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A Saturating Lumped-Parameter Model for an
Interior PM Synchronous Machine

Edward C. LovelaceMember, IEEEThomas M. Jahnd$-ellow, IEEE and Jeffrey H. Langrellow, IEEE

Abstract—This paper presents a lumped-parameter magnetic ,Q-Axis
model for an interior permanent-magnet synchronous machine.
The model accounts for the effects of saturation through a non-
linear reluctance-element network used to estimate the-axis in-
ductance. The magnetic model is used to calculate inductance and
torque in the presence of saturation. Furthermore, these calcula-
tions are compared to those from finite-element analysis with good
agreement.

Index Terms—Generator, interior permanent-magnet syn-
chronous machine, lumped-parameter model, magnetic circuit
analysis, magnetic saturation, optimization, starter.
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. INTRODUCTION

HIS PAPER studies the modeling and design of a sat-
urating interior permanent-magnet (IPM) synchronousg. 1. Cross section of a 12-pole IPM machine.
machine. Previous lumped-parameter modeling research

concerning IPM machines developed and utilized analytical Fig. 1 shows a cross section of a 12-pole IPM machine. In
methods for calculating thé- and g-axes inductances for thethis configuration, each rotor pole contains two buried magnets
IPM salient rotor structure focussing primarily on unsaturategiat are magnetized across their shorter dimensions along the
models with discussions of saturation effects [1]-[4]. Thigxis. The stator of the IPM machine is excited with polyphase
paper presents an explicit nonlinear lumped-parameter mogglanced sinusoidal currents to produce the characteristic syn-
that incorporates the effects of core saturation along; thes. chronously rotating magnetomotive force (MMF) wave. Con-
It is assumed that the axis is largely unsaturated except ajro| of torque (motoring) or electrical power output (generating)
the structural rotor bridges where it is fU”y saturated at fUHan be achieved using vector control methods by Varying the
load; the bridges join the main sections of the rotor core at theoportion of thed- andg-axes currents. The inherent saliency
air gap to form a unitary lamination. Furthermore, magnetigffords the use of flux weakening along tHeaxis to obtain
cross coupling between thé and g-axes is assumed to bea wide constant power speed range (CPSR) [6]-[8]. Addition-
negligible [3], [5]. The model is flexible enough to consideg|ly, magnet strength and/or volume requirements are typically
some structural design variations while remaining sufficientlywer than surface PM machines. These two attributes of IPM
tractable for rapid, repetitive design optimizations. The desigRachines combine to make them very attractive for spindle and
methodology is applicable, and used, to evaluate designsy@fction applications [4], [9], [10]. An appropriately designed
various pole numbers and stator slotting distributions. Whilenm machine for such wide CPSR applications has the potential
the analysis focuses on machines with two buried magnetsig good inverter utilization and, therefore, lower semiconductor
can be extended to more magnets. current ratings and cost. Combined with the limited machine
material costs due to the limited use of magnets, an IPM ma-
5 IPCSD 01095 ed at the 1999 IEEE Intermational Elect chine drive has the potential for the lowest overall drive system
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d-axis stator MMF, respectively, from thigh section of the ma-

iy chine pole cross section.
0y g \ The ratio between thg-axis magnetizing inductance and the
. o, Fouz \ “through” d-axis inductance componeht;, is then given by
'{t: LLd =2 D fask (ao = ) (o0 =) (4
R Fant :
R4 ".'.’{.,1 - wherek = 1,_2 anda — ag_1 is the a_ngular span across _each
e - r-l:lh.ﬁm' is path at the air gap [1], [2]. The per-unit quantities for the air-gap
" MMF on the stator sid¢/, are defined because they are con-
venient for expressing the dimensionless inductance ratio. To
express the ratio, it is also necessary to solve the linear circuit
for the potentials{y,.x., on the rotor side of the air gapy; rep-
resents the flux that fully links the magnet cavities. By contrast,
the “circulating” d-axis inductance componem,. represents
the flux that only crosses the air gap and the structural rotor
bridges.Lq. is given by [1], [2]
. . . o . . L. 4 )
Eilrgc.uizt' to?elgt?rlr?a?gllf}a;];a}gdlsgfam?e‘ihlne overlaid with an equivalent magnetic m - 11— p zk: (g — ap—1) fag- (5)
equation provides a good estimate for linear analysis [11]. Fbpe ratios forLy; and Ly, are summed to obtain thé-axis
a three-phase machine, it is magnetizing inductance
T = 3p (st — (Lg — La) L) I, @ Lam = << La ) + < L )) Lym. ©)
qm qm

