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The free-electron-laser (FEL) equations are reduced to a set of one-dimensional, normalized
equations that allow a universal (dimensional) analysis. In universal parameters,

numerical integration of the FEL equations indicates a relatively constant saturated
ponderomotive wave amplitude independent of both the normalized wiggler potential
amplitude and the injected signal level. The constant ponderomotive wave amplitude

and an empirical fit for the universal saturation length as a function of normalized wiggler
potential amplitude and gain permits unnormalized design calculations for saturated

power and saturated length over a wide parameter range. Tapering is considered by deriving
analytical expressions for the intrinsic efficiency and taper length. Design values for a
high-gain, high-efficiency, tapered amplifier at 280 and 560 GHz are presented.

I. INTRODUCTION

It has long been recognized that universal (or dimen-
sional) analyses of dynamic systems provide considerable
benefit by reducing the number of free parameters.! The
result is that considerably larger physical parameter spaces
can be studied with more modest and manageable theoret-
ical (or computational) parameter spaces. Consequently, it
is not surprising that by reducing the free-electron-laser
(FEL) equations of motion to a particularly simple set via
convenient parameter definitions and normalizations, it has

become possible to perform detailed and extensive simula-

tions on such highly nonliner effects as FEL oscillator ef-
ficiency optimization,”® multimode competition and con-
trol,** dynamic oscillator evolution,® beam voltage slewing
effects,” and harmonic generation and competition in FEL
amplifiers.® In this article we apply the universal normal-

izations used in the above references to make a few basic.

observations regarding the general behavior of high-gain®
FEL amplifiers. We then show how the results of our com-
putations can be used to obtain estimates for the perfor-
mance characteristics of specific high-gain FELs.

1. FORMULATION

The analysis starts with the equations governing the
particle motion (viz., the pendulum equations) and the
slowly varying envelope form'© of the wave equation. Here,
we consider the FEL interaction to involve only a single
transverse mode at the fundamental FEL frequency (i.e.,
we neglect harmonics). In addition, since our interest will
be in the high-gain (noncollective) regime, we neglect
space-charge effects. To obtain a one-dimensional wave

equation, we average over the spatial transverse dimen-
3

sions. With these assumptions, the system equations® can’

be written in the form

déy ® a,¢ ; dy,

— iy 1T

dz ~ 2c YBBar Tm(a,e™) - dz’ (D
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ﬂ_ﬂﬁ _1_8—/52, ' (2)
dZ‘C Bzr Bzr aYr ’
and
da, —1i4 %; ) :
a i 4me? gnSya, (e~ by, 3)

dz ket m S, v,

In Egs. (1)-(3), a,, = ed,/mc” is the normalized wiggler
potential amplitude (or wiggler parameter) and a;
= ed/mc? is the normalized radiation (signal) field am-
plitude. The period-averaged longitudinal resonant veloc-
ity B3, (normalized to the speed of light c¢) is defined in
terms of the local axial velocity 3,(z) -

—_ 1 Ly dZ ! ) -1 h (4)
Ezr; (lw o Bz(zl) 3
and the resonance condition r
o=(ky+k)Bolzy (). (5)
v.(z) is the.resonant value of total energy y = (1

— %) —V2 that is required to keep particles in phase with

the ponderomotive wave in the presence of a tapered wig-
gler, and 8y = y — v, is the energy deviation from reso~
nance: The brackets { } in Eq. (3) represent an average
over the initial particle phases in the ponderomotive well.
The coupling coefficient % can be derived generally as® -

%:LJT dt(ei[(kl+ k,)z — ot} +ei[(kz-kw)z—rot])
o | (6)

where 7 is the transit time of an electron through one
wiggler penod In most problems of interest, however, the

condition a2/ (y* — 1) < 1 will Justlfy usmg the approxi-

mate form” -

zi['fo(uw) _Jl(uw)]:, . (7a)

where -
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uw~aw/4(1+ 12 w)s .

and Jy, J; are the standard Bessel functions.

