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Abstract: In this paper we introduce a general line search scheme which easily allows usto de�ne and analyze known and new semismooth algorithms for the solution of nonlinearcomplementarity problems. We enucleate the basic assumptions that a search directionto be used in the general scheme has to enjoy in order to guarantee global convergence,local superlinear/quadratic convergence or �nite convergence. We examine in detail severaldi�erent semismooth algorithms and compare their theoretical features and their practicalbehavior on a set of large-scale problems.Key Words: Nonlinear complementarity problem, semismoothness, Newton's method, pro-jected gradient method, large-scale problem.AMS Subject Classi�cation: 90C33, 90C06, 65K05.
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1 IntroductionThe main aim of this paper is twofold: On the one hand, we present a general scheme whichallows us to easily analyze and compare, in a uni�ed framework, the characteristics of severalsemismooth algorithms for the solution of the nonlinear complementarity problemx � 0; F (x) � 0; xTF (x) = 0; (NCP(F ))where F : IRn ! IRn is a continuously di�erentiable function and all inequalities are takencomponentwise. On the other hand, we give a numerical comparison of several realizationsof our general framework. Although some of these realizations are known from the literature,some others lead to new algorithms. Interestingly, it turns out that these new semismoothalgorithms have stronger theoretical properties than the known ones and that their numericalbehaviour is at least comparable.The nonlinear complementarity problem has important applications in operations re-search, economic equilibrium models and in the engineering sciences, see, e.g., [18, 12]. Forthis reason, there is a growing interest in �nding e�cient and robust algorithms for solv-ing NCP(F ). This re
ects in an increasing number of proposals of solution schemes forNCP(F ) in recent years. In these recent developments an important role has been played bythe semismooth methods, i.e., by those methods that attempt to solve the complementarityproblem by �rst reformulating it as a semismooth system of equations and then by applyinga generalized Newton method to solve this system. We refer the reader to Subsection 2.1for a short overview on semismooth Newton methods and to Subsection 2.3 for the presen-tation of some basic properties of two di�erent reformulations which will be considered inthis paper.The �rst semismooth methods were based on the Fischer function [13]:'F (a; b) := pa2 + b2 � a� b:The function 'F has the property that'F (a; b) = 0() a � 0; b � 0; ab = 0; (1)so that the NCP(F ) can be reformulated as a system of nonsmooth equations�F (x) = 0;where �F : IRn ! IRn is de�ned by�F (x) := 0BB@ 'F (x1; F1(x))...'F (xn; Fn(x)) 1CCA :The Fischer function, or some suitable modi�cations of it [25, 23, 22, 2], has maintaineda central role in the development of semismooth methods up to now; in fact it appears topossess many favourable properties both from the theoretical and numerical point of view.3



In this paper we introduce a general line search scheme based on the semismooth Newtonmethod and on the Fischer function. This scheme encompasses several known methodsand easily allows the development of new, interesting ones. More precisely, our generalalgorithmic scheme allows the use of a variety of di�erent search directions; then it monitorsconvergence of the iterates by using the merit function	F (x) := 12�F (x)T�F (x); (2)i.e., the natural merit function of the operator �F . We shall consider in detail several di�erentspecializations of the general scheme and compare the resulting algorithms both from thetheoretical and numerical point of view.Another motivation for this work comes from the following observation: Almost all exist-ing semismooth methods reformulate the complementarity problem as a system of equations�(x) = 0in order to obtain a locally fast convergent algorithm, and then use the corresponding meritfunction 	(x) := 12�(x)T�(x)in order to globalize this method. This is a very natural approach which, usually, leads tovery good algorithms. However, and this will also be discussed in more detail in Sections2 and 3, sometimes one reformulation of the complementarity problem gives rise to a nicermerit function (e.g., weaker conditions for a stationary point to be a global minimum),whereas another reformulation gives the better search direction and therefore, in particular,the better local algorithm (e.g., �nite termination or quadratic convergence under weakerassumptions). So it seems interesting to combine \the best" merit function with severalschemes to compute a search direction. In fact, the probably most interesting algorithmsamong those studied in this paper are based on this combination idea.The organization of the paper is as follows: In Section 2, we restate some known prop-erties of nonsmooth Newton methods, prove some preliminary results on certain regularityconcepts and apply these results to two speci�c reformulations of the complementarity prob-lem NCP(F ). Our general algorithmic scheme is presented in Section 3. There, based onfairly general assumptions on the search directions computed within the algorithmic scheme,we also prove global and local convergence results. In Section 4, we consider six di�erentrealizations of our class of algorithms. We show that these realizations satisfy, under suitableconditions, all or most of the assumptions required for the search directions in the previoussection. In Section 5, we then present a summary of our extensive numerical testing whenusing four of the six realizations of our general scheme. We conclude this paper with some�nal remarks in Section 6.Some words about our notation: We say that F : IRn ! IRm is a C1-function if F is con-tinuously di�erentiable, and an LC1-function if F is di�erentiable with a locally LipschitzianJacobian. The Jacobian of a C1-function F : IRn ! IRm at a point x 2 IRn is denoted byF 0(x). If M 2 IRn�n is any given matrix with elements mij and J;K � f1; : : : ; ng are twononempty subsets, we writeMJK for the submatrix consisting of the elements mij with i 2 Jand j 2 K. A similar notation will be used for subvectors.4



2 PreliminariesIn this section we collect some material that will be used subsequently. In particular, inSubsection 2.1 we recall some known schemes for the solution of systems of semismoothequations along with their main convergence properties; these schemes will constitute thecore step in the algorithms considered in this paper. In Subsection 2.2, in order to beable to better appreciate the theoretical di�erences between the algorithms we shall study,we elucidate the relations between b-regularity and R-regularity, the two assumptions mostcommonly used in analyzing convergence rates of algorithms for NCP(F ). In particular,we point out the rather unexpected fact that, for P0-problems, R-regularity and b-regularitycoincide. Finally, in Subsection 2.3 we apply these regularity concepts to prove nonsingularityresults for two speci�c reformulations of the complementarity problem.2.1 Local Algorithms for Semismooth SystemsLet G : IRn ! IRn be a locally Lipschitzian function. Then, by Rademacher's theorem, G isalmost everywhere di�erentiable. If we denote by DG the set of points x 2 IRn at which Gis di�erentiable, we can de�ne the B-subdi�erential of G at x as@BG(x) := fH 2 IRn�njH = limxk2DG;xk!xG0(xk)g;see [32]. It is easy to see that this set is nonempty and compact. The convex hull of this set,@G(x) := conv@BG(x);is the generalized Jacobian of G at x, see [4]. G is said to be semismooth at x [27, 33, 32] ifit is directionally di�erentiable at x andHd�G0(x; d) = o(kdk)for any d! 0 and any H 2 @G(x + d), where G0(x; d) denotes the directional derivative ofG at x in the direction d. Analogously, G is called strongly semismooth at x ifHd�G0(x; d) = O(kdk2)for any d ! 0 and any H 2 @G(x + d): We call G (strongly) semismooth if it is (strongly)semismooth at any point x 2 IRn.If G is a C1-function, then G is semismooth and@BG(x) = @G(x) = fG0(x)gfor every x 2 IRn; moreover, if G is an LC1-function, then G is strongly semismooth. Thismotivates the following generalization of the classical Newton method for the solution of thesemismooth system of equations G(x) = 0: (3)5