wherep is the number of pole pairs\py; is the fundamental _.
flux linkage due to the PMs, and the inductances and curren‘?’é
La, Lq, 14, andl,, are defined such that theaxis is coinci- Ly = Lam + L. @)
dent with the fundamental PM flux axis as shown in Fig. 1. Al-
though (1) is typically applied to lumped-parameter analysis of )
machines using linear magnetic materials, the formula structire ¢-AXis Inductance
is still applicable if the inductances are implicit functions of the High-performance operation often bulk saturatesdlais,
excitation when modeling real materials that saturate magnetihich makes the infinitely permeable steel assumption implicit
cally. in Ly, inappropriate for estimating,, [2]. The magnet cavi-
ties provide a flux barrier on thé axis producing an inverse
saliencyL, > L4. This makes it reasonable to assume that the
Thed- andg-axes inductances are estimated using equivalenaxis will saturate first, and furthermore, that performance will
magnet circuits. First, thé-axis inductance is determined frombe degraded due to lower saliency as #haxis starts to satu-
inductance ratios defined with respect to an unsaturgi@xis rate beyond the structural rotor bridges. For this analysjs,
inductance model. Then, the saturateslxis inductance is cal- is replaced by a nonlinear function ff defined as the saturable

milarly, the totald-axis inductance is then

B. d-Axis Inductance

culated from a nonlinear magnetic circuit model. g-axis magnetizing inductance
For the given rotor cross section, the unsaturgtadgis mag-
netizing inductancé.,,, can be calculated from the round-rotor Lams = Lqms(1y)- (8)

air-gap inductancé,, according to The totalg-axis inductance including saturation effects then re-

Lgm = Lag. ) places (3) and is given by
The g-axis inductance is then just the sum of the magnetizing Lg = Lgms + Lt )

component and the leakage term Equations (1), (2), and (4)—(9) form an electrical torque model

Ly = Lym + Li. 3 that accounts for the effects of magnetic saturation. Note that
the unsaturateg-axis magnetizing inductandg,,, is still ap-
Vagatiet al.developed analytical relationships based on magropriate for calculating thé-axis inductance as in (4)—(7) since

netic circuit analysis between the unsaturageakis inductance thed axis does not bulk saturate.
to thed-axis inductance [1], [2]. Thad-axis model is summa- Finite-element analyses (FEAS) are often conducted to calcu-
rized as follows and its equations are applied without derivatioiate theg-axis inductance or to produce scaling factors to apply
For the rotor cross section from Fig. 1, the equivaléaxis to an unsaturated inductance equation [12], [13]. By contrast,
magnetic circuit is chosen as shown Fig. 2, whBrg:w, Ry,  an equivalent magnetic circuit model is employed here for de-
and F,,; are the magnet reluctance, air-gap reluctance, asign flexibility and solution speed as discussed in Section II-B.
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Fig. 3. Single pole of an IPM machine overlaid with an equivalent magnetfgg. 4. Sketch ofA; (per-unit depth) and; for calculating the nonlinear

circuit to estimate the saturatimgaxis inductance.

reluctance element% ;.

The following paragraphs describe the method used to estimatd he three stator MMF source elemefig,. are calculated
the saturateg-axis inductance from the 15-element equivalerftom the average MMF across each path produced by the equiv-
magnetic circuit shown in Fig. 3. There are three rotor yol@jent sinusoidal stator MMF wave with fundamental rms ampli-
reluctancesR.y1, R.y2, andR.y3 which model the core flux tude F;

paths. The flux through each of these paths is assumed to flow
separately through the three corresponding linear air-gap reluc-

tancesR ;1, R42, andR 3. Similarly, the stator coil excitation
and tooth reluctances are modeled by the three correspon
parallel paths consisting of an MMF soutgg,, Fg.z2, Or F¢s3
and series reluctanc®.;1, Rs2, Or R3. Finally, the stator
back iron is modeled by three more reluctan@&s,;, Rsy2,
andRy3.

Each nonlinear reluctance representing the segments of
stator and rotor cor®; is defined by

(10)

where F; is the MMF drop across, ané;(F;) is the flux

1

Qp — 1

Fask = (Fs1sin ) dav. (12)

/ak
g1

th% model neglects stator saliency.