One quantity of interest is the period-averaged axial
energy parameter 7, Rigorously, 7,, = (1L — f2) '
where 3,, is defined in Eq. (4). Functionally, the evalua-
tion of Eq. (4) yields f,, in terms of a complete elliptic
integral:

{7v)

Bu=mB/2K (1) (8a)
so that

Ta={1 — [7B,/2K (1)1} =17, (8b)
where

p=ay/viBr=aL/ (v —1). (8c)-

Further, the exact expression in. Eq (8b) can be approx1~
mated, yielding a more familiar form:

Vo=V 1 + /2. ' (9)

This approximate expression is useful when values of u do
not approach unity. Consider a numerical example. Given
1 = 0.80 and y, = 2.96 the exact expression Eq. (8b) yields
¥ = 1.32 whereas the approximate expression Eq. (9)
gives 7,, =~ 1.46, an error of 10%.

Finally, in performing the average over transverse di-
mensions, it has been assumed that the beam waist is much
smaller than the radiation waist. This yields the cross-sec-
tional areas for the electron beam S and the radiation
beam S (S, is the waveguide cross section if relevant),
and a normalization factor g for the transverse average of
the radiation profile: : :

=_J' las(xl)l

where a, is the peak 31gna1 amplitude at x; = 0. The elec-
tron-beam density is represented by the symbol #, Note
that the ratio g5,/S; serves as the beam filling factor.

At this point we recognize that the description of an
FEL signal-pass amplifier will be most conveniently han-
dled by separate discussion of its two basic sections, as
depicted in Fig. 1. Specifically, we expect the amplifier to
consist of an initial untapered (uniform wiggler), high-

(10)

gain region—in which the radiation signal -evolves to.

" saturation—followed by a tapered wiggler section for effi-
ciency enhancement. The advantages of such a configura-
tion have been convincingly demonstrated by experiment. 12
Numerical computations using a universal set of equations
are particularly well suited to a treatment of the initial
high-gain, uniform wiggler region (see Fig. 1). For the
tapered section, however, a simple energy balance relation
based on Egs. (1)—(3) above will suffice within the context
of the simplified analyses presented here.

11I. HIGH-GAIN (UNIFORM WIGGLER) SECTION

In the initial uniform wiggler section, the resonant nor-
malized energy ¥, is constant and the deceleration term
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‘FIG. 1. Tapered FEL amplifier showing wiggler parameter a,, and nor-

malized signal potential a, with axial distance.

dy,/dz will not contribute to Eq. (1). We proceed to define
the following ‘“‘universal” quantities:

P=(0L/c)8Y, (11).
1 3InB,\ " aua,
= s 12
=@2/0) (Bz, 3y, ) ¥V,Bz (12)
1 dIng, ' »
§=(/3” 37, )3’ (13)

and

4 [ 2 2 1 n —27~1/3
7= g I, (w/c)? ay dnf,, a4
S [A kz Yr a?/r

In Egs. (11)-(13), the dimensionless quantities 2, &,
and & serve the role of normalized detuning, ponderomo-
tive (or beat) wave amplitude, and longitudinal distance.
In Eq. (12), .7 is a characteristic length related to the
gain length. (Note that .# is not dimensionless.) The two
previously undefined current quantities are the period-av-
eraged axial current

T=enySyB.c (152)
and
Ii=mc®/e=1.7X10* A (15b)
which is related to the Alfvén current.
Booske et al. 7504
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Substituting the quantities defined above into Egs.

(1)—(3), we obtain a universally normalized set ‘of equa-

tions for the high-gain section:

d )

"d‘?* — 2% Im(sre?), (16)

dy

zg— 9 , (17
and

dod — z‘é’ i .

E= (e~ ™). (18)

Note that with proper definition, we could have absorbed
the coupling coefficient & into the universal parameters.
Our philosophy, however, was to generate a universal set
of computational results which the reader could easily re-
late to independent FEL configurations by unraveling nor-
malized quantities via Eqs. (11)—(14). Such an exercise is
demonstrated later with several quantitative examples.
Due to the Bessel function dependence in Eq. (7a), how-
ever, inclusion of % in the universal parameters would
have made this' unraveling process much more tedious.
Hence, we have kept € out of the normalizations, and
vary it explicitly (by varying a,) as an additional free
parameter in the numerical computations.

For the high-gain regime, it is not so important to,

detune the injection energy from the resonant value. This is
particularly true in FELs in which conducting waveguide
walls are present to prevent diffraction of radiation away
from the electron beam. Hence, here we take the injection
value of normalized detuning as equal to zero. Other anal-
yses'? explore the effects of energy detuning when radiation
diffraction and optical guiding are important.

