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Existence and Computation of Infinite Horizon Model
Predictive Control With Active Steady-State

Input Constraints

Gabriele Pannocchia, Stephen J. Wright, and James B. Rawlings

Abstract—This note addresses the existence and implementation of
the infinite-horizon controller for the case of active steady-state input
constraints. This case is important because, in many practical applications,
controllers are required to operate at the boundary of the feasible region
(for instance, in order to maximize global economic objectives). For this
case, the usual finite horizon parameterizations with terminal cost cannot
be applied, and optimal solutions are not generally available. We propose
here an iterative algorithm that generates two finite-horizon approxima-
tions to the true infinite-horizon problem, where the solution to one of the
approximations yields an upper bound on the true optimum, while the
other approximation yields a lower bound. We show convergence of both
bounding approximations to the optimal solution, as the horizon length
in the approximations is increased. We outline a procedure, based on this
result, to provide a solution to the infinite-horizon problem that is exact to
within any user-specified tolerance. Finally, we present an example that
includes a comparison between optimal and suboptimal controllers.

Index Terms—Model predictive control (MPC), optimal control, steady-
state constraints.

I. INTRODUCTION

Model predictive control (MPC) is a technique in which a process
model is used to forecast future process behavior, and the sequence of
future control inputs is computed as the solution to an open-loop op-
timization problem. The first element of the optimal input sequence is
used as the process input, and the remaining elements of the input se-
quence are discarded. The optimization procedure is repeated at each
sampling time. Feedback from measurements is considered by cor-
recting the model prediction, based on the error between the measure-
ment and prediction. Many methods are available for this correction.
Several recent reviews [1]–[3] summarize the theoretical formulations
and industrial implementations of MPC.

In this note, we consider the infinite horizon formulation of model
predictive control (IHMPC) and address the case of constraints that are
active at steady state. Process constraints arise both from physical lim-
itations (for example, a valve can be at maximum fully open and at
minimum totally closed) and from safety and performance specifica-
tions. Most papers on constrained infinite horizon MPC rely on the as-
sumption that the origin is in the interior of the feasible region [4]–[6].
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It is frequently the case, however, that in order to maximize perfor-
mance objectives, the MPC controller operates at the boundary of the
feasible region with respect to both input and output constraints. More-
over, when a nonzero disturbance enters the process, it is often the case
that one or more manipulated inputs ride at their corresponding satura-
tion values during a period of steady-state operation. These cases give
rise to problem formulations in which the origin lies on the boundary
of the feasible region. This situation was treated in [7], where a subop-
timal solution for this problem is given. The main contribution of this
note is to provide an algorithm for finding upper and lower bounds on
the optimum of the constrained infinite horizon optimization problem,
and a procedure for identifying the optimal solution to any given level
of accuracy.

Several authors have addressed the solution of convex optimization
problems on an infinite-dimensional space via finite-dimensional ap-
proximations; some, like us, specialize their analysis to quadratic pro-
grams from control. A lower bound approximation is derived in [8] in a
general setting. Convergence of finite approximation schemes for prob-
lems related to control are discussed in [9] and [10], but these works
make key assumptions on the properties of the functions and solutions
that are not satisfied in our case, and the second presents a stopping
rule that is difficult to implement.

II. FORMULATION OF THE PROBLEM

In this note, we consider linear, time-invariant, discrete systems de-
scribed by

xk+1 =Axk +Buk +Bddk

dk+1 = dk

yk =Cxk + Cddk (1)

where
x 2 n state;
u 2 m input;
y 2 p output;
d 2 p integrated disturbance added for offset-free

purpose;
A, B, Bd,C, andCd matrices of appropriate dimensions.