Careful selection of thel; and/; values is necessary to pro-
duce a reasonably accurageaxis inductance prediction. The
geometry is such that the physical value of these parameters
/D change value significantly from point to point along any
particular flux path in theth section represented B%;. This
is particularly true for the rotor yoke elements. Using a combi-
nation of reasonable limits on the magnet cavity geometries the
A, andl; values can be approximated by average values in each
section of the rotor. Such limits include forcing the narrowest
cross-sectional area on the “ry3” rotor yoke to be ondfaxis
symmetry line, and forcing the two magnet cavities to be near

through the'th section of the core. The linear air-gap reluctangg, parallel. R .3, in particular, is estimated by ignoring the be-

elements are given by

/

g
Ho (ak - ak—l) Tagl

R (11)

wherer,, is the air-gap radiud, the active machine lengtly;

ginning and ending thirds of the path and only calculatiigs
andl,,s where the cross-sectional area is smallest between the
magnet and the rotor inner radius. The particular orientation of
the stator teeth with respect to the rotor features is ignored. The
flux entering the teeth is treated by scaling with respect to the
slot pitch fraction); as indicated in Fig. 4.

is the equivalent air gap that accounts for the permeance effectfor a given stator excitation current, the nonlinear network

of the stator slotting [11]k = 1, 2, 3, anday — ax—1 is the
angular span across each path at the air gap.

As shown in (10), theth section reluctanc®&,; can be es-
timated from an equivalent cross-sectional afgaand length

equations are solved iteratively for the unkno®nand 7;. A
piecewise-constant air-gap flux can then be constructed from
the three parallel rotor flux solutions,, ®,y2, and®,s. The
g-axis inductance is calculated by Fourier analysis of the piece-

[; for each section represented by the magnetic circuit. Figwdse-constant air-gap flux, the given current excitation, and the
shows the approximate line lengths and per-unit depth areasknown winding parameters.

the example IPM machine cross section of Fig. 1. The nonlinearThis methodology is further illustrated in the following
core material magnetization characteristic is given by a tabufagures. Table | shows the machine specifications that were

permeability function.(B;).

analyzed and that match the geometry shown in Fig. 1.
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TABLE | 2.5 " —
IPM MACHINE SPECIFICATIONS
Poles 12
Active Length 58 mm
Air Gap Diameter 246 mm
Air Gap 0.635 mm g
Rated Cumrent 273 ARMS 2
Nominal PM Remanence 021T =
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Fig. 6. Average flux density in each rotor yoke reluctance element as the stator
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Fig. 5. (a) Fundamental and magnetic circuit element MMF stator excitation. : J"Ini‘ml L
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Fig. 5(a) shows the fundamental stator source MMF wave
over a half-pole section and its decomposition into the three
MMF source elementsF,,; for a given current excitation.
Fig. 5(b) shows solutions for the air-gap fluk,. in each
parallel path of the nonlinear model for the given excitation.
The Fourier-calculated fundamental flux is also shown. Fig. 6 Q-Axis

shows the relative degree of saturation in each of the parallel
rotor circuit elements as the excitation is increased.
Itis worth noting here that the information conveyed by Fig. agnet flux produced on theaxis.
illustrates the power of the lumped-parameter modeling beyond
just speed of design analysis. From such views, design modgi—
cations can be made with some intelligence. For example, sin
the onset of magnetic saturation for a high-performance elec;
trical steel (M19 is used in this analysis) occurs in the rangg
1.8-2.1 T it is observed that the “ry2” section is heavily satu-
rated while the other rotor sections are not. Although the “ryf
and “ry3” sections appear to magnetically saturate, the flux
simply being limited by the relative reluctance of the differen
9 : . constant values;.
magnetic circuit paths in the nonlinear network. As such, there
may be some material utilization benefit to shrinking the “ry1”
and “ry3” sections and increasing the cross-sectional size of the

“ 2” t R — M

ry2” section. mk oAk

D. PM Flux where the cross-sectional areas are
The PM flux linkage parametekpy; is calculated from a

linear magnetic circuit model similar to that used to estimate A = Uil

Fig. 7. Linear circuit model used to calculate the fundamental permanent

[1]. Fig. 7 shows the corresponding equivalent circuit model
where the PM layers are modeled as flux sources with parallel
réluctance, and the structural rotor bridges are represented by
aturated flux sources. The PM sources are given by the magnet
emanencds,.. The rotor bridge sources are in the direction that
reduces the overall air-gap flux acting as a leakage path within
the rotor. It is assumed that the bridges saturate to an effective

The magnet layer reluctance elements are given by

(13)

(14)
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wherel,,.; is the average length from tip to tip,,.; is the thick- S0f - co Pef Ny
ness of thé:th magnet layer, and = 1, 2. The cross-sectional : : '
areas of the bridges are

Torque [Nm]
o

Abk — hbkl (15) BOFEN e ......... .......... ...........

