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"extreme.” Accumulation analysis is a method proposed by Taguchi for analyzing
such ordered categorical data from industrial experiments. It is used extensively in
Japanese industry and is becoming popular in the United States. This paper exposes
a fundamental problem with accumulation analysis in the multifactor sefting, the
usual industrial setting, since it is more efficient to simultaneously test many fac-
tors. A serious consequence of accumulation analysis is the spurious detection of
factor effects, as demonstrated by simulation results for various situations. Furth-
ermore, reanalysis of data from two real experiments reveals that spurious factor
effects are being detected in practice. Therefore, accumulation analysis is not
recommended.

Nair(1986) has proposed using the first two components of the accumulation
analysis statistic, as well as simpler alternatives, to detect location and dispersion
effects, respectively. This paper demonstrates that the dispersion tests are often not
applicable in the industrial sefting and that the location tests can be useful but are
not without problems.
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A CRITICAL LOOK AT
ACCUMULATION ANALYSIS AND RELATED METHODS

M. Hamadaand C. F. J. Wu

1. Introduction

Taguchi’s accumulation analysis (AA) for ordered categorical data from industrial eiperi-
ments has become increasingly popular (Taguchi, 1974). AA is appealing because it is easy to
use; it is an ANOVA-like procedure. Unfortunately, there is a fundamental problem with AA in
the multifactor setting. This problem with AA can be clearly seen in the context of fractional
factorial designs, the ones most often used in industry. One consequence is that spurious effects

can be detected. Furthermore, the test statistics for factor effects are dependent.

In section 2, we will describe AA in the single-factor setting. Noticing a problem with the
denominator of the AA statistic, Box (1985) and Nair (1986b) proposed using the numerator sum
of squares of the AA statistic. In the following, we will also consider this modified version of the

AA statistic.

Box (1985) and Nair (1986b) decomposed the AA statistic into a weighted sum of score
statistics. Using this decomposition, we will give a new interpretation of AA and its components
in section 2. Since the scores are linear, quadratic, etc., the first two components have been
interpreted as tests for location and dispersion effects. Nair (1986b) suggested using the first two

components separately to increase the power for detecting location effects and for dispersion
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effects, respectively. He also proposed simpler location and dispersion tests as alternatives;
interestingly, the location test is the Kruskal-Wallis test. One consequence of our interpretation

of AA is that the second component of the AA statistic and the dispersion test proposed by Nair
can detect something other than a dispersion effect. Therefore qualification of their interpretation

as dispersion tests will be made.

In section 3, using our interpretation of AA, we will expose a fundamental problem with
AA in the multifactor setting. This problem is a result of neglecting the inherent nature of
ordered categorical data which makes them harder to analyze than continuocus data. The results
from section 2 will be used to explain what AA is doing wrong. Three models will be examined
where AA detects spurious effects. Nair (1986b) gave another reason for using the modified AA
statistic: it removes one way in which the distribution of the AA statistic for a factor depends on
the other factors. The distribution of the modified AA statistic will be shown to still depend on
the other factors. Nair (1986a) showed that Pearson’s X statistic is the unweighted sum of the
components of the AA statistic. Consequently, Pearson’s X2 test has the same problem as AA in

the multifactor setting.

The results from section 3 provide a compelling reason to search for alternatives. Possibili-
ties are the first component of the AA statistic and the Kruskal-Wallis test. However, these alter-
natives are not without their problems. In section 4, it will be shown that they can miss small
real effects as well as detect spurious effects. In the multifactor setting, the second component
of the AA statistic and the dispersion test proposed by Nair are rarely applicable as tests for
dispersion. However, rather.rcstﬁctive conditions will be given under which these tests can be

interpreted as such.



In section 5, the consequences of using AA will be illustrated by reanalyzing data from two

real experiments. Section 6 concludes with a discussion.

2. Accumulation Analysis in the Single Factor Setting

We will review AA in the single factor setting in section 2.1, In section 2.2, we offer a new
interpretation of AA and its components. We will use this to show that the interpretation of the
second component of the AA statistic and its simpler alternative proposed by Nair (1986b) as

dispersion fests require qualification.

2.1, Review of Accumulation Analysis

Taguchi (1974) developed AA for ordered categorical data as an alternative to Pearson’s X2
test. His argument for AA’s superiority is that it accounts for the ordered nature of the
categories whereas Pearson’s X? does not; exainplcs were given to demonstrate this. The AA

statistic in the single factor setting will be described next.

Consider a single factor A with I levels and n observations taken at each level. Let
Yi=0its- - - ,y,-K)T denote the frequencies of K ordered categories observed at the ith level of
the factor. The data can be viewed as an IxK contingency table. Let Cy be the cumulative fre-

quencies of the first k categories at the ith level and Cg be the average of the Cy across the I lev-

K I
els. Thatis, Cy =3 yzand Cg =3, Cy /L
j=1 i=1

AA builds K-1 Ix2 tables where the kth table is formed by collapsing the first k columns to
form one column and by collapsing the last K-k columns to form the other. The ith row of the
kth table is (Cy, n—Cy). Standard ANOVA is performed on each table as if Cy ones and n—Cy

zeros were observed at the ith level of the factor. The sums of squares for the kth table are as



follows:

1
SSAK) = (1/n) ¥ (Cyp—Ca)%
i=1
SS,4(k) = (IIn)C e (n—Cy), and

I {
88, (k) = SSi(k) — SSa(k) = (1/n) 3, Cy (n—Cyp).

