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A Novel Implementation of CORDIC Algorithm
Using Backward Angle Recoding (BAR)

Yu Hen Hu, Senior Member, IEEE, and Homer H.M. Chern

Abstract—We propose a backward angle recoding (BAR) method to eliminate redundant CORDIG elementary rotations and hence
expedite the CORDIC rotation computation. We prove that for each of the linear, circular, and hyperbolic CORDIC rotations, the use
of BAR guarantees more than 50% reduction of elementary CORDIC rotations provided the scaling factor needs not be kept
constant. The proposed BAR algorithm is simple, and amenable to VLSI implementation. Taking practical applications into
consideration, we discuss how to incorporate convergence range enhancement procedure with BAR, and how easy it is to devise a
constant-scaling-factor BAR algorithm while still enjoying 25% reduction of CORDIC elementary rotations.

Index Terms—CORDIC, angle recoding, rotation based computing, VLSI, arithmetic unit, backward angle recoding.

1 INTRODUCTION

ORDIC [35], [6] (COordinate Rotation DlIgital Com-

puter), is an arithmetic algorithm for efficient evalua-
tion of various transcendal and trigonometric functions. It
has been incorporated in several arithmetic coprocessors
[371. Recently, it has also been applied to formulate and
implement many modern digital signal processing (DSP)
algorithms [1], [19], [21], [27], 32], [33], [34] which require
the evaluation of complex number multiplications, ele-
mentary plane rotations, or lattice operations. In addition,
efforts have been made to implement special purpose
CORDIC processors for DSP applications [2], [3], [4], [5],
[61, [71, [101, [11], [12], [15], [24], [30], [31], [32].

A distinct feature of the CORDIC algorithm is that it uses
a sequence of elementary rotations to realize a variety of com-
plicated, nonlinear elementary functions. Each elementary
rotation requires two simple simultaneous shift-and-add op-
erations to implement.' By unfolding the iterations for ele-
mentary rotation, a pipelined CORDIC array processor can
be realized [21] which will offer sustained high computing
throughput rate. A reduction of the number elementary it-
erations for a specific algorithm, thus, will significantly re-
duce the latency (time between the availability of input data
and available output), as well as hardware cost.

There are two different modes of operations in CORDIC:
the vector rotation mode and the angle accumulation mode. In
the vector rotation mode, the target rotation angle 6 is
given. The objective is to compute the final coordinate of a
two by one vector given its initial coordinate. In the angle
accumulation mode, the starting and ending coordinates
are given. The objective is to compute the angle between
the vectors pointing to these two coordinates.
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In the past, we have proposed a forward angle recoding -
(FAR) method [22] to reduce the number of elementary ro-
tations required when the CORDIC algorithm is operated
in the vector rotation mode. This FAR method has been
applied to a number of DSP applications [19], [23]. In this
paper, we report a completely different algorithm to reduce
the number of required elementary rotations when the
CORDIC algorithm is operated in the angle accumulation
mode. We call this new algorithm Backward Angle Recoding
(BAR) algorithm to distinguish it from the FAR algorithm.

The major contributions of this paper include

1) the derivation of the BAR algorithm;

2) a proof that using the BAR algorithm is guaranteed to
save the number of elementary rotations by at least
50%;

3) discussions on implementation details of the BAR al-
gorithm to show that it is an efficient implementation
of the CORDIC algorithm.

The rest of the paper is organized as follows: In Section 2,
the CORDIC algorithm is reviewed. In Section 3, the back-
ward angle recoding algorithm is derived. The proof on the
reduction of CORDIC iterations using the BAR algorithm is
given in Section 4, together with discussions on convergence
range extension, and constant scaling factor implementation.
Simulation results are presented in that section, too.

2 REeVIEW OF THE CORDIC ALGORITHM

The CORDIC algorithm [35], [36] is a rotation based com-
puting algorithm which performs generalized vector rotation
in a linear (m = 0), circular (m = 1), or hyperbolic (m = -1)
coordinate system. The rotation of an angle 0 is accom-
plished via a sequence of elementary rotations. In each ele-
mentary rotation, a 2 x 1 vector [x(i)y(i)]t is rotated through
an elementary rotation angle defined by
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tan 270 gy = 41
(1)—J—tan1J—25(m’)— 2'50’) om0 (1)
tanh™ 27501y = 1.

