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Time-dependent neoclassical viscosity
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A time-dependent closure for the parallel viscous force is calculated in a bumpy cylinder magnetic
field geometry using a Chapman—Enskog-like approach. The calculation is valid for all times and
field modulations, and is expressed as a dynamic evolution in time. Two important applications are
presented: modification of the frequency-dependent electrical conductivity due to the interaction
between trapped and circulating particles, and the parallel flow evolution which can be extended to
axisymmetric geometries. @005 American Institute of PhysidDOI: 10.1063/1.1899159

I. INTRODUCTION in Sec. IV and the closure is obtained in Sec. V. Sections VI
] ) and VIl give two relevant applications of the result: the
Most present day plasma confinement devices operate ifodification for the parallel electrical conductivity and the
the low collisionality “banana” regime where the relevanteyolytion of the parallel/poloidal flow, respectively. A sum-
closure moment is the parallel stress tensor. The parallel Visnary and concluding remarks are included in Sec. VIII.
cous force affects the dynamics of flows and is a drive in thesgme details of the calculation leading to the frequency-
momentum equation. In particular, the electron viscous dra@lependent closure are shown in Appendix A. The Laplace-
in the parallel Ohm's law introduces a modification of the yransform inversions for the closure and the flow evolution

electrical conductivity. Also, in the total momentum balance,gre shown in Appendix B. Finally, heat flux effects are con-
the parallel flow is damped by this stress term. The equivagjgered in Appendix C.
lent effect in tokamak geometry produces poloidal flow
damping.

The closure for the paralle}il\éiscous force has been call. CHAPMAN-ENSKOG-LIKE APPROACH
culated assuming a steady stateUsing the closures ob- . L
tained in the steady state calculation, the damping rate of thte Ir.' a (?hapman—En_skog-hke 3ppro§ch, tge dlsfmb?ltlorl
poloidal flow in a toroidal plasma becomes comparable withjunction of-a system is assumed to be a dynamic, flow

the ion-ion collision frequency. This conclusion seems toSh'fted and heat flow-shifted Maxwellian plus a smiathm-

violate the static assumption used to derive the clodure. pared with the equilibrium solutigrkinetic deviationF. In

Various authors have addressed the time—dependeﬁ?OSt of this work, heat flux effects will be neglected for
problen?™° both by a variational principle and using an ex- simplicity (they are discussed in Appendix;Ghus, the dis-

pansion in Cordey eigenfunctiolisof the pitch-angle Cou. ioution function for the system will be assumed tdbe

lomb collision scattering operator. Flow damping rates are f=fy+F, (1

gstlmated to be of the order of the ion CO”'.SIOH frequencywherefM is a Maxwellian distribution function in the relative

times some power of the inverse aspect ratio when a large  ~ - i
R 10 velocity v=v’-V:

aspect ratio limit is usef:

In this work, the dynamic case is approached in a differ- , 312 m(v’ - V)?
ent way. The evolution of the parallel flow is found to be fa(v'x,0) :n(ﬁ-) exp[— oKT } 2
more than a simple exponential and thus cannot be charac- ] ) )
terized by a single damping rate. Instead of addressing eadieren(x,t) is the number density/(x,t) the flow velocity,
stage of the evolution separately as a frequency-dependehtX.t) the temperature, anah the particle mass.
problem, the main objective here is to describetthe evo- By the Chapman-Enskog hypothesis, the first three mo-
lution of the parallel viscous force. This responds to the neednents of the kinetic distortion vanish and the time depen-
for a complete picture of the transition to the steady state anfence of the distribution function is given through the varia-
the determination of the time scale on which an equilibriumtions in the thermodynamic variables in the Maxwellian.
assumption is formally valid. The relaxation of the poloidal Thus, for the present problem, the Chapman-Enskog ansatz
flow occurs on a fairly fast time scal@bout the ion-ion IS subject to the constraint conditions
collision time but is still relevant to some experiments, for mo2
instance, just after a sawtooth crish and in jdstIO, fdstFZO, dgvTFZO- 3
microturbulence?

The procedure presented here is based on a Chapman— By including the first three moments of the distribution
Enskog-like approactiwhich is described in Sec. II. In Sec. function in the Maxwellian part, the kinetic distortion does
[l the drift kinetic equation(DKE) is stated and adapted to a not add terms to the density, momentum, and energy balance
simplified magnetic field geometry. A perturbation techniqueequations. Neoclassical effects will appear in this formula-
that provides a solution to the lowest order DKE is describedion through higher order moments Bf in particular,

1070-664X/2005/12(5)/052516/11/$22.50 12, 052516-1 © 2005 American Institute of Physics

Downloaded 06 Mar 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp


http://dx.doi.org/10.1063/1.1899159

052516-2 Garcia-Perciante et al. Phys. Plasmas 12, 052516 (2005)

5 1 tion. Because of this and the fact that the full Coulomb col-
= f d®wm(w - 302 )F, (4 lision operator is rotationally symmetric, the spaedan be
treated as a parameter in the DKE which simplifies its solu-
which gives rise to the effects that are of concern in thistion. Also, the series can be truncatedl a2 because the
work. The relevant closure which is the focus of this work ishigher order terms are smaller in the small mass ratio
the (flux-surface-averagegarallel viscous forcéB-V -II,);  expansiort> Only the first three terms are required for the
it will be obtained from the solution of the drift kinetic equa- proposed collision operator to conserve density, momentum,

tion as will be shown in the following section. and energ)j/.6
A bumpy cylinder magnetic field model simplifies the
IIl. DRIFT KINETIC EQUATION calculation of the kinetic distortiol= while retaining the

effects of pitch angle scattering of particles in and out of
For a system of charged particles and independent vartrapped space. The functional form of such a field can be
ablesv, x, andt, the total time derivative on the left side of written as
the plasma kinetic equation is

oml
df  of qf_ 1 N B(€) = Brin + AB i~ —, (10
—=—+Vv:- Vi+|—|E+-(V+V)XB|-—-(V
dt ot m c at ) .
whereAB=B,.x~ Bmin=2Bnine and ¢ is the axial length fol-
+V) - VV} '9_f (5) lowing the field line as it curves. Within the scale length of
av interest, which is the periodicity length of the cylinder