It is assumed that the pair(A; B) is stabilizable, the pair(C; A) is
detectable, and(Bd; Cd) are such that the augmented system (1) is
detectable. We assume that, at each sampling timek, a state estimator
designed for (1) (e.g., Kalman filter) provides estimate of the statex̂kjk

and of the disturbancêdkjk.
Given the current disturbance estimated̂kjk, we solve the following

target calculation problem [7]:

min
x ; u ; y ; �

1

2
�
T
Qs�+(us; k�u)

T
Rs(us;k � u) +qTs � (2)

subject to

xs;k =Axs;k +Bus;k +Bdd̂kjk

ys;k =Cxs;k + Cdd̂kjk

y � � � ys;k � y + �; � � 0

umin �us;k � umax; ymin � ys;k � ymax
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in whichQs andRs are positive–definite matrices andy andu are the
setpoints for the output and input, respectively. The target optimiza-
tion handles the case in which the setpointsy andu may come from a
plant-wide optimization using a model and disturbance different from
those in (2). The target problem provides a steady state for the model
in (2) close to the setpoint, which serves as the origin for the deviation
variables used subsequently in (4). We assume that the strict inequali-
tiesymin < ymax, umin < umax are satisfied. For appropriate choices
of qs, the linear penaltyqTs � guarantees that the output slack variable�

is zero whenever it is possible to use this value without violating feasi-
bility; that is, whenever the target valuey is a feasible choice forys; k.

Next, we pose the following infinite horizon optimization problem
to compute the control action:

min
fx ;u ;y g

1

2

1

j=0

(yk+j � ys;k)
T
Q(yk+j � ys;k)

+ (uk+j � us;k)
T
R(uk+j � us;k) (3a)

subject to

x̂k+j+1jk =Ax̂k+jjk+Buk+j+Bdd̂kjk; j = 0; 1; 2; . . . (3b)

yk+j =Cx̂k+jjk + Cdd̂kjk; j = 0; 1; 2; . . . (3c)

umin �uk+j � umax; j = 0; 1; 2 . . . (3d)

ymin �yk+j � ymax; j = 0; 1; 2; . . . : (3e)

We assume thatQ andR are positive definite matrices of appropriate
dimension. This optimization problem can be rewritten in a more con-
venient way by considering the following new deviation variables:

wj = x̂k+jjk � xs;k vj = uk+j � us;k Q C
T
QC

D =
I

�I
d =

umax � us;k

�umin + us;k

E =
C

�C
e =

ymax � ys;k

�ymin + ys;k
:

Notice that from (2), we have thatd � 0 ande � 0. Thus, (3) becomes

O(N): min
fw ;v g

1

2

1

j=0

w
T
j Qwj + v

T
j Rvj (4a)

subject to

w0 =w
init

wj+1 = Awj +Bvj ; j = 0; 1; 2; . . .

(4b)

Dvj � d; j = 0; 1; 2; . . . (4c)

Ewj � e; j = 0; 1; 2; . . . : (4d)

Problem (4) may be infeasible due to the presence of input and state
constraints. For example, a disturbance may enter the plant and cause
the current statewinit to leave the set of admissible initial conditions.
The problem of transient infeasibility for MPC caused by inconsistent
state constraints has been addressed in several ways [11]–[13]. Any
of these state constraint softening approaches can be incorporated into
the methodology proposed here. Therefore, we can assume that for the
givenwinit, a sequencefvj ; wjg

1
j=0 exists that is feasible with respect

to constraints (4b), (4c), and (4d), and gives a finite value of the objec-
tive function in (4). This assumption is commonly referred to ascon-
strained stabilizability. It is important to note that the pair(Q1=2; A)

is detectable, because(C; A) is detectable and the “original”Q in (3)
is positive definite. Because(Q1=2; A) is detectable, unstable modes
cannot evolve without affecting the objective function. This condition
and the fact thatR is positive definite imply that for a feasible se-
quencef(wj; vj)g

1
j=0 in (4), we havewj ; vj ! 0 asj ! 1 [6]. In

fact, positive definiteness ofR implies that the aggregated input vectors
(v0; v1; v2; . . .) belongs to the spacè2, which is the set of infinite-di-
mensional real vectors(z1; z2; z3; . . .) for which 1

j=1 z
2
j <1.