{s(m, i); 1 = 0, n — 1} is nondecreasing integer sequence. Due
to the particular form of the elementary rotation angle, such
an elementary rotation can be realized with simple shift
and add operations.

The CORDIC iterations may be operated either in a for-
ward rotation mode (also known as the vectoring mode
[36]), or in a backward rotation mode (also known as the
rotation mode [36]). In a forward rotation mode, the initial
coordinate of a 2 X 1 vector [x(O)y(O)]t and the desired rota-
tion angle 6 are given. The objective is to find the final co-
ordinate [x y’] by rotating through the angle 6. In the
backward rotation mode, the initial coordinate [x(O)y(O)] 1s
given. The goal is to compute the angle between [x(O)y(O)]
and the x axis where y = 0. The basic CORDIC algorithm
can now be summarized as follows:

CORDIC Algorithm
Initiation: Given [x(Q)y(0)I', 8(0)", {6(); 0 <i<n~1).
/* Elementary CORDIC Iterations */

Fori=0ton-1Do

[x(i+1)}_ 1 mp(@2 [x(i)} ©
yi+1)| | —p(i)zsomd 1 Ly(@)

(i) = {Sgn(e(i))

forward rotation”
sgn(x(i)) - sgn(y(i)) backward rotation

6(i +1) = 6() — u(i)-a,(i); 0<i<n-1" (@

End
/* Scaling correction iterations */
Fori=0ton,—1Do

~r(m,i)

x(n+i+1)=x(n+i)+0()2 x(n) (5a)

~r(m,i)

(5b)

ym+i+1) =y(n+i)+o(i)2 y(n)

End /* scaling iterations */
Output: x" = x(n + ny), y’ = y(n + ny), 6(n).

In this formulation, sgnlx] =1if x> 0; =0if x = 0; and = -1
if x < 0. It is not difficult to see that p(i) = £1. Since

n—1
Y |u)
i=0

equals to the total number of elementary CORDIC rota-
tions, in this paper, we will seek to reduce the number of
CORDIC iterations by setting some u(f) = 0. The integer
sequence {s(m, 0); 0 < i < n — 1} is called a shift sequence,
which impacts on the convergence and accuracy of the
CORDIC algorithm. Usually, it is set s(m, i) =i form =0, 1,
and s(-1, i) =i + 1 for m = -1. We note that for m = -1, Walter

1. 6(0) is not needed in backward rotation mode, and sometimes is repre-
sented explicitly as the set of {(i); 0 < i < n -1} in forward rotation mode. In
the latter case, (3) and (4) are also unnecessary.
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has suggested to repeat several integers in the {s(m, i)} se-
quence to ensure the convergence (accuracy) of the COR-
DIC iterations [36]. Different choices of the shift sequence -
have also been reported [1], [4], [8], [9].

The scaling operatlon is to compensate for the change of
norm of [x(z)y(l)] in the corresponding coordinate system
during elementary CORDIC iterations. It requires multi-
plying [x(n)y(n)] by a scahng factor S,,:

S,=115.0)=
" Eo[ g\/l+u )tanZJ_a ()
n-1 1
i=0 \/1 +m (i) 272m)
If luG)!l =1, S, will be a constant and thus can be calcu-

lated ahead of time. In (5), S, is represented in the usually
format:

(6)

n ~1
S, =1+ o(i)”
i=1

Techniques such as multiplier recoding [13], [25] can be ap-
plied to reduce n,, and hence the number of scaling itera-
tions. Other methods to reduce overhead for scaling itera-
tions have also been reported [1], [4], [8], [9].

The CORDIC algorithm has been used in many real time
signal processing applications. It is often desirable, how-
ever, to expedite its execution. Past efforts have been fo-
cused on the reduction of number of scaling iterations (1)
rather than the reduction of elementary CORDIC iterations.
Previously, we have proposed a new method called COR-
DIC angle recoding for reducing the elementary iterations in
forward CORDIC rotation mode [22], [23]. However, the
more crucial case of backward rotation mode has not been
addressed.

