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ABSTRACT

Fundamental understanding of the interaction between the signal
space and the channel is key to reliable communication. In this pa-
per we propose a virtual channel representation for multi-antenna
fading channels that captures the essence of such such interaction
in the spatial dimension. The virtual representation describes the
channel via spatial basis functions defined by fixed virtual angles.
The resulting virtual channel matrix provides a simple geometric
interpretation of the scattering environment and clearly reveals the
two key factors affecting capacity: the number of parallel channels
and the level of diversity. Via the concepts of spatial zooming and
aliasing, the virtual representation also provides a transparent in-
terpretation of the effects of antenna spacing on channel statistics
and capacity. :

1. INTRODUCTION

Antenna arrays hold great promise for bandwidth-efficient com-
munication over the harsh wireless channel. The two main charac-
teristics of fading spatial channels from a communication theoretic

viewpoint are the capacity and diversity afforded by the scattering

environment. Recent studies that assume an idealized rich scat-
tering environment indicate a linear increase in capacity with the
number of antennas [1, 2]. Physical models (see, e.g., [3]) de-
scribe realistic scattering environments and the resulting channel
statistics determine capacity and diversity. However, simple rules
that capture the effects of scattering and array characteristics on
capacity and diversity are difficult to draw in general fror existing
models.

In this paper, we propose a new intermediate virfual channel
representation that keeps the essence of physical modeling, pro-
vides a tractable /inear channel characterization, and offers a sim-
ple interpretation of the effects of scattering and array characteris-
tics on channel statistics, capacity and diversity [4]. Specifically,
the virtual representation describes the channel with respect to
fixed spatial basis functions defined by fixed virtual angles. Con-
sider a Q@ x P matrix with elements {H (m, n)} representing a
channel with P transmit and Q receive antennas. For uniformly
spaced virtual angles, { H(m, n)} are related to the virtual channel
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coefficients { Hv (g, p)} via a two-dimensional Fourier transform:
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where0 < m < Q-1,0<n<P-1,0Q=(Q—-1)/2and
P = (P — 1)/2. This work studies the structure and statistics of
{Hv(q, p)} imposed by scattering characteristics.

The deceptively simple Fourier relation (1) yields many useful
insights [4]. First, under the assumiption of independent path gains,
{Hv (g, p)} are approximately uncorrelated and { H(m,n)} con-
stitute a segment of a wide sense stationary (WSS) process. Sec-
ond, the virtual representation yields an insightful “imaging” inter-
pretation of the scattering geometry: a realistic channel consisting
of a superposition of clusters is represented by the virtual matrix
Hy consisting of non-vanishing sub-mattices. Third, H v clearly
reveals the effect of scattering on the two key factors affecting ca-
pacity: the number of parallel channels and the level of diversity
associated with each parallel channel. The virtual representation
also induces a virtual partitioning of scattering paths that explic-
itly exposes their contribution to capacity and diversity. Finally, -
via the concepts of spatial zooming and aliasing, the virtual frame-
work provides a transparent interpretation of the effect of antenna
spacing on channel statistics and capacity. ‘

The next section presents a general physical model for spatial
MIMO channels and introduces the virtual channel representation.
Section 3 summarizes some useful properties of the virtual chan-
nel matrix. Section 4 discusses capacity calculations and includes
an illustrative example. We refer the reader to [4] for a detailed
account of this work. ' '

2. MIMO CHANNEL MODELING

In the absence of noise, the transmitted and received signals are
related as

x=Hs 2)
where 8 is the P x 1 transmitted signal, @ is the @ x 1 received
signal and H denotes the channel matrix coupling the transmitter
and receiver elements. For simplicity of exposition we focus on
one-dimensional uniform linear arrays (ULAs) of antennas at the
transmitter and receiver and consider far-field scattering. Let dr
and dr denote the antenna spacing at the transmitter and receiver,
respectively. The channel matrix can be described via the array
steering and response vectors
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where 8 is related to the physical angle ¢ (measured with respect
to the horizontal axis as in Figures 1 and 2) as § = dsin(¢)/A =
asin(¢), where X is the wavelength of propagation, and a = d/
is the normalized antenna spacing. The above relation defines a
one-to-one map between —7/2 < ¢ < /2 and —a < 6 < a.
However, the steering and response vectors in (3) are periodic in
8 with period 1. We consider the principal period [—0.5,0.5) for
6. This implies that for « > 0.5, scatterers outside the range
¢ € [—sin~!(0.5/a),sin™!(0.5/a)) alias into the principle pe-
riod for 8. This observation is fundamental to understanding the
effect of antenna spacing on capacity.
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Fig. 1. A schematic illustrating physical modeling. Each scatter-
ing path is associated with a fading gain (8:) and a unique pair
of transmit and receive angles (¢ 1,1, $r,) corresponding to the
scatterers.

