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Modeling and Analysis of Single-Phase Induction Machines with Dynamic
Phasors
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Abstract — In this paper we present applications of
the phasor-dynamic (or generalized averaging) modeling
technique to single-phase induction machines. We are
interested in a derivation of large and small-signal mod-
els, as this class of machines exemplifies electromechan-
ical systems in which lack of symmetry in the magnetic
field produced by the windings prevents the use of stan-
dard simplifying assumptions (such as the smoothness of
the electromagnetic torque). In the process we derive
equivalent circuits that do not require superposition-type
assumptions common in the literature. The simplest of
these circuits coincides with the standard one. We also
present and quantify refinements that could be useful for
evaluation of efficiency, and in estimation and control of
single-phase induction machines.

Key Words —phasor dynamics, generalized averaging, induc-
tion machine, electromechanical systems.

I. INTRODUCTION

In this paper we develop dynamic models and equivalent cir-
cuits for single-phase induction motors through application
of the generalized averaging technique. This approach offers
several advantages, as it isolates harmonic behavior present
in unbalanced machinery, and allows for more accurate cal-
culation of efficiency. Importantly, from a modeling point of
view, the derivations do not involve superposition-type as-
sumptions that are common in textbooks on electric machin-
, ery.

The single-phase induction motor is the most widely used
type of motor. It is used in most household appliances that
require motors, for example in refrigerators, washers, driers,
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fans and blowers. An interesting property of this type of mo-
tor is that the stator current alone does not create a revolving
magnetic field — a sinusoidal input will produce a pulsating
magnetic field along a single axis. If the machine is at stand-
still, this excitation will not provide any torque.

The classical “rotating field theory” states that this pulsat-
ing wave can be expressed as two magnetic fields rotating in
opposite directions. Each field acts upon the rotor as it would
for a balanced poly-phased induction motor. When the rotor
is stationary (blocked), the forward and backward fields are
equal in strength. When the rotor is turning in the forward
direction, the induced currents in the rotor act to increase
the strength of the forward rotating field, and to decrease
the strength of backward rotating field. Balanced induction
machine models for each field are combined to get an overall
circuit that reflects this phenomenon. Similarly, the torque
components due to the forward and backward rotating fields
are added to obtain the total average torque.

An examination of textbooks on electric machinery re-
veals that “rotating field theory” is by far the most common
approach to explaining and deriving equivalent circuits for
single-phase induction motors. (For a representative sample
see [1] — [8].) This well-established procedure is in common
use. An alternative approach to the study of these motors,
called “cross-field theory”[9], does not offer a different, or
more accurate equivalent circuit, and will not be discussed
further.

Here we state a fundamental objection to the traditional
derivation of the equivalent circuit for the single-phase induc-
tion motor: by decomposing a quantily (magnetic field)into a
sum of separate components (forward and backward rotat-
ing fields), analyzing the components separately (torque due
to forward and backward rotating fields) and summing the
resulls 1o achieve a iotal response (average torque), one is
applying the principle of superposition. In system—theoretic
terms, superposition can only be applied to linear systems.
An induction motor is a nonlinear system — for example,
doubling the voltage and load torque inputs will not exactly
double stator current and machine speed outputs, and halv-
ing the applied voltage and load torque may cause the motor
to stall.
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Pedagogically, it may seem inappropriate to introduce su-
perposition in a linear systems course, and then apply it to
a nonlinear system in an electric machinery course without
further justification, or error analysis. In practical engineer-
ing terms, we are interested in possible errors caused by this
application of superposition.

To better understand the effect of the nonlinearities, con-
sider the application of a fixed voltage source of fundamental
frequency. This will tend to produce stator currents at fun-
damental frequency which in turn will produce constant and
second ‘harmonic torques on the shaft (provided the rotor is
not at standstill). The effect of the higher frequency torque
will be attenuated by the inertia of the machine, but will
produce some second harmonic rotational speed. This speed
variation will introduce additional first and third harmonic
currents in the windings, and so on: The traditional deriva-
tion does not allow for careful examination of these harmonic
interactions.

We propose an approach that explicitly addresses the har-
monic composition of signals of interest. Our modeling ap-
proach has originated in power electronics [10, 11], and has
been applied to flexible AC transmission systems [12]. The
main idea, applicable to systems with (close to) periodic in-
puts, is to represent the system response as a Fourier series
with (slowly) time-varying coefficients. The dynamical equa-
tions are then derived for the Fourier coefficients. Various
forms of frequency selective analysis have deep roots in power
engineering in the form of phasor-based dynamical models.
The main advantage of generalized averaging is its systematic
derivation of phasor dynamics. The dynamical equations for
Fourier coefficients are often nonlinear, and their analytical
usefulness stems from the availability of families of approx-
imations that are based on physical insights offered by the
underlying frequency decomposition.