We now numerically solve the nonlinear equation set
(16)~(18) for a monoenergetic ensemble. of beam elec-
trons. As a result of setting the initial valueé of detuning to
zero, we expect that the evolution of the universal ponder-
omotive wave amplitude .7 will only depend on the initial
value & and a secondary weak dependence on a,, through
the coupling coefficient. This prediction is verified in the
following plots. First, in Fig. 2, we have plotted a typical
example of how & [specifically the natural logarithm
In(e? /o7 ,)] evolves with the universal axial coordinate £.
The onset of exponential growth is evident, as is the inev-
itable saturation. We can determine from Fig. 2 that in the
normalized formulation the exponentiation length has the
universal value of approximately £, ~ 2.4. In Fig. 3 we
have plotted the wave amplitude at saturation & as a
function of the initial value o3 . Note that ./, ~0.6 is
essentially independent of &, except in the limit that
oo =~ & Figure 4 shows the (universal) saturation
length &, versus the power amplification factor G
= (& o/ ¥ o)? for values of a,, between 0.1 and 5.0. Since
& o, 18 essentially constant, this figure is an extremely gen-
eral characterization of FEL - amplifier saturation. Also
plotted in Fig. 4 are least-squares fits to the numerical data
for £, (G,a,,). This empirically determined scaling has the
approximate form

7508 J. Appl. Phys., Vol. 69, No. 11, 1 June 1991

8.0 AL IS Bt A S B B S M R M SRS R D S 17—’
7.0 | -
6.0 [ A .
b e
5.0 | -
/w? L 4
> 40 | &0 .
3 i |
£ 30k ‘ .
2.0 - . AL o ag,=0.5 _
- ol covee 4,=0.001 . 1
10 00000 4p=0.01

T AdAAA 4o=0.1

TR IS TS SOUN TS SO JRN Y N TG N NN TR T TR SO N SN T W

Q0. 5 10 15 20 25

Universal Axial Position . (&)

FIG, 2. Growth of ponderomotive amplitude .« with axial distance £ in
uniform wiggler section for case of wiggler paramcter a,, = 0.5. Three
injected amplitudes .7, are shown. - - -

§sat(Ga,) = C1(a,)In[Cy(a,) G, (19a)
where

Cy~1.05 + 0.117a,, — 0.0114d, (19b)
and

Cy== 144 — 30.8a,, + 4.25a},. (19¢)

At this point we wish to mention that it has recently come
to our attention that similar analyses (unpublished) have
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FIG. 3. Saturated ponderomotive amplitude ./, with injected amplitude
«f o for five wiggler parameters a,, ranging from 0.1 to 5,0.
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FIG. 4. Universal saturation length £, with saturated power gain G for .

five wiggler parameters a,; ranging froin 0.1 t0-5.0. &, is the normalized
distance to saturation while power gain G=P,,/P,. The empirical line fits
are for a,, = 0.5 (solid line) and a,; = 5.0 (dashed line) and are calculated
from Egs. (19).

been independently performed by Kumada and Sessler.!*
The results reported here are in good agreement w1th that
work.

These results, obtained by numerical solution of the
universal FEL amplifier equatrons, can be,combined with
the’ definitions of the universal parameters to provide a
useful, simple method for predicting the behavior.of high-
gain' FELs. For example, following a derivation given in
Ref. 3, the saturated signal power is calculated by integrat-
ing the axial component of the time-averaged Poynting
vector over the transverse waveguide dimensions

P= f d*%,{S"€,) time» (20a)
where the Poynting vector
S=(c/4m) (EXB). (20b)

With rectangular waveguides and planar wigglers, a com-
mon transverse mode for FEL interaction is the TEy
mode®'*!* which has a one-half sinusoidal variation in the
narrow-waveguide dimension and is characterized by a
transverse profile average g = 2 [see Eq. (10)]. We calcu-
late the saturated power in the TEy; mode using Egs. (20:

P (TEyy) = (wk,/4m) (mc?/e)’S @l g, (21)

where the saturated normalized signal potential is found
simply through Egs. (12) and (14),

A sat = (47Tg e/mc 3 ) V3q 110/3 (c/ Cbkz) e (7217;2;') 23
XT/S) P e - - i
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Substitution of Eq. (22) into Eq. (21) yields a useful
expression for saturated power in.terms of the universal
saturated ponderomotive amplitude:

sat(TEOI) =[(64m) (1/0k,)
< me e TS )T B 1Pl

Note that in deriving these expressions we have used B2,

— /72, where 72, =~ ¥2/(1 + id2). In a similar man-
ner, one can use the definitions of the normalized quanti-
ties to predict estimates for the saturation lengths of dif-’
ferent FEL realizations:

Zgat == Yryz er gsat! ( 24)

where §m is obtalned from Flg 4 and & is calculated
from Eq. (14). .