Generalized Newton Method0. Choose x0 2 IRn and set k := 0:1. Select an element Hk 2 @BG(xk): Compute a solution dk 2 IRn of the generalizedNewton equation Hkd = �G(xk): (4)2. Let xk+1 = xk + dk; k = k + 1 and go to Step 1.Note that we do not incorporate any termination criterion in this and in the other algorithmspresented in this section, since, in order to simplify the statement of their convergenceproperties, we always assume that they generate an in�nite sequence of points.We call a solution x� 2 IRn of (3) BD-regular if all elementsH 2 @BG(x�) are nonsingular,see [32]. Now we can restate from [32] the following local convergence result for the abovealgorithm.Theorem 2.1 Assume that G : IRn ! IRn is semismooth (strongly semismooth) and x� 2IRn is a BD-regular solution of (3). Then, for any x0 2 IRn su�ciently close to x�; the abovealgorithm is well-de�ned and generates a sequence fxkg which converges to x� Q-superlinearly(Q-quadratically).It is possible to consider variants of the Generalized Newton Method that are more suited tolarge-scale problems. The most obvious variant is an inexact version in which the equation(4) is only solved inexactly.Generalized Inexact Newton Method0. Choose x0 2 IRn and set k := 0:1. Select an element Hk 2 @BG(xk): Compute a solution dk 2 IRn of the equationHkd = �G(xk) + rk (5)for a suitable vector rk 2 IRn.2. Let xk+1 = xk + dk; k = k + 1 and go to Step 1.The vector rk in (5) is called the residual and measures the inaccuracy with which the Newtonequation (4) is solved. Note that usually, in actual computations, the vector rk is not �xedbeforehands. Instead, an iterative method is used to solve the linear system (4), and thismethod is stopped when the norm of the residual rk is smaller than a pre�xed accuracy. Thefollowing result can be established, see [26, 9].6



Theorem 2.2 Let G be semismooth and let x� be a BD-regular solution of the system G(x) =0: Suppose that fxkg is a sequence generated by the Generalized Inexact Newton Method.Then the following statements hold:(a) There are numbers �� > 0 and " > 0 such that, if kx0 � x�k � " and krkk � ��kG(xk)kfor all k; the sequence fxkg is well-de�ned and converges Q-linearly to the solution x�:(b) If the sequence fxkg converges to the solution x�; then the rate of convergence is Q-superlinear if and only if krkk = o(kG(xk)k):(c) If the sequence fxkg converges to the solution x� and if G is strongly semismooth, thenthe rate of convergence is Q-quadratic if and only if krkk = O(kG(xk)k2):Paralleling well-known results in the smooth case, we can also consider a Levenberg-Marquardttype version of the Generalized Newton Method.Generalized Inexact Levenberg-Marquardt Method0. Choose x0 2 IRn and set k := 0:1. Select an element Hk 2 @BG(xk) and a nonnegative �k. Compute a solutiondk 2 IRn of the equation(HTkHk + �kI)d = �HTkG(xk) + rk (6)for a suitable vector rk 2 IRn.2. Let xk+1 = xk + dk; k = k + 1 and go to Step 1.The vector rk is, again, the residual. The local properties of the Generalized InexactLevenberg-Marquardt Method are also very similar to its smooth counterpart, and havebeen established in [10].Theorem 2.3 Let G : IRn ! IRn be semismooth and let x� 2 IRn be a BD-regular solution ofG(x) = 0: Suppose that fxkg is a sequence generated by the Generalized Inexact Levenberg-Marquardt Method. Then the following statements hold:(a) There exist constants " > 0; �� > 0 and �� > 0 such that, if kx0 � x�k � "; krkk ���kHTkG(xk)k and �k � �� for all k; then the sequence fxkg converges Q-linearly to x�:(b) If, in addition, krkk = o(kHTkG(xk)k) and �k ! 0; then fxkg ! x� Q-superlinearly.(c) If, in addition, G is strongly semismooth, and if krkk = O(kHTkG(xk)k2) and �k =O(kHTkG(xk)k), then fxkg ! x� Q-quadratically.7



2.2 On b- and R-RegularityGiven a solution x� 2 IRn of NCP(F ), let us introduce the three index sets� := fi 2 Ij x�i > 0 = Fi(x�)g;� := fi 2 Ij x�i = 0 = Fi(x�)g;
 := fi 2 Ij x�i = 0 < Fi(x�)g:The following two regularity concepts play an important role in the (theoretical and numer-ical) analysis of complementarity problems.De�nition 2.1 A solution x� 2 IRn of NCP(F ) is called(a) b-regular if the principal submatrices F 0(x�)�[�;�[� are nonsingular for all subsets �such that ; � � � �;(b) R-regular if the submatrix F 0(x�)�� is nonsingular and the Schur-complement of thismatrix in  F 0(x�)�� F 0(x�)��F 0(x�)�� F 0(x�)�� !is a P -matrix.We recall that the above mentioned Schur-complement is de�ned byF 0(x�)�� � F 0(x�)��F 0(x�)�1��F 0(x�)�� 2 IRj�j�j�j: (7)Obviously, there is no di�erence between b- and R-regularity at a nondegenerate solutionof NCP(F ). In general, however, it is known that b-regularity is a weaker assumption thanR-regularity, see also Example 2.1 at the end of the next subsection. Here, we want to givea complete relationship between b- and R-regularity. To this end, we �rst prove a simpleresult.Lemma 2.4 Let M 2 IRn�n and � � f1; : : : ; ng be such that the submatrix M�� is non-singular. Then the principal submatrices of the Schur-complement M=M�� are given byM�[�;�[�=M��; where � is any subset such that ; � � � �� and �� := f1; : : : ; ng n � denotesthe complementary subset of �:Proof. For any subset � such that ; � � � ��; we obtain[M=M��]�� = [M���� �M���M�1��M���]��= M��\�;��\� �M��\�;�M�1��M�;��\�= M�� �M��M�1��M��= M�[�;�[�=M��;where the �rst and last equality follow directly from the de�nition of the Schur-complementand the third equation is a consequence of the fact that �� \ � = �: 2We are now in the position to prove the main result of this subsection.8