The possibility of using time-varying Fourier coefficients
in dynamical analysis of electrical machinery is mentioned
in [13], but it is not pursued analytically. We illustrate the
usefulness of the generalized averaging methodology in deriv-
ing large and small-signal dynamical models and equivalent
circuits for a single-phase induction machine. Simulations
are used to verify the accuracy of the large signal model and
also serve to demonstrate the potential computational advan-
tages offered by slowly varying dynamic phasor models. We
compare the linearization of the dynamic phasor model in a
steady state with the linearization of the standard represen-
tation based on Floquet theory. The equivalent circuits are
derived from the dynamic equations without assuming super-
position, and are used to calculate the machine efficiency.

Our paper is organized as follows: in Section II we describe
the generalized averaging method; in Section III we present
the conventional model of a single-phase induction machine
in a stationary reference frame; in Section IV we apply the
averaging method of Section II to the model presented in Sec-
tion III; simulation results are presented in Section IV, while

in Section V we analyze small-signal models of of a single-
phase induction machine; in Section VI we derive two equiv-
alent circuits (the simpler of which coincides with the conven-
tional equivalent circuit) without requiring the superposition
of torques produced by forward and backward rotating fields.

II. TIME-VARYING FOURIER COEFFICIENTS

The generalized averaging that we perform to obtain our
models is based on the property [10, 11] that a waveform
z(7) can be represented on the interval 7 € (t — T, #] using a
Fourier series of the form

Ca(n= Y X 8

k=~

where wy = 27/T and X*(t) are the complex Fourier coeffi-
cients, which we shall also refer to as phasors. These Fourier
coefficients are functions of time since the interval under con-
sideration slides as a function of time. The k-th coefficient (or
k-phasor) at time ¢ is determined by the following averaging
operation:

Xkt) = %/:T g(r)e iFrdr =< 2 > (1), (2)

The notation < z >y (t) will be used to denote the averaging
operation in (2). We omit the explicit dependence upon time
in the rest of the paper. Our analysis provides a dynamic
model for the dominant Fourier series coefficients as the win-
dow of length T slides over the waveforms of interest. More
specifically, we obtain a state-space model in which the coef-
ficients in (2) are the state variables. We note that since our

original variables z(-) are real-valued, the phasor X% is th

complex conjugate of X*. :
A key fact for our development is that the derivative of the

k-th Fourier coeflicient is given by the following expression:
dx* - < d

—— — y k
dtx>k JkwpX (3)

dt
This formula is easily verified using (1) and (2).

III. MODELING OF A SINGLE-PHASE INDUCTION
MoOTOR USING DYNAMIC PHASORS
Assuming a sinusoidal stator voltage and shorted rotor wind-

ings, then the following model can be written (in a stationary
reference frame [13]):
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wy dt
2H dw ..
o dt" —Tp — Bywy + Xmigsiar (4)

where iy, represents the stator current, iz and i, are the
rotor winding currents referenced to the stator, and w, is the
rotor velocity.

The model (4) can be written in a state-space form: if we
define the state = [igs 44, ar wr]”, then the model reveals
the following structure:

1 = a1+ 1222 + a132324 + bicos(wst)

ﬁg = ar -+ agza&2 + a93T3T4 + szOS(wbt)

T3 = a3121%4+ a3aT2T4 + azars

(l)-4 = a41x31xg3g -+ ag4T4 + b4TL (5)

We can express each of the state variables in terms of
a Fourier series with (slowly) time-varying coefficients. To
make calculations tractable, we have to decide on the num-
ber of harmonics that should be retained for a desired model
accuracy. This is often based on physical intuition; error
bounds for general systems are given in [11].. To develop
our phasor-dynamic model, we will assume a constant load
torque T, keep first (£1) harmonic for all currents z; — z3
and dc component and second {=%2) harmonic for speed z4.
This set of assumptions can be deduced, for example, from
numerical simulations. From (5), in steady state our assump-
tions amount to neglecting third (and higher) harmonics in
currents, which is often quite reasonable.