Within the linear reglme, the spatlal growth rate 1s_
given as

U Kgsb)( )2 I ( miaz )]V%- 25
«,,:,“.Zexp,v‘gexp S kzc ; ):’zlzr - ' ‘
whiére the exponentiation length, zey, = Y6 Sexps 18-
consistent with Eq.  (24). The growth rate scaling‘is in
agreement with that of previous work.!®* We have found

(23)

‘that for amplifier designs, saturation length should not be

calculated from the linear growth rate. Instead, it is more
appropriate to use the saturation length of Eq. (24). The
univérsal ‘formulation, through the empirical relations in"
Eq. (19), accounts for the initial transient and eventual
saturatién (nonlinear) regimes. Saturation lengths based

strietly iipon linear growth will 51gmﬁcant1y underestlmate

the required length.

" Of course, there is the issue of whether the interaction
is truly noncollective (i.e., Compton).- This-can be esti-
mated from the ratio of the exponentiationl distance to the
dlstance requlred for a beam plasma oscillation to occur:’

<1, Compton

[(w,,/y’”)zexpl/ﬁzp '(26>

%1, Raman, - '~
where cup is the usual beam. plasma frequency, wj’; )

4;n'ne‘/m Equatlon (26) can be written as the ratio .of
the period-averaged beam axial current density Jj, to the
current density J.o at which collective (Raman) effects
can no longer be ignored:

vaz§Jcoll9 ) y o (273)
Tp=1, (A)/Sb(cm) (27b)
Jon= LA /) (LT B~ (27¢)

Nete that the formulas and computations in this work are
(strlctly speaking) valid only if Jbz < Jcol] and when 7, Var

=y/ N1+ :

When determlnlng the colIectrve currents given in Eq

(27c) one can use §exp = 2.4 since this value i is found to be,
relatively independent of wiggler parameter and injected
signal strength. Otherwise, an estimation of z,, can be
found from
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2 — 2Zsat
FPIn(Pou/Py) *
where Py is the injected power: Use of Eq‘ (28) overesti-

mates the exponentiation:length and. therefore provides a,,
conservative estimate for J . ‘

(28)

IV. TAPERED SECTION I

“Simplified estimates for the efficiency enhancement
achieved with a tapered section can bé obfained by manip-
ulations of the unnormalized Egs. (1)—~(3), combined with
substitution of the saturated amplitude computed in Eq.

(22) of the previous section. Specifically, -in the tapered

section, we assume that a,, is'varied with z so that déy/
dz=0 for the trapped particles. ‘Another assumption is
made that the energy exchange from the beam to the wave
is’”dominated by the trapped particles. Finally, we assume
that for the trapped particles the phase bunching function

{e™ ™)y is approximately constant with z in the tapered :

region. With these assumptions, Eqs. (1) and (3) are in*
tegrated over the length of the tapered section Liaper (see
Fig. 1). Performing the necessary calculatlons ylelds the
expressmn for efficiency -

LrPyag

| mapewf,(/s,,/ﬁ,o) Ar/va—1)
A A ’}/zr(Jl‘t' awO \/1+2awL>

where B, ¥, are the values of total (normahzed) speed
and energy of the electrons at the taper enfrance (1 e, at
z=z,, in Fig. 1), an(awL) is the normalized wiggler po-
tential amplitude at the taper entrance (exit), and f; is the
fraction of trapped particles. Note that this expression is
essentially what one might choose based on more phenom-
enological arguments.