The distribution function given by Eq$l)—(3) can be intro- only the magnetic field will be aIIov_ved to vary, retgining
duced in Eq(5) and using the density, momentum, and en_only theV B effects.(There are no radial drifts in an axisym-

ergy balance equations the total time derivative of the distri-metrIC bl.Jmpy cyl|nder_magqet|c fie)d.
In this simple configuration

bution function can be written in terms &f Using a model
collision operator that separates the effects fgnand F, V X (B XV)=0. (11
Wang and Callel recasted the kinetic equation in a formal i .

gyroaveraged evolution equation for the distortienThe Hence, the second term in the drieis absent. For the last
full equation is not written here since only a simplified ver- €M in Eq.(7), a particle continuity equation is used. For

sion of it will be considered. Including heat flux effects in the POUNCe time scales we have

calculation is straightforward as shown in Appendix C. Thus, an
neglecting all heat flux terms, E€L27) in Ref. 13 reduces to 0=— =-nV.-V-V-¥n, (12)
2
9F +(b+V)- VF-C(F) = {(U—i - 02>G which leads to an incompressible flow to lowest order for
at 2 density constant along the magnetic field. As a consequence,
by noting that
Ll
+_bV 'HH fM' (6) V
P V-V=(B-V)(—')=0, (13
where the “flow drive” term is B
m 1 ) the incompressibility constraint can then be satisfied by de-
G= T V-VinB- Eb -V X(BXV)+3V V| fining a parallel flow variablé/,(€¢,t)/B(€)=U(t) on a given
magnetic flux surface.
(7) Introducing these simplifications in E€f) and using the
The approximate collision operator we considér is relation vjb-V (vB)=(vf-v} /2)B-V In B, the flow drive
(+1) term reduces to
C(F) = vL(F) + 2 P|[Cl(f|) + Ec|] , 8 v? m
I (vz—?>G:?vb- V (v,B)U. (14)

where P; are Legendre polynomials with argumeris/v | _
=V1-\B, A=pu/E, andv=v, /2. The first term in Eq(8)  The DKE can then be written as

accounts for pitch-angle scattering withbeing the Lorentz m v,
scattering operator. The second term contains the momentum —+yb-V (F + ?UBUfM> -C(F)=—fyb- V -1I,.
restoring termgrequired sinceC does not conserve momen- P
tum by itselj where (15
21+1 B d\B — Thus, the dynamic evolution of the kinetic distortion is
1= 4 <, V’mPMl—)\B)f. 9) affected by spatial variations of both the kinetic distortion

and the free streaming flow of the circulating particles, and
Since the collision operator in Eq8) is expanded in collisions that can drive particles through a perpendicular

Legendre polynomials it only affects the pitch-angle dependiffusion process into or out of the trapped region of velocity

dence of the first three harmonics of the distribution func-space. The parallel viscous force is a source for the evolution
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of the unknown distributior and hence will be present in quency can be treated as parameters. The resulting equation,
the solution. However, the Chapman-Enskog constraintshich can be solved for the pitch-angle dependendg.,iis

given in Eq.(3) will allow an expression to be obtained for <
B

(B-V II)) that has no explicit dependence Bn 1
V1-\B

—iw—

N L
- v—AN1-AB)—
2 >gc V&)\ ¢ >(9)\

IV. LOWEST ORDER SOLUTION FOR F
SU ~
Equation(15) is solved by a standard perturbation tech- = ES(U,)\,&)). (21)

nigue in the low collisionality banana regime where trapped

particles can complete their orbits before being scattered bpyats denote Laplace-transformed quantities with transform
collisions. Then, the parameter= v/ €%w, is small and will  variable 4w and the flux-surface-average is

be used as an expansion parameteiFfdn definingv., v is

the collision frequency anday, is the bounce frequency. The _ [de d¢
kinetic distortion is then expanded as follows A= B A B’ (22)

F=Fg+wnF +---. 16 . . .

0T (16 In Eq. (21) \=2u/v? is the pitch-angle variable and the
Assuming the time derivative is of order, the lowest order drives and initial conditions are included in the source term:
DKE is

~ 1 — m n
Nw=—B-V I)fy-=B)fylioU+U
va -V (F + ?UBUfM> =0. (17) av (1)) p< H> M T< > M(Iw O)

1 A s B
Since for the model magnetic field considetedV =4/ ¢, +=(B3)[CHV) + W] + fM<—>go(>\)- (23
the term in brackets cannot depend ©nThus, the lowest v il
order distortion is given by The flow-like variableV(w,v) is defined as
m
Fo:__U”BUfM‘f'g(U,)\;g;t). (18) N 3 A¢
T Viwv) =73 j IR (24)
Here,g is an integration “constant,” which is a function of all s 70
the variables of the system other than the lendtover 4 Uo=U(t=0). The speed dependencegdn\,v,t=0) is
which the integration was performed. The first term in Eq.4pitrary since the collision operator only operates on the