=1

Let di denote Cg/n, the cumulative marginal proportions. AA then weights the sums of
squares for the kth table by (dk(l—cik))"1 and adds the corresponding weighted sums of squares

over the K-1 tables. This yields:

K-11
SSA=nY F(Cy—Ce)*/ (Cun—Cy)), (2.1)
k=1i=1

Ssmt = nI(K_].), and

K-11
SSe = SSmt-SSA =1n E ECik(n—Cik) ! (C,k(n—C,k))
k=1i=1

To obtain mean squares, AA uses (I-1)}(K-1) and I(n—1)(K-1) = (nI-1)(K-1)~(I-1)(K-1) as
degrees of freedom for SS, and SS,, respectively. Finally, the AA statistic is an F-like statistic

given by F, = MS,/MS,. Therefore, AA is an ANOVA-like procedure.

AA’s simplicity and similarity to ANOVA is appealing. Unfortunately, it does not possess
ANOQVA'’s property of independent sums of squares. Notice that SS, =constant —8S,. Box
(1985) and Nair (1986b) recognized this undesirable property where SS, depends on the effect of
factor A. Consequently, they proposed using only the numerator sum of squares SS, from (2.1).

In the following we will also consider the modified statistic and will refer to it as the AA statistic

K-1
T. The AA statistic T can be easily remembered as T= ¥ P,, where P, is Pearson’s X? statistic
k=1



for the kth Ix2 table (Takeuchi and Hirotsu, 1982).

1
The AA statisic T can be expressed as follows: T=Yx"x;, where
i=1

Xk = G(cm-c,k) / VC,k(n—C,k) for k=1, ..., K-1, From Nair (1986c), T can be decomposed into
uncorrelated components. See also Box (1985) for a somewhat different but equivalent treat-

ment. Let Z be the conditional variance-covariance matrix of x;, where x, is conditioned on the

marginal frequencies of the ordered categories. For 1 <k, T ec VC(n—Cg) / V(n—Cy)Cy. Let A
be the (K-1)x(K~1) diagonal matrix of eigenvalues of Z and R be the comresponding matrix of
eigenvectors. Then T can be expressed as

I T K-1 )
T= .lei Aw; = leJZ]
1= J=

1
where w; = A 2R x,, sz = Zwijz, and Ay =\

i=1l
Under the null hypothesis of no factor effect the sz are asymptotically IID X% ; (Box, 1985
and Nair, 1986a). That is, the AA statistic T is distributed as a linear combination of IID %2 ran-

dom variables. By matching the first two moments, the distribution of T can be approximated by

K-1 K-1
dX?, where d= ¥ A2/ ¥ A; and v = (I-1)(K-1)/d.
=R

2.2. A New Interpretation of Accumulation Analysis

In terms of the frequency data, w; = (1/Vn)QT(y, — yo) for some Kx(K—1) matrix Q where

1
¥.=2.¥i/L Then,

i=l

1
2% =3(q -y I, 2.2)
=1



where g is the jth column of Q. Note that the g depend only on the marginal frequencies of the

ordered categories and that sz can be viewed as score statistics using the scores g;.

We may interpret (y; - ¥,) as a comparison of the distribution at the ith level of the factor
with a reference distribution, the mixture of all the distributions at the I levels. Therefore, using
the scores g, sz can be viewed as a comparison of the distributions at the I levels of the factor
with a reference distribution. When there is no factor effect, the I distributions will be identical
as will be the reference distribution; sz will tend to be small. However, when there is a factor
effect, some of the I distributions will be different. Consequently, the I distributions will be dif-
ferent from the reference distribution and sz will 'tend to be large. Therefore, sz tests whether
the factor has an effect with respect to the scores qj. AA can then be interpreted as a weighted

combination of K-1 different tests to detect a factor effect.

The scores q; and ¢, are linear and quadratic. Furthermore, for I =2 with equal marginal
frequencies, Z%; and Z2, are equivalent to the Wilcoxon rank-sum and Mood statistics, respec-
tively. ForI>2 with equal marginal frequencies, 221 and 2222 correspond to the Kruskal-Wallis
statistic and the generalization of the Mood statistic. Consequently, Z2, and Z2, have been inter-
preted as tests for location and dispersion effects. Because the weights A; decrease rapidly in j,
AA has been interpreted as a test primarily for location. Nair {1986b) proposed using 221 and
222 separately to increase the power of detecting location and dispersion effects. A simple

example will show that the interpretation of 222 as a dispersion test requires qualification.

Example 1: Suppose the ordered categorical random variable is generated by an underlying con-
tinuous random variable Y, where Y =, + €. Let p=(-1.5,-.5,.5, 1.5) and € be uniform on
[-.5, +.5). Four ordered categories are defined by (—eo, —1, 0, 1, +e¢), That is, if —ec <Y < -1,

then the observation would be in the first category, if —1 < Y < 0, then the observation would be
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in the second category, etc. Ten observations are taken at each level. Note that the factor does
not have a dispersion effect. Table 2.1 presents the data for every realization of g, yielding the

AA statistic T=120.