Let X} — X1 denote Fourier coefficients corresponding to
first (fundamental) harmonics of states z; — z3, and let X2
and X2 denote the zeroth (dc) and second Fourier coefficient
of the speed x4. Let z* and R(z) denote the complex conju-
gate and the real part, respectively, of a quantity z, and recall
that X;* = X}*. (Note that the subscript identifies the vari-
able, while the superscript refers to the harmonic number.)
Application of (2) and (3) to our model (5) then yields:

X} = (a1 —jws)X] + a1a X3 + 013 X3 XJ +
b
a13(X3)" X3 + 51
X} = anXi+(an— jwn)Xa +asX3X +
b
a23(X3) X3 + 52
X} = asXIX +as(X1)X] + ag XEXO +
a31(X3)* X3 + (ass — jws) X3
X = 2’]41%(}{11 (X31)*) + “44]{2 + 047

X.'f = a41X11X§ + (@44 — j2wb)X42 (6)
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This fifth order model involves complex quantities, and it
can be replaced by a ninth order model involving real quan-
tities (observe that X is real). A simpler (but still quite
accurate) fourth order (coupled) model is obtained if only
zero-th (dc) component of the speed is retained (i.e., if one
sets X2 = 0).

IV. SIMULATION RESULTS

Note that both models (5) and (8) are nonlinear. One major
advantage of model.(6) is in simulations, as phasor quanti-
ties involved tend to vary slowly, so that large step sizes are
allowed in solving the differential equations. While we have
not quantified the issue in detail, we have routinely observed
an order of magnitude improvement in our simulations of (6)
compared to (5).

To illustrate the results obtained with models (5) and (6)
we use the numerical example of a 1/4 horse power ma-
chine from [13, p. 438] (we set the moment of inertia J to
0.0015kgm?). We consider the case in which the machine is
loaded with a constant T;=0.8 Nm, and then, at £ = 2 s,
the load torque steps to the value of 0.2 Nm. In all plots
we compare the detailed simulations from (5) with calcula-
tions of the envelopes obtained from (6).  We observe an
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Figure 1: Mechanical speed from the standard model and
speed envelope from the phasor-dynamic model (de and 2-nd
harmonic).

outstanding agreement in all plots; the simplification of (6)
obtained by setting X? = 0 yields very similar results (except
that the ripple in speed and torque is not included).
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Figure 2: Instantaneous torque from the standard model and
torque envelope from the phasor-dynamic model (dc and 2-nd

harmonic).

]

i I b. U.

L x
1.8 1.95 2 2.05 2.1 215 22
t.s

Figure 3: Stator current and its envelope.

V. SMALL-SIGNAL MODELS

When model (6) is linearized around an operating point, it
yields a 9-th order model (7-th if < w, >4 is neglected). We
list the eigenvalues (corresponding to the equilibrium point
before the load step in the time-domain simulations) in Ta-
ble 1. :
~ Observe that both 7-th and 9-th order model have 3 pairs
of eigenvalues that are similar. A participation factor analy-
sis [14] shows that these eigenvalues are primarily influenced
by the currents.
duction motor of this size the electrical subsystem should be
considerably faster than the mechanical subsystem. The real
eigenvalue at -86 practically corresponds to the dc component
of the speed < w, >¢, while the “slow” complex pair in the
9-th order model corresponds to the second harmonic of the
speed < wy >3.

The small-signal model corresponding to the lineariza-

This agrees with intwition that in an n-
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Figure 4: D-axis rotor current and its envelope.

Table 1: Eigenvalues

7th order 9th order

-86.48 -86.25

-75.57 + j130.44 -75.11 4+ j131.80
-125.54 + j633.18 -82.34 + 3627.04
-259.27 4 3390.65 | -267.23 + ;377.48
-35.82 &+ 3772.00

tion of (a state-space version of) the time-domain model (4)
around its steady state is periodic; due to the periodic in-
put voltage. We have numerically evaluated its monodromy
matrix ©(T) (i.e, its state-transition matrix evaluated over
one period T) [15]. For every eigenvalue m of ®(T) we have
then calculated the corresponding eigenvalue s of the state-
matrix that is obtained by a periodic (“Floquet”) change of

coordinates: 1
s=—Inm
T

Note that since

m = T — ((EitF)T

for any integer £, there is actually a set of “Floquet” eigenval-
ues s corresponding to each m. It can be shown [16] that in
the case of linearizations of time-domain (“standard”) mod-
els which are linear time-invariant (LTT), for each A of such
model, the set A & j£1207 corresponds to eigenvalues of the
harmonic model (with k harmonics retained, ¢ € [0,1,...,k]).
If the same correspondence 1s to hold between the state ma-
trix in Floquet coordinates and the harmonic model shown
in Table 1, from the numerically evaluated monodromy ma-
trix ®(T) we obtain the eigenvalues in Floquet coordinates
as (—85.40; —75.26 £ j132.23; —266.68). From this set,
with additions of appropriate j£120x factors, we have a good
agreement with results presented in Table 1 for the harmonic
model.