Figure 1 illustrates a widely used discrete physical model

L
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which corresponds to signal propagation along L paths with {§ 7,1 €
St} and {fr, € Sr} as the angles seen by the transmitter and
receiver, respectively, and {8:} as the corresponding independent
path gains. The angles lie within the angular spreads St and Sgr
seen by the transmitter and receiver, respectively. Note that (4) is
non-linear in the spatial angles.

2.1. Virtual Channel Representation

The finite dimensionality of the spatial signal space can be ex-
ploited to develop a linear virtual channel representation which
uses spatial beams in fixed virtual directions. Without loss of gen-

erality, assume that P and Q are odd and define: é (Q-1)/2

and P = (P = 1)/2. The virtual representation, illustrated in
Figure 2, is given by
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where {0r,q} and {67} are fixed virtual angles that result in full-
rank matrices Ag = [an(GR __Q), . ,aR(G )] (Q@ x Q) and
Ar = [aT(BT _Fh ,aT(éT ] (P xP). The Q x P matrix
H v is the virtual channel representation. In contrast to (4), the

virtual representation is /inear and is characterized by Hv (Ar
and A are fixed).
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Fig. 2. Virtual representation of the environment depicted in Fig-
ure 1. The virtual angles are fixed a priori and their spacing defines
the spatial resolution. The channel is characterized by the virtual
coefficients, { Hv (q,p) = hq,p}, that couple the P virtual trans-
mit angles, {¢7,p}, with the Q virtual receive angles, {¢ r,q}

Uniform sampling of § € [~0.5,0. 5) is a natural choxce for
virtual spatial angles: brqe = q/Q, —Q<q<Q@ brp =
p/P, -p <p< P which results in the steering/response vec-
tors (3) being sinusoids with frequencies éT,p /éR,q, and yields
Discrete Fourier Transform matrices A rand ZT (see (1)).

3. PROPERTIES OF VIRTUAL REPRESENTATION

In this section we discuss some important properties of H v that
are insightful in assessing channel statistics, capacity and diversity
afforded by a physical scattering environment.

3.1. Virtual Path Partitioning

{Hv(q, p)} are related to the physical model (4) as

L
Hv(a,p) =Y Aifo(Ori —a/Q)f3 (071 — p/P)  (6)
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where fo(8) = (1/Q)e™7%™%9 gin(7Q8)/ sin(rf). We note that
the kernel fo(0r)fp(67) peaks at r = 87 = 0 and the peak
gets sharper with increasing P and Q. The virtual representation
induces a partitioning of paths indices in (6) that explicitly exposes
the contribution of paths to {Hv (g, p)} and to the resulting chan-
nel statistics, capacity an diversity.

Define the following partition of path indices in (4) Sr,q =
{ -1/2Q < 8rymod 1 — q/Q < 1/2Q}, Q<q<Q,
and S1,p = {t:-1/2P < 6r;mod 1-p/P < 1/2P}, =P <
p < P, where § mod 1 denotes the value of § in the principle
range [—0.5,0.5). Sg,q is the set of all paths whose receive an-
gles 8 g, (after shifting them into the principle 6 range) are within
1/2Q of the g'" virtual receive angle Or 7 = q/Q. Stp is sim-
ilarly defined with respect to virtual transmit angles. Note that
U,Sre = U, 51» = U, ,[SreNSTp) = {1,2,--+,L}.
With the above partitioning (6) can be approximated as

Hv@p~ Y. B !