When all components ofd ande are strictly positive, the origin is
in the interior of the feasible region, and algorithms for solving (4)
are available [5], [6]. If, on the other hand, state constraints (4d) are
active at steady state (i.e., some components ofe are zero), then ar-
bitrarily small constant disturbances can render the hard constrained
problem infeasible, which means that there is no feasible sequence that
brings the system to the origin without persistently violating the ac-
tive state constraints. This condition should register a process excep-
tion and possibly shut down the process. We assume, therefore, that
state constraints are not active at steady state; that is,e > 0. Finally,
we consider the case in which the input constraintsareactive at steady
state; that is, some components ofd are zero (equivalently, some com-
ponents ofus; k equal their lower or upper bound). This case is often
encountered in practice; for example, if the setpointy is unreachable,
the target problem producesus; k at a bound. We consider this case in
the remainder of the note.

III. OPTIMAL SOLUTION OF THE INFINITE HORIZON PROBLEM

In this section, we present a method for finding the solution of
problem (4) to arbitrary accuracy. Our approach is to construct two
finite-horizon problems that approximate (4) and for which solutions
can be calculated. One of these approximations has an optimal
objective value that is an upper bound for the optimal objective of (4),
while the other approximation yields a lower bound. We show that the
two bounds approach each other as the horizon lengthN approaches
infinity, and use the difference between the bounds to estimate the
difference between the solution of the approximating problems and
the solution of (4). An added benefit of our analysis is that it proves
existence of the optimal solution to problem (4) whenever a feasible
sequence exists.

A. Upper Bound on the Optimal Solution

An upper bound on the optimal objective�� of (4) can be computed
by using the method proposed in [7]. In this approach, a suboptimal
solution to (4) is found by restricting the evolution of the input and
state trajectories to the null space of the active steady-state constraints,
after the finite horizonN > 0. This solution is found by minimizing
the following infinite horizon objective function:

U(N): min
fw ;v g

1

2

1

j=0

w
T
j Qwj + v

T
j Rvj (5a)

subject to: (4b), (4c), (4d), and (5b)

Dvj = 0; j = N; N + 1; . . . (5c)

in which D denotes the row submatrix ofD corresponding to input
inequality constraints active at steady state, that is the rows ofD for
which the corresponding elements ofd are zero. Let�N be the optimal
objective value forU(N) in (5). Since (5) has more constraints than (4),
its feasible region is no larger, so we have

�� � �N : (6)
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We can reformulate the infinite horizon problem (5) as a finite-
horizon problem (for sufficiently largeN ) that can be solved by
practical means as follows:

min
fw g ;fv g

1

2

N�1

j=0

w
T
j Qwj + v

T
j Rvj +

1

2
w
T
N�wN (7a)

subject to

w0 =w
init

wj+1 = Awj +Bvj ;

j = 0; 1; 2; � � � ; N � 1 (7b)

Dvj � d; j = 0; 1; 2; . . . N � 1 (7c)

Ewj � e; j = 0; 1; 2; . . . N (7d)

in which the cost-to-go matrix� is associated with the unconstrained
control law

vj = Kwj : (8)

The offline computation ofK is described in [7]; we outline the pro-
cedure here. LetND be an orthonormal basis for the null space ofD,
so that vectorsvj that satisfy (5c) have the formNDpj , j = N; N +
1; . . . for arbitrarypj . We then solve the optimal unconstrained LQR
problem for the system with characteristic matrices(A; BND) and
with (Q; N T

D
RND) as state and input penalty, respectively, to obtain

optimal gain and cost-to-go matricesKD and�, respectively. It fol-
lows thatK = NDKD . In order for such a linear control law to exist,
the pair(A; BND)must be stabilizable. When this condition is not sat-
isfied, we require the controller to zero, at the end of the finite horizon
N , the unstable modes that are not controllable in this subspace.

We have the following existence result.
Theorem 1: If the optimization problem (4) is feasible, there exists

a finite integerN 0 such that (5) is feasible for anyN � N 0.
Proof: See [14, App. A.1].

