceptable level, and low values when is at a rejectable level. In other words, we
want to have as few as possible false positives and we want to be able to detect
changes quickly.

For a sequential test with boundaries (0,4) starting at a distance z from the
lower boundary, the average sample number N (z) is the expected number of obser-

vations until the test either retums to zero or exceeds the decision interval h. The

operating characteristic P (z) is the probability that a return to zero occurs.
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The functions P (z) and N (z) are the solutions to Fredholm integral equations

of the second kind
-z h
P@) = [ fo)dy + [ Pe)fa-2)dx, 0<z<h (2.6)
-5 1]
h
N@ =1+ j N@)f (x—z)dx, 0<z<h Q.7
1]

Where f () is the density function of the increments of the cumulative sum;

i.e., f(y)is the density of Y = [(X — |.|.)2 - 32]; where X is N(u,o2)

[ 1 2% _p+sH
ovam O+ exp[ 20° ] ify 2 -52,

f@) = | (2.8)

0 ify < -s2.

This corresponds to a chi-squared disuibution with one degree of freedom

translated by an amount s2.

An interpretation of equations (2.6) and (2.7) is as follows. The probability
that a sequential test with boundaries (0,/) and initial value z, equation (2.6), ends
in the lower boundary, equals the probability that the next observation x is such
that z + [(x — p1)® - 52] < 0 plus the integral over the probabilities that the cumula-
tive sum lﬁnds somewhere between 0 and A multiplied by the respective probability
P (x). In a similar way, the average sampling number, equation (2.7), equals one

(the next observation is always there for 0 £z <h), plus the integral over the
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probabilities that the cumulative sum lands somewhere between 0 and h multiplied
by the respective average sampling number N (x).

The average run length, being the expected number of observations of a suc-
cession of sequential tests which all but the last return to zero, is therefore the aver-
age sample number N (0) times the e_;pcctcd number of tests before one cxcecds;

the decision interval s The probability that one particular test exceeds the upper

boundary h is 1 — P (0) and the average number of tests is -1%(0) The average
run length is given by
_ _NO
ARL = TP ) 2.9)

For known values of P (0) and N(0), the value of the average run length can
be obtained from the above expression. These values however hav'e to be obtained

by solving the integral equations satisfied by P (z) and N (z).

Since explicit solutions of equations (2.6) and (2.7) are not possible, values of
P (z) and N (z) have to be obtained by either api:roximatc expressions or by numer-
ical methods. Kemp (1958) has given some approximate formulae for calculating
the values of P (z) and N (z). In the case of the operating characteristic for example,
the value of P (z) is approximated by A + Be“®, where @ is the non-zero root of the
equation My(t) =1, where My(t) is the moment generating function of the density
given by equation (2.8). The method fails in this case because

My(t)=(1 —2:)"% =1 does not have a non-zero root. Numerical methods that
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replace the integral by a system of linear equations are presented in the next sec-

tion.
2.3 Solutions for P(z) and N(z)

The integral equations (2.6) and (2.7) can be replaced by a system of linear
equations and solved for the unknown variables. The system employed is similar to
the one given by Kantorovich and Krylov (1964), in which a partition of the inter-
val of integration is constructed and the integrals are approximated in each of the

| resulting subintervals.

Let {ag, @1, ..., a,) be a partition of the interval [0,2] where ao=0 and
a, = h. Different partitions are obtained by using different quadratures. When A and
n are small, Gaussian quadrature is recommended; however, when the valu_e of h
gets large it is neccesary to use a larger partition of the interval and it is better, for
computational purposes, to -usc a simpler and more convenient quadrature, for
example a tangential one in which the distance between consecutive a;’s is constant

and equal to i/n. The equation (2.6) can then be written as

-2 A a;
P@y= [ fo)y + 3, | Pof o) (2.10)

i=1 a;1

Since the function P (z) is smooth and decreasing in the interval (0,4), and

assuming that the subintervals (a;_;,4;) are sufficiently small so that P (x) is con-

a; +aj-1

) , equation (2.10) can be approxi-

stant and equal to P(z;), where z; =
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mated by

P = [ roMy + 3 Pap [ fa-ods @11

i=1 a;-y

Substituting z for the values z;, i =1, .., n, and letting b and C be the vector
and matrix

b= Brbrwb), where b= [fody 2.12) -
C=(cy), where c;= | fa—z)d (2.13)

The vector P = (I-’ (z l),...,ls(z,.)) can be computed as

P=@a-C)'b (2.14)

 where I is the nxn identity matrix, Similarly a numerical approximation for the

function N (z) is given by

N=(@I-C)"e where e=(1,1,...1). (2.15)

The value of P(0) is obtained by setting z = 0 in equation (2.11)

0 n 9
PO = [ fory + X P(z) [ fdx 2.16)
—s j=l 4
Similarly for P-;I(O) we have
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NO) =1+ Y N@) | fxax @17

j=1 aj
The solution of the integral equations is then obtained by solving a system of
linear equations and the definite integrals given by the b;’s and the c;;’s, which are

the area under the chi-squared density with one degree of freedom.