Simplified rnodehng assumptlons yleld estimates for
other critical parameters in the tapered section. For exam-
ple, following discussions in Ref. 17, we consider a taper
(possibly nonlinear) which is prescrlbed to keep the quan-
tity -

'(-2_9a>ﬁ

(39b)

?"B-z: d Yr ‘ %OBZr d’}’,
chawds dz 2igawassat - dz. 0.
(30)

equal to a constarit, i.e., equal to 1tsrvalue evaluated at the
taper entrance. For such a taper, we can estimate.f,, the
trapped fraction, from Fig. 8 of Ref. 17. A conservative
linear fit to f, vs ¢, in Fig. 8 of Ref. 17 yields

£,20.8 — (3.2/m),, (31)

where 9, is determined from Eq. (30) and a,, is found
from Eq. (22) given the universal saturated beat wave am-
plitude &, ~ 0.6.

In a similar fashion, one can use Eq‘ (1), setting d67//
dz=0, to obtain an estimate for the tapered length Ly,
For example, assuming a linear taper' in a,, vs z the result is

I Ay, Ay,
taper‘ |d7r/dzlz at zcgawoas sat( )Y’OB”‘

sin i,=

(32)
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TABLE L. Comparison of estimated values calculated from the universal
formulation with values for a 3D simulation of a tapered FEL amplifier at
280 GHz (see Ref. 18). -

s - Estimate - - - 3D simulation
P 1.9 GW 1.4 GW
Zear 2.6 m 22 m
T e . 4600 A/cm?
Tt 820 A/cm?
f 0.6 ~0.6
ntaper 39% » 39%
meer 1.7m 1.8 m
P . 129 GW 12.6 GW

Again, ag,; is obtained from Eq. (22) with &, = 0.6.
Note that the application of Egs. (31) and (32) to the
same tapered section is not necessarily self-consistent.
Equations (30) and (31) are relevant to a taper in which
1, is kept constant, whereas Eq:. (32) applies to 4 linear
taper. Nevertheless, both expressions are expected to pro-
vide useful first-order predictiohs with Eq. (30) tending to
overestimate the taper length if nonhnear tapers are em-
ployed ' :

V. DISCUSSION

~ The utlhty of the computations and formulas presented
in the previous sections will now be discussed. For a bench- -
mark, we consider a high-gain FEL ampiifier simulation
reported by Chang, Joe, and Scharer.'® In Table I, the 3D
simulation results are compared to predictions from the
1D. universal formulation [use of Egs. (19), (22)-(24),
(27)-(32),. and Fig. 3]. The agreement is excellent, con-
sidering the simplifying assumptions used in the, 1D esti-
mates. The modest differences may result from a nonzero
detuning and a small, but nonzero, beam thermal spread
used in the 3D simulation. Note that the 3D 51mulat10n s
period-averaged axial current density J;,, ~ 4600 A/ cm? ex-
ceeds the estimated upper limit Jy .= 820 A/cm? for
Compton behavior. However, this dlsparlty 1is irrelevant,
since the 3D simulation is inherently a high-gain, Compton
device due to the neglect of collective effects. Also, note .
that a typographical error occurs in the stated waveguide
dimension of Ref. 18. The waveguide dimensions should
read 3.012X3.012 cm®."” :

Vi. DESIGN OF HIGH-GAIN MILLIMETER-WAVE FEL
AMPLIFIER USING A SUPERCONDUCTING
SHORT-PERIOD WIGGLER AND SHEET ELECTRON
BEAM

The agreement w1th the results of Ref. 18 demonstrates
the utility of using Eqs. (11)~(32)-and Figs. 24 for first-
cut designs of high-gain FEL amplifiers. An important ap-
plication that may benefit from the use of high-gain FEL
amplifiers is the heating of fusion plasmas by high-average
power electron-cyclotron resonance heating (ECRH) in
the millimeter-wave (mm-wave) regime: In particular, de-
signs for the next generation of high-field, high-density fu-
sion plasma experiments call for, ECRH sources to deliver
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TABLE II Designs based upon the universal formulation for a 280- and
560-GHz tapered FEL amplifier with a cw output of 1-2 MW.