Note that the solution obtained from (7) and (8) yields a valid so-
lution for (5) [and, hence, a valid upper bound for (4)] only if the
terminal statewN from (7) belongs to the output admissible set of
the system with characteristic matrices(A; BND) and with the inac-
tive constraints only [7]. That is, we need to ensure that the sequence
fvj ; wjg

1
j=N generated by (4b) together with (8) satisfies the inactive

constraints from (4c), (4d) at all subsequent stagesj = N; N+1; . . ..

B. Lower Bound on the Optimal Solution

A lower bound on the optimal objective�� of (4) can be found by
minimizing the following infinite horizon objective function:

L(N): min
fw ;v g

1

2

1

j=0

w
T
j Qwj + v

T
j Rvj (9a)

subject to: (4b), (7c), (7d). (9b)

Notice that constraints (7c) and (7d) are enforced over a finite horizon
N only. Therefore, if the optimal problem (4) [equivalently, the upper
bounding problem (5)] is feasible, we have that (9) also is feasible.

Let�N be the optimal objective value forL(N). Since (9) has fewer
constraints than (4), we have

�N � �� 8N > 0: (10)

The infinite horizon problem (9) can be solved by using a finite pa-
rameterization, since after stageN the optimal control law isvj =

Kwj in whichK is the well-known unconstrained LQR gain computed
from the corresponding Riccati equation. Thus, we solve the following
problem:

min
fw g ;fv g

1

2

N�1

j=0

w
T
j Qwj + v

T
j Rvj +

1

2
w
T
N�wN

(11a)

subject to: (7b), (7c), (7d) (11b)

in which � is the steady-state solution of the Riccati equation. Note
that since the constraints (7c) and (7d) are imposed only over a finite
horizon, the solution of (11) may violate input and state constraints (4c)
and (4d) at some stagesj > N .

C. Convergence of the Optimal Sequences

The results of this section are proved in [14, App. A.2]. Our anal-
ysis relies on the fact that all aggregated (infinite-dimensional) input
vectors(v0; v1; v2; . . .) of interest lie in the spacè2, which is a sep-
arable Hilbert space when equipped with the obvious inner product. In
particular, in the notation of the results below, we have thatz�, zN , and
z N all belong to`2.

Theorem 2: Let z� and zN be the optimal infinite-dimensional
input sequences solution to the optimal problem (4) and to the upper
bounding problem (5), respectively. We have

lim
N!1

zN = z
� �N # �� (12)

where the last limit indicates thatf�Ng is nonincreasing and converges
to ��.

Theorem 3: Let z� and z N be the optimal infinite-dimensional
input sequences solution to the optimal problem (4) and to the lower
bounding problem (9), respectively

lim
N!1

z N = z
� �N " �� (13)

where the last limit indicates thatf�Ng is nondecreasing and con-
verges to��.

Theorem 4: Let v�0 andvN; 0 be the first input component of the
solution to the optimal problem (4) and to the upper bounding problem
(5), respectively. There exists a positive scalar� such that for anyN
the following inequality holds:

kvN; 0 � v
�
0k � kzN � z

�k �
2

�
�N � �N

1=2

: (14)

The scalar� depends on the problem data and in particular on the ma-
trix R, as we show at the end of the next section.

IV. I MPLEMENTATION ISSUES

The results of the previous section suggest an iterative approach to
determining an approximation to thev�0 component of the solution of
the infinite horizon problem (4). In this approach, we solve a series
of quadratic programs for the upper and the lower bound problems (5)
and (9). If the difference between the optimal objective values for these
problems does not satisfy a chosen stopping criterion, the horizon is
increased; otherwise the first inputvN; 0 of the computed sequence of
the upper bound problem (5) is accepted as a good approximation to
v0 � �, and is injected into the plant.
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As stopping criterion we use a relative difference between the upper
and the lower bound solution

�N � �N

1 + �N

� � (15)

where� is a small positive number.
At each sampling time we apply the following algorithm.

Algorithm 1 Start with a positive horizon
.

1) Solve (7). If the problem is infea-
sible, go to 5). Otherwise, let be
the optimal value of its objective func-
tion.