A computer program using FORTRAN 77, was written to compute
N(0), P(0), and ARL. The program was run on a VAX 11/780 computer nunning
'VMS. The IMSL subroutines, LEQIF and MDCH, were used to solve the system of
linear equations and to compute the values of the chi-squared distribution (2.8)
respectively.

The accuracy of the approximation was evaluated by obtaining values of ARL
from equation (2.9), and checking the convergence of the solutions for an increas-
ring number of points in the quadrature. For the ranges of s2 and k under study, the
computed ARL converged to a fixed value when the number of points in the qua-

drature was less than 500.

The rate of convergence largely depends on the closeness of P (0) to unity,
which is determined by the values of & and 52 (see figure 2.3a). This is particularly
the case for large values of h, so the accuracy of the approximation depends on the
number of points in the quadrature. The effect of P (0) being close to unity is to
produce large values of ARL; since values larger than 108 are not of much practi-

cal interest (Goel and Wu 1971), we can regard the approximations as exact.
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Figure 2.3a Value of the operating characteristic, P (0), for 2 =5,10,15,20.
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Figure 2.3b Value of the average sample number, N (0), for 4 =5,8,12,16.
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The figures 2.3a and 2.3b show the graphs of P (0) and N(0) for different
values of h. Note how P{((), the probability of a sequential test with boundaries -
(0,4) ends on or below the lower boundary, is a decreasing function of ¢,/6, and
increases with A, for fixed values of 6,/6,. The average sample numbef, N(0),isa
unimodal function of ©,/G, for fixed A, and increases with & for fixed values of
G,/GC,.

Figure 2.4a shows the values of ARL, in logarithmic scale, for four different
values of h=35, 10, 15., 20 and 52 = 1.46. The figure was constructed to give
~ values of the ARL for changes in the standard deviation from 1 to 3. Subsequently,

we assume that the variable under study has been scaled to give 6, = 1.

| Note that the ARL is a decreasing function of ¢, and that large Qalues of ARL
correspond to large values of k. Other graphs for values of 4 in the interval (5,20)
can be obtained by logarithmic interpolation.

An example will help to clarify how this graphs can be used to obtain desired
ARL values corresponding to some predefined values of & and 52. Let us suppose
that a CUSUM chart, like figure 2.2, has been constructed with £ =10 and
52 =1.46 , to detect changes in the standard deviation of a continuous process, and
that the variable representing this process has been scaled to give 6, = 1. Figure
2.4a shows that even if the process variability is maintained at an acceptable level,

i.e. 6, = 1, on average we are going to have a false alarm every 250 observations.

On the other hand, if the variability of the process increases to a rejectable

level G, =2, on the average we expect the CUSUM chart to detect the change after
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Figure 2.43‘ Average run length (logarithmic scale) for A=35,10,15,20 and

5000 s2=1.46
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Figure 2.4b Average run length (logarithmic scale) for s2=1.46,1.85,2.18,2.47

and h=8.
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6 observations. If we choose the decision interval to be & =20, we would have
"false alarms” once in every 5000 observations, and we would be able to detect a
change of 100% (G, = 2), in approximately 10 observations. Figure 2.4b was con-

structed in a similar way with  fixed and equal to 8, and different values of 5.

The figures 2.4a and 2.4b summarize the behaviour of CUSUM charts
designed to detect changes in the standard deviation up to 200%, and can be used
to select the optimum va.lués of k and 52. This procedure however, is like the one-
factor at a time approach in which we fixed & and compute the ARL values for dif-
ferent values of 52, It is better to produce a diagram in which both & aﬂd 52 can be
varied simultaneously. In the next section a contour nomogram, similar to the one
given by Goel and Wu (1971) for monitoring means, is introduced that simplifies
the design of the CUSUM charts for variances by giving a wider i'angc of values

for hand s2.
2.4 Contour Nomogram

At the two specified quality levels of the process variability, the acceptable
quality level 0, and the rejectable quality level o,, we denote the A.R.L by L, and
L, respectively. As we have seen, the ARL depends on the values of & and s and
is defined as the average number of samples taken at a given quality level before a
lack of control is indicated. Therefore, it is desirable to have large values of L, (as

few false alarms as possible), and small values of L, (quick detection of changes).
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The design of a cumulative sum chart consists of finding the values of & and
52 that approximately yield predetermined values of thc. average run length L, and
L,. To help in the design of the charts a contour ﬁomogram with contour lines of
constant L, and L, as a function of h and 52, provides a flexible way of selecting

the CUSUM parameters k and s2.