Theorem 2.5 Let x� 2 IRn be a solution of NCP(F ). Then the following statements areequivalent:(a) x� is an R-regular solution of NCP(F ).(b) x� is a b-regular solution of NCP(F ) and the Schur-complement (7) is a P -matrix.(c) x� is a b-regular solution of NCP(F ) and the Schur-complement (7) is a P0-matrix.Proof. For simplicity, let us write M := F 0(x�):(1) First assume that x� is an R-regular solution. Then the Schur-complement (7) is a P -matrix by de�nition. The fact that M�[�;�[� is nonsingular for all � with ; � � � � followsfrom the assumed R-regularity and [30, Lemma 1].(2) Obviously, part (b) implies part (c) since any P -matrix is a P0-matrix.(3) Now assume that x� is a b-regular solution of NCP(F ) and that the Schur-complementS := M�[�;�[�=M�� is a P0-matrix. We have to show that this Schur-complement is actuallya P -matrix, i.e., that det(S��) > 0 for all subsets ; � � � �: Since, by the assumed P0-property, we already know that det(S��) � 0; it su�ces to show that det(S��) 6= 0 for all; � � � �: In view of Lemma 2.4, we haveS�� = M�[�;�[�=M�� for any ; � � � �:Hence, from a well-known result on the determinant of a Schur-complement (see, e.g., [5,Proposition 2.3.5]), we getdet(S��) = det(M�[�;�[�=M��) = det(M�[�;�[�)=det(M��) 6= 0;where the last part follows from the fact that M�[�;�[� is nonsingular for any ; � � � � bythe assumed b-regularity of the solution x�: Hence x� is an R-regular solution of NCP(F ).2The above result immediately implies the following corollary.Corollary 2.6 Let x� 2 IRn be a solution of NCP(F ) such that the Jacobian F 0(x�) is aP0-matrix. Then x� is an R-regular solution if and only if it is a b-regular solution.Proof. The statement follows directly from Theorem 2.5 and the fact that the Schur-complement of a nonsingular submatrix of a P0-matrix is again a P0-matrix, see [3, Lemma2.3]. 2If F : IRn ! IRn is a P0-function, then all Jacobian matrices are P0-matrices by [28, The-orem 5.8]. Hence there is no di�erence between R- and b-regular solutions for P0-functioncomplementarity problems. In particular, there is no di�erence between these two regularityconcepts for monotone problems.
9



2.3 The Operators �F and �PIn this section we recall some basic (semi)smoothness properties of two operators which areoften used in order to reformulate the nonlinear complementarity problem as a nonsmoothsystem of equations, namely the Minimum and the Fischer operator. The Fischer operatorhas already been de�ned in the introduction. The Minimum operator is similarly de�ned by�P (x) := 0BB@ minfx1; F1(x)g...minfxn; Fn(x)g 1CCA ;here we use the subscript \P" for the Minimum operator in order to stress the importanceof Pang's [29, 30] seminal work in this area.We believe that �F (x) = 0 and �P (x) = 0 are the most used reformulations of thecomplementarity problem as system of equations, and we shall use them extensively in thispaper. In view of the results of the previous sections we are obviously interested in the semis-moothness properties of these reformulations. The �rst result that can easily be establishedis that, if F is (strongly) semismooth, then also �F and �P are strongly semismooth, see[14, 20] for details. In particular, we have the followingProposition 2.7 (a) If F is a C1-function, then �F and �P are semismooth.(b) If F is an LC1-function, then �F and �P are strongly semismooth.Another point which deserves attention is the structure of the B-subdi�erentials of �F and�P and the conditions which guarantee BD-regularity at a solution. The following resultwas shown in [11].Proposition 2.8 Suppose that F is a C1-function and x� is an R-regular solution of NCP(F ).Then x� is a BD-regular solution of the system �F (x) = 0:A crucial property in the design of globally convergent algorithms, that has been extensivelyexploited in recent years, is that the corresponding merit function 	F (see (2)) is continuouslydi�erentiable [11, 16, 19]).Proposition 2.9 Suppose that F is a C1-function. Then the merit function 	F is continu-ously di�erentiable with gradient r	F (x) = HT�F (x) for an arbitrary matrix H 2 @�F (x).In [6] it has been shown how to calculate elements in the B-subdi�erential of �F , and this,in view of Proposition 2.9, also allows to easily evaluate the gradient of 	F .We now consider analogous issues for �P . To this end let x� be a solution of NCP(F )and let H 2 @B�P (x�) be arbitrarily chosen. Let Hi: denote the ith row of this matrix.Furthermore, let �; � and 
 denote the index sets de�ned in the previous subsection. Fromthe very de�nition of the operator �P and the B-subdi�erential @B�P (x�); we have thefollowing:(a) If i 2 �; then Hi: = rFi(x�)T : 10



(b) If i 2 
; then Hi: = eTi :(c) If i 2 �; then Hi: = rFi(x�)T or Hi: = eTi :Hence there is an index set � such that ; � � � � andH =  F 0(x�)�[�;�[� F 0(x�)�[�;
[��0
[��;�[� I
[��;
[�� ! ; (8)where �� := � n � denotes the complementary subset of � in �: By using this expression of@B�P (x�) and the very de�nition of b-regularity, it is then immediate to prove the followingproposition.Proposition 2.10 Suppose that F is a C1-function and x� is a b-regular solution of NCP(F ).Then x� is a BD-regular solution of the system �P (x) = 0:It is interesting to note that �P is BD-regular at a solution of the complementarity problemunder an assumption which is weaker than that needed to establish an analogous result for�F (even is we saw in the previous section that these two assumptions coincide in the caseof P0-functions). One may wonder whether this gap is only due to a lack in the analysis ofthe properties of �F ; the following example shows that the gap is actually intrinsic.Example 2.1 Let n = 2 and F : IR2 ! IR2 be de�ned byF (x) :=  �x1 + x2�x2 ! :Then it is easy to see that the complementarity problem NCP(F ) has the unique solutionx� := (0; 0) which is b-regular (since F 0(x�) is a nondegenerate matrix) but not R-regular.Now consider the sequence fxkg de�ned byxk := �1k ; 2k�T :Then xk ! x� and �F is continuously di�erentiable at all xk with Jacobian�0F (xk) =  0 1p2 � 10 p2 !for all k: Obviously, the sequence f�0F (xk)g converges to the singular matrix 0 1p2 � 10 p2 ! 2 @B�F (x�);i.e., x� is not a BD-regular solution of the system �F (x) = 0:On the other hand it is very important to note that, contrary to �F , the natural meritfunction associated to the operator �P is not di�erentiable everywhere in general, makingthe design of globally convergent algorithms based on �P fairly cumbersome.11



3 Algorithm and ConvergenceIn this section we propose a general algorithmic scheme which is similar to the algorithmsconsidered, e.g., in [19, 6]. The only di�erence is that, instead of using a speci�c direction,we use a generic direction on which we impose certain assumptions. In the next section, weshall illustrate how directions satisfying these assumptions can be calculated. This allows usto analyze in a uni�ed way di�erent algorithms, corresponding to di�erent directions.In the sequel, in order to prove global convergence, we shall always assume that thesearch direction used in the algorithmic scheme satis�es Assumption 1 below. Assumptions2sup, 2quad and 2fin will be invoked only to establish convergence rates.Assumption 1(a) dk = 0 =) r	F (xk) = 0.(b) If xk ! x� and dk ! 0, then r	F (x�) = 0.Assumption 2supLet x� be a solution of NCP(F ) and assume that fxkg is a sequence converging to x�.Then limk!1 kxk + dk � x�kkxk � x�k = 0:
Assumption 2quadLet x� be a solution of NCP(F ) and assume that fxkg is a sequence converging to x�.Then lim supk!1 kxk + dk � x�kkxk � x�k2 < +1:
Assumption 2finLet x� be a solution of NCP(F ). There exists a neighborhood 
 of x� such that, if xkbelongs to 
, then x� = xk + dk:

12



Note that in our three di�erent Assumptions 2, no connection is assumed between the waythe sequences fxkg and fdkg are generated. The three Assumptions 2sup, 2quad and 2fin saythat the direction has to be locally superlinearly convergent, locally quadratically convergentor has a �nite termination property, respectively.In what follows, a general scheme of an algorithm for the solution of the complementarityproblem using the merit function 	F is given.General Line Search Algorithm0. Choose x0 2 IRn, � > 0, s > 1, � 2 (0; 1=2), � 2 (0; 1). Set k := 0.1. If xk satis�es a suitable termination criterion: STOP.2. Calculate a direction dk satisfying Assumption 1 and set pk = dk.3. If 	F (xk + pk) � �	F (xk); (9)set xk+1 := xk + pk, set k := k + 1 and go to Step 1.4. If pk does not satisfy the following testr	F (xk)Tpk � ��kpkks; (10)set pk = �r	F (xk). Find the smallest ik 2 f0; 1; 2; : : :g such that	F (xk + 2�ikpk) � 	F (xk) + �2�ikr	F (xk)Tpk; (11)set xk+1 := xk + 2�ikpk, set k := k + 1 and go to Step 1.The algorithm itself, and the corresponding convergence analysis, are heavily based on thecontinuous di�erentiability of 	F described in Section 2.3.In the sequel, in order to facilitate the statement of the convergence properties of thealgorithm, we shall always assume that the termination criterion at Step 1 is never satis�ed,so that an in�nite sequence of points is generatedTheorem 3.1 If Assumption 1 holds, then every limit point of a sequence fxkg generatedby the General Line Search Algorithm is a stationary point of 	F .Proof. The proof is by contradiction. Suppose, renumbering if necessary, that fxkg ! x�and that r	F (x�) 6= 0; then we can assume without loss of generality that the test (9) isnever passed and that 0 < � � kpkk � D (12)for suitable constants 0 < � � D. In fact, if the test (9) is satis�ed in�nitely many times,this would imply, recalling that at each step 	F (xk+1) � 	F (xk), that f	F (xk)g ! 0, so13



that x� is a global minimum point of 	F and hence r	F (x�) = 0. On the other hand if,for some subsequence K, fkpkkgK ! 0, we have that r	F (x�) = 0 by Assumption 1 (b),while fkpkkg cannot be unbounded because, taking into account that r	F (xk) is boundedand s > 1, this would contradict (10).Then, since at each iteration (11) holds and 	F is bounded from below, we have thatf	F (xk+1)�	F (xk)g ! 0 which implies, by the linesearch test,f2�ikr	F (xk)Tdkg ! 0: (13)We want to show that 2�ik is bounded away from 0. Suppose the contrary. Then, sub-sequencing if necessary, we have that f2�ikg ! 0 so that at each iteration the stepsize isreduced at least once and (11) gives	F (xk + 2�(ik�1)pk)� 	F (xk)2�(ik�1) > �r	F (xk)Tpk: (14)By (12) we can assume, subsequencing if necessary, that fpkg ! p� 6= 0, so that, passing tothe limit in (14), we get r	F (x�)Tp� � �r	F (x�)Tp�and therefore r	F (x�)Tp� � 0 (15)since � 2 (0; 1). On the other hand, we also have, by (10), that r	F (x�)Tp� � ��kp�ks < 0,which contradicts (15); hence 2�ik is bounded away from 0. But then (13) and (10) implythat fpkg ! 0 so that r	F (x�) = 0 by Assumption 1 (b). 2Assumptions under which a stationary point of the function 	F is a solution of the comple-mentarity problem are given in [6] to which we refer the interested reader. Here we only notethat if F is a P0-function then every stationary point of 	F is a solution of the complemen-tarity problem. This condition is probably the weakest known condition guaranteeing thecorrespondence between stationary points of a merit function and solutions of the comple-mentarity problem, and is one of the main motivations for using 	F instead of other meritfunctions in our General Line Search Algorithm.In the sequel we examine the convergence rate of the algorithm.Theorem 3.2 Suppose that x� is a b-regular solution of NCP(F ), that fxkg converges to x�and that Assumption 2sup is satis�ed in x�. Then, eventually pk = dk, xk+1 = xk + dk andfxkg converges Q-superlinearly to x�.The proof uses the following two lemmas. The �rst one was shown in [11] under a slightlystronger assumption. However, it is easy to see that the proof goes through with the weakerassumption stated here. The second lemma readily follows from [34, Lemma 3.1].Lemma 3.3 Let G : IRn ! IRn be semismooth and x� 2 IRn be a BD-regular solution of thesystem G(x) = 0: Suppose that there are two sequences fxkg and fdkg such thatxk ! x� and limk!1 kxk + dk � x�kkxk � x�k = 0:14



Then limk!1 kG(xk + dk)kkG(xk)k = 0:Lemma 3.4 There exist constants c1 > 0 and c2 > 0 such thatc1	P (x) � 	F (x) � c2	P (x)holds for all x 2 IRn, where 	P (x) := 12k�P (x)k2 denotes the merit function belonging to theMinimum operator �P .Proof of Theorem 3.2. By Lemmas 3.3, 3.4, Proposition 2.10 and Assumption 2sup, theb-regularity condition implies that eventually the test (9) is satis�ed. So the assertion followsby the instructions of the General Line Search Algorithm and Assumption 2sup. 2The following two results can be easily proved along the same lines used for the proof ofTheorem 3.2.Theorem 3.5 Suppose that x� is a b-regular solution of NCP(F ), that fxkg converges to x�and that Assumption 2quad is satis�ed in x�. Then, eventually pk = dk, xk+1 = xk + dk andfxkg converges Q-quadratically to x�.Theorem 3.6 Suppose that x� is a b-regular solution of NCP(F ), that fxkg converges to x�and that Assumption 2fin is satis�ed in x�. Then there exists an index k0 such that xk0 = x�.4 Search DirectionsBy the results of the previous section we see that we can de�ne algorithms which enjoyfavourable properties if we are able to de�ne search directions which satisfy Assumptions1 and 2sup (or 2quad or 2fin). Obviously, from a theoretical point of view, we wish theseassumptions to hold under conditions on the complementarity problem which are as weakas possible. In this section we consider several possible directions dk and compare theirtheoretical properties. A numerical comparison is the subject of Section 5.4.1 The Fischer-Qi DirectionThe �rst direction we consider is basically the semismooth Newton direction for the system�F (x) = 0.dk = ( solution of Hkd = ��F (xk); with Hk 2 @B�F (xk); if system solvable�r	F (xk) otherwise. (16)15