(18) represents the free streaming parfofvhile the second pitch-angle variable. Thus, it is conveniently chosen to be
term is a collisional correction. The variabdedepends on separable i, \ as

the direction in which the particles circulate and is defined as

s=v/|vy]. m
To next order inu the DKE is 9e(\,v,t=0) ~ ?fM(U)go()\)
dFq 1 )
Y +tyb- VF —-C(Fp) = v”Bb -V Iy, (190 to match the rest of the terms in the soutdéote that thex
dependence of the source is only through the initial pitch-
Since vb-VF,;=v,dF,/3¢, application of the bounce- angle structure of the collisional correctigg(\).
averaging integral Morris et al® were the first to recognize that this should
L be treated as an initial value problem. The collisional diffu-
J dé/v,, untrapped particles sion into trapped space of a distribution of untrapped par-
d¢ ) Jo ticles will depend stronglyat least for early timeson how
§ o 6 _ (20 close the initial distribution is located relative to the bound-
> f dt/|v)|, trapped particles, ary between the two types of particles. An initial distribution
s Tt of particles is expected to damp more rapidly if it is peaked

annihilates the first-order distortion in EQL9). Here #. are  close tok. than if particles are introduced far away from the
the turning points of the closed, trapped particle orbits wherdrapped-circulating boundary, since then the portion of phase
v,—0. Thus, it is not necessary to solve fB; since the Space they have to diffuse through is larger.
bounce-averaged first-order equation provides a constraint Speed and pitch-angle variables can now be separated
that can be solved for the integration constant in the lowes#sing an eigenfunction expansion for the pitch-angle opera-
order solution. tor on the left side of Eq(21). The function, is projected in
For trapped particles, to take account of density conserCordey eigenfunctions as was done in Refs. 7-9:
vation at the tip of the bounce orbits we must hayés) "
=-g(—s). Then, forg, even, we havey,=0 at ¢,. Sinceg A S
does not depend o6, g;=0 for all values of¢. %= 2, Yo(©,i©)An0). (25
For circulating particles, the bounce-averaged complete
first-order DKE yields a differential equation fge. When a  The A-dependent functiond, are eigenfunctions of the or-
Laplace transform is taken, both ener(speed and fre- dinary differential equation

n=1
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dA, d —— collision operator are not needed. But it is not obvious in
dn :Kna@l_)\anv (260 such a procedure why only the pitch-angle part of the
Chapman—Enskog momentum constraint is ysed.
wherek, are the eigenvalues and the orthogonality condition  The closure that is obtained can be written as
is given by

d —
—ANN1-AB
a (v )

(B~ V -11,) = nm(BA[Ud(w) + Uy + Y(w)], (31)

JNI-\B) Lo -\B)
AnAm—a)\ ON=0y, | A;————d\, (27)  which coincides with the result in Ref. 8 if initial conditions

2N
are neglected. The first term shows the usual proportionality
in which the integration is performed over circulating par- between the viscous force and the parallel flow. The coeffi-

ticle velocity space &\ <\.. ciento(w) is defined as
Using Egs.(26) and (27), one can solve for the speed- . =
and frequency-dependent coefficients. The integration con- 5(w) = m dgﬁv_f_wlﬁ (32)
stant in the solution foF can then be expressed in frequency T 3n fc’
space as

where the fraction of trapped particles is

o S| Ml mo 2\1/2 UmA> i
=—= — (VB = (B) " fy==f - -
G 2%{;} B =B T ftzl—(l—'—f)fc. (33)
14
+mli_fMan Lﬁ (28)  The initial pitch-angle distribution is contained in the last
Tv Kn—iwlv term which is defined as
The fraction of circulating particles is defined heré as - m 25§
3 Y(w)= = f Py Mg (34)
L i T 3n f.
fo=flwv)=> —1—, (29)
n=1 Kn~ lolv Note that for long times, when initial conditions are com-
and we analogously defined pletely damped and can thus be neglected, one can use the
resulf
‘:g = fg(w,v) = A (30) i e Yo XBY [T adh
n=1 Kn_l(l)/V fC:fC(w_O)_EK_n_ 4 0 <\/1—)\B>, (35)

where all the coefficients in the sums are defined in Appen(—,jmd the steady state limit of E431) yields the standard

dix A. result
The viscous force, being a source in the differential
equation forg, [Eq. (21)], is part of its solution through the (B -V -II)) = nmu(B*U. (36)

variable V. However, the Chapman—Enskog constraint thajjere, the viscosity coefficient=v(0) is defined(for elec-
the momentum moment of the small distortion from thetrons) ad’

Maxwellian vanishes can be used to relteith the parallel

~ 2
flow U. Once this relation is determined, Eq24) and (28) He= r_‘rr_1e f d%?%fn—'v' =[z+ \/E —In(1+ \/E)]?ye, (37
can be combined to yield an expression {&:-V -11,) in € € ¢
terms of the flowU. wheref,=1-f.

Equation(31) is valid for any time scale anél(or aspect
ratio), since no approximations have been introduced so far.
V. DYNAMIC CLOSURE FOR (B V -II) From it, a damping rate can be estimated numerically. For an
The solution for the kinetic correctial). obtained in the explicit- time-depend_ent expression, neither an analytical nor
] ) ) S, numerical Laplace inverse transform are trivial to perform
preceding section still depends on the unkno®nV -1I))  gince the expression involves infinite sums of terms that de-
through the variabl&/. The specific relation is given by Eq. pend on integrals over thenumerically generatédeigen-
(A8) in Appendix A. However, the Chapman—Enskog ansatAunctions. Moreover, some of these infinite sums reside in
given in Eg.(3) can be used to expressin terms ofU.  the denominator and thus should be calculated to high accu-
Using this relation and the momentum conserving propertyacy if all relevant poles of the response are to be found.
of the collision operator, the parallel viscous force can be  An analytical inversion of the Laplace transform in gen-
expressed in terms of the parallel flow variatleand the €ral is not obtainabl.e. However, for small field variations
initial conditions. The procedure is similar to that in Ref. 8 (AB<Bpin) an analytical solution can be obtained through a
and is carried out in some detail in Appendix #n alter- ~ Power series expansion in the small parametern order to
nate, simpler procedure is to use only the pitch-angle part offake such an expansion, we invoke the orderfpg Ve
the Chapman—Enskog momentum constraint together with€ 1 used by various authdr$ in both dynamic and static
the Laguerre po|ynomia| expansion &fm the |aboratory §ituAati0ns. The relevant factors to be inverted H"éc and
frame where the momentum-conserving properties of thég/f., for which we propose the following expansions:
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f iw\a ne 1

f_z = <1 —7>ft (1 —?> ft2+ e (39) o(w) = meve—ae(w) (43)
. where

f

?Cl (1__)(1+ft)f + - (39) &e(w)zl"‘vl[f)(w)—iw] (44)