Table 2.1: Data for Example 1

Category
Level
1 2 3 4
-1.5 10 0 0 0
-5 0] 10 0 0
+.5 0 0] 10 0
+1.5 0 0 0] 10

By decomposing the AA statistic,

K-1
T= ¥ 7% =2(40) + 2/3(40) + 1/3(40) = 120.
j=1

Using the dX?, approximation, AA would detect an effect (dX?,(.01) = 25.4). If the components
72, and Z2, were used separately, the factor would be identified as having both a location and
dispersion effect (2'.23(.01) =11.3). Zzl correctly identifies the location effect, but 222 falsely

detects a dispersion effect.

The problem with 222 as a test for dispersion is that it fails to account for the different loca-
tions at the levels of the factor. Since the scores g, are functions of only the marginal frequen-
cies, they cannot simultaneously account for the location at each level. What 222 detects is a
difference between the distributions at the I levels. Therefore, 2',22 can only be interpreted as a

test for dispersion when there is no location effect.



Nair (1986b) proposed simpler location and dispersion statistics, SS(I) and SS(d). Using

the scores l and d,
LT 2
SSM =Y M (¥;—¥)) /nand
i=1
LT 2
SS(d)=2 (@' (¥yi—y)) " /n.
i=1

SS() is the Wilcoxon rank-sum test statistic when I=2 and the Kruskal-Wallis test statistic when
I>2. In the following we will refer to SS(1) as the Kruskal-Wallis (KW) test statistic. Asymptot-
ically, KW and SS(d) are IID X} ; under the null hypothesis. Since these are also score statistics
based on the marginal frequencies, SS(d) has the same problem as Zzz. For the example above,
the dispersion scores are (1, -1, -1, 1), yielding SS(d)=40; 222 and SS(d) are same when the
marginal frequencies are equal. Again, a spurious dispersion effect would be detected. There-

fore, SS(d) can only be interpreted as a dispersion test when there is no location effect.

Consider Example 1 where € is now N(O,O'Z). A study based on 10,000 simulations was
performed using a X?; approximation for Z%, and SS(d). Table 2.2 summarizes the size of the
.05 and .10 tests for a dispersion effect using 222 and SS(d). The same consequences can be
seen when 222 or SS(d) are used as dispersion tests in the presence of a location effect. What is
really being detected is the difference between the distributions at the I levels of the factor. As
o? increases, the difference between the mixtures of distributions becomes smaller and is
detected less often given the same number of observations taken per run. Consequently, the size

of these tests decreases as G2 increases.



Table 2.2: Size of .05 and .10 Tests
for Dispersion Effect Using 222 and SS(d)

Statistic
o? | Nominal
Level | 72, | SS(d)

1/4 .05 98 | .98
.10 99 1 99
172 .05 76 | .78
.10 86 | .87
1 .05 33 ] 34
.10 46 | 48

Nair (1986b) suggested using 221 and 222 separately to increase the power of these tests to
detect location and dispersion effects. The Kruskal-Wallis statistic and SS(d) could also be used
as simpler alternatives. The above qualification of the interpretation of 222 and SS(d) as disper-

sion tests suggests the following strategy:

First, test for a location effect using Z2; or KW.

If there is no location effect, then use 222 or SS(d) to test for a dispersion effect.

3. Accumulation Analysis in the Multifactor Setting

In the multifactor setting, Nair (1986b) noted another reason for using the modified AA

statistic. Since
SS, = constant — SS, — SSp

in a two-factor main effects setting, the distribution of the original AA statistic for factor A



depends on factor B. Therefore, using the modified AA statistic T from (2.1) eliminates one way

in which the distribution of the AA statistic for a factor depends on the other factors.

There is a fundamental problem with AA in the multifactor setting which even this
modification cannot remedy. It can be clearly seen in the context of fractional factorial designs.
One consequence is that the distribution of the AA statistic for a factor still depends on the other
factors. The focus of this section will be on main effects in the context of fractional factorial

designs. AA in the full factorial setting will be discussed briefly.

Consider a multifactor experiment using a fractional factorial design with r runs and n
observations taken at each run. Denote the frequency of the jth category for the ith run by ny.

For the extension of AA to the multifactor setting, K-1 ANOVAs are performed where the data

r k r k
for the kth ANOVA consists of Y, ¥'n; ones and tn — 3 ¥'n;; zeros. The data can also be viewed
i=lj=1 i=1j=1

as a multiway contingency table. It can be shown that the AA statistic for a factor main effect,
say factor A with I levels, is equivalently obtained by collapsing the design onto the factor,
which produces an IXK contingency table, and by calculating the AA statistic for the single fac-

tor as was described in section 2.1.

Using our interpretation of AA, the fundamental problem with AA in the multifactor setting
is that it is no longer comparing I distributions but 1 mixtfures of distributions. This suggests the
possibility of the T mixtures of distributions being different even when there is no factor A effect.
Note that this scenario depends on the other factors. A simple example demonstrating this prob-

lem with AA in the multifactor setting will be examined next.

Example 2: For an experiment with a 231 fractional factorial design (I=123), suppose that the

ordered categorical random variable is generated by an underlying continuous random variable
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Y, where Y=A+B+C+e¢&. Let A=0, B=f1, C=t.5, and € be uniform on [-.5, +.5]. Four
ordered categories are defined by (—oo, 1,0, 1,+o0) and ten observations are taken at each
design setting. Note that factor A has neither a location nor a dispersion effect. Table 3.1
presents the data for the collapsed design onto factor A for every realization of ¢, yielding the
AA statistic T, =26.7. That is, the AA statistic has a degenerate distribution. AA would spuri-

ously detect an effect for factor A (dxi’v(.on =13.8).