Theorem 4.1 (a) The direction de�ned by (16) satis�es Assumption 1.(b) If x� is an R-regular solution of NCP(F ), then Assumption 2sup holds. Furthermore,if F is an LC1-function, then also Assumption 2quad holds.Proof. (a) The proof of this point is obvious if dk = �r	F (xk). So consider the case inwhich dk is the solution of Hkd = ��F (xk). If xk ! x� (in particular, if xk = x� for everyk) and if dk ! 0, we have, taking into account the boundedness of the B-subdi�erential onbounded sets, that �F (x�) = 0. But then x� is a global minimum of 	F so thatr	F (x�) = 0.(b) If x� is an R-regular solution of NCP(F ) then, by Proposition 2.8, x� is a BD-regularsolution of the system �F (x) = 0, which is semismooth by Proposition 2.7 (a). HenceAssumption 2sup holds because of Theorem 2.1. If, in addition, F is an LC1-function, then�F is strongly semismooth by Proposition 2.7 (b), and, once again, the assertion followsfrom Theorem 2.1. 24.2 The Inexact Fischer-Qi DirectionThis is nothing else but the previous direction in which, however, the linear system is solvedinexactly.dk = ( solution of Hkd = ��F (xk) + rk; with Hk 2 @B�F (xk); if system solvable�r	F (xk) otherwise. (17)Theorem 4.2 Assume that the sequence of residuals frkg satis�es krkk � �kk�F (xk)k,where f�kg is a sequence of numbers such that, for every k, 0 � �k � �� < 1. Then:(a) The direction de�ned by (17) satis�es Assumption 1.(b) If x� is an R-regular solution of NCP(F ) and krkk = o(k�F (xk)k), then Assumption2sup holds. Furthermore, if F is an LC1-function and krkk = O(k�F (xk)k2), then alsoAssumption 2quad holds.Proof. (a) The proof of this point is obvious if dk = �r	F (xk). So consider the case inwhich dk is the solution of Hkd = ��F (xk) + rk for a suitable residual vector rk 2 IRn.If xk ! x� (in particular, if xk = x� for every k), we have, renumbering if necessary andtaking into account the boundedness of the sequence frkg, that rk ! r� for some vectorr� 2 IRn. Hence, if dk ! 0, we also have, taking into account the boundedness of the B-subdi�erential on bounded sets, that �F (x�) = r�. In view of our assumptions, however, wehave kr�k � ��k�F (x�)k. Since �� < 1, this is only possible if �F (x�) = r� = 0. In turn, thisimplies that x� is a global minimum of 	F so that r	F (x�) = 0.(b) If x� is an R-regular solution of NCP(F ) then, by Proposition 2.8, x� is a BD-regularsolution of the system �F (x) = 0, which is semismooth by Proposition 2.7 (a). Hence16



Assumption 2sup holds because of Theorem 2.2 (a) and (b). If, in addition, F is an LC1-function, then �F is strongly semismooth by Proposition 2.7 (b), and the assertion followsfrom Theorem 2.2 (c). 24.3 The Inexact LM Fischer-Qi DirectionThe direction considered in this subsection is an inexact perturbed Levenberg-Marquardtversion of direction (16). It was already considered in [10] and is de�ned as follows:(HTkHk + �kI)d = �HTk�F (xk) + rk; (18)where �k is a nonnegative number and rk is the residual, which measures the inaccuracywith which the system is solved. Recall that (Hk)T�F (xk) = r	F (xk) and note that thelinear system (18) always admits an exact (and hence inexact) solution since, for �k > 0,the matrix on the left-hand side is positive de�nite, whereas for �k = 0 we try to solve thenormal equations of the system Hkd = ��F (xk).Theorem 4.3 Assume that the sequence of residuals frkg satis�es krkk � �kkr	F (xk)k,where f�kg is a sequence of numbers such that, for every k, 0 � �k � �� < 1. Assume alsothat the sequence f�kg is bounded from above. Then:(a) The direction de�ned by (17) satis�es Assumption 1.(b) If x� is an R-regular solution of NCP(F ), krkk = o(kr	F (xk)k) and f�kg ! 0, thenAssumption 2sup holds. Furthermore, if F is an LC1-function, krkk = O(kr	F (xk)k2)and �k = O(kr	F (xk)k), then also Assumption 2quad holds.Proof. (a) If xk ! x� (in particular, if xk = x� for every k), we have, renumbering ifnecessary and taking into account the boundedness of the sequence frkg, that rk ! r� forsome vector r� 2 IRn. Hence, if dk ! 0, we also have, using the boundedness of the B-subdi�erential on bounded sets and the assumed boundedness of the sequence f�kg, thatr	F (x�) = r�. But, since kr�k � ��kr	F (x�)k with �� < 1 in view of our assumptions, thisis only possible if r	F (x�) = r� = 0.(b) If x� is an R-regular solution of NCP(F ), then, by Proposition 2.8, x� is a BD-regularsolution of the system �F (x) = 0, which is semismooth by Proposition 2.7 (a). HenceAssumption 2sup holds because of Theorem 2.3 (a) and (b). If, in addition, F is an LC1-function, then �F is strongly semismooth by Proposition 2.7 (b), and the assertion followsfrom Theorem 2.3 (c). 24.4 The Pang-Qi DirectionThis search direction is basically the semismooth Newton direction for the system �P (x) = 0.17



dk = ( solution of Hkd = ��P (xk); with Hk 2 @B�P (xk); if system solvable�r	F (xk) otherwise. (19)Theorem 4.4 (a) The direction de�ned by (19) satis�es Assumption 1.(b) If x� is a b-regular solution of NCP(F ), then Assumption 2sup holds. Furthermore, ifF is an LC1-function, then also Assumption 2quad holds.(c) If F is a�ne and x� is a b-regular solution, then Assumption 2fin holds.Proof. (a) The proof of this point is obvious if dk = �r	F (xk). So consider the case inwhich dk is the solution of Hkd = ��P (xk). If xk ! x� (in particular, if xk = x� for everyk) and if dk ! 0, we have, taking into account the boundedness of the B-subdi�erential onbounded sets, that �P (x�) = 0. But then x� is a solution of NCP(F ) so that r	F (x�) = 0.(b) If x� is a b-regular solution of NCP(F ) then, by Proposition 2.10, x� is a BD-regularsolution of the system �P (x) = 0, which is semismooth by Proposition 2.7 (a). HenceAssumption 2sup holds because of Theorem 2.1 (a) and (b). If, in addition, F is an LC1-function, then �P is strongly semismooth by Proposition 2.7 (b), and the assertion followsfrom Theorem 2.1 (c).(c) This follows immediately from [15, Theorem 4], Proposition 2.10 and the upper semi-continuity of the B-subdi�erential. 2Point (c) in the theorem above also appears to be strongly related to the �nite terminationresult in [11].From a computational point of view, it may be interesting to observe that the systemHkd = ��P (xk), used in (19), is very structured, and this can be exploited numerically. Infact, de�ning the index sets � := �(xk) := fij xki > Fi(xk)g;� := �(xk) := fij xki = Fi(xk)g;
 := 
(xk) := fij xki < Fi(xk)gand recalling the de�nition of �P , we see, similarly to (8), that we can write the systemHkd = ��P (xk) as F 0(xk)�[�;�[� F 0(xk)�[�;
[��0
[��;�[� I
[��;
[�� ! d�[�d
[�� ! = � F�[�(xk)xk
[�� ! (20)for some index set � with ; � � � � and �� := � n �. This readily gives d
[�� = �xk
[��. It isthen obvious that it is not very sensible to apply a linear solver to the whole linear systemin order to get a solution of (20). Is is more convenient to set dk
[�� = �xk
[��, substitute thisvalue in the �rst set of equations in (20) and solve the resulting reduced linear system, whichreads F 0�[�;�[�(xk)d�[� = �F�[�(xk) + F 0(xk)�[�;
[��xk
[��: (21)18