The nomogram was constructed using a two dimensional grid with values of
~ 0,/0, ranging from 1.2 to 3 in steps of 0.1; i.e., displacements of the process varia-
bility from 20% to 200%, and values of h/c2 ranging from 5 to 20 in steps of 1.
The values of L, and L, at the grid points were obtained by solving the integral
equations ﬁsing the methods described in section 2.3. Using these ARL values the
contours of L, from 40 to 75000, and the contours of L, from 2.5 to 65, were com-
puted using bivariate interpolation (Akima 1978), as implemented in the statistical
software S.

Figure 2.5 shows the contours of L, and L, superimposed and the values of

o,/0,, h/c2 and s2/62. Since the s2 scale is nonlinear, is more accurate to use

formula (2.5) to obtain s2 than trying to interpolate in that scale.

In the next chapter we will see how the contour nomogram can be used to
design cumulative sum charts aimed to monitor increases or decreases in the pro-

cess variability.

34



G, /0a 214

Figure 2.5 Contour nomogram with constant lines of L, (solid line), and L, (dotted

line). Axis represent the decision interval A, the reference value s2 and the shift in

standard deviation o,/ 0,
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2.5 Comparison with Shewhart R and S Charts

Shewhart range charts, see for example Duncan (1965), are designed to show
variations in the rahges of samples with the aim of detecting changcs in process
variability. The range of samples of » items is calculated and plotted on the R-
chart. If the §ample range does not fall outside the 38'3 control limits the process
variability is said to be in control. If a point falls outside the limits the process vari-

ability is said to be out of control.

Range charts, along with X-charts, have been the most widely ﬁsed cbntrol
scheme for the last sixty years. They are simple to use and in general will detect
large shiftts in the variance . Cumulative sum charts for monitoring the mean, see
for exampie Barnard (1959), Woodward and Goldsmith (1964), or Lucas (1976),
work better than Shewhart charts for detecting small shifts of the process level
from the target value. We compare the R-charts with the cumulative sum charts for
variance in terms of the average run length or the expected number of observations

that need to be taken before a lack of control is indicated.

A comparison based on the average run length values begins by matching the
twd charts so both have the same ARL value at the acceptable quality level. The
ARL values are then compared for various shifts, 0, = kg,, of the process variabil-
ity.

Since most often samples of size 4 or 5 are used when designing Shewhart

control charts, we base our comparisons using this two sample sizes. For the
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comparisons we assume that false alarms occur approximately every 200 samples.
This implies that for the sample size 5 the ARL at ¢, is set at approximately 1000
while for the sample size 4 it is set at approximately 800. Appropiate CUSUM
charts with these two L, values were selected, with the help of the nomogram, giv-

ing the following parameters

Sample Size L, h s?
= = ,
4 800 1175 1.62
5 1000 11.60 1.85

Table 2.1 Parameters for the CUSUM charts with L, = 800 and 1000

The values of s®=1.62 and s2=1.85 corresponds to CUSUM charts
designed to detect increases in variability of 70% and 100% respectively. In other
words, by putting 6, = 1.7 and 6, =2 and applying formula 2.5 with 0, =1, we
obtain these values of s2.

The cumulative sum chart is compared with two R-charts. The traditional R-
chart with actién limits set at B0, and the same chart with warning limits at B0 ;
where B, <B;. The results indicate that the addition of warning limits do not
improve the performance of the chart. In section 2.5.3 the CUSUM chart is com-

pared with an S-chart with action and wamning limits.

2.5.1 R-chart with B, o action limits
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In order to compute the ARL for the Shewhart chart we need to compute the
probability that the range, computed from a sample of size 4 or 5, will be outside of
the upper control limit B, c. This is equivalent to computing the probability that

Xmu —Xmm

the standarized normal range W = p- is greater than or equal than the

upper control limit divided by the process standard deviation.
If d; and d3 denote the mean and standard deviation of W respectively, the
dy -
upper control limit (UCL) of the R-chart is given by (1 + 3-5—)1?. Dividing this
2

R dy+3d '
quantity by 6, =ko, = kgR—, we have B = —————. For the sample sizes 4 and
2 _

3, the values of d, and d; were obtained from table D1 of Duncan (1965), and are

given in table 2.2.