Table 3.1: Data for Example 2 for Factor A

Category

Level
1 2 3 4
+ 10 0 0| 10
- 0| 10] 10 0

The decomposition of the AA statistic aids in explaining what AA is doing wrong in the
multifactor setting. For this example, the second component of the AA statistic can be inter-
preted as a dispersion test since the locations of the underlying mixtures of distributions are the
same. Although AA heavily weights the first component, the second component can also be

important, which is true for this example. By decomposing the AA statistic T,,

K-1
Ta= 3 MZ%=2(0) + 2/3(40) + 1/3(0) = 26.7 .
=

Here AA is detecting the difference in dispersion between the I mixtures of distributions at the
levels of factor A. It is not detecting a factor A effect. Notice that there is a difference between

the I mixtures of distributions because there are both factor B and C effects.
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Example 2 illustrates the fundamental problem with AA in a main effects location model.
Further, consider a main effects dispersion model and a main effects location-dispersion model.
For the latter model, some factors can have both a location effect and a dispersion effect,
whereas other factors may have only a location effect or only a dispersion effect. Similarly, AA
can falsely detect an effect for factor A when there is no factor A effect because the I mixtures of
distributions can be different. A simulation study using these three models for the same 2*!

fractional factorial design will be described next.

For the location model, Y = A+ B+ C+&. Let A=0, B=%1, C=%.5, and & be N(O, 0'2). Four
ordered categories are defined by (—eo,-1,0,1,+4e¢). For the dispersion model,
Y = exp(A + B + C)e, where A=0, B=t.75, C=t.5, € is N(0, 6%), and (=eo, ~1.25, 0, 1.25, +o)
define the categories. For the location-dispersion model, Y = 6 where € is exponential with
mean exp{A+B+C). Let A=0, B=%t.7, C=t4, and (0, 1, 2, 3, +<<) define the categories. Ten
observations are taken at each design setting. Table 3.2 summarizes the size of the .05 and .10
tests for factor A based on 10,000 simulations using a dJCzv approximation for AA. Note that

factor A has neither a location nor a dispersion effect in all three models.
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Table 3.2: Size of .05 and .10 Tests for

Factor A Effect Using AA
Model
¢? | Nominal

Level Location | Dispersion | Location-
Dispersion

1/4 05 .85 13 12

10 .94 .33 .26

172 05 .39 12 13

.10 .60 .26 25

1 05 .08 .06 .09

10 .19 13 19

In these three scenarios, AA is detecting the difference between the two mixtures of distri-
butions. For the location model and dispersion model, AA is detecting the difference between
the dispersion of the two mixtures of distributions. For the location-dispersion model, AA is

detecting the difference between both the location and dispersion of the two mixtures.

The substantial difference in the dispersion of the mixtures of distributions explains the
dramatic results for the location model. For the dispersion model, AA appears to be performing
quite well for large o2 However, there is still a (smaller) difference in dispersion between the
mixtures of distributions. AA is not detecting this difference because the ten observations per

run and five ordered categories do not provide enough information to do so.

In the three scenarios above, the mixtures of distributions at the levels of factor A are dif-
ferent because there are both factor B and C effects. Therefore, the distribution of the AA statis-
tic for a factor depends on the other factors. This dependence on the other factors can also be

seen by studying the asymptotic distribution of the AA statistic.
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We next derive the asymptotic distribution of the AA statistic and its components for the

231 fractional factorial design. The four design settings for (A, B, C) are given in Table 3.3.

Table 3.3: 2>~! Fractional Factorial Design

Factor
Run
A|B]|C
1 + | + | +
2 + | - -
3 -+ -
4 - - |+

K
Let my = (n;, ..., jx)’, where Y.n; =n. Denote the category probabilities at the ith run by
j=1

Py = (Bi1» -» PiK)'» Where p, is the average of the p;. For I=2, the AA statistic T can be
expressed as
T=2TAZ , where Z=QT(1/Nn)(y; - Y.

4
(¥1— Yo = 24my2 and the sign of m; for each factor is given in Table 3.3. Since m; is distri-
=l

buted as multinomial(n, p;),

L
(1~Nn)m; — N(py, ),

P — P — —_ —
where Z; = diag(py)-p;p;’. Furthermore, A — A and Q — Q where Q satisfies “QTZP.Q =1

and X, = diag(p,)—p.p.T. Note that A and Q are functions of p, Denote the average of the p A

14



by Z,. Then,

L
Z - N, 3), G.D

4 —_
where B = Q™,n= Zipl 2,and X = Q_rEbQ. Therefore,

i=1
2 - 2,22 2 2

Under the null hypothesis that none of the factors has an effect, the p; are equal so that
QzQ-= QTEP_G =1 and 82]- = 0. Therefore, sz are IID X2, and the AA statistic T is distributed
as a linear combination of independent X?; random variables. Note that the critical values are
based on this null hypothesis. Since the proper null hypothesis should be that the mixtures of
distributions at the two levels are the same, the test could be either liberal or conservative. Prel-

iminary work suggests that the tests using the AA statistic and its components are conservative.