4.5 The Inexact Pang-Qi DirectionThis is nothing else but the previous direction in which, however, the linear system is solvedapproximately.dk = ( solution of Hkd = ��P (xk) + rk; with Hk 2 @B�P (xk); if system solvable�r	F (xk) otherwise. (22)The proof of the following theorem, which we omit, can be carried out exactly along thesame lines used in Theorem 4.3, using Proposition 2.10 instead of Proposition 2.8.Theorem 4.5 Assume that the sequence of residuals frkg satis�es krkk � �kk�P (xk)k,where f�kg is a sequence of numbers such that, for every k, 0 � �k � �� < 1. Then:(a) The direction de�ned by (17) satis�es Assumption 1.(b) If x� is a b-regular solution of NCP(F ) and krkk = o(k�P (xk)k), then Assumption2sup holds. Furthermore, if F is an LC1-function and krkk = O(k�P (xk)k2), then alsoAssumption 2quad holds.Obviously, also in this case, similarly to what has been seen in the previous section, it ispossible to approximately solve just the reduced system (21).4.6 The Inexact LM Pang-Qi DirectionThe direction considered in this subsection is an inexact perturbed Levenberg-Marquardtversion of direction (19). (HTkHk + �kI)d = �HTk�P (xk) + rk; (23)where Hk 2 @B�P (xk); �k is a nonnegative number and rk is the residual which measuresthe inaccuracy with which the system is solved.Theorem 4.6 Assume that the sequence of residuals frkg satis�es krkk � �kkHTk�P (xk)k,where f�kg is a sequence of numbers such that, for every k, 0 � �k � �� < 1, and assumethat the sequence f�kg is bounded from above. Assume also that for every k the matrixF 0�[�;�[�(xk) is nonsingular (where � and � denote the index sets used in Subsection 4.4).Then:(a) The direction de�ned by (17) satis�es Assumption 1.(b) If x� is a b-regular solution of NCP(F ), krkk = o(kHTk�P (xk)k) and f�kg ! 0, thenAssumption 2sup holds. Furthermore, if F is an LC1-function, krkk = O(kHTk�P (xk)k2)and �k = O(kHTk�P (xk)g), then also Assumption 2quad holds.19



Proof. (a) If xk ! x� (in particular, if xk = x� for every k), we have, renumbering ifnecessary and taking into account the boundedness of the sequence frkg, that rk ! r�for some vector r� 2 IRn. Hence, if dk ! 0, we also have, using the boundedness of the B-subdi�erential on bounded sets and the boundedness of the sequence f�kg, that HTk�P (x�) =r�. In view of our assumptions, however, we also have kr�k � ��kHTk�P (x�)k with �� < 1. Butthis is only possible if HTk�P (x�) = r� = 0. In turn, recalling (20) and the nonsingularityassumption, this implies �P (x�) = 0. Hence x� is a solution of NCP(F ). This impliesr	F (x�) = 0.(b) If x� is a b-regular solution of NCP(F ) then, by Proposition 2.10, x� is a BD-regularsolution of the system �P (x) = 0, which is semismooth by Proposition 2.7 (a). HenceAssumption 2sup holds because of Theorem 2.3 (a) and (b). If, in addition, F is an LC1-function, then �P is strongly semismooth by Proposition 2.7 (b), and the assertion followsfrom Theorem 2.3 (c). 2Also in this case, as seen in the previous two cases, things can be arranged so that only areduced system has to be solved approximately at each iteration. Note also that, in order tosatisfy Assumption 1, we had to impose a nonsingularity assumption in Theorem 4.6. Thisassumption, which is satis�ed in a su�ciently small neighbourhood of a b-regular solution ofNCP(F ), was not necessary for any of the other search directions discussed in this section.4.7 Comparison of the Theoretical Characteristics of the Direc-tionsFrom a theoretical point of view, the Pang-Qi directions (exact, inexact and Levenberg-Marquardt) need weaker assumptions than the corresponding Fischer-Qi directions in orderto satisfy Assumption 2sup or Assumption 2quad, namely b-regularity instead of R-regularity.However it should also be added that, as shown in Section 2.3, these two conditions areequivalent for the class of P0-functions. Another advantage of the Pang-Qi directions isthat they only need the (possibly inexact) solution of a linear system of a dimension that,asymptotically, is equal to the number of positive variables at the solution. This contrastsfavourably with the Fischer-Qi directions that always need the solution of an n-dimensionalsquare system. Finally, it should also be noted that there is only one direction for whichAssumption 2fin (i.e., �nite termination for linear complementarity problems) can be proved:the exact Pang-Qi direction.The Fischer-Qi directions seem to have only one, but important, advantage over thecorresponding Pang-Qi directions: We saw that, in the General Line Search Algorithm, we�rst try to use a Newton-like direction, but, if neither (9) nor (10) are satis�ed, we employ�r	F (xk) as search direction. Obviously, it does not appear to be very desirable to haveto resort to the gradient often. From this point of view we may note that it is easy to seethat the Fischer-Qi directions are always directions of descent for the merit function 	F , see,e.g., [11, 6], while we cannot expect a similar property to hold for the Pang-Qi directionssince these directions are calculated on the basis of a reformulation of the complementarityproblem based on �P and not on �F . Thus, a priori, we should expect that, if we usea Pang-Qi direction in the General Line Search Algorithm, the Newton direction will be20



discarded more often than when we use a Fischer-Qi direction.We conclude this section by noting that some of the algorithms obtained by using some ofthe directions introduced in this section in the General Line Search Algorithm have alreadybeen presented in the literature. In particular, if we use the exact Fischer-Qi direction wehave the algorithm considered in [6], whereas if we use the inexact LM Fischer-Qi directionwe obtain the algorithm considered in [10].5 Numerical Results5.1 Description of the Test Problems and Implementation DetailsWe tested our algorithm on test problems generated by using a technique �rst suggestedin [17] and subsequently used, e.g., in [10]. Let g(x) = 0 be a (large-scale) di�erentiablesystem of nonlinear equations and let x� 2 IRn be de�ned by x� = (1; 0; 1; 0; : : :)T . For alli = 1; : : : ; n set Fi(x) = ( gi(x)� gi(x�) if i odd or i > r;gi(x)� gi(x�) + 1 otherwise;where r � 0 is a given integer. Then x� is a solution of the nonlinear complementarityproblem NCP(F ) (but not necessarily its unique solution). Note that, if r is smaller thann � 1, the problem is degenerate at x�. As done in [17], we used the collection of 17 large-scale problems from Luk�san [24] and the starting points indicated there. However, we did notconsider problems 3 and 6, since these were never solved by any of the algorithms considered;actually we are not aware of any algorithm capable of solving these problems (see also [17]).We considered problems with dimensions n = 100, n = 1000 and n = 10000. For eachdimension we considered two cases: r = n=2 and r = n. The former case corresponds to adegenerate problem with n=4 degenerate components, while the latter case corresponds toa nondegenerate problem. Finally, besides the starting points x0 suggested in [24], we alsoconsidered, for each problem, an additional starting point de�ned by~x0i = ( 10x0i if x0i 6= 0;10 otherwise.Therefore each algorithm was tested on 90 di�erent problems and on each of these problemstwo di�erent starting points were used so that we have 180 runs for each algorithm.In the previous section, we introduced 6 directions which, coupled with the GeneralLine Search Algorithm, give 6 di�erent algorithms. However, in this section we only reportthe results for four directions: the exact Fischer-Qi (EXFQ) direction, the exact Pang-Qi (EXPQ) direction, the Levenberg-Marquardt inexact Fischer-Qi (LMFQ) direction andthe Levenberg-Marquardt inexact Pang-Qi (LMPQ) direction. We do not report resultson the inexact Fischer-Qi and inexact Pang-Qi directions. In fact, in order to implementthe corresponding algorithms we need an iterative solver for unsymmetric linear systems.Although many of them are available, our experiments seem to indicate that these solvers(at least if they are not combined with a sophisticated preconditioner) are not very reliablein practice (at least on our problems) leading either to extremely long running times or21