Sample Size d, ds
4 2059 0.8798
5 2326 0.8641

Table 2.2 Values of the parameters d, and d; for the UCL of the R-chart

The average run length of the Shewhart R-chart for a sample of size N is

given by

ARL (Shewhart Chart) = N IP xN, (2.18a)
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where P =Pr(W < B).
For these values of d; and d, we obtain values of B, equal to 4.698 and
4.918 for n = 4 and n = 5 respectively. The choice of B; =4.918 for n =35 gives an

L, = 1085. For the comparisons we use B =4.886 which gives L, = 1001.

Bamard (1978) gives an algorithm to compute the probability integral of the
normal range given the sample size . Using this algorithm a small Fortran program
was written to compute the ARL values for the R-chart at various shifts of the pro-
cess variability by assigning different values to k the ratio of the new process varia-
bility, ©,, to the old process variability, G,.

The average run length values for the cumulative sum chart were obtained by
solving the integral equations (2.6) and (2.7) with the values of 4 and 52 given in
table 2.1. These values were calculated for shifts in.standard deviation from 10% to

200% and are shown in table 2.3.

2.5.2 R-chart with warning limits

Several improvements to the Shewhart charts have been suggested; in particu-
lar the addition of wamning limits at BoG where B, < B. The idea is to monitor
the number of consecutive points that fall in the warning region between ng and
B 6 and declare that the process is out of control whenever we observe M of such
points. In practice B =3 and B =2, the usual 3¢ and 20 limits, and we look for

M =2 consecutive points falling in the warning region.
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Table 2.3 Values of L, for Cusum Charts and R-Charts with action limit at B1G,,

for a fixed L, and an increases in variability equal to 0, = kG,.

Average Run Length at G,
Increase in L,=800 L, = 1000
Variability Cusum Chart R-Chart Cusum Chart R-Chart
o, h=1175 h=11.75
O'_a— s2=1.62 B, =4.698 s2=185 B,=4.886

1.0 809.04 809.75 1022.06 1001.08
1.1 186.47 "297.26 264.83 343.74
1.2 74.18 139.09 100.67 153.61
1.3 39.40 77.27 50.37 82.72
1.4 25.05 48.64 3041 51.01
1.5 17.87 33.59 20.83 34.79
1.6 13.73 24.89 15.53 25.60
1.7 11.10 19.47 12.27 19.96
1.8 9.30 15.88 10.11 16.29
1.9 8.00 13.40 8.59 13.78
2.0 7.03 11.62 7.47 11.99
2.1 6.28 1029 6.61 10.68
22 5.68 9.28 594 9.68
23 5.19 8.49 5.40 8.91
24 4.79 7.86 496 8.31
2.5 445 7.35 4.59 7.82
2.6 4.16 6.93 4.28 7.43
2.7 3.92 6.59 402 7.10
2.8 3.70 6.30 379 6.84
2.9 3.52 6.05 3.59 6.61
3.0 3.35 5.84 3.42 6.42
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Ifp,=Pr(W<B;)and py =Pr(B; sW<B,), denote the probabilities that
the range falls below the warning limit and in the warning region respectively, cal-
culated using the algorithm given by Bamard, the average run length for the R-
chart with action limits at B,o and waming limits at B,0, see Page (1963), is

given by

' 1-p¥ .
ARL = - m x sample size . (2.18b)
1-p2—-p1(1-p3)

Average run length values for the R-chart were computed using M = 2 and
values of By and B, and different shifts in the process variability as shown in

table 2.4.

Figures 2.6a and 2.6b show the ARL values, in logarithmic scale, for the -
CUSUM chart and both the R-chart \#ith B o action limits and the R-chart with
action and warning limits, for samples of size 4 and 5 respectively. Contrary to
what is expected, the R-chart with warning limits does not perform better than the
standard R-chart. There is only a slight improvement in the region 1.3 <o,/0, <2,

and for large shifts, G,/0, > 2, the two charts are equivalent.