Under the altermative hypothesis, (3.1) states that the sz for all the factors are dependent.
From (3.2), sz is distributed as a constant multiple of a noncentral le random variable. There-
fore, the AA statistic T is distributed as a linear combination of dependent noncentral X?; ran-

dom variables.

4
Since M = Y 4p; /2 = (1/n)E(y; — ¥, , 3N is the asymptotic quantity which compares the

i=1
mixtures of distributions at each level of the factor with a reference distribution, the marginal
distribution of the ordered categories. From (3.2), for a given j, N is the only quantity required
to compare the asymptotic performance of the sz for all the factors since Ej and Zj; remain the

same for each factor.
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The asymptotic distribution of the AA statistic T depends on all factors. This is so because

it depends on A, Q, =, and M which are functions of p; and p; depends on all the factors.

Furthermore, the AA statistics for the factors are dependent. Th‘is is even true asymptoti-
cally. For any two factors, say A and B, the (¥4, 1 — ¥,) and (yp ; — ¥.) are asymptotically depen-
dent. Therefore, ZzA, j and 223, j are dependent, and consequently T, and Tg are depcndent.
Remember that T is the sum of squares (2.1) so that in contrast with ANOVA, the sums of

squares for all the factors in AA are dependent.

Nair (1986a) showed that Pearson’s %2 test statistic is the sum of the components of the AA
statistic. Therefore, if Pearson’s X? test is applied in the multifactor setting by collapsing the
design onto the factor, it will have the same problem as AA. This may not seem so surprising
because it is well known that there are problems with collapsing multiway contingency tables in
the context of testing for hldepéndencc. See Agresti (1984). The size of the .05 and .10 tests for
factor A effect using Pearson’s X? test from the same simulation study described above for the
three models appears in Table 3.4. Since Pearson’s X? test is more powerful than AA for detect-
ing dispersion effects, the size of the test for the location and dispersion models is larger than

that of AA.
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Table 3.4: Size of .05 and .10 Tests

for Factor A Effect Using Pearson’s X* Test

Model
c?> | Nominal

Level Location | Dispersion-| Location-
Dispersion

1/4 .05 .98 .19 .03

.10 .99 37 10

172 .05 .78 17 07

10 .87 31 17

1 .05 34 07 11

.10 48 .15 22

The three examples above suggest what could happen in a full factorial setting. Since factor
A has no effect, these examples can be viewed as a 22 factorial experiment in factors B and C.

The test for factor A would correspond to a test for BC interaction. The above examples show

that AA can falsely detect an interaction effect.

From the description of AA in section 2.1, AA is an ANOVA-like i)roccdurc. However, AA
has none of its properties. That is, the distribution of the AA statistic for a factor depends on the
other factors and the sums of squares are dependent. This is dramatically seen in the location
model where ANOVA is applicable if continuous data were observed. It is interesting that
ANOVA also compares I mixtures of distributions. That is, it too collapses the design onto the
factor. However, ANOVA uses the additivity of the model and the orthogonality of the design

to cancel out the effects of the other factors. Thus, the inherent nature of ordered categorical data

which makes them harder to analyze is revealed.
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The problem with AA is a result of neglecting this inherent nature of ordered categorical
data. The examples above demonstrate how spurious effects can be detected. This result also
suggests that the power of the AA test is artificially high. In the examples above, if factor A had
a very small effect, most of the power of the test for a factor A effect would have come from the
difference in the mixtures of distributions because of the large factor B and C effects. Therefore,

AA can detect spurious effects as well as detect real effects for the wrong reason.

4. Methods Related to Accumulation Analysis

The results in section 3 provide a compelling reason to search for alternatives to AA in the
multifactor setting. Nair (1986b) suggested using the first two components of the AA statistic
separately to increase the power of detecting location and dispersion effects. Also, Nair proposed
using the Kruskal-Wallis (KW) statistic and SS(d) as simpler alternatives to Z2; and Z2,. Note
that the Kruskal-Wallis test has been used to analyze ordered categorical data in the single factor
setting for a long time. It appears that this test has not been studied in the multifactor setting

when it is applied to data from the collapsed design.

Remember that these score tests are comparing I mixtures of distributions. Therefore, there
are only certain situations where these are applicable as tests for location or dispersion effects.
The examples in section 3 showed that AA can detect spurious effects when there is a difference
in dispersion between the mixtures of distributions because of the large 222 component. Note
that in all the examples factor A had no dispersion effect. In the single factor setting, 222 and
SS(d) are applicable as dispersion tests when there is no location effect. In the multifactor set-
ting, Z2, and S$S(d) are rarely applicable as dispersion tests. The following must hold in order to

interpret them as such: (1) the factor has no location effect, (2) at most one of the other factors
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has a location effect, and (3) at most one of the othef factors has a dispersién effect. Using 222
or SS(d) when these conditions are violated can result in the detection of spurious dispersion
effects. Table 4.1 presents the size of the .05 and .10 tests for a factor A dispersion effect using
222 and SS(d) from the simulation study in section 3 under the location and dispersion models.
Although factor A has neither a location nor a dispersion effect, the size of these tests is substan-

tially larger than the nominal level.