In the following sections, we will develop an algorithm
to reduce the number of elementary rotations when a
CORDIC processor is operated in the backward angle rota-
tion mode. With very little hardware overhead, we show
that the proposed algorithm will require fewer than {7/ 2]
elementary rotations regardless which coordinate systems
is used.

3 BackwARD CORDIC ANGLE RECODING

3.1 The Backward Angle Recoding Problem

Given x(0), y(0), for k =0, 1, 2, ..., kppay, find p(k) = 0, or 1,
and i, € {s(m, i); 0 < i < n - 1} via backward CORDIC rota-
tions, such that

1 lylkna) | < € where € is the angle approximation er-
ror; and that
2) k

max

n-1

= 2|u(i)| is minimized, where u(i) = +1 if i €
i=0

{1 <k < kppad, and p() = 0 otherwise.

Usually, € is chosen to be equal to g stmn-1) which, in terms,

should be around 27 where b is the number of fraction dig-
its. In the above formulation, k., is the total number of
elementary CORDIC iterations. In order to minimize k,,,, as
many elementary rotations need to be skipped as possible.
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This is a rather complicated problem since, in the worst
case, there are 03" potential solutions. Instead of per-
forming exhaustive search, in this paper, we propose a
greedy heuristic which chooses i, s(m, 0) < i, <s(m, n - 1),
and wk) = sgulx()] - sgnly(o)] in each CORDIC iteration
such that

Jye+ 1) = (k) = (l)x(k)2 y(k) -

Within each iteration, in order to choose i, one needs to
evaluate 2n — 1 additions (including n — 1 comparisons)
which is unacceptably expensive. Fortunately, since the
sequence of the elementary rotation angles, {a,,()); i=0,n -1},
is monotonically decreasing, the same i, which satisfies (7)
can be found with only three additions. To see this, one
observes that if there are two integers I; and I;, such that
fors(m, 1) <1,

(k) ~ BR)(R2 ) < yfK) - w27 <0,
and for s(m, i) > Iy,

y(8) - (B2 2 (k) - (k)27 >0,
then the s(m, i) which minimizes |y(k) — u(k)x(k)Z_S(m'i)l
must be in the range of I} < s(m, i) < I ;. In order to find I,

and I;;, we need to express |x(k)| and |y(k)! in the nor-
malized floating point representation such that

E, (k)
(k) = sgr[x(OML (K25, y(k) = sgnly(k)]a, ()2"
where Y2 <M, (k), M, (k) < 1. Now we have the following result:

= Min. p(k)x(k)2 A (7)

LEMMA 1. Define an integer & = E,(k) — E (k). Then
I, =6, -1 and I; =6, +1. (8)
PROOF. With §; so defined, x(k) is aligned with respect to

y(k):
w0) - (K02 = sgn[y(k)HMﬂk)—Mx<k>]2’5y"‘> ©
M (k) £ =, and hence 0 <
My(k) - BM. () < %. Therefore, 1f y(k) > 0, then
y(k) — ,u(k)x(k)z_ék_lk > 0. Furthermore, this implies
y&) - },L(k)x(k)Z_S(m'a > 0 for s(m, i) 2 §; + 1: On the other
hand, if y(k) < 0, then y(k) - u()x(0)2 %" <0, and
y(k) — u(k)x(k)Q_S(m’i) < 0 for s(m, i) > & + 1. Hence, one

may set I;; = 6, + 1. Similarly, we have -2 < =2M (k) <-1
and hence 3> < M, (k) ~2M, (k) < 0. Therefore, for

Now observe that 3+ < =t

sm, ) < 8, — 1, if y(®) > 0, then y(k) — pRxO2" ™" < 0.
Else, if y(k) < 0, then y(®) — ux)2 ™ > 0. Hence,
one may set I; = &, — 1. O

The result of Lemma 1 can be interpreted as follows:
CompareM to ¥2M,, M,, and 2M.,. If IM WML | < [M -
M, 1, then choose ir = & — 1. If, on the other hand, IM -
2M, | < IM, - M,!, then choose i, = § + 1. During thlS
process, flve binary additions need to be performed to
evaluate i,. Now, observe that ¥4 < M,, M, <1, itis clear that
V2M, < M, < 2M,. Thus, the condition stated in Lemma 1 can
be further simplified as follows:
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LEMMA 2. Denote 1y =3 - M, ~2- M, and 1,=3 - M, -4 - M,

Then
O, +1, if1<0;
i =90, -1, if1,>0; (10)
O, otherwise.