V1. EQUIVALENT CIRCUITS

Another use of model (6) is in deriving equivalent circuits for
the single phase induction machine. To recover the commonly
used circuit representations, we perform the following change
of coordinates:

I p [20 0 X1
Lt = —=|0 2 -2 X} (7
I V2|9 2 3 ||x]

along with an identical change of coordinates for the voltage
quantities. The 1/+/2 premultiplying the transformation is
simply to convert the quantities into rms values. The value
2 appearing in the transformation matrix takes into account
the X;% = X} terms which are required to reconstruct the
physical currents.

The resulting steady-state phasor equations for currents,
with a little algebra, are

. X
V = rala+]XsIs+]Tm(I++I—)
/2 X X
0 = —IZ - 7 =1 gy g
(1_ <wa>u) ++.7 9 ++.7 2 s
+j%m+fi +jXTmm+I;
7‘,-/2 X, KXm
0 = ——te—e——oI>_ —]_ —1
(1+Swwb>;) +]2 +7 2 1s
X, . X
+j7’"m_ I+ ijm_ I (8)
9)
where
Lwr>a
My = T gy
1 -
and
—Xwr>g
mo = —2 |
- =717 S%Lb?‘u

This steady-state model has the circuit representation shown
in Fig.' 5 (with X, = X;, + Xir, X5 = X + X35). If a de-
cision is made to neglect the second harmonic in the speed,
then model (8) simplifies (as my = m. = 0), and the stan-
dard equivalent circuit for the single phase induction machine
is recovered. The schematic presented in Fig. 6 is this sim-
plified steady-state circuit representation. In the traditional
interpretation, the Iy and I_ currents are associated with the
forward and reverse rotating magnetic fields.

While the two equivalent circuits are different, in our exam-
ple the corresponding steady-state currents and speed differ
little, as shown in Table 2, where the discrepancies are in most
cases < 1%. We also calculated the efficiency of the motor
using the two equivalent circuits and compared the results
to a value calculated from the simulation results. From the
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Figure 5: Complete equivalent circuit of a single-phase induc-
tion motor in steady-state
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Figure 6: Simplified equivalent circuit of a single-phase in-
duction motor in steady-state

time-domain simulations a value of 74.313% was calculated.
Using the harmonic model the efficiency was calculated to
be 74.317%, while the simplified model yields 74.410%. The
improvement (= 0.1%) could be of interest in motor design,
where efficiency is the main figure of merit.

While the simplified circuit is well known, we point out
that our derivation results in a more accurate model, and it
makes no assumptions about the superposition of forward-
and backward-rotating fields.

VII.

In this paper we have applied the generalized averaging tech-
nique to dynamical and stead-state modelingof a single-phase
induction machine. We have developed a phasor-dynamic
model of the machine that predicts its dynamies quite well,
and can be used in high-performance control algorithms. It

CONCLUSIONS
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Table 2: Steady-state currents and speed, 77 = 0.8 Nm.

7th order
igs (A) 1.253376-j1.991205
igr (A) -1.245499+j0.946732
iar (A) 0.944386-+0.026982
< Te >0 (Nm) 0.8
< wp > (rad/s) 362.729540
Iy (A) -2.437032+30.004693
I_(A) -2.544962+)3.782237

9th order
igs (A) 1.255087-1.996277
iy (A) -1.247127+j0.952068
igr (A) 0.9468734j0.029287
< wp > (rad/s) 362.755375
< wy >3 (rad/s) | -1.160285-j0.780553
< T. >0 (Nm) 0.8
< T >3 (Nm) 0.441393-j0.656126
I; (A) -2.435682+j0.010390
I_(A) -2.552828+]3.797881

is also well suited for numerical simulations, as it offers sig-
nificant reductions in the required computational effort when
compared with the standard model. In the steady-state the
phasor-dynamic model réduces to an equivalent circuit which
is a refinement of the conventional model, and leads to a
more accurate efficiency calculation. A didactic -advantage
of the proposed approach is that it avoids superposition-type
assumptions that are required in traditional modeling. The
modeling framework described in this paper is open to further
developments, as more harmonic components can be included

in the analysis. This is particularly useful in studies of har--

monics introduced by the mechanical subsystem, for example
in the case of position-dependent loads.
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