Table 4.1: Size of .05 and .10 Tests for Dispersion Effect for Factor A
Using Z2, and SS(d) Under the Location and Dispersion Models

Model
o | Nominal Location Dispersion
Level
72, | $S(d) || 7% | S$S(d)

1/4 05 1.00 | 1.00 || 45 49
.10 1.00 | 1.00 | .64 .66

172 05 .92 92 || .34 34
.10 .96 96 | .49 .50

1 05 .55 S6 | .12 12
.10 .67 68 || .22 22

For the dispersion model, 221 and KW can detect spurious location effects when p,, the
marginal expected proportions, are heavily skewed. For the same 2>! fractional factorial design,
let Y = exp(A + B + C)g, where € has a standard logistic distribution. The ordered categories are
defined by (—.08, .28, .85,2.09). For A=0, and two (B, C) combinations, (.5, +.25) and
(1, £.5), the corresponding p, are (.48, .10,.13,.16, .13) and (47, .15, .13, .10, .15), respec-
tively. Note that factor B has no location effect. Table 4.2 presents the size of .05 and .10 tests

for a factor B location effect using Z2, and KW based on 10,000 simulations and a X%
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approximation for 221 and KW. These results can be explained by the heavily skewed p,.
Although the underlying mixtures of distributions have the same location, the transformation
into ordered categories can make them appear to have different locations. It is this difference
that Zz1 and KW are detecting. Because p, is more skewed for (B, C) = (1, £.5), the transfor-
mation has a greater effect which can be seen in Table 4.2. Observe that KW is less sensitive to
this transformation effect. This reveals another aspect of the nature of ordered categorical data.
Therefore, 221 and KW have the potential of spuriously detecting location effects when the mar-

ginal expected proportions are heavily skewed under the dispersion model.

Table 4.2: Size of .05 and .10 Tests for Factor B Location Effect
Using 22, and KW Under the Dispersion Model

Statistic
3,0 Nominal

Level | 72, | KW

(*1,£5) .05 35 [ .16
.10 50 | .25

(.5, +.25) .05 14 | .10
.10 23 | 17

The performance of Z2, and KW under the location model will be the focus of the
remainder of this section. As was seen above, the transformation into ordered categories can
make mixtures of distributions with the same location appear to have different locations. Simi-
larly, when there are a small number of categories, mixtures of distributions with different loca-
tions can be transformed into ones which appear to have similar locations. For example, if there

were only two categories in Example 2 of section 3, the factor C effect would not be detected.
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Table 4.3 presents the data for factor C from Example 2 for the original four categories and for

the two new categories formed from them.

Table 4.3: Data for Factor C from Example 2
for the Original and New Categories

Category

Level Original New

3] 4| 1&2 | 3&4
+ o100 of1w] 10 ] 10
- 10 0| 10 0 10 10

[y
[o%]

This suggests that Zzl and KW have the potential for missing real effects and for detecting spuri-
ous effects. From section 3, Zzl for all the factors are dependent. Similarly, KW for all the fac-
tors are dependent. The effect that the transformation into ordered categories and the depen-
dence between the statistics of all the factors has on the performance of Z2; and KW will be dis-

cussed next.

The dependence of the statistics for the factors result in small location effects being missed
in the presence of factors with larger effects. This can be seen asymptotically by examining the
noncentrality parameters of their asymptotic distributions. For I=2, the noncentrality parameter
depends on s'n, where s represents the scores q, or ! and | = (I/n)E(y; — o). Remember that
#n compares how different the mixtures of distributions at the levels of the factor are with a
reference distribution. Note that (1/n)E(y,) is the same regardless of which factor is being con-
sidered, so that for a factor with a large effect, (1/n)E(y,) will be more different from (1/n)E(y,)
than it would be for a factor with a small effect. Therefore, the noncentrality parameter for a fac-

tor with a large effect will be larger than that for a factor with a small effect. In fact, if one fac-
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tor has a substantially larger effect than another, the mixtures of distributions of the factor with
the smaller effect will be very similar. That is, | = 0. Therefore, factors with small effects in the
presence of factors with large effects can be missed. Table 4.4 presents the simulation results for
the .05 and .10 tests using Z2; and KW under the location model from section 3, where A=0,
B=tl, and C=t.5 and ¢ is N(0,0%). These results are the size of the tests for factor A effect and
the power of the tests for factor B and C effects. The large factor B effect explains why the
power of the tests for factor C and the size for the tests for factor A are smaller than the power of
the tests for factor B, especially when the underlying error variance is large. Observe that if fac-
tor A had a small effect, it would be missed most of the time. The similar performance of Z2,
and KW seems to be true for symmetric boundaries with a symmetric error distribution. It is not

true for asymmetric boundaries as can be seen in Tables 4.5 and 4.6.