Introducing Eqs(38) and (39) in the closure given by Eq. and initial conditions have been neglected for simplicity.
(31), a much simpler expression for the parallel viscous force  The dynamic conductivity in Eq43) is valid for any
is obtained and the Laplace transform can be inverted termrequency(time) and magnetic field modulation. Once again,

by term. In particular, to lowest order m we have the analytical process cannot be carried out further. However,
m 2¢ a numerical computation could give the frequency depen-
(B-V -II) = nm(B?) X —fd3 ——""7|_ {(1 dence and upon taking the inverse Laplace transform, the
T n time evolution ofo to some appropriate accuracy.
o)~ A} To obtain the static limit, we have
- —)f U (40
v ao(0) =1 + udve. (45)

in which L™ is the inverse Laplace transform and initial The fraction of trapped and circulating particles can be esti-
conditions have been neglected for simplicity but can be easnated fory e<1 as fi=1. 46\e. Considering the value for
ily introduced using Eq(B5). After calculating the inverse ., (=1.53vf,/f, for hydrogenic ionsin the small e ap-
Laplace transform of the term in curly brackets in E40)  proximation, the usual correction to the static electrical con-
(see Appendix B the time-dependent closure for the parallel ductivity is obtained:

viscous force in this smak limit is

20 N . Ne€%/ MgV _ Nee? /1 - 46
BV -1II)= <Bz>mnf d3v§FM7>< T U1 -fo) 1+pdve Mevel +2.24/AB/2B,
For w # 0 we consider the low and high frequency limits
19U(t) of

S 2w

” tqu — ag(w) =1 +—t(w ve Ia)’ (47)
+> k- 1)2f — e lt=0dr b flw, vy Ve

Kn 0 dT

where we are considering= v, for simplicity. Using the ex-
(42) pansion in Eq(38), for w< v, we obtain

This equation exhibits the explicit behavior in time of i

(B-V -II,). The first term is proportional to the parallel flow  ag(w)=1+f,— ( E I —f ) <2ft > y“)
and will be dominant in the long time asymptotic limit. The Ve Kn
second term contains the time variation of the flow and is (48)

important only for times of the order of 2/ The last term o .
contains the time history through the convolution integral ofThus for smalks the real part of the conductivity will decay

2 -
the time-dependent trapped particle fraction and the |ntr|n3|%r°$)thzrfta::)?’\:'sm;$f éwT/;Z) S\m:'lse”t]hg Iag??;r:}f);esgu-
time dependence of the flow of circulating particles. Tomatedpusmg the smaiflzle roximation for?he eigenfunctions
higher order in this expansion, this last term develops a se 9 pp 9

ries in powers ofit inside the(convolution time integral. Is?nt:e(erﬁstr?; L%gggs(;etggneft'ggfugé\;g;lsmarze[e 1;nd-|;2atolls-
For estimates of the coefficients in E¢4l) see Egs. €= 9 9 poly

(51)~(54) below nomials, one can consider for smal(Ref. 11

Ap~ P,,n, Kn~ va(vp+ 1), (49
VI. ELECTRICAL CONDUCTIVITY where the indewr, is an integer plus a small correction pro-
To obtain the modification of the electrical conductivity Pertional toVe
caused by the parallel viscous for®- V -I1), the bounce- —4 T%1+n/2)
averaged parallel component of the momentum equation for =n+\2e— 7 T2(1/2 +n_/2) (50)

electrons is considered:
In this approximation, the relevant sums can be obtained and

B) + F%e<B -V M- v(JB). (420  are shown below:

d N
_<~JHB> ==
ot me

_1 3/2
Calculating the Laplace tranform on both sides of ER) 2 m=1-29%"+0(), (53)
and introducing the frequency-dependent closure given by ~
Eq. (31) yields anw-dependent electrical conductivity: > Ynkn=1+1.48/+ O(e), (52
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0.7F T T T T E 1.0 N T T AL | T T T
: Re[o(w)/a; =0 —— ]
06k Im[o(e)/o E [ €=0.001 ---vrrrmeree ]
OF E~. €=0.01 -----
E 0.8 "~ ™) €=0.1 —-memem- i
0.5E I ]
g — :.\‘\ \\A.‘ 7
E > - ~, ~ -
& 04f Q 0.6_ . N
X O AN ~
3 E ¥ ot Y 1
5 0.3F IE' 0.4 - “ . X .
0.2 [ S N 1
0.2+ e, L —
0.1 T REESS
0.0 g ) | ) L, | ) ) | ; 0.0 [ I ! I I I ]
0 1 2 3 4 5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
w/v w/v

FIG. 1. Real and imaginary parts éfl o, in the low frequency range for FIG. 3. Real part ofr/ g, for various values of as a function ofw.

e=0.1.

modulation. That is, the high frequency asymptotic behavior
n r is expected to be seen only far v,>1/Ve.
> M1 -1.48/e+0(e), (53) Note that in the static, low frequency limit, the effects of

K
" trapped particles are present 'o=0. On the other hand, as
i ~ w— o (initial times) there are no significant trapped patrticle
—=1-2X1.48/e+0(e). (54)  effects. Figures 3 and 4 show the effectseain the real and
Kn imaginary parts ofr(w). It can be shown, using the estimates
Figure 1 shows the frequency dependence of the electricah Egs.(51)—(54), that
conductivity using this expansion. I - 2 _
For high frequencies where> v,, the w-dependent fac- R &(w)] ~ 1+00 62 TONa(oleS, o<
tor in the conductivity can be expressed as [1+0(e)](vdw)?, ® > Vg,
2 .
. v iw (56)
ag(w) =2 +E Ynlkn=2) = w_z 2 YnkKn — 7|:2 _E Yn
e -
N 1+0(e)]wlve, w<vy
V2 miate]~{ 3,)2] ) ) (57)
+ 3 > vl -2x) |. (55) [1+0(e)vdw, ® > V.