PROOF. If 2M, — M, < M, — M, or equivalently, 3M, - 2M, <0,
then 4 = & + 1. On the other hand, if M, - 1AM, < M, -
M,, or equivalently, 3M, —4M, >0, then 4, = &~-1. O

With Lemma 2, the number of additions need to be per-
formed is reduced from five to three: One for evaluating
3M,, and the other two for evaluating 1, and 1,.

The equations 17y = 0 and 1, = 0 represent two straight
lines which intersect with the square region % < M,, M, <1
in the M, — M, plane. This is deplcted in Fig. 1. These two
straight lines d1v1de this square region into three subre-
gions, each with a different value assigned to 7. Note that if
M, > %, i, can only assume the value of & + 1 or §j, but not
& — 1. On the other hand, if M, <%, i = &, or &~ 1, but not
& + 1. That is to say, depending on whether M, is greater or
smaller than % (which is easy to check), only 7; or 1, needs
to be evaluated, but not both. This observation further re-
duces the number of additions to two. This result is proved
in Theorem 1 below:

THEOREM 1. With iy, &, My, Ty, and T, defined above, the i, which

satisfies (7) can be found as:

'3
o, +1, ifMy>Z and 7, < 0;
3
i =36, —1, ifMy <7 and 7, > 0; (A1)
O otherwise.

PROOF. From Lemma 2, it is easy to verify that My > 34 im-
plies 1, = 3M, — 4M, < 0. Thus only 7, needs to be
computed. Similarly, My < % implies 7, > 0, thus only
T, needs to be computed. O

We now present the backward angle recoding algorithm .
(BAR) below:

CORDIC Backward Angle Recoding Algorithm (BAR):
Initialization: [x(O)y(O)] U@ =0;0<i<n-1},k=0,and e.
While 1y(k)| >¢, Do
1. Compute i = 8 = E,(k) - E,(k), and 3M, = M, + 2M,.
2. If M, (k) = %, then evaluate 7y = 3M, - 2M,
Ift; <0, then i = 6 + 1;
Elseif M, (k) < %, then evaluate 7, = 3M, - 4M,
Isz > 0, then ikz 6](— l,
3a. Elementary CORDIC rotation with Mantissa part only:

e[ ] o

3b. Normalize M, (k +1),M,(k+1) and update E,(k + 1),

E,(k + 1):
-
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sgn[IVIx(k + 1)2A1] 0

M, (k+1)|
0 sgn[]VIy (k+ 1)]2Ay [My(k + 1)} w9

(14)

sgr| sgn[]\71 k+1)] sgn[x(k)|
|:sgn[y ] I: [1\71 (k+1 ] sgn[y(/ )] - 1
4.k=k+1.

End While_loop.

3.2 Discussion

1) Knowing that i = & or §; + 1, (12) can be simplified in

actual implementation. However, i still needs to be

- computed explicitly because in the implementation of
a systolic array of CORDIC processors [15], [16], [20],
[21], backward rotation will be performed only in the
head processor, and the remaining CORDIC proces-
sors will perform forward rotations based on p(k) and
i computed in the head processor.

2) Equation (13) can be realized with the usual mantissa
normalization unit found in a normalized floating
point arithmetic unit. It requires the detection of the
number of leading zeros (or leading ones if the man-
tissa is in 2s complement representation, and is nega-
tive), and the decoding of it to a binary number.

3) Because the use of mantissa and exponent, it makes
the BAR algorithm very suitable for normalized
floating point CORDIC operations. We note that with
fixed point to floating point format conversion, it will
be equally useful for fixed point arithmetic as well.