The ARL curve for the cumulative sum chart is below the curve for both R-
charts, indicating that the CUSUM chart not only detects small shifts faster but, as
opposed to the chart for means, also performs better than the Shewhart charts in

detecting large shifts.
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Some people may argue that the sensitivity of the R-chart to detect small
changc# in the process vériability can be improved, by adding some other waming
limits and rules e.g. 10 limits, as to make as sensitive as the CUSUM chart. This
may be the case but after adding three warning limits and five extra rules the sim-
plicity of the R-chart is lost, while the CUSUM remains simple to use with only

one upper limit.

In comparison with the R-charts, the CUSUM procedure performs better over

. G,
the whole range of process variability 1.0 < G—' < 3.0. These results agree with the
’ a

ones given by Page (1963), although he used the cumulative sum of ranges instead
of the deviations (x; —p)2. This contrasts with the results obtained by comparing
X-charts and CUSUM for the mean, in which the CUSUM performs better than the
X-chart but only for small displacements of the mean, usually for displacements

less than 2 standard deviations.

In the next section we compare the CUSUM procedure with the Shewhart
chart for standard deviations, S-chart, that uses action limits at B |G, warning lim-

its at B0, and a rule of 2 consecutive points falling in the warning region.

2.5.3 S-chart with warning limits

In the S-chart the standard deviation of samples of # observations are plotted
and monitored until they cross the B ; ¢ action limits which indicates a lack of con-

trol. As with R-charts, a B0 warning limit can be added and consecutive points
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Table 2.4 Values of L, for Cusum Charts and R-Charts with action limits at B0,

and warning limits at B,0,, for a fixed L, and an increases in variability equal to

O, =kO,.
Average Run Length at o,
Increase in L, =800 L, =1000

Variability Cusum Chart R-Chart Cusum Chart R-Chart
o, h=11.75 By =4.843 h=11175 B =501
s s2=1.62 B, =3713 5s2=1.85 B, =3.98

1.0 809.04 808.14 1022.06 1028.86

1.1 186.47 275.31 264.83 324.30
1.2 & 74.18 124.02 100.67 138.49

1.3 39.40 67.97 50.37 73.30

1.4 25.05 42.83 30.41 45.21

1.5 17.87 29.85 20.83 31.14

1.6 13.73 22,41 15.53 23.24

1.7 11.10 17.78 12.27 18.41

1.8 9.30 14.71 10.11 15.25

1.9 8.00 12.57 8.59 13.07

2.0 7.03 11.03 7.47 11.51

2.1 6.28 9.87 6.61 10.35

22 5.68 8.97 5.94 9.47

23 5.19 8.27 5.40 8.77

24 479 7.70 496 8.22

2.5 445 7.24 4.59 7.78

2.6 4.16 6.86 428 7.41

2.7 392 6.54 402 7.10

2.8 3.70 6.27 3.79 6.85

29 3.52 6.04 3.59 6.63

3.0 3.35 5.85 3.42 6.45
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Figure 2.6a Comparison of A.R.L. curves for Cusum Chart and Shewhart R-Charts
when the subgroup size is equal to 4. :
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Figure 2.6b Comparison of A.R.L. curves for Cusum Chart and Shewhart R-Charts
when the subgroup size is equal to 5.
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falling in this region are used as rule for lack of control.

As before p, and p; denote the probabilities that the standard deviation falls
below the wamning limit B,0, and in the waming region between B, and B, 0.
The average run length values are calculated by means of equation 2.18b using the
chi-squared distribution to compute these probabilities.

The results for subgroups of size 4 and 5 are given in table 2.5. Comparing
these results with the ones 1n table 2.4 we see th_at the S-chart mth warning limits
has a similar rate of detection as the R-chart with wamning limits. This is not
| surprising since for samples of size 4 and § the range is 98% and 95% efficient
respectively.

A plot of the ARL curves is given in figures 2.7a and 2.7b. Note that as with

the R-chart the CUSUM outperforms the S-chart in the entire range of shifts in pro-

g,
cess variabilies 1.0 < o—r £ 3.0. The main conclusion that can be drawn from these
a .

comparisons is that when monitoring process variability the CUSUM i better than

both R and S charts.
2.6 The Effect of Non-normality

In section 2.1 we focused on the sequential monitoring of variances under the
assumption that the observations coming from the process under study are nor-
mally distributed. Although this is approximately true when the errors arise from a

variety of independent sources of which none are dominant, there are cases in
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Table 2.5 Values of L, for Cusum Charts and S-Charts with action limits at B G,

and wamning limits at B,G,, for a fixed L, and an increase in variability equal to