to failure due to the incapability of �nding a su�ciently good search direction. We weregenuinely surprised by these results. We think that the problem is that these solvers areusually thought for and tested on linear systems arising from the discretization of PDEproblems, and they are not very reliable when used on other problems. For the other 4methods, instead, we had no di�culty in selecting an appropriate solver. In particular,we used HARWELL routine MA50 to calculate the EXFQ and EXPQ directions and theconjugate gradient method to calculate the LMFQ and LMPQ directions.The conjugate gradient algorithm was stopped when the norm of the residual is smallerthan (0:1=(k + 1))kr	F (xk)k in the case of the LMFQ algorithm and when the residual issmaller than 0:1k + 1(Hk�[�;�[�)T (F�[�(xk)� F 0(xk)�[�;
[��xk
[��)in the case of the LMPQ algorithm. We also set a limit of 200 iterations to the conjugategradient phase. Finally we turn to the choice of �k. We �rst note that the classical sophis-ticated choices indicated, e.g., in [7], are not suitable for large-scale problems. We thereforeused a very simple, and yet seemingly e�ective strategy, already employed in [10]. If in theprevious iteration the quotient kr	F (xk�1)k=kdk�1k is greater than 250 and the norm of thenatural residual kminfxk; F (xk)gk is greater than k(0:1pn) then we set �k = 1, otherwisewe set �k = 0. The �rst test is a rough indicator that \something is going wrong" while thesecond test makes the possibility of the perturbation (i.e., �k > 0) more and more unlikelythe more the process progresses, so that the �nal fast convergence rate is preserved.We coded the algorithm in Fortran 77 and run it on an IBM RISC 6000/375 machine indouble precision arithmetic.The main stopping criterion is kminfxk; F (xk)gk � 10�5pn or kr	F (xk)k � 10�5pn,but we also stopped the algorithm after 100 iterations if the former stopping criterion wasnot met. We used a single set of parameters for all the runs of the problems, more preciselywe set: � = 10�8, s = 2:1, � = 10�4 and � = 0:9.Finally, we also considered the option of initiating the computation by performing at most10 iterations of a projected gradient method to minimize 	F over the nonnegative orthant [1].The rationale behind this option is to try to move in a more \promising" zone by performinga few steps of a robust and not expensive method. Similar ideas were successfully used, forexample, in [8], where, however, the situation is slightly more complicated since the meritfunction is not di�erentiable. It should be remarked that in this gradient phase, we introducethe constraints x � 0. This seems reasonable, since, on the one hand, we know that thesolution of the problem is in the nonnegative orthant and, on the other hand, the projectedgradient method can e�ectively handle the bound constraints. Since it is known that theprojected gradient method usually behaves well in the �rst iterations and then becomes slow,we impose a limit of ten iterations to this phase. However, we stopped earlier if one of thefollowing criteria is satis�ed:| (	F (xk�1)�	F (xk))=	F (xk) � 0:05;| the zero variables are the same in xk�1 and xk and (	F (xk�1)�	F (xk))=	F (xk) � 0:1;| 	F (xk) � 10�5pn. 22
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Figure 1: Failures.5.2 Analysis of the ResultsOur �rst aim is to determine whether the initial steps of projected gradient are bene�cial.In Figure 1 we report the number of failures of each algorithm without using the projectedgradient phase (basic procedure) and with the projected gradient phase (modi�ed procedure).It is apparent that the projected gradient phase greatly enhances the robustness of all thealgorithms. The overall failures pass from 140 to 72, with a reduction of 50%. We alsosee that the algorithms which seem to bene�t more by the gradient steps are the exactones. This probably indicates that a pure Newton direction is less robust than a mixture ofNewton and gradient directions. In fact, the Levenberg-Marquardt directions may be seen asa way of combining the Newton and gradient direction. Nevertheless, even this seems to benot enough and a few initial gradient steps improve the performance also of the Levenberg-Marquardt algorithms. It may also be noted that if the gradient projection strategy is used,there seems to be no signi�cant di�erence in the robustness of the four algorithms, thussuggesting that the gradient projection phase is actually e�ective in moving the startingpoint in a good region, from which all the four directions considered behave well.In Figure 2 we report more in detail the number of failures for each algorithm and for eachset of test problems. Some observations can be made. The degeneracy of the solution, thatcorresponds to the nonsmoothness of �F and �P at the solution, seems to have no impacton the robustness of the algorithms. Furthermore, as could easily be expected, the farawaystarting points are consistently more di�cult than the original ones. What is more surprisingis the relatively high number of failures for the exact algorithms (without projected gradientphase), even for the standard starting points. Again, this seems to suggest that the pureNewton directions are not very robust, and that taking into account the gradient direction,as is done by the Levenberg-Marquardt methods, increases the stability of the algorithms.We think that the previous results clearly show that the gradient phase is overall veryuseful in increasing the robustness of all algorithms considered, even if it appears to be more23
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LMPQ LMFQ EXPQ EXFQFigure 2: Failures in detail.useful in the case of the exact algorithms. The next step is then to determine how costly theprojected gradient phase is and which algorithm is more e�cient from the computationalpoint of view. In order to compare the various algorithms in a homogeneous way, we onlyconsidered the subset of test problems for which all algorithms (i.e., the four basic algorithmsand the ones including the gradient phase) did not fail and converged to the same solution.This results in a total of 55 test problems: 22 for n = 100, 16 for n = 1000 and 17 forn = 10000.In Figures 3{5 we report the cumulative times needed by the algorithms to solve theproblems of dimension n = 100, n = 1000 and n = 10000, respectively. We reported thetimes according to the dimensions because the times needed to solve problems, let us say,of dimension 100 are not comparable to those needed to solve those of dimension 10000.Let us �rst compare the version using exact linear solvers (EXPQ and EXFQ). We seethat the modi�ed procedure, i.e., the one using the preliminary steps of projected gradient,never requires more time than the basic procedure. This fact, along with the improvementin the number of failures, seems to indicate that the projected gradient phase is certainlyvery bene�cial on these two algorithms. Another observation is that the algorithms usingthe Pang-Qi direction are consistently faster than their counterparts using the Fischer-Qidirection. This behavior is due to the fact that to calculate the Pang-Qi direction it issu�cient to solve a linear system of reduced dimension, as already observed in Section 4.4.If we pass to examine the inexact Levenberg-Marquardt algorithms (LMPQ and LMFQ),24