4) Because 1/2 < M, <1, the convergence condition
ly(k) | < ¢ can be verified by an equivalent condition
b’ +E,>0wheree = 27"

3.3 A Numerical Example

To illustrate the proposed BAR algorithm, let us consider
the followmg numerical example: Suppose x0) =
0.10011010, x 2°, and y(0) = 0.11001101, x 27 and m = 1
(circular rotation mode). Here we use 8 bits for mantissa
and 4 bits for exponent (both excluding sign bits). Then, we
have §; = E,(0) - E,(0) = 0 - (-2) = 2. Since M(0) > 3/4, we
compute T; = 3M, — 2M, = 0.00110100, > 0. Hence iy = §; = 2.
Next, according to (12), we compute

M, (1) = M,(0) + 2272 M, (0) =
M, (1) = M, (0) - 2272 M,(0) = 0.00110011,

0.10100110,

For normalization, one has A, = 0, and A, = -2. This leads to
new exponents E(1) =0, and E,(1) =—4. Also, M, (1) = M, (D),
M,(1) = 0.11001100,. One may verify that in the remaining
of this iteration, T; > 0, and M,(2) = 0.10100111,, M,(2) =
0.10011000,. Also, E,(2) =0, and E,(2) =-6. In this iteration,
--01101011,.
Hence, we still have 3, = i,. Finally, since 8; = 6, we have

since M(2) < 3/4, we calculate and find 1, =
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#,(3) = 000001111, and E,(3) = 10. If we choose & = 27,

namely, b" = -7, then clearly the BAR algorithm will termi-
nate at k = 4. Here we choose b’ = -7 because there are only
8 significant bits in the mantissa, and hence M, will not be

affected whenever i, + & > 2(E, — E;) 1> 8. In fact, this is
consistent with the recent quantization analysis of the
CORDIC algorithm [17].

4 CONVERGENCE OF THE BAR ALGORITHM

The convergence of the BAR algorithm can be established
by noting that Iy(k + 1)1 < ly(k)| after each iteration of the
BAR algorithm. To ensure the condition ly(k)| < € is ap-
proximately equivalent to |y(k)/x(k)| < €, we must con-
strain the magnitude of lx(k)|. However, this is readily
accomplished in each iteration in the BAR algorithm during
the normalization operation in step 3(b). Hence it is simple
to reach the conclusion that the BAR algorithm will termi-
nate in finite number of iterations. Below, we will derive a
stronger result which bounds the total number of elemen-
tary CORDIC iterations needed using the BAR algorithm.
THEOREM 2. If 10(0)| < 4,,(0), using the backward angle recod-

ing algorithm, then

<[n/2] (16)

PROOF. Let us consider the case of circular rotation (m = 1)

first. During the kth iteration, according to (7), one

chooses i such that, for any i; # 1,

ly(k +1)| = |y (k) — u(i, )x(k) tan al(ik)|
Iy (i Jx(k) tan a1(i,’()|

where u(i,) = ,u(lk) = sign of x( )-y(k). Equivalently,
the above equation can be interpreted as to choose i
such that forany if # 4,

|tan|9k‘ - tan al'(ik)| < |tan[0k| —tanay(i )l (A7)

where tan 8, = y(k)/x(k). Note that (17) does not imply
that

||9k| - ”l(ik)| < “9k| - “1(il'<)’
Our goal now is to show that, according to the BAR
algorithm, if §; = i, then either
gy 2i+2o0r i, =i+1 and i, 2i+4.
To see this, recall that according to (17), 4 = i if and
only if-
N 2 |9k| 2 1),
where (using the fact that tan a,(i) = 27

_l|:tan a,(i) +;an a,(i + 1)} tan [3 oi- 2] 1,(9) +;l(z + 1)

n; = tan

Hence,
I9k+1l = ||9k’ - al(ik)l < max. {TIH - a,(i), ‘71(i) - 711} =14 a(i) (18)
The last term in (18) is due to the fact that
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3. Q—i-—l - Z“i 24‘1
tan(1,., - a,(9) = 1+3.270.27  1+3.2271
| ~i g g2
> tan(w (i) - 1,) = 1439772 27
p=i=2
=113 202

foriz0. Now, for i 22, one has

~i=]
(1) =

wfwB
W >3.2 = tanf;,,
Thus, it is possible that some |8y, | will satisfy 16y,
> Nyq. For these residue angles, the corresponding iy,
= { + 1. When this occurs, our strategy is to show that
the maximum possible value of the residue angle
[6pes |, namely, 1(n; = 5;(0) = a;G + 1)1, must be
smaller than 1,3, and hence i, 2 i + 4. To see this,

tan(n,_, ~a,

first note that
-1 27!
tan(ay(i + 1) = (n; - ul(i))) = 143 2%:34
A vl
3. 9-3i-2
N 1‘+ 7. 252

Next, subtract tan 1;,4 from the above:

tan(a,(i + 1) = (1, - @, (i) ~ tan7,5) =
~3i-2

3.2 . — 2
o7 arr=d 2= [‘1‘“‘7‘5‘“‘“2]0 19).

for i 2 2. Equation (19) implies that i, » 1 + 4, and
hence completes the first part of the proof.