G, =k0,.
Average Run Length at ¢,
Increase in L, =300 L, =1000
Variability Cusum Chart S-Chart Cusum Chart S-Chart
S, ' h=11.75 B, =1.815 h=1175 B1=1.75
ok s2=1.62  B,=1485 | s?=185  B,=145
1.0 , 809.04 799.08 1022.06 1023.24
1.1 186.47 270.29 264.83 310.73
1.2 74.18 121.07 100.67 130.17
1.3 39.40 66.05 50.37 68.29
14 25.05 41.48 30.41 4199
1.5 17.87 28.84 20.83 2892
1.6 13.73 21.61 15.53 21.62
1.7 11.10 17.13 12.27 17.17
1.8 9.30 14.17 10.11 14.27
19 3.00 12.11 8.59 - 1228
20 7.03 10.62 7.47 10.85
2.1 6.28 9.51 6.61 9.79
22 5.68 8.66 - 594 8.99
23 5.19 7.99 5.40 8.36
24 4.79 7.45 4.96 7.86
25 445 7.01 4.59 7.45
2.6 4.16 6.65 428 7.12
2.7 392 6.35 4.02 6.85
2.8 ) 3.70 6.10 379 6.62
29 3.52 5.88 3.59 6.43
30 335 5.69 3.42 6.26
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Figure 2.7a Comparison of A.R.L. curves for Cusum Chart and Shewhart S-Chart
with warning limits when the subgroup size is equal to 4.
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Figure 2.7b Comparison of A.R.L. curves for Cusum Chart and Shewhart S-Chart
with waming limits when the subgroup size is equal to 5.

5000

1000

500

100

AR.L.

50 8-Chart (n=5)

10

Cusum Scheme

1.0 1.5 2.0 2.5 3.0

Cr /G

49



which the measurements are not normally distributed.

By considering distributions other than the normal we can evaluate the extent
to which the average run length depends upon the normality assumption. A con- '
venient class of distributions that are center around the normal is the class of

exponential power distributions.

2.6.1 Exponential Power Distribution

The exponential family of distibutions, see Box and Tiao (1973), Turmer
. (1960), is class of symmetric distributions that includes the Normal, together with
other distributions that are more leptokurtic; e.g. the double exponential, and distri-

butions that are more platykurtic; e.g. the rectangular distribution.

The members of this class are three-parameter distributions with dcnsity given

by
2
folmey = %Vlexp -l )-’%E—I B, —e<cy<e=,219

where

ri2a -+

v =
A+ T+

and
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1
M2 +p] | T+
c)=|\—7"7 6>0, —we<p<o, -—-l<ysl.
T{(1+7)]

The parameters J and G are the mean and standard deviation of the popula-
tion, and the parameter —1 <Y< 1 can be regarded as a measure of kurtosis indicat-
ing the extent of "non-normality", see figure 2.8, of the population. In particular,
when v=0, c(0)=1/2, o(0) = 1/¥2x corresponding to the normal distribution,

when y= 1 the distribution is the double exponential

folpoy) = \lzlocxp[-w/fi L:,_E| 2] , e <y<es, (2.20a)

and when v tends to —1 the distribution tends to the rectangular distribution

1
li WG,y = —, -\V3o<y<u+v3oc. (2
mlf()’ K.G.Y) 30 3 y<u (2.20b)

t

Although no explicit solutions exist for the likelihood equations, maximum
likelihood estimators for (i, 0,Y), can be obtained using minimization techniques in

which the variables are subject to simple bounds.

2.6.2 Sequential Test

For fixed values of y and 7, the sequential probability ratio test for testing

o= 0,2, versus 62 = 0'3 simplifies to
P
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Figure 2.8 Exponential pdwer distributions with common standard deviation,
(o = 1), for different values of y.
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LR, = [o—“] exple® | —5—-—5—| Zlx-ul ™| e
r — = | i=1
o1 g

After taking logarithms and letting ¢ and &, denote the lower and upper lim-

its of the sequential test we have that the test leads to the cumulative sum

2
k ————
Cho+ks ) <€ Ylxi—-pl Y < hy+ks iy, (2.22)
&
where
In(—)
n —
s2@) = D
V= 2.23)
1 1
W —=——"3

o.al-w o.r1+7

When y= 0 (normal case), equations (2.22) and (2.23) coincide with equations
(2.3) and (2.5) respectively. Note that the slope s2(y) depends not only on the two
values of the variability of the process, G, and G,, but also on the non-normality

parameter Y of which it is a decreasing function.