Table 4.4: Size of Tests for Factor A and Power of Tests
for Factors B and C Using Z2; and KW Under the Location Model
Category Boundaries = (—oo, —1, 0, 1, +00)

Factor

o | Level A B C
7% | KW || 7z, & XwW || 72, | KW
4|l 05 | 00| .00 1.00 83 | .84
10 [ .00 [ .00 | 100 95 | .96
12| 05 | 00| 00 || 100 63 | .63
.10 [ .00 | .00 1.00 81 | .82
1 | 05 | 00| .00 1.00 46 | .46
10 | .02 .01 1.00 64 | .64

Tables 4.5 and 4.6 demonstrate how the transformation into ordered categories affects the

performance of Z?, and KW. The transformation has changed the locations of the mixtures of
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distributions of factor A. It is this difference in locations that Z2, detects so that a factor A effect
would often be spuriously detected. This also suggests that the power of the tests for factor B
and C effects is artificially high. However, KW performs differently. The size of the factor A test
is lower than its nominal value. Furthermore, the test for factor C has substantially smaller
power than that for factor B especially when the error variance is small. What appears to be
happening is that the transformation accentuates the factor B effect which decreases the power
of the test for factor C. Despite these problems with Z2; and KW, this does suggest that they can
be useful in situations where they perform similarly. This was seen in Table 4.4 where the
transformation appears to have little effect on the performance of Z?; and KW. In practice, this

would mean 221 and KW can be useful when they have nearly the same value.

Table 4.5: Size of Tests for Factor A and Power of Tests
for Factors B and C Using Z?, and KW Under the Location Model
Category Boundaries = (—oe, 0, 1, 2, 4+c0)

Factor
c? | Level A B C
_ 74 | kKW || 22, &KW || 2%, | Kw
14 [ 05 | 24 [ .01 1.00 65 | .31
10 | 54 | .06 1.00 85 | .58 |
12 05 [a15] o1 1.00 58 1 .42
10 [ 34 | 05 1.00 77 | .64
1 05 [08] .01 1.00 45 | 41
10 | .18 [ .05 || 1.00 62 | .58

When the ordered categories are coarse, less information is available to detect a difference
between the locations of the mixtures of distributions. In situations where the transformation

effect is substantial, this means that spurious effects will be declared less often when 72, is used,
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whereas real effects will be missed more often when KW is used. Table 4.6 demonstrates this
when three categories are used instead of four and reveals that 72, is more sensitive to the loss of
information. The amount of information provided by the number of ordered categories used has
implications during the design phase of the experiment: refine the categories as much as possible

to make the most information available to detect real effects.

Table 4.6: Size of Tests for Factor A and Power of Tests
for Factors B and C Using Z2, and KW Under the Location Model
Category Boundaries = (—oo, 0, 1, +0)

Factor :

o? | Level A B C
Z, | Kw || Z%, &kw | 74, | KW
4| 05 | .12 | .01 1.00 52| 30
10 | 31| .06 1.00 75 | .55
172 05 | .06 | .01 1.00 46 | .39
10 | 15 | .04 1.00 66 | .60
1 05 | 03| 0L 100 40 | .38
10 | 08 | .04 1.00 56 | .55

Finally, wé compare Z2, and KW with ANOVA. ANOVA uses the additivity of the model
and the orthogonality of the design to cancel out the effects of the other factors. Even with
orthogonality, the distributions of Z2, and XW for a factor depend on all the other factors.
Furthermore, an unbalanced design has a more serious effect on Z2; and KW than ANOVA.
Without a balanced design, the realizations of the mixtures of distributions appear to have dif-
ferent locations even when there is no effect. Suppose in Example 2 of section 3 that the sample
sizes corresponding to A+ B + C=(-1.5, -5, .5, 1.5) were n =(§, 15, 5, 15). Table 4.7 presents

the data for factor A for every realization of €. In contrast with Table 3.1, the realizations of the
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mixtures of distributions of factor A appear to have different locations. It is this difference that
Z?, and KW would detect, resulting in spurious effects declared. Similarly, real effects could be
missed because the realizations of the mixtures of distributions could appear to have the same
location. Therefore, when 221 and KW are used, an equal number of observations should be

taken at each design setting.

Table 4.7: Data for Example 2 for Factor A With Unequal Sample Sizes

Category

Level
1 2| 3 4
+ 5 0]1]0] 15
- 0115 1] 5 0

5. Examples from Real Experiments

In section 3, it was shown that AA can detect spurious effects. This problem with AA will

be demonstrated by reanalyzing data from two real experiments.

5.1. An Arc Welding Experiment

We reanalyze data from an arc welding experiment performed by the National Railway
Corporation of Japan. The data and original analysis appear in Taguchi and Wu (1980). One
facet of the experiment was to find the important factors which affect the workability of an arc
welded section between two stecl plates. We interpret this to mean the degree of difficulty in

welding the two steel plates together. Workability was classified into three categories: easy, nor-



mal, and difficult. The experimenters were initially interested in nine factors and four two-factor
interactions. Some of the factors were welding method, angle of welding device, current, and
type of welding rod. An experiment using a 293 fractional factorial design was performed with
one observation per run. Table 5.1 presents the results of AA, its first two components, Z%; and
222, and KW. Using AA, the original analysis concluded that the main effects for factors D, F,
and G were significant. However, using 221 or KW, only the main effects for factors D and F are
important. Therefore, AA spuriously detected a factor G main effect. Because of the small Zzl
component and the large 222 component of the AA statistic for factor G, AA detected the differ-
ence in dispersion between the mixtures of distributions at the two levels of factor G, not a factor
G main effect. Because of the confounding patterns of the design, the main effect for factor G is
confounded with the DF interaction effect. This example demonstrates the results of section 3

which showed that AA can detect spurious interactions when the corresponding main effects are

significant.