Frequency (GHz) 280 560 -
Vi (MV) 1.0 . 1.5
Lo (A) 10 10
Sy{cm?) 0.1%x2.0 0.1X2.0
B,,(kG) 10.0 10.0
Buymin(kG) 2.0 2.0

1, {(mm) 10.5 10.0
ay, 0.98 0.93
S,(cm?) 0.52%3.0 0.50x3.0
P (MW) 0.14 014
Zg (m)? 0.6 .09
ntaper(%) (f/zo--’) 17 15
Ligper(m) 1.3 2.3
P, (MW) 1.7 2.1

21 kW input for both cases.

one or more megawatts of average power at frequencies
between 200 and 600 GHz.2%?!

Previously, the fea31b111ty of a low- (intrinsic). efﬁ-
ciency FEL oscillator using a short period wiggler (I,
S 1cm) and a sheet electron beam has been investigated as
a possible solution to this need for high average mm-wave
power.? In this section, we consider the possibilities for an
alternative solution: a cw, high-gain, high-efficiency FEL
amplifier using a short-period wiggler and a sheet electron
beam. The concept is motivated by recent advances in su-
perconducting short-period wiggler design, indicating that
values of @, ~ 1 are feasible with w1ggler periods of [,
< 1com. B3

We have used the universal FEL amplifier results and
the procedure discussed in the earlier sections to obtain
first-cut designs for high-gain, short-period wiggler FEL
amplifiers with a sheet electron beam and a tapered wiggler
section for efficiency enhancement. The results are listed in
Table 1I. For beam voltages of approximately | MV and
beam currents less than 10 A, it is predicted that conven-
tional dc power supplies will soon be available.?? In these
designs we have chosen the minimum peak wiggler field
By, min at 2 kG to ensure sufficient beam focusing® at the
end of the wiggler. The designs of Table II are applicable
for an ECRH source for experimental tokamak plas-
mas.?®?! These two designs indicate total lengths of ap-
proximately 2-3 m (using a linear taper model) with sin-
gle-pass intrinsic efficiencies of 15%-20% at cw output

powers of 1-2 MW. In all cases the beam current density is’

well below the collective regime.

As a consequence of the tapered amplifier’s higher in-
trinsic efficiency there are several advantages over the os-
cillator concept proposed in Ref. 22. The advantages in-
clude: (i) roughly one-third the beam power is needed to
realize 1 MW of output rf power; (ii) beam focusing is
improved due to stronger wiggler fields; and (iii) rf Ohmic
heat flux to the waveguide walls is reduced due to lower rf
power density in the waveguide. The tradeoffs for these
advantages include a much longer interaction length (one
order of magnitude) and the (probably) necessary engi-
neering complexity of a cold (4 K) waveguide wall to

7508 J. Appl. Phys., Vol. 69, No. 11, 1 June 1991

allow the superconducting magnet coils to get as near to
the interaction gap as possible. Both issues underscore the
need to keep beam losses to the wall at an extremely low
level. Due to the length of the interaction region, this will
mean that wiggler field errors must be kept very low to
avoid particle diffusion to the walls.?’

VIL. SUMMARY

Using a conveniently normalized set of one-dimen-
sional FEL equations, we have identified several useful
“universal” characteristics for high-gain FEL amplifiers
with uniform wiggler parameters. Both the normalized ex-
ponentiation £.,, =~ 2.4 and the saturated ponderomotive
amplitude /', =~ 0.6 were essentially independent of the
injected ponderomotive amplitude &,. As a result, it was
possible to generate a universal expression for the saturated
length £, which was only a function of saturated power .
gain (with a weak, secondary dependence on the wiggler
parameter @,,). Unnormalized scaling relations for the sat-
urated radiation power Z, (using the TE,; rectangular
mode as an example), and the saturation length z,, were
derived in terms of &y, and &, respectively. Conditions
for neglect of beam space charge were given in terms of the
universal parameters. A simple model for a tapered section
was also discussed, using an energy balance between wave
growth and beam deceleration. This yielded simple, intui-
tive expressions for efficiency and taper length (the latter
based on a linear taper model assumption). The resulting
1D formulas were benchmarked against a 3D numerical
simulation of a high-gain, tapered FEL amplifier at 280
GHz. Finally, the results of the theoretical analyses were
used to suggest designs for a high-gain mm-wave FEL am-
plifier using a short-period (superconducting) wiggler and
a sheet electron beam. The parameters for this device ap-
pear atiractive as a high average power mm-wave source
for electron cyclotron resonance heating in high-field tok-
amak plasmas intended as fus1on ignition experiments.
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