Next, we consider the hyperbolic rotation case (m =
« 1). Similar to the circular rotation case, one can
show that the backward angle recoding algotithm is

to choose i such that, for i # i,
ly(k) [y(k)

- ~tanha_.
00 ) ~ )
Define (note that tanh a_,(i) = 2

_{tanh #_,(i) + tanha_, (i + 1):!
2

- tanha_y(i, ) <

~1-—l

7; = tanh

- tani T3 2] < S04 D)

2

Then i = i if and only if n; < 16,1 <. Clearly,

11| € max. {a, (i)~ ;g ~ 8, (1)} = n,y ~ al (). (20)
This is because for i 2 0,
3 Lpnim2 |yl o=i=2
tanh|n,_ i — : e oy
[ ( 17 ( )] 1 - 3 . 2—41-2 \ g—-ln—l 1-3. 2~21-3
. p-i=1 3. pi- n=i=3

> tanh[uq(z)é m] o= 12T 5.2 = 1-3.02% 21)
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Since
g=i=2 -
‘ ) . 1_3.24;‘—3"21
tanh(n,_; ~ a_;(i) - a_y(i + 1)) = —
—1—-2 2
1-2 1-3. 2-21*3
3. 2—31—5

for i > 0, it is possible that [8,,] >m,,;, and hence 7,
=i + 1. Fortunately, compare the maximum residue
angle for the k + 2 iteration, N4 — a_() —a_4G + 1), to
Ni+s, One has

tanh[n,_, ~a_,(i) - a_,(i +1)] - tanh7,,,
-2i+1

3 2»31*5
=327 2 . 1|<0
1. 21—4

1 7. 2—21 -4
for i 2 1. Therefore, according to BAR, under the as-
sumption that i = 1, if i, = i + 1 instead of i + 2, one
must have i, 2 i + 4. This concludes the proof for the
hyperbolic rotation case.
Finally, we consider the linear rotation case (m = 0).
In this case,

~3. 2~i~6

lim —l—-tan me, —'E/—(Q
m=0 Jm x(0)
Suppose that ay(i + 1) < 16| < ay(i), then according to
the BAR algorithm,
B VLY B | 70 N (5 B
| k+1i = ]x(o)l - Mln‘ lx(0)| aO(z)l/ X(O)l aU(l + l)l
<Al =H(irl ;l”(l L

Therefore, |8, | must skip the interval between ay(i + 1)
and ao(i + 2). This concludes the proof for the linear
rotation case, and hence this theorem. 0

A simple simulation program in the MATLAB m-file
format, has been developed to generate the distribution of
iteration numbers when b = 8, 16, and 32. The results are
depicted in Figs. 1a to 1c. For each simulation, 5,000 pairs of
random data are generated in the range of [0, 1], and satis-
fying the conditions set in the Theorem 2. For all three dif-
ferent word lengths, not only the maximum number of it-
erations never exceeds [/ 21yas predicted, we also observe
that the average number of iterations is even lower
(approximately n/3).

5 IMPROVING THE USABILITY OF THE BAR
ALGORITHM ,

5.1 Extending Range of Convergence of Rotation
Angles

Theorem 2 requires that the angle of initial coordinate 8(0) <
4,,(0). This is often too restrictive for practical applications.
In conventional CORDIC algorithm, the convergence range
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Fig. 1. Distributions of number of CORDIC iterations using BAR algo-
rithm: (@) b =8, (b) b = 16, (c) b= 32.

is chosen as the sum of all elementary rotation angles
n-1
-'_-Z a,,(i).
i=0

Even s0, the range may still be insufficient in the case of
hyperbolic rotations. One way to alleviate this problem is to
use the “prescaling identities” as suggested by Walther [36].
Recently, X. Hu et al. [14] have proposed a method to ex-
tend the range of convergence using a simple, modified
format of elementary angles. In this scheme,
- 1 -i

a,(i) = tanh*l(l 272 ) = —z-ln(Zz " 1)} fori=—1, .., - L,
As such, tanha_,(i) = 1- 22" Clearly, I, <|log, b.