These relations are qualitatively consistent with the behavior

In this limit, the real part of(w) decreases as/,/ w)%. The shown in Figs. 3 and 4.

imaginary part also decreases, but at a slower (rate,/ o),
and both asymptote to zero as shown in Fig. 2. Since in Eq
(48—(55) a small(or large /v, is considered after a small
Ve assumption, what is considered as a srfaidllarge fre- With the closure for the parallel viscous force obtained
quency is to be compared with the magnitude of the fieldpreviously in Eq.(31), the evolution of the parallel flow can

%7”. FLOW EVOLUTION

0B6F T I ARRARAA IBRARARS T T £
Re[o(w)/a E =0 N
Im U(G’)/Ur] E :=0.001 _____________ E
0.5F €e=0.01 - ---- H
3 €=0.1 ---mm- E
0.4F RN 3
.. ? E // ~ U™ E
S ~ E / AR N E
~ —~ FE/ ST E
3 3 03F [/ - - RN E
% A Tl N 3
E ~e ~n ]
E E .-"l// Sl - 3
0.2Ef ~—— T e 3
EFf Tl T
T E
0.1E =
OO0E . ..0v 0 Lissiniay Loviinuas Livavaany Livavaiias Les o, E
0 1 2 3 4 5 6
w/v
FIG. 2. Asymptotic decay of/ o, in the high frequency range fa=0.1. FIG. 4. Imaginary part ofr/ o, for various values ok as a function ofw.
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be calculated as an initial value problem. Two schemes are V V 6 VII <d¢> 1 dp) 64)

considered: the parallel flow damping within the bumpy cyl- Uy(gt) = B-Vd B t 2 B2\ dy  nqdy

inder model, and an extension to an axisymmetric geometry

and thus to the time dynamics of the poloidal flow in a mag-where the first term is due to the parallel flow velocity and

netically confined toroidal plasma. the second is due to the perpendicular flows in the plasma,
The simplicity of the one-dimensional, bumpy cylinder which to lowest order in gyroradius are a combination of the

magnetic field model permits a full calculation of the parallelE X B and diamagnetic flows:

flow dynamics including effects of initial conditions. Con-

sider the total flux-surface-averaged momentum equation for = E X B BXVp
157 % : (65
the plasma B nqB’
, aU(t) In Eq. (64) we have usedE=-V ¢ and ¢ is the poloidal
mn(B%)——==-(B- V -II). (58) magnetic flux function defined bBr0=V X V ¢.

From the paralle(to B) momentum balance, an evolu-
Since the time dependence of the left side is of interest, w&on equation forU, will include a contribution(<g?) from
start by again taking a Laplace transform and work from theghe toroidal flow?

full frequency-dependent closure in E@1) as follows ,
. . nn.(1+2q2)a_U9: m 47T<i>, (66)
[0(w) —iw]U®t) = - Y(w). (59) at (B?) at

Considering the smalle approximation in Eqs(38) and  Where the safety factor is definedgs Br/B, in which now
e=r/Ry<1 is the inverse aspect ratio.

The closure in Eq(31) may now be introduced. In this
f problem parallel stress damps the poloidal component of the
d® vE(l - —) f—2 (60)  parallel flow since toroidal momentum is only damped by the
v n (higher ordey perpendicular stress. With the flux surface av-
erage in this case being defined as

(39) for v andY, we have

C)

v2fy

v="1 g8 ——( ——) tt.
Tf v - 1+, (61) <A>_ doA(e)/ij‘B v 7

B-Ve
Solving forU in Eg. (59) at this point would lead again .
to infinite sums in the denominator. Instead, the invers@Ne can writé
Laplace transform can be taken on both sides and after some

— o
manipulation(see Appendix B one obtains an inhomoge- (B V Il =nmBI)[U p(w) + Upl. (68)
neous integral equation fdy(t): Once again, Eqs(60) and (61) can be used to obtain an
t approximate closure to lowest order fp Introducing this
U(t) =h(t) +f K(t; 7U(7)dr. (62) closure in Eq(66) yields
0
This equation gives the time evolution of the parallel flow (B2 >U(“’) lo(1+20°) |Uy=1| (1+299) - (B2) U
and has “memory” of the localization of the initial distribu- P
tion relative to the boundary with trapped particle space. The ag’ (69)
functionsh(t) andK(t; 7) in Eq. (62) are defined in Appendix nm\ at

B.
The analysis for the bumpy cylinder can also be em- .and taking the inverse Laplace transform on both sides yields
ployed for a toroidal magnetic field. For the dynamic evolu-the integral equation
tion of the “parallel” flow in an axisymmetric configuration t
the initial distribution in the pitch-angle variable is not taken Uy(t) =hy(t) +j Ky(t; DUt d7, (70
into account for simplicity. In this configuration, the mag- 0

netic field can be written as wherehy(t) and K,(t; 7) are defined in Appendix B. Using

the approximation described in Sec. VI, the asymptotic limits
of the poloidal flow evolution for short and long times can be
whereB; andB, are the components of the magnetic field in NSPected. For<1/v, Eq.(70) can be roughly approximated
the toroidal({) and poloidal(#) directions, respectively. by

