Consider the integer lattice in the plane (i.e., all
the points (x,y) such that x and y are integer val-
ues). Imagine for a moment that each integer lat-
tice point is an infinitely thin tree. Which trees
can you see from the origin? Surely on the z-axis,
one can only see the points (1,0) to the right and
(—1,0) to the left. But all other “trees” behind
these two points are obscured from view. For ex-
ample, (2,0) cannot be seen because (1, 0) is block-
ing it. See the diagram to the right, where the blue
vertices are examples of three points which are not
visible since they are obscured from view by a vis-
ible point (denoted by a tree). A natural question
to ask is, what fraction of integer lattice points are
visible from the origin? It turns out that this is a
well-known question with an answer involving a
value that is ubiquitous in mathematics, namely,
the Riemann-zeta function ((s) evaluated at s = 2.
Phrased in equivalent terms, the probability that a

Definition: A point (z,y) in the integer lattice Z*
is invisible from the origin if ged(zx,y) > 1.

Theorem: The fraction of pairs (x,y) in the integer
lattice Z* such that ged(x,y) = 1 is ((2)~1 which
equals 6/m> =~ .607927. Hence approximately 40%
of 77 is invisible.

C(5) = 2p=1 1/ (n)

C(2)=>"",1/(n*) =7°/6 ~ 1.644934

C(3) =>_"",1/(n°) ~ 1.202057

Definition: Letn € N. Thenn = pi'ph? ... pZ‘Z;’;)
by the unique factorization theorem, where a(n)
is the number of distinct prime factors dividing n.

a(n)

Define the prime set of n tobe Pr(n) = {p;},_;".

randomly selected lattice point is visible from the
origin is ; that is, approximately 60%. This clas-
sic result was proven in 1883 by Cesaro [1]. So
what can be said about the 40% of invisible lat-
tice points? Are there arbitrarily large patches of
invisible lattice points? Yes.

L

Definition: An n x n forest with bottom-left cor-
ner (x,y) in the quadrant Z* x Z* is denoted
Ee - I EG ) is not visible from the origin, then

wecall Fo ) ahidden forest and denoteitby H, .

Theorem: For every n € N, there exists disjoint
sets A1 and Ao each containing n consecutive natural
numbers such that gcd(ay,as) > 1 whenever a; € A,.
Hence an n x n hidden forest exists for each n € N.

Definition: Ann x n x n forest with the bottom-
left corner (x,y, z) in the quadrant Z* x Z*T x Z*
is denoted as F("'}E y.2) and if hidden then denoted

n
(z,y,2)"

2 x 2: For H, , consider the four points (z,y),
(z,y + 1), (v

l,y), and (x + 1,y + 1). Then
a(r +1) > 2and a(y +j) > 2 fore,j € {0,1}.
In particular, we need at least 4 distinct prime fac-
tors p1, ..., ps such that:

P1,P3 C Pr(y)
p2,ps € Pr(y + 1)

P1,D2 S PI’(ZE)
p3,ps € Pr(xz + 1)

3 x 3:For H é”x J) there are three distinct cases.
Optimal Case: x € 2Z, y € 2Z. Let p; = 2. Then

P1, P2 c PI'(Q?) P1,P3 c Pr(y)
p3, 4,5 € Pr(x +1) p2,p4,ps € Pr(
D1, P € Pr(:E - 2)
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4 x 4 :For H, , there are multiple distinct cases.

Optimal Case: 3|z, 3|y, ¢ € 27,y € 27Z. Let p; = 2,
and py; = 3. Then

p1,P2,Pa € Pr(y)
p3,Ps, P8, P1o € Pr(y + 1)

p1,P8, P9 € Pr (
P2, P10,P11 € Pr (

P1,P6,P11 € Pr Y -+ 2)
P2, P7, P9 c Pr Y =+ 3)

2 x2x 2 : We applied the Chinese Remainder The-
orem to locate H(Qx’y’z) withz =20+ 1,y = yo + 1,
and z = zp + 1. The eight corner points have coor-
dinates (zg + ¢, yo + J, 20 + k) where 1 < 4,5, k < 2.
In the diagram below, the prime numbers corre-

spond to each ged(zg + ¢, yo + J, 20 + k).

{x + 1 = 0 (mod Front)
x + 2 = 0 (mod Back)

)

{ = —1 (mod 3315) g = —1 (mod 858)

x = —2 (mod 2926)

y + 1 = 0 (mod Left)
+ 2 = 0 (mod Right)

R

= —2 (mod 11305)

{’;’+1E 0 (mod Top)
+ 2 = 0 (mod Bottom)

@

{ = —1 (mod 210)
z = —2 (mod 46189)

X, = 573,494

| v, =1,413,124

z, = 877,589

Xo+1=3-5-13-17-173
Yo k-2 =2%-7-11~19

Vo+1=5%7-17-19
Vo+2=2-3*-11-13-61

Zo+1=2-3%-5-7°-199
Zot2=11-13-17-19%
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More investigation will be done to find the closest H fla; ;) and H (236 y.2)"
the minimal required prime factors of an arbitrary H appears to be fairly reasonable. When using
the Chinese Remainder Theorem to determine various H’  , different permutations of the same n x n

matrix yield different results. We conjecture that the closest hidden forests can be obtained in this way.
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Also, determining a theorem for
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