2) If the final state does not belong
to the output admissible set for con-
straints inactive at steady state [7],
go to 5).

3) Solve (11). Let be the optimal
value of its objective function.

4) Check (15). If satisfied, go to 6).
5) Increase the horizon and go to 1).
6) Set equal to the first solution com-

ponent of (7).

The proposed algorithm always terminates because from (13) and
(12) we have that

lim
N!1

�N � �N = 0 (16)

which implies that for any� > 0 there exists aN 0 such that forN >

N 0 the stopping criterion (15) is satisfied.
In (14), the monotonicity constant� appears in the denominator, so

the bound is tight when� is large. It is straightforward to show that
� � �min(R) > 0, in which we used the fact thatR is positive definite.

V. CASE STUDY

As example we consider the heavy oil fractionator of the Shell Con-
trol Problem [15]. A linear model of the system is

G(s) =

4:05e�27s

50s+ 1

1:77e�28s

60s+ 1

5:88e�27s

50s+ 1

5:39e�18s

50s+ 1

5:72e�14s

60s+ 1

6:90e�15s

40s+ 1
4:38e�20s

33s+ 1

4:42e�22s

44s+ 1

7:20

19s+ 1

: (17)

The following input and output constraints are considered:

�0:5 �ui � 0:5; i = 1; 2; 3

�0:5 � y1 � 0:5; �0:5 � y3:

The controller tuning matrices areQ = R = I . We consider a
setpoint:y = [0:3 0:3 �0:3]T , which is not reachable due to input
constraints. The target calculations return (withQs = Rs = I; qTs =
106 � 1) the following feasible targets for input and output:

us; k =

0:5

�0:1026

�0:2702

ys; k =

0:2540

0:2436

�0:2086

;

k = 0; 1; 2; . . . : (18)

Fig. 1. Closed-loop inputs.

Because the setpoint is unreachable, the first component ofus; k equals
its upper bound, and the origin lies on the boundary of the feasible
region.

In Figs. 1 and 2, we report inputs and outputs for three optimal reg-
ulators obtained with different relative tolerance (� = 10�6, 10�3,
10�1, respectively). The regulators with relative tolerance of 10�6 and
10�3 show essentially the same closed-loop response. Also, the regu-
lator with relative tolerance of 10�1 guarantees a performance not too
far from optimal. Clearly, the use of a larger tolerance has a direct im-
pact on the computation time because the horizon lengthN required to
satisfy the stopping criterion decreases. We show in Fig. 3 the horizon
required by each controller to meet the specified convergence toler-
ance, at each point in the simulation. It is interesting to notice that the
required horizon is larger at the beginning of the horizon because the
system state is far away from its steady state, and then it decreases.

For this particular example the sampling time is 4 min [15], while the
average computation time required for the controller with� = 10�6



1006 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 6, JUNE 2003

Fig. 2. Closed-loop outputs.

Fig. 3. Closed-loop required horizon.

is about 4 s on a 1.2-GHz Athlon computer and using a dense Hes-
sian approach, which scales cubically with the horizon length. In fact,

interior-point structured solvers for the MPC problem that scale lin-
early with the horizon are available and can be directly applied to this
algorithm.

VI. CONCLUSION

In this note, the existence and the implementation of the infinite
horizon controller for the case of active steady-state input constraints
has been discussed. This case is important because, in practical ap-
plications, controllers are often required to operate at the boundary of
the feasible region. Previously, only suboptimal solutions were avail-
able for this case, based on finite horizon formulations with terminal
equality constraints or infinite horizon formulations with appropriate
suboptimal finite parameterization. We presented here an iterative al-
gorithm that determines the optimal solution of this problem within a
user specified tolerance. Availability of a near-optimal solution makes
the proposed controller simple to understand and tune, and improves its
performance. Finally, when the computation time is a limiting factor we
can still apply this algorithm with a larger tolerance (shorter horizon)
and obtain a bound on the difference between the optimal and the com-
puted suboptimal input and cost.
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