_ To apply the model de_\_/elo_ped in the previous sections to U (1) = tK(t; U (1), (71)
this geometry some modifications have to be introduced. In
such a configuration, the field modulations along a field linewhere we have assumed the initial condition is already
are not unidimensional. That is, the relevant flow variable todamped. Then the characteristic damping time is initially
be considered is the poloidal flow defined by given by 7,=1/K(t;t) which yields(see Appendix B

B =Bl + Bpb, (63)
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0.51m [ . 0%y case, the inverse Laplace transform can be calculated to any
17y = — 7 vy (72 order both analytically and numerically. The key result, Eq.
(41), is an explicit time-dependentlosure for the parallel
The numerical result in Eq72) is similar to the estimate for viscous force which may be useful in numerical codes as
the damping rate in Ref. 8 for this limit. This result is also well as for the theoretical modeling of fast phenoméha
obtained in Ref. 10 when taking a time average including thes 1/v).
transient behavior due to the initial perturbation. The evolution of the driven parallel/poloidal flow in the
In the present/e<1 expansion, in addition to the damp- expressions obtained are described by integral equations
ing ratev, there is a small oscillator{w,) responsé.lt can  which are still to be evaluated or solved. The results obtained
be recovered by writingw=v,+iew, and expanding (w) here have various applications that are yet to be exploited.
about the damping rate assuming> ;. By taking account For example, they can be used to explore the dynamics of the
of the Landau-type pofdn the denominator of. and equat- transition of the perpendicular dielectric from regular
ing the imaginary parts one obtains an imaginary componenAlfvénic to enhanced neoclassical regiﬁ'?esnd for the ef-
of the frequencyw,. This effect contributes slight oscillatory fects of flow dynamics on neoclassical tearing mades.
responses iKB -V -I1;) and in the kernels of the time-history Extension of these various results to include heat flux
integrals in Eq.(70). This feature of the flow evolution is effects are given in Appendix B. These extensions are re-
neglected in this paper because we are concentrating on tlygired to obtain net electrical conductivity and poloidal flow

dominant, damping effect of the parallel viscosity. damping effects that are not just correct to within about a
For long times, in recovering the static limit, one canfactor of 2, but instead are within about the 1An-7%
rewrite the flow evolution as intrinsic accuracy of the Coulomb collision operator.
t
U,(t) = Uy(t) f K,(t; Ddr, (73)  ACKNOWLEDGMENTS
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f Kyt; ndr=1. (74)
0 APPENDIX A: CLOSURE FOR (B-V -II;)

In the smalle approximation the damping rate, for the

. o . ) In this Appendix, the closure given in E¢31) is ob-
static calculation is obtaine@ee Appendix R bp g ®)

tained from the solution fog. obtained in Sec. V. To sim-

0.31m 2f ' ' i V(v i i
= o B (75) plify the notation we introduce the drivig(v,iw) defined as
Ve T 3n R fo m R
. . . . . D(v,iw) =BV -I)) - —(B?)fy(ioU +Up)
This result clearly violates the static assumption, as pointed p T
out by other authorgsee, for example, Refs. 5 angl 9 1 R R
+=(BA[CH(V) + V], (A1)
v

VIIl. SUMMARY _ _ . . _
. . o which contains the-independent terms on the right side of
A simple inhomogeneous magnetic field model has beelgq, (21). Using Eqs.(26) and(27), the speed dependence in
used to calculate the time-dependent kinetic closure for thgye expansion fof, can be written as

parallel viscous forc¢B - V -I1;) in the banana collisionality
o 1
-
V| Kn

D m
= L_+—fMa—_n_ . (A2)
—-iwlv T "k,—iolv

regime. This model retains the effect of trapped particles and
can be extended to more complicated geometries.

The calculation was carried out using the Chapman— o
Enskog-like approach developed by Wang and Cdffen. The coefficientsy, anda;, are calculated from
However, the same results should be able to be obtained A
using the standard approach in neoclassical theory. The same f
frequency-dependent closure was obtained before using the 4, = - ,
usual method while not considering initial conditio‘WSBy f °A2ﬁ< 1-\B

) . e T\ YA
treating Eq.(3) in Ref. 8 as an initial value problem and )N
taking a formal Laplace transform, the time-dependent clo-
sure[Eq. (41)] should be obtainedin the large aspect ratio A B
case when the inverse transform is calculated. Also, Shaing f d\\ — /9o(MA,
showed the equivalence of this method and the traditional , = f il _ (A4)
one in Ref. 4 for the static case in Ref. 18. € 50, /5

. ) f A;—(V1 -AB)dx

In carrying out the calculation, a formal Laplace trans- o O\
form is introduced which retains the initial value character of R
the problem. Further analytic progress can be made by enFhe flow variableV, given by its definition in Eq(24), is
ploying an expansion for small field modulations. In such athus

Aqdn
0

(A3)

0
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~ v 1
V==——-

7(B? (AS)

A A ma
(fCD + <BZ>1’2fM?fg),

where the definitions fo?C andfg are those in Eqg29) and
(30) where

Phys. Plasmas 12, 052516 (2005)

L4101 =(1-3 y)U0 + 7wl = DIg(t),  (B2)

and the triple convolution can be calculated as follows:

L_l{— I%ftLAJ} = %(1 —2 Vn)( &l;t(t) + Uo5(t)>

3 A _

o= 2B f dnA, (A6) + 3 (o= DIV ~ k(0] (BI)
0
Putting these results together we have
and N
fi - 1 JU(t

3 he LN 20 =2(1-3 %)(ona(t)) +[1

Xn="~ Z(Bz>1/2a’nj d\Ap. (A7) fe v o
0

+ 2 Ynlkn— 2)]U(t) - 2 Ynlkn

Substituting the drivé® from Eqg.(Al) in Eq. (A5) we obtain 1251 (1)
— 1%l (1),

a relation betweeV and(B-V ) B4
which, after some manipulation, leads to the dynamic closure
in Eq. (42) for t>0.