These extended elementary rotations in the hyperbolic

rotation coordinate can be implemented with simple modi-
fication of the CORDIC architecture. First, one computes

(1-27")-[xy@)Y . Then, [x(i + Dyl + D are evaluated
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using simple addition. Thus, with the addition of two par-
allel adders in each CORDIC processor, the number of
range-extended elementary CORDIC iterations is bounded

by L. It is tempting to try to extend the BAR algorithm to
this set of elementary rotation angles with negative indices.
Unfortunately, generalizing BAR to this set of extended
elementary rotation angles does not guarantee reduction of
the number of iterations, while adding considerably the
complexity of hardware. Thus, we opt not to apply BAR to
the range-extended iterations.

In this section, we will show that with these modified
elementary rotation angles, the BAR algorithm is still appli-
cable and will enjoy the benefit of saving 50% of elementary
CORDIC iterations. The results are summarized in the fol-
lowing corollary:

COROLLARY 1. Assuming that the scaling iterations are not to be
performed, the total number of iterations K, for each co-
ordinate systems are:

1) If m =1, and x(0) # 0, then kugy <[n/2]+2.
2) If m =0, and x(0) # 0, then kpa <[n/21+ 1.
3) If m=-1,x(0) #0, and

y(0)

n-1 y
0 tanh™'[A,,. ] = tanh"l{z tanh ™ 27 1},

i=1,

then ko <1 /2141,

PROOF. 1) m = 1—If x(0) > 0, then 16(0)] < 7/2. Since a,(0) =
n/4, by choosing i; = s(1, 0) = 0, and (1) = sgnly(0)],

B(1)| = [6(0)| - 2,(0) < 7/4 = 2,(0)

Based on Theorem 2, it takes no more than [1/2] ad-
ditional elementary CORDIC iterations. Hence, the
total number of iterations is bounded by [7/2] + 1.
Now, if x(0) < 0, we may rotate the initial coordinate
[xOy(O)] by 180-degrees by simply changing the
signs of both x(0) and y(0). If we count this sign-
change as yet another elementary CORDIC iteration,
then the upper bound k,,, increases to[1/2]+ 2.
2) m = 0-If 1y(0)| < [x(0) ], then

yoll o) .
__} = Ix(O) <1 =a,(0).

1 -
'9(0)! = Zﬂléﬁtan 1l:«/ﬁ )

Hence the result follows directly from Theorem 2.
Now if [y(0)! > 1x(0) |, we can always scale y(0) such
that 1y’ (@ = 1y(0) x 27”1 < |x(0)I(s > 0).This is
equivalent to use an additional elementary rotation
angle which equals to 2°. Thus, the upper bound of
the total number of iterations increases to[n/2]+ 1.

3) m = -1—The I, iterations accounts for the I,
range-extended elementary iterations. After rotation
through a_4(-1), the remaining 8; will be less than 22_,(0).
Thus, with one more iteration via 4_;(0), the remaining
18, | will be less than a_;(0). Applying the results from
Theorem 2, this part is proved. |

5.2 Discussion

With this corollary, the convergence range of the rotation
angle is extended to practical limits. In the circular rotation
case, any initial angle between 0 and 27 is covered. In the
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linear rotation case, any number which is representable by
the register length is applicable. In the hyperbolic rotation
case, the hyperbolic rotation angle can be made very large
so that tanh A, — 1. Two numerical details need to be
considered during the implementation of this algorithm:
First, when I, becomes large, subtraction of two very close
numbers may cause catastrophic loss of accuracy. Hence it
is important to choose I, appropriately. Another concern is
the large magnitude of scaling factor associated with each
negative-index iteration:

S (D)= ! = 2
- \/l - tanhz(a(ﬂ')) \/2 _22 ’

As such, [x(i + Dy + DI’ will need 27" more bits to repre-
sent. Hence some sort of preliminary scaling, such as mul-

-1 <i<-I1.

tiplying by 27 " after each iteration will help reducing the
explosion of dynamic ranges. When BAR is used, we pro-
pose to further normalize 1x(0)! to be between 0 and 1 to
ensure the BAR iterations will converge. Here we assume
that the iterations begins at x(-I,) and y{(-I,), and the termi-
nation criterion is Iy(k) | <e.