wherehy; is the thickness of théth bridge. 100 b NG G
After analyzing the linear system for the flux through each : Iié‘fkﬁ'?ﬂﬁﬂa’?%’}?(eter Mod(fl
of the air-gap circuit branches and rearranging terms, the flux ~ -150 f---------- R EEEEEEEEE EEEEEEREER
density in each branch can be written as : . :
-200 . ' .
ek Br ; 4 90 135 180
ng = A equ7A+ AsequS (16) ° ° Angle [Elect. Degrees]
gk
where Fig. 10. Comparison of electromagnetic torque calculation by FEA and
lumped-parameter model versus torque angle with constant rms phase current.
A _ him2Rgo + hm1 (Rg1 + Ry2)
T (RmaRg2 + Rz + Ragz) Rt + Rg1)) FEA and the lumped-parameter model are shown in Figs. 9 and
(17) 10. Ansoft's Maxwell 2D software was employed for the FEA
Bz (Rt + Rg1) = Pm1 Roma results. Although only one example is shown, similar results
Apeqz = (Rm2Ry2 + (Rmz + Ry2) (Rt + R 1)) have been achieved for a number of designs that have two PM
Hotmats " ’ " I (18) layers in the rotor.
Both theg-axis andd-axis inductance calculations shown in
Ageqr = — Ront Romz + Rga) Avt + Rz Rg2 Av (19) Fig. 9 agree nearly perfectly for the two methods: FEA and
Rmn2Rg2 + (Rt + Ry1) (R + Ry2) lumped-parameter modeling. The FEA and ¢-axes induc-
Agegz = Rm1Rm2A4p1 = Rz (Rin1 + Rg1) Ave (20) tances were calculated from the known winding characteristics

Rm2Rg2 + (Rt + Rg1) (Rma + Rga) and the stored energy in the mesh solutions for stator excita-

. . . . . ._tion on thed- and g-axes, respectively. Note the inflection in
Apu is then determined by Fourier analysis of the piecewisgs o .
e g-axis inductance curve for very low currents. This corre-

constant argap flux estimate and the_known sta_tor windin onds to an inflection in the BH curve for the material, M19
constants. Fig. 8 shows the resultant air-gap flux in each eS -

, L eel for this case. For the range of current shown in the figure
ment. The calculated fundamental air-gap flux density is ovef . )
laid e total se_lllency ratio goes from a peak of 5.4 down to 3.1 at
' higherg-axis current. Although this is lower than other reported
synchronous reluctance saliency ratios (up to a ratio of 8 for this
structure), it should be noted that the machine studied here has
To validate the model, the predictions are compared to FEdhigher pole count, and it is analyzed with a saturating model,
estimates for a candidate IPM machine design. A comparisbath of which contribute to a lower overall saliency ratio [1],

of the inductances and electromagnetic torque estimates frf#h

I1l. | NDUCTANCE AND TORQUE PREDICTIONS
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The FEA electromagnetic torque predictions in Fig. 10 als
corroborate the lumped-parameter model calculations. For t
result, the rms phase current is held constant, and the tor¢
angle is swept through the range of interest. It should be not
though, that this result does not show the torque ripple with r
spect to the slotting effects of the stator. The averaged lump
parameter model does not capture torque ripple, so for a me| ‘
ingful comparison the tooth positioning for the FEA was chos research and development in electric power and
energy products, and is currently the Mechan-

to approximately achieve the average torque produced at e@ghe|ectromagnetics Group Leader. From 1988 to 1996, he was with GE

torque angle. Aircraft Engines, Lynn, MA, where he was involved with development

of advanced engine control system designs, military and commercial data

communications systems, and ground and flight testing for hydromechanical

and digitally controlled engine systems. When he returned to MIT in 1994,

IV. CONCLUSIONS he continued to specialize in the design and control of electric machine

drives for transportation applications. His current technology research and

The nonlinear lumped-parameter model produces accurgﬁ T&%rgsgﬁt;?fggesésplfngti('::]es‘:ha"o”'Cs' advanced machine design, controls,

estimates ofy- and d-axes inductances, and electromagneticpr. Lovelace received a full three-year fellowship from the Dwight D.

torque as evidenced by the FEA comparisons. The utility of tiFésenhower Fellowship Program (U.S. Department of Transportation, Federal

_ . - 4jghway Administration ISTEA grant and fellowship program) for his doctoral
lumped-parameter method is twofold. The underlying magnef'ggearch. Further sponsorship came from the MIT/Industry Automotive

circuit can be easily analyzed to investigate characteristics @nsortium on Advanced Electrical/Electronic Components and Systems with
a machine design such as heavy saturation in particular pghich he was a Research Assistant on automotive electronics research focusing

: : - - transition to a 42-Vdc vehicle platform. He was also the recipient of the
tions of the core. In this reseamh' the primary ben_eflt 1S th_%tlizchnology and Policy Program Cooke Public Service Award and the Best
the lumped-parameter model is easily incorporated into desig&ster Works Oral Thesis Presentation Award.
optimization programs that benefit from rapid solution methods

[4].
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