To obtain the time evolution of the parallel flow variable,
the inverse Laplace transform is calculated on both sides of
Eq. (59). For the right side, using E¢39) and the previous

results one can obtain

- 1) = Iw goyg vy - S (iwo
nm v

f
+Up+ <Bz>'”2:g> fu- (A8)

fe

Calculating the momentum moment of E@8) and using

the momentum conserving property of the collision operator,

[d%vCY(V)=0, we obtain

S (1 ~
(B-V -1I)) =mnr(B? stvgvv<7—l)+in+Uo

f - _
L ?q = E {&t) YnXm— V(Km— 1)e_Kth|:(Xm7n
c

m,n

t

+ XnYm) — VXm¥n(Kn = 1)f e77(Km—Kn)dT]

0

fe (BS)
2¢ % To eliminate thed functions, a time integral is taken on both

_<Bz>—1lzm f dst__MA_OJ (A9)  sides and after a simple calculation one can solvel@).
T 3 ng Equation(62) is obtained for which we define the inhomo-

geneous term and the integration kernel as follows:

To find a relation betweeX andU, we assume thaf can be 1 2¢
expanded in Laguerre polynomialgL3?=1,3?%=5/2 h(t) = ———— f d3vmv——""2 XoYm _ (-
-mv?/2T,...) ad (2 ’ym—Z) T3 n o | Kmkn
- mf ~ — —
V(o) = = Mu > VL3, (A10) - 1)—X”‘7”e‘Km”tl (1 4 Kol ) - WKy
Tn 7 Km KnXm¥n

Using the constraint that the parallel momentum moment of

Fo has to vanish one can obtaWy=Un. This is the only
relevant term in the approximation considered here since we
are neglecting higher order terms hﬁ’z. Introducing this
relation in Eq.(A9), the closure given in Ed31) is obtained.

t
-1 J eVT(Km-wdT] :
0

ctme b

(2 ym-2)

APPENDIX B: INVERSE LAPLACE TRANSFORMS _ 1)29—Km7(t—r) - 1]}

(B7)

In this Appendix the inverse Laplace transform of the ) )
frequency-dependent closure and the parallel and poloidal For the toroidal geometry, the inverse Laplace transform
flow evolution equations are developed in some detail. FoPf €ach term in Eq(69) is calculated as before. A time inte-

the parallel stress, the term in curly brackets in &) can gral has to be calculated in this case also and one can obtain
be inverted term by term: Eqg. (70) where the inhomogeneous term and kernel are de-

B fined by
LY =S (k= Doype ™+ (1= 5) 0.

Defining the integrall ,(t)=[{dre " "7U(7), the convolu-
tion with the parallel flow variable is

(B1) (B% 4
— 2 _ — (A — A
hf}(t)—a[<1+2 <B|23>)U90 nm<¢ (1 ¢0>]

(B8)
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2
Kot;n=—a2 M [ g7 fM{l DR

(BT 3
_ 1)2e—:<nv(t—f)]} , (Bg)
and the factor for both expressions is
[1+2q2 <B ( E'Yn):| <B ( Eyn)
(B10)

where the second line is valid for small Using Eq.(B14)

and the values in Eqg51)—(54), the kernel of integration

Ky(t;t)~ 1/, for thet<v case in Sec. VIl is

0.51 m 2f
K, (t;t) = (T—z.sg)? d%?v—?M. (B11)

In the long time case, for the static limit at the end of

Sec. VIl we have, forfjK(t; n)d7=1,

t-z%luj (1= )2 ] -3y
Kn

(B12)
or, solving fort=r,,
[ 2
Ve m vy
=|\—/ = | P, B13
i (0.31)/T “"3n (B13

which yields the damping rate in E/5) and the factoa for
both expressions, which is

B -]~ Da-3 )

2
[“Zq (B2)

(B14)

where the second line is valid for small Using Eq.(B14)

and the values in Eqg51)—(54), the kernel of integration

Ky(t;t)~ 1/, for thet<v case in Sec. VI is

0.51 2f
K ,(t:t) = (— -2, 69) Prr—M, (B15)
€

3n

In the long time case, for the static limit at the end of

Sec. VIl we have, forfjK(t; n)d7=1,

t-z%luj (ky— 12 -7g ] 1-3
Kn

(B16)
or, solving fort=r,,
[ 2
Ve m 3 v fu
= <o31)/ i (B17)

which yields the damping rate in EGZ5)
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APPENDIX C: HEAT FLUX EFFECTS

To include heat flux effects, the distribution function to
be considered in the Chapman—Enskog procedure is an equi-
librium flow and heat-flux shifted Maxwellian plus a small
kinetic distortion:

m 2
f=fyl1+=v.-|— L3’2]+F, C1
M{ TV (5an) 1 €Y

wheref), is defined in Eq(2). In this case, the recast DKE
includes two extra terms and, upon defining a parallel heat-
flux variableQ(y)=q-B/B? to satisfy heat-flux incompress-
ibility, can be written a

F m 2
T yb-V [F + ;u”B(u - 5—pQL§’2>fM} =C(F)

+%f (b VI + |_3’2b V. e”> (C2)

In Egs.(C1) and(C2), L3?=5/2-x is the Laguerre polyno-
mial in the usual varlabla v?/v2 and the heat stress tensor
is given by

0= f dPum(vv - 202 ) L3, (C3)

Solving Eq.(C2) to lowest order as done previously in Sec.
IV the lowest order distortion is obtained:

2
‘TUB<U ‘S_pQL?Q)fM"‘g(U,)\,G,t)- (Cq)

Fo= T

Calculating the annihilator defined in ERO) in the next
order DKE and taking a Laplace transform as before, one
obtains a differential equation fdy for circulating particles
similar to Eq.(21). The A-independent drives in the source
now include extra terms due to the heat-flux contribution

D(v,iw) = <<B v H>|—3/2"‘§<B’-V\-O)L?m)f,\,I
+ 1<Bz>[C1(@11) + 0] - $<82>fM[iw<0Lg/2
v
- EQLSIZ) + (U L3/2_ EQ L3/2):| (Cs)
5p 1 oo 5p o1 .