With all these details implemented, we performed

simulation to verify the results of Corollary 1. The results
are depicted in Figs. 2a, 2b, and 2c.

5.3 Constant Scaling Factor BAR Algorithm

One impact of skipping a few elementary CORDIC iterations
is that the scaling factor S; and S_; will no longer be a con-
stant as in the original CORDIC algorithm. This can easily be
verified from (6): For circular rotation (m = 1), 5; will vary
between 1 and 0.6 (approximately). For m = -1, 5 ; will vary
between 1 and 1.2 (approximately). The results on k,, in
Sections 3.1 and 3.2 are derived based on the assumption that
the scaling operations can be completely by-passed. This is
possible for a number of matrix based signal processing
computing algorithms such as [18], [26], [29]. However, in
other applications, a constant scaling factor is essential.

In this subsection, we will show that if the BAR algo-
rithm is applied only to half of the fractional bits, the scal-
ing factor will remain constant. This is a result reported by
Lee and Lang [28]. This result is paraphrased in Theorem 3
in order to apply to the BAR algorithm.

THEOREM 3. If any elementary CORDIC iteration is skipped for
i>b/2, where b is the number of fractional bits, the scaling
factor will remain unchanged.

PrROOF. Denote 5" to be the new scaling factor with all the
elementary rotations skipped starting from s(im, i) = s;
tos(m,n-1)=b.Then

% = fI\h a2 =1 mi 27 4 o(z““l)

5=5 8=5)

—2{b-s,+1
_231>1_~2 ( 1 )

=|1+m-2 I a—
1-2

o)

=1+m- é 27 o(z“‘sl)
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Fig. 2. Distributions of number of CORDIC iterations using BAR algorithm
with range of convergence extended: (a) b =8, (b) b =16, (c) b=32.

where 0(2451) represents higher order terms whose
magnitudes are smaller than 27*% . Clearly, if s; > b/2
+1,5/5 =1 accurate up to b fractional digits. O
The significance of Theorem 3 is that BAR can be applied

to the last n/2 CORDIC elementary iterations without af-
fecting the scaling factor. Using Theorem 2 and Corollary 1,
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the total number of iterations, including both elementary

rotation and scaling iteration becomes:

COROLLARY 2. The total number of iterations, Ny, using BAR
and range extension method, while maintaining constant
scaling coefficient are:

1) If m=1, and x(0) # 0, then Nyy, < [31/4]+ 2 + 1.
2) If m=0,and x(0) # 0, then Ny, < [3n/41+
3) If m=-1,x(0) #0, and

y(_Io)
x(-I,)
then Ny <[3n/41+ 21, + n, 4.

where ngq and ni;_y are, respectively, the number of scaling
iterations needed to multiply the constant scaling factor S,,
and S_;.

This corollary follows directly from above discussion.
Hence the proof is omitted in the interests of brevity.

-1
< tanh[Amax] = tanh nzltanh‘l 5mi-l ,
i=1,

5.4 Constant lteration Numbers

The last modification we will discuss concerns the number
of iterations. In a pipelined architecture, it is important to
keep the number of pipeline stages constant to harness
maximum parallelism. However, Theorem 2.2 only gives an
upper bound. In fact, it is known that BAR will not yield
constant number of iterations for each pair of vectors
[x(0)y(0)]'. However, since the number of iterations is upper
bounded, if the actual number of iterations is less than the
upper bound, one may simply pass the result through re-
maining pipeline stages without additional processing.
Hence using the BAR algorithm will not affect the feasibil-
ity of a pipelined implementation.

6 CONCLUSION

In this paper, we proposed a Backward Angie Recoding
method to reduce the number of CORDIC iterations. We
proved that this method is capable of reducing more than
50% of the elementary CORDIC rotations. Integrating
with existing CORDIC processor design methods, such as
range extension, and constant scaling factor, we demon-
strate the BAR algorithm is feasible for state-of-the-art
CORDIC architecture.
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