IE€SR,¢NST,p

which states that the scattering contribution to the virtual angle
pair (¢/@, p/ P) (and hence Hv(q, p)) is proportional to the num-
ber of paths whose angles (8 r,1, #7,1) lie in the rectangular virtual
spatial bin of size 1/Q x 1/P centered on (q/Q, p/P): Bgp =
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{(Or,07) : —=1/2Q < 0r — ¢/Q < 1/2Q, —1/2P < 67 —
p/P < 1/2P}. We say that two paths are distinct if they can be
distinguished in either transmit or receive virtual angles; that is,
they belong to distinct sets Sg,q or St,q. We say that two paths
are strictly distinct if they can be distinguished in both transmit and
receive virtual angles; that is, they belong to distinct sets S r,q and
St,p, or, equivalently, their transmit/receive angles lie in distinct
bins Bgp.

3.2. Statistics of Virtual Channel Coefficients

Using (1), we can explicitly relate the statistics of H and H v as

Ru(m —m',n—n') = E[H(@m,n)H*(m' ,n)]
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since from (7) we have

E[Hv(q,p)Hv(d',p)] = Yo ot bppbes O

l1€SR,¢NST,p

which uses E[8:8]] = o78;_y. Thus, under the assumption of
independent path gains, {H v(q,p)} are approximately uncorre-
lated, {H(m,n)} form a segment of a WSS process and (8) is
analogous to the relationship between the correlation function and
power spectral density of a WSS process.

3.3. Imaging of Scattering Clusters

Realistic scattering environments can be modeled via a superposi-
tion of clusters with limited angular spreads (see, e.g., [5]). Hv
provides an intuitively appealing representation for such environ-
ments depicted in Figure 3: different clusters correspond to dif-
ferent non-vanishing sub-matrices of Hvy. Equation (7) forms
the basis of this “imaging” interpretation. Furthermore, the non-
vanishing elements of H v are approximately uncorrelated (see
(9)). The size of a sub-matrix of Hv is determined by the size
of the corresponding cluster and the antenna spacing . Con-
‘sider a single cluster with angular spreads Sp = [Sr—, Sr+]
and St = [S7-, ST4] in the ¢ domain. The sub-matrix corre-
spondstog = Q—,:-+,Q4 andp = P_,-.-, Py where Q_ =
larQsin(Sr-)J and Q4 = [arQsin(Sr4)], and similarly
_ & |arPsin(Sr-)] and Py = [arPsin(Sr4)]. For a
given cluster size, the size of the sub-matrix increases with a.
The imaging interpretation clearly reveals the two key factors
that affect the capacity of each cluster:

o The number of parallel channels, PC, which is equal to the
rank of the sub-matrix, is determined by the number of
transmit and receive virtual angles that lie within the cluster
angular spreads.

o The level of diversity per parallel channel, D, is determined by
the number of virtual receive angles that couple with each
virtual transmit angle and vice versa. This depends on the
nature of scattering.

MEDIUM CAPACITY
MEDIUM DIVERSITY

LOW CAPACITY
HIGH DIVERSITY

HIGH CAPACITY
LOW DIVERSITY

Fig. 3. Decomposition of H v into non-vanishing sub-matrices
corresponding to scattering clusters.

To illustrate how the level of diversity is determined by the na-
ture of scattering let P = @ and consider a single cluster with
Sr— = St— = —x/2 and Spy+ = ST+ = 7/2. On one extreme
is “diagonal scattering” (H v diagonal) in which each transmit vir-
tual angle couples with only one corresponding virtual receive an-
gle resulting in low diversity (largest sub-matrix in Figure 3). On
the other extreme is “maximally rich scattering” (all elements of
Hvy nonzero) in which each virtual transmit angle couples with
all virtual receive angles resulting in maximum diversity (small-
est sub-matrix in Figure 3). This suggests the following simple
k-diagonal virtual model to capture the nature of scattering

min( F,p+k)

S

p=—; q=maxv(——’l;,p—k)

Hv(g,p)ar(8rq)ak (67,) (10)

where 0 < k < P — 1. Note that &k = 0 corresponds to diagonal
andk = P — 1 to maximally rich scattering.