Table 5.1: Results of AA, Z?,, Z2,, and KW for the Welding Experiment

Factor | AA | 7% | 7%, | KW
A 174 | .10 [ 223 | .18
B 41| 28| 16| .13
C 174 | 126 | .18 | 1.32
D |[503]370| 41| 352
E 41 16| 28| .13
F 9.03 | 701 | .10 | 7.09
G |503] 23|65 | .09
H 41| 16| 28| .13
I 1.74 | 126 | .18 | 132

AG 41 ] 16 | .28 | .13
AH | 1.74 | 10 | 223 | .18
AC 41| a6 | 28| .13
GH | 174 | 10| 223 .18
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5.2. A Contact Stain Experiment

A company produces a rubber product which must meet a contact stain specification; it
should not stain or mar the painted panel to which it is attached. The data and original analysis
are found in Lear and Stanton (1985). A 241 fractional factorial experiment (1=234) was per-
formed to determine the important factors affecting the contact stain characteristic of the pro-
duct. The four factors were chemical compounds used in making the rubber product. For each
run, one product was attached to a painted metal panel and subjected to high temperature for
three days. The panel was then inspected and its contact stain characteristic was classified as one
of the following: none to very slight, slight to moderate, and moderately severe to severe. Table

5.2 presents the results of AA, its first two components, Z2; and Z%,, and KW.

Table 5.2: Results of AA, Zzl, Z2,, and KW for the Stain Experiment

Factor | AA | 2%, | 74 | KW

A 3.20 28 | 5.05 A1

B 53 .18 48 24

C 747 | 5.05 28 | 5.23
BC 53 A8 48 24

D 53 18 48 24
BD(AC) | 3.20 | 1.93 74 1 171
CD 53 .18 .48 24

Based on the unmodified AA statistics, the original analysis declared the main effects for factors
A and C and their interaction significant. Based on the modified AA statistics from Table 5.2
and the dX?, approximation, the factor A main effect and the AC interaction effect are not

significant. Nevertheless, these two effects could be-declared relatively important. However,
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using 221 or KW, only the factor C main effect is signiﬁcént, although the AC interaction effect
may be relatively important. The difference in the conclusion about the factor A main effect can
be explained by the small 7%, component and the large 72, component of its AA statistic.
Notice that the factor A main effect is confounded with the ACxC effect. What AA detected
then was the difference in dispersion between the two mixtures of distributions caused by the

significant factor C main effect and the relatively important AC interaction effect.

The original conclusions reveal another concern when fractional factorial designs are used:
as was true for the arc welding experiment, confounding must be considered. ‘In the original
analysis by Lear and Stanton (1985), the BD(AC) interaction effect, which was declared
significant, was labeled as the BD interaction neglecting the confound.ing.with the AC interac-
tion. Since the main effects for factors A and C were declared significant, the AC interaction
effect is more plausible. Generally, labeling it.as a BD interaction can affect the recommended
combination of the factor levels. Moreover, additional runs must be performed to unconfound
the effects in question. However, using the correct analysis based on 221 or KW, confounding

need not be considered since only the factor C main effect is significant.

Using the q, or 1 scores, the high level of factor C is the optimum level. In the original
analysis, because AA also detected a factor A main effect and a BD interaction effect, the origi-
nal recommendations (Lear and Stanton, 1985) chose the high level of factor A and the low lev-
els of factor B and D. Based on the correct analysis, these additional recommendations are
unnecessary. Although these additional recommendations will not affect the contact stain

characteristic, they can have significant financial implications.

Other aspects of both experiments are worth mentioning. Only one observation was taken

per run and the contact stain characteristic and workability were classified into three ordered

28



categories. These may not provide enough information for detecting smaller yet important fac-
tors. More observations per run should be taken and if possible more refined categories should

be used to provide more information to detect real effects.

6. Discussion

Although popular for analyzing ordered categorical data from industrial experiments, there
is a fundamental problem with AA in the multifactor setting. For a factor main effect, AA col-
lapses the design onto the factor, and computes the AA statistic as in the single factor setting.
The problem is that AA is no longer comparing I distributions but I mixtures of distributions,
where the factor has I levels. AA can detect the difference between the I mixtures of distribu-
tion. However, this difference does not imply that the factor has an effect, because whether the I
mixtures of distributions are different depends on the other factors. This problem with AA is a
result of neglecting the inherent nature of ordered categorical data which makes them harder to
analyze. Spurious éffects can be detected. Furthermore, small real effects can be detected for

the wrong reason.

The first component of the AA statistic, Zzl, and the Kruskal-Wallis test provide somewhat
unsatisfactory alternatives for detecting location effects. Under the dispersion model, they can
detect spurious effects. Under the location model, Z2, can still detect spurious effects whereas
the Kruskal-Wallis test misses real effects. However, they can be useful under the location
model, where they perform similarly. 222 and SS(d), as dispersion tests, are rarely applicable in

the multifactor setting.

The results in the previous sections suggest important details which must be considered

during the design and analysis phases of the experiment, In the design phase, a balanced design
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should be used and the ordered categories should be refined as much as possible. In the analysis
phase, AA has been applied to mixed categorical-continuous data by grouping the continuous
data. This practice should be avoided because valuable information for detecting effects is lost.
Furthermore, the transformation into ordered categories can change the location of the mixtures
of distributioné so that either real effects can be missed or spurious effects detected. When a
fractionated design is used, the confounding patterns must be considered and additional runs

must be made so that the effects in question can be unconfounded.
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