As we have seen, the cumulative sum scheme is equivalent to a sequence of
Wald sequential tests with boundaries (0,4). For the case in which the interest
centers around monitoring increases in variability, i.e. 6, < G,, the cumulative sum -

procedure consists of plotting or charting, for each observation x;, the quantity
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CSi = max(0,CSi-1 +7t) CSp =0,

N (2.24)

e =|xi—pl ¥ -5y ;

until it either exceeds the decision interval /4 or reaches zero again.

As we showed in section 2.2, the choice of the reference value s2(y) and the

decision interval h would depend on some predetermined average run lengths,

2.6.3 Average Run Length

Recall from section 2.2 that the average run length for a sequential test start-

ing at z is given by

N(0)

ARL = 720

where P (z) is the probability that a return to zero occurs, and N (z) the average

sample number of the test.

Average run length values for different values of the non-normality parameter
v were calculated using the methods described in section 2.3, in which the integral
equations for P (z) and N (z) are replaced by a system of linear equations.

As was pointed out in section 2.2 the equations for P (z) and N (z) depend on

2
the density of the increments r, =| x; —pt| *¥ —s2(y), in the cumulative sum CS}.

Under the class of exponential power distributions this density becomes:
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o) T | omorsim
f0)=(1+7)-—07-[y+s2(1)] exp L 2 2, @25

G 1+y

fory 2 —s2(y) and
foy=0 for  y<-si(.
Fortran code was written to obtain values of P (0), N(0) and the comrespond-
ing ARL values, using the IMSL subroutines DLSARG, ta solve the system of
linear equations, and DQAG to integrate numerically the density (2.25), and was

runned in a DEC VAXstation 3100.

Tables of average run length at the acceptable quality level, L,, and at the
rejectaﬁle quality level, L,, for values of y starting at —0.7 in increments of 0.2
were constructed and are given in the appendix. These tables can be used to design
cumulative sum charts for monitoring variances when the observations are distri-
buted according to a member of the éiass of expoqentia] power distributions.

In chapter 3 will discuss how to use these tables to design cumulative sum

charts and give two formulas that give approximate ARL values as a function of

G,
the decision interval A, the ratio of variances -GL and the non-normality parameter
a

Figure 2.9 shows the average run length values for a CUSUM chart designed

to detect increases in variability of at least 100%; i.e, 6,/0, = 2, with a decision

interval h = 8, and values of y=-0.7, -0.5, -0.1, 0, 0.1, 0.5, 0.7 and 1. It is clear
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Figure 2.9 Average Run Length for a cusum chart with parameters =8, G, =2
 and different values of the non-normality parameter . The broken line corresponds

to the normal distribution (y=0).
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from the plot that the assumption of normality can lead to underestimated ARL
values for ¥y 0.1, and overestimated ARL values for y<-0.1. For example, if we
assume that tﬁc observations are distributed as normal when in fact their distribu-
tion is lekptokurtic with y= 0.5, say; then we will be underestimating the L, value,
since for Y=0 we have 'thai L, =250, while for y=0.5 the L, is approximately
1200. On the other hand, if the distribution is platykurtic as given by Y=-0.5, the
ARL would be overestimated sinée L, = 4 for y=0, while for the normal distribu-
tion L, = 2.

2.6.4 Student 7 distribution

In section 2.6.1 we used the exponential power family of distributions to
evaluate the effect that kurtosis has in the average run length of the CUSUM pro-
cedure for monitoring changes in the variability of a process. The main features of
this family of distributions are its symmetry around a mean value and that the nor-

mal distribution is a member of the family.

We can think of the ¢ distributions as forming a -family of distributions
indexed by the degrees of freedom. This is a family of bell-shape symmetric distri-
butions of which the hormal, when the number of degrees of freedom approaches

infinity, is a member.

The purpose of this section is to derive a CUSUM procedure for monitoring
variances assuming that the observations are distributed according to the ¢ distribu-

tion, and to show how the exponential power family of distributions can be used to
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approximate the results obtained by using the ¢ distribution.

The p.d-f. of a ¢ distribution with v degrees of freedom, location parameter

and scale parameter 62 is given by

r.(V +1 ) v+1
,1-¥EL
fipc?v) = 2 e ) 2, (2.26)
mlu_vl"(-}) v

where

—~o<p<eo, 20, and v>0.