3.4. Spatial Zooming and Aliasing

For given scattering, increasing antenna spacing o decorrelates the
channel as well as increases capacity [4]. The effects of spatial
zooming and aliasing are key to this understanding. For simplic-
ity, assume that o7 = ar = a. Consider a cluster with angu-
lar spreads in the ¢ domain given by Sr = [-A¢r, Adr] and
St = [-Ad¢r, Adr). The essential effect of increasing « is spa-
tial zooming: the antenna array is able to zoom into the cluster
in that {(¢7,dr) € [~AdT, AdT) X [~AdR, AdR]} maps to

{(87,0r) € a[—sin(A¢7),sin(A¢r)]xa[—sin(A¢r),sin(Adr)]}

in the & domain. Thus, the small cluster in the ¢ domain occu-
pies a larger and larger portion of the 8 range as o increases (see
Figure 4). Another effect intimately related to zooming is spa-
tial aliasing. When the edges of the cluster exceed the principal ¢
range as « increases, they alias back into the principal range. Both
these effect contribute to capacity and diversity since more virtual
angles couple with the scatterers as o increases.

4. CAPACITY CALCULATIONS

The number of parallel channels, PC, primarily determines the
capacity multiplier afforded by multi-antenna systems, and the
level of diversity per parallel channel, D, primarily determines the
slope of the error probability and outage capacity curves. PC <
PCpaz = min{P, Q) and the virtual path partitioning tells us
that there have to be at least L = min(P, Q) strictly distinct
physical paths to achieve PC maz. However, this does not guar-
antee maximum diversity for each parallel channel. An example
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is “diagonal” scattering (H o in (10)) that achieves PCras but
D =1. D < Dmar = max(P,Q) and if P < @, each vir-
tual transmit angle must couple with Dmaz = @ distinct virtual
receive angles via distinct paths in order to achieve D maz. This
corresponds to receive diversity. On the other hand, if P > @,
Dmesr = P distinct virtual transmit angles must couple to each
virtual receive angle via distinct paths in order to achieve D maz.
This corresponds to transmit diversity. Thus, we need at least
min(P, Q) x max(P,Q) = PQ strictly distinct paths to excite
all the degrees of freedom in the channel and achieve both PC ma.
and D maz. This corresponds to maximally rich scattering (H p—1
in (10)).

We present a numerical example in Figure 4 to illustrate the
effect of o on capacity for a single /4 x = /4-wide (in ¢ do-
main) cluster. For simplicity, let P = Q. Consider the noisy
channel, ® = /pHs + w, where p is the transmitted power
(E[lIs]|*] = 1) and w is zero-mean complex Gaussian noise vec-
tor with Efww?] = I. Conditioned on the knowledge of H (or
H v) at the receiver, capacity is approximately given by [1, 2]

C(H) = log, [det (I + pHv H? [P)] bits/s/Hz. (11)

In Figure 4, P = Q@ = 11 and SNR = 10log,,(p) = 20dB. Two
quantities are plotted for two antenna spacings o = 0.5, 1.31.
First, a contour plot of E[| Hv (p, g)|]*], depicting cluster support
in 6, is provided to show the effect of spatial zooming. Second,
an outage capacity plot is provided along with the outage capacity
of an iid channel (with the same p) for comparison. The clus-
ter is simulated via the physical model (4) using L = 200 paths
and each path is associated with (¢ 1, ¢r) uniformly distributed
within the angular spreads. The path gains are simulated as iid
zero-mean complex Gaussian random variables and the clustered
and iid channels have the same power. The outage capacity plots
are computed from 1000 independent channel realizations.

As evident from Figures 4(a) and (c), the effective size of the
cluster in the # domain increases due to spatial zooming as o in-
creases. This is accompanied by a corresponding increase in ca-
pacity in Figures 4(b) and (d) due to increase in the number of
parallel channels and decorrelation of channel coefficients as more
and more virtual angles couple with the scatterers. For « = 1.31
the cluster covers the entire & region, thereby effectively yielding
an iid channel as in Figures 4(c) and (d).
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Fig. 4. Effect of antenna spacing on capacity for a single-cluster
environment. Contour plots of E[| Hv (g, p)|*] and outage capacity
plots for both the cluster and iid channels are shown. (a) Contour
plot of H|Hv (p, q)|?] for a = 0.5. (b) Outage capacity plots for
a = 0.5. (¢) and (d) correspond to (a) and (b) for a = 1.31. The

cluster and iid channels are identical at @ = 1.31 due to maximum
zooming.
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