we see that some di�erences are present. In particular, the time needed by the modi�edversions can be substantially higher than the one needed by the corresponding basic algo-rithm. In particular, this is apparent in the case n = 1000 for both algorithms and in thecase n = 10000 for the LMPQ one. A closer look at the runs showed that this anomalousbehavior is almost completely due to the behavior on three instances of problem 15. Whensolving these test problems, the projected gradient phase passes an initial point to the New-ton phase that gives rise to a Levenberg-Marquardt system which is extremely di�cult tosolve by the conjugate gradient method. The increase of times reported in Figures 4 and 5 istherefore almost entirely due to the very high number of conjugate gradient inner iterationsneeded to approximately solve the �rst systems of the Newton phase when solving theseinstances of problem 15.In Figure 6 and in Figure 7 we therefore report the same data of Figures 4 and 5 withoutconsidering, however, the three instances of problem 15. If we now look at the Figures 3, 6 and7, we see that, similarly to what observed for the EXPQ and EXFQ algorithms, the LMPQalgorithms are faster than the LMFQ ones. If we compare the basic and the modi�ed inexactLevenberg-Marquardt versions, we see that the modi�ed versions usually need roughly thesame time as the basic versions (except that for the LMFQ when n = 10000). This isremarkably di�erent from what we observed for the exact algorithms, where a substantialdecrease of the time takes place.To understand better this behavior, we report in Figure 8 the number of iterations ofthe various algorithms. Note that the number of iterations of the projected gradient is,obviously, the same for every algorithm, and that the e�ect of the gradient phase is to reducethe number of subsequent Newton-type iterations (compare the black columns with the darkgrey ones). The percentual decrease in the number of Newton iterations, when passing fromthe basic procedure to the modi�ed one, is roughly similar for all the algorithms. It is thennatural that the weight of the gradient phase will be higher for the Levenberg-Marquardtalgorithms than for the exact ones since, at least on the problems considered here, the workneeded to solve exactly one linear system is higher than the cost to approximately solve thesame system by the conjugate gradient method (recall that one system is solved, possiblyapproximately, at each iteration).With regard to Figure 8, it is also interesting to note that the number of Newton iterationsfor the four algorithms (both in the basic or in the modi�ed procedure) is very similar forall the algorithms. Thus we may conclude that the more marked di�erences in the timesreported in the previous tables are mainly due to the di�erent cost of the search directioncomputations and, possibly, to the number of function evaluations. In fact we recall thatthe number of Jacobian evaluations is equal to the number of total iterations, and thereforeroughly the same for all algorithms.In Figure 9 we therefore report the number of function evaluations. There are twointeresting facts to be observed. First the high number of function evaluations needed bythe projected gradient phase. In general the projected gradient method is considered to bea cheap method, however, this is true only if the cost of function evaluations is \low". Inour case low should be read as (much) cheaper than the cost of (approximately) solvinga linear system. In our test problem set the function evaluations are actually very cheap;however, should the algorithms be applied to problems with very high function evaluation25



costs, the times of the modi�ed procedures could become much higher than the cost of thebasic procedure, contrary to what is reported in Figures 3{7.A second point to be remarked is that, both in the case of the basic and of the modi�edversions, the number of function evaluations needed in the Newton phase is sensibly lowerfor the algorithms based on the Fischer-Qi directions. This corresponds to the fact thatmuch less backtrackings occur when using a Fischer-Qi direction than when using a Pang-Qidirection. This con�rms the observation made in Section 4.7 that the Fischer-Qi directionis much more directly related to the merit function 	F while the Pang-Qi directions do noteven need to be descent directions for 	F .Again, since in our test set the cost of function evaluations is low, this behavior does nota�ect much the times reported in Figures 3{7. However, we should expect that the EXFQand LMFQ methods become more and more competitive as they are applied to problemswith higher and higher function evaluation costs.5.3 Summary of the ResultsThe previous observations can be summarized as follows. The projected gradient phasecertainly enhances the robustness of all the four algorithms. The additional cost of thisphase is low on the test problems considered here, but could become high for those problemswith a high function evaluation cost. If the projected gradient phase is used, the reliabilityof the four algorithms is similar, and they roughly need the same number of iterations. If,however, we consider the times needed by the various algorithms, the behavior may di�erwidely. If the cost of the function evaluations is low, the Pang-Qi algorithms are probablymore convenient; however, if we want to solve problems with functions extremely expensiveto evaluate, the Fischer-Qi algorithms can be more attractive.Another aspect that should be kept in mind is the di�culty in solving the linear systems.All the problems we considered gave rise to sparse, \easy" systems; and this is typical ofmany applications. If the linear systems are \di�cult" and not huge, the exact versionscould be preferable; on the other hand, if extremely large instances have to be solved, theinexact algorithms are probably the only available options.
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6 Final RemarksWe have presented and studied a general line search scheme which allows us to analyzein a uni�ed framework several semismooth algorithms for the solution of nonlinear com-plementarity problems. Several search directions have been studied in detail, both from atheoretical and a numerical point of view. However, we remark that it is easily possible tode�ne and analyze in a similar way other algorithms. Below, we hint at some of these furtherpossibilities.We �rst recall that a mapping ' : IR2 ! IR is called an NCP-function if'(a; b) = 0() a � 0; b � 0; ab = 0;cf. (1). If ' is any NCP-function, then NCP(F ) is equivalent to�(x) = 0;where � : IRn ! IRn is de�ned by�(x) := 0BB@ '(x1; F1(x))...'(xn; Fn(x)) 1CCA :Obviously, the Fischer function 'F and the Minimum function 'P are NCP-functions. Otherexamples include, e.g.,'KK(a; b) := q(a� b)2 + �ab� a� b; � 2 (0; 4) �xed(see Kanzow and Kleinmichel [22]), and'CCK(a; b) := �'F (a; b)� (1� �)a+b+; � 2 (0; 1) �xed(see Chen, Chen and Kanzow [2]), where a+ := maxf0; ag and, similarly, b+ := maxf0; bg.We denote the corresponding operators by �KK and �CCK , respectively.The function 'KK is interesting because for � = 2 it reduces to the Fischer function, andin the limiting case � = 0 it becomes a multiple of the Minimum function. On the otherhand, very strong theoretical and numerical results have been reported for 'CCK in [2].Now, similar to the (exact, inexact and LM inexact) Fischer-Qi directions, we can de�ne(exact, inexact and LM inexact) search directions based on �KK and �CCK. Since it is known[22, 2] that �KK and �CCK are (strongly) semismooth if F is a C1-function (LC1-function)and that an R-regular solution of NCP(F ) is a BD-regular solution for the nonlinear systemsof equations �KK(x) = 0 and �CCK(x) = 0, it is not di�cult to see that Theorems 4.1, 4.2and 4.3 also hold for the corresponding search directions based on �KK and �CCK .To conclude, we also mention that the results of this paper can be generalized to varia-tional inequalities with box constraints. In fact, the method introduced very recently in [21]can be viewed as an extension of one of the methods discussed in this paper.31
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