The sequential probability ratio test for testing an increase in variance from
63 to 62, leads to the likelihood ratio

v+1

NSTLY =) 2
(x.voit) ] /[1 . (x‘vc;t) ] e

kK k
LR, = [calo,.] I1 [1+
_ i=l

After taking logarithms, the likelihood ratio simplifies to the cumulative sum

k JRTLY TV
3 log [1+%] /[1+(x—'w-§—)—] -k'v) . @29
i=l a r

Where 52(v) is a reference value, as described in section 2.1, that depends on the

degrees of freedom v and is given by

log(c?/62)

(2.29)
v+1

sz(v
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To graphically monitor increases in the variability, we can plot the cumulative
sums in 2.28 and declare that a change has occurred whenever this sum is greater

or equal than a decision interval h equal to

2log(—1-;—lg)

v+1

A (2.30)

Where o and P are the probabilities of making errors of type I and II respectively.
When the number of degrees of freedom tends to infinity, the cumulative sum

~ procedure given by 2.28, 2.29 and 2.30, tends to the one given in section 2.1 (equa-

tion 2.3). To see this, note that for € small, log (1 + €) = €. Therefore when v — e

2

the expression 5 >— — 0, and we have
VO3
2 2 2
x- — . — s —
log [H(_'_.;_‘l..]/[u(_f-_;l_)} _ & [ L 12] '
VO3 Vo7 v Gz O©Orf

Now the cumulative sum procedure with decision interval A, given by equation

2.30, can be written as

1-p
1 1] & ,_ veloge?iod) _ 2v log(—5™)
i DI Rl v+1 v+l '

Gz OF ] w1

Which gives the right hand side of equation 2.3 when v — oe.

In section 2.6.1 we indicated that for the exponential power distribution the

parameter 7y can be considered as a measure of kurtosis. In fact, the kurtosis ¥, can
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be written as a function of the non-normality parameter Y

TS 1+ P51 + 9]

-3, 2.31)
rda+n

On the other hand for the ¢ distribution, the kurtosis, here denoted by ¥, is a func-

tion of the degrees of freedom v

v>4 . (2.32)

Equating 2.31 and 2.32 we can write the degrees of freedom v as a function of the

kurtosis ¥, of the exponential power family of distributions.

6 ' :
v=—+4 2.32
% (2.32)

Equation 2.32 allow us to approximate a ¢ distribution with v degrees of free-
dom, location parameter . and variance o2, by a member of the exponential power
family of distributions with the same mean and variance and that has thé same kur-
tosis. The following table shows the relation between the non-normality parameter

¥, the kurtosis ¥; and the degrees of freedom v.

0 01 02 03 04 05 0.7 09 1
0 021 043 068 094 122 18 259 3
e 33 18 13 10 9 7 6 6

<|iF|-e

Table 2.6 Values of v and y of distributions with the same kurtosis.



To compare the performance of both procedures in detecting changes in varia-
bility, random samples of 20 observations from a ¢ distribution with u=0, c=1
and degrees of freedom 33, 13, 9, 7 and 6, were generated and the standard devia-
tion of the last ten observations was doubled. Cumulative sums were then com-
puted assuming that the observations 1) were distributed according t0 a ¢, and 2)
were distributed as a cxponcntial power distribution with parameter Y given by

table 2.6.

Cumulative sums for both distributions are shown in figures 2.10a to 2.10e,
along with the decision interval h. For the r distribution A is calculated using equa-
tion 2.30, whilg for the exponential power distribution 4 is given by

log(-%_g)

h =

1 1
c (‘Y) 7 - 2

0.al+'y 0‘,1"'7

Where o and f, the probabilities of type I and II errors, are set equal to 0.05.

From these figures we see that both CUSUM procedures have essentially the
same behaviour; especially for values of vy < 0.7, and that they signal changes at
approximately the same time. Therefore CUSUM charts based on the ¢ distribution
can be replaced by a CUSUM scheme using the exponential power family of distri-

butions.
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Figure 2.10a Cumulative sums for ¢ distribution with 33 degrees of freedom and

the corresponding exponential power distribution with parameter y=0.1.
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Figure 2.10b Cumulative sums for ¢ distribution with 13 degrees of freedom and

the corresponding exponential power distribution with parameter y=0.3.
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Figure 2.10c Cumulative sums for ¢ distribution with 9 degrees of freedom and the

corresponding exponential power distribution with parameter Y= 0.5.
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Figure 2.10d Cumulative sums for ¢ distribution with 7 degrees of freedom and the

corresponding exponential power distribution with parameter y=0.7.
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Figure 2.10e Cumulative sums for ¢ distribution with 6 degrees of freedom and the _

corresponding exponential power distribution with parameter ¥= 1.
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