Thus, the structure of the solution for the integration constant
in the lowest order solution in the same as befdtg. (28)].

The extra terms appear when one substitutes the dive
given by Eq.(C5) into Eqg. (A5).
In this case, in order to obtain the closures{®r V -I1;)

and(B-V -6,) we generalize the conditions used before by
requiring

f d2ul¥?Ci (V) =0 (C6)

and
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3 132 F culated and the closuréC12) is introduced, the Laplace

fd vLi"vF=0 (C?)  transform of Eq(C13 can be written as
fori=0, 1. Proceeding as in Appendix A and calculating one (E;B) MeVe (3B
more term in the expansion fdr, namely,V,=-(2/5T)Q, 0 = n ez[F] E(q@) ' (C14
one can show that the closures are given by © STe

_ - 2 . - i

(B-V . Ilp= nm(Bz><Uf;00— 5_leA101+ Uo+ Yo), where we defined

(voo—iw)ve Vo Ve
Fl=[L]+ . (c1
(C8) [ ] [ ] |: 001/Ve (Ull_ 5i (1)/2)/1/9 ( 5)

and Thus, the electrical conductivity in this more precise ap-

— NEE 2~ 1 - proximation can be calculated as
(B-V -0))=nm(B)| Uvg; - 5_va11‘ BQO+ Y. v

-~ 22

sor=(F s, -
(€9 Failipp=Ffo) "
Here ajj(“’) are the “viscosity coeﬁi?ientsffor 0;i(O=4ij  For the parallel flow damping correction, we generalize the
numerical values see Ref. 17Both v;;(w) and Yi(w) are  quantities in Eqs(B6) and (B7) by introducing L¥? [for
obvious generalizations of the coefficients defined in Eqsh(t) — h(t)] and |_i3/2|_]3/2 [for K(t; ) —Kj;(t; D] in the veloc-
(32 and(34): ity space integrals. Doing so and proceeding as in the last

2 : part of Appendix B one can write the evolution for the flow
0 (@) = m dsvgv__ML?/ZLJS/ZA_t, (C10  including heat flux effects as an integfatatrix) equation as
T 3n fe follows

U(7)
'K K
+f {KOO Km} - Zom |*"
o L®10 11 5p 7,
Thus, the frequency dependent closure, including heat- (C17

flux effects, can be expressed as a matrix equation as fol-
lows:

m 2f f I h
o= [ s 0 -son | [hﬂ
c p

IF. L. Hinton and C. Oberman, Nucl. Fusid® 319 (1969.
2M. N. Rosenbluth, R. D. Hazeltine, and F. L. Hinton, Phys. Flulds 116

——— U
(B-V -1I) »| Voo Vo1 ,2972.
=nm(B) 2 . F. L. Hinton and M. N. Rosenbluth, Phys. Fluids$, 836 (1973.
(B-V -0 Vo1 Vi1l - —Q 4. P. Hirshman and D. J. Sigmar, Nucl. Fusiah, 1079(1981).
5p 5S. P. Hirshman, Nucl. Fusiod8, 917 (1978.
Unt+Y (w) K. C. Shaing and S. P. Hirshman, Phys. FluidslB705(1989.
0 0

™. Taguchi, Plasma Phys. Controlled Fusi8, 859(1991).

((312) 8C. T. Hsu, K. C. Shaing, and R. Gormley, Phys. Plasra$32 (1994).
°R. C. Morris, M. G. Haines, and R. J. Hastie, Phys. PlasrBag513
(1996.

10 :
. . . F. L. Hinton and M. N. Rosenbluth, Plasma Phys. Controlled Fugidn
In order to obtain the heat-flux correction to expresgigs), 653 (1999, Y

we use the moment approa‘élﬁhis is, taking the momentum 3. G. Cordey, Nucl. Fusior6, 499 (1976.
and heat-flux moment§.e., mfd®u L¥? for i=1, 2 of the  'S. Von Goeler, W. Stodiek, and N. Sauthoff, Phys. Rev. L88, 1201
kinetic equation yields a matrix equation for the evolution of,,1974:

. J. P. Wang and J. D. Callen, Phys. Fluids4B1139(1992.
V, andgq,. The parallel component of these balance equationsig. Chapman and T. G. Cowlingihe Mathematical Theory of Non-

* —§Q0+Y1<w> '

for electrons can be written in matrix form as Uniform GasegCambridge University Press, Cambridge, 1939
155, P. Hirshman and D. J. Sigmar, Phys. Fluit 153 (1976.
Q[ VviB } _ E[EB] - [L]{ VviB } 18\, N. Rosenbluth, W. M. MacDonald, and D. L. Judd, Phys. RE97, 1
_ - e _ (1957.
dtl - aB/p Mel O 2q,B/5p 173, P, Wang and J. D. Callen, Phys. Fluids583207(1993.
1 [B-V - I 8k, C. Shaing, Phys. Fluid$1, 8 (1988.
+ , (C13 193. D. Callen, W. X. Qu, K. D. Siebert, B. A. Carreras, K. C. Shaing, and D.
NeMe| B - V. eue A. Spong,Plasma Physics and Controlled Nuclear Fusion Research 1986

. . (IAEA, Vienna, 1987, \Vol. 2, p. 157.
wherelL, denotes the X 2 matrix containing the usuaglec- = Wilson, J. W. Connor, R. J. Hastie, and C. C. Hegna, Phys. Plasmas

tron friction coefficients § When a bounce average is cal- 3, 2(1996.
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