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2%¢ Experiments With Binary Responses:
Sampling Until A Fixed Number Of
Defectives Is Observed
Sgren Bisgaard and Ilya Gertsbakh

In this article we will discuss the use of two-level factorial and fractional factorial experi-
ments with binary responses (defectives/non-defectives) where the purpose is to reduce the
rate of defectives. Contrary to a traditional fixed sample size scheme, we will consider one
where each factorial combination is sampled until a fixed number of defectives is observed.
The total number of items until that occurs is then used as the response. Such an Inverse
Binomial sampling scheme has several practical and economical benefits that will be dis-
cussed. For the design of experiments based on this idea, we provide a methodology for
choosing the necessary number of defectives r, to detect a given change in the probability of
producing a defective unit with fixed levels of Type I and Type II errors.

Introduction

Customers of industrial products increasingly expect to
receive mass produced items with guaranteed levels of
defectives in a range below 100 parts per million (ppm).
One example where such stringent requirements are im-
posed is in the preduction of cathode-ray tubes (CRT’s)
for televisions or computer displays. Achieving such low
levels of defectives is usually a technological challenge of
extraordinary proportions. It frequently requires close
collaboration between research, production and the qual-
ity engineering department. A potent tool in such efforts
is the use of factorial experiments.

In this article we will consider the situation where the only
reliable response is a binary defective or non-defective.
This is often the case for the production of CRT’s, micro
chips, metal castings, plastic moldings and a vast number
of other products. For such production processes, low lev-
els of defectives are traditionally achieved with control
charts by controlling key process parameters within nar-
row limits. The hope is that if these input parameters are
held at consistent levels, it will guarantee consistency in
the quality of the output product.

The success of such an approach is based on at least two
assumptions. One is that the right set of parameters is
being monitored and controlled. A second assumption is
that the nominal settings of the process parameters are tar-
geted at their optimal (or satisfactory) levels so that
defectives are produced only because of variability in these

process parameters around the nominal values. That both
of these assumptions are satisfied, or nearly so, is seldom
if ever known in practice. In fact, it would appear safer to
assume that they are not. Consequently it cught to be stan-
dard practice to experiment with processes to screen out
the most important factors influencing the rate of
defectives, and when those have been identified, engage
in optimization experiments to determine the best, or at
least a set of more satisfactory, parameter settings to be
used as target values for subsequent process control.

Experimenting as we are suggesting with only a binary
response x; ={0,1) = (non-defective, defective) is inher-
ently difficult. A binary response has a very low informa-
tion content. Nevertheless, it is fairly common in industry
that factorial experiments with binary responses are set up
such that for each of the N factorial trials, a set of n prod-
ucts is run off and the proportion defectives 6 ;= Y vy
is used as the response in the subsequent analysis. Ex-
periments of this kind have lately been discussed by Bis-
gaard and Fuller (1995a) who provided simple tables for
determining an appropriate fixed sample size n for each
factorial combination in two-level factorial designs. In
another article focusing on the analysis of such experi-
ments, Bisgaard and Fuller (1995b) further discussed the
use of variance stabilizing transformations. Since this fixed
sample size approach provides important clues to how an
inverse binomial sampling scheme can be constructed, we
will briefly review this material in the next section.
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The Fixed Sample Size Approach

Pollowing Bisgaard and Fuller (1995a), suppose a 2*4=N
fractional factorial experiment is set up where k is the num-
ber of factors, g the degree of fractionation and N the num-
ber of factorial combinations tested. Further let the prob-
ability of producing a defective unit at the factorial com-
bination xbe approximated locally by '

0, =0 +byxP +.. 4+ box? + by xPxP +... (1)

where x; = =9, ..., xP)is the row vector of £1’s of the
design matrix corresponding to the jth factorial combina-
tion, 6, is the mean probability of producing a defective,

and by, ..., bs, b, ...are the coefficients, or half of the fac-
torial effects, reflecting the influence of the correspond-
ing factors.

Suppose a certain factor, say A, is active and that it pro-
duces a change A in 8; when x$? is changed from -1 to
+1. When testing whether A is statistically significant based
on data from an experiment, there is always the possibil-
ity that we do not detect that A is significant. Thus we
commit a Type Il error. Similarly there is a possibility of
detecting an effect when none is present. In that case we
would commit a Type I error. As a basis for determining
the sample size, n, for each of the N factorial combina-
tions, we choose two numbers o, the probability of com-
mitting a Type I error, and Bthe probability of committing
a Type II error when the true effect is A.

Before we proceed let us note that Bisgaard and Fuller’s
(1995a) derivation, as well as ours shown below, are based
on using a variance stabilizing transformation for the re-
sponse. An alternative would be to use a Generalized Lin-
ear Model (GLIM), see e.g. McCullagh and Nelder (1989),
a common approach to the analysis of binary data, that
uses transformations of the data that are not variance sta-
bilizing. However, the proofs based on standard least
squares theory presented below for calculating the stop-
ping rule depends on several intermediate steps. in par-
ticular the Normal approximations, on the constant vari-
ance property of the response. The final result pertaining
to the stopping rule we obtain will, however, apply to In-

verse Binomial sampling in general regardless of how the
" data will be analyzed. Hence the user should feel free to
use GLIM or any other appropriate method in the subse-
quent analysis.

Bisgaard and Fuller (1995a) in their proof argued that when
using a variance stabilizing transformation, the estimated
effects will be more or Iess Normally distributed with con-
stant variance as long as the factor changes only create
moderate changes in the defective probability. Suppose
the change 4 of the defective probability on the transformed
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scale is denoted by 8. Applying Normal distribution theory,
they then showed that the critical value ¢ could be chosen
by balancing the risks ozand f of making the two decision
errors. Specifically they required that if > 0 the critical
value, ¢ , should satisfy the two criteria

) €= O%ogp
(Si) c=8-07 @
where z, is the standardized Normal deviate cotrespond-
ing to the ¢'s quantile of the unit Normal distribution and
o the standard error of the estimated effect. (An equiva-
lent requirement is imposed if 6> 0.) Equating (i) and (i)
in (2) they showed that

é
o=—""— 3
Lozt g
In the Binomial case by substituting the appropriate rela-
tions into (3), they then provided an estimate of the neces-
sary sample size as

ne (Zyara + -8 )
N&? '

Based on (4), Bisgaard and Fuller (1995a) provided tables
for finding the minimal number n to guarantee the pre-
scribed a and b values for a given design size N, the hypo-
thetical mean response probability ¢, and the significant
level D of an active factor. For example, suppose g = 0.1,
D =0.05, N = 8, a = 5%, b = 10% then their Table 1a
suggests a sample of size n = 186 for each of the eight
experimental trials.

4

The reason Bisgaard and Fuller (1995a) suggested using a
variance stabilizing transformation in their derivation is
that the natural estimator of 6, is 8= 2y /n. Its vari-
ance is Var{éj} =6;(1-6;)/nwhich depends on 8, the
very parameter we hope to change in the experiment. That
creates adilernma! If we are successful in our experimen-
tal effort we will change 6. Hence we will violate the
least squares assumption of constant variance of the re-
sponse for all the trials. If we instead use a variance stabi-
lizing transformation (p(é 1), in this case for binomial sam-
pling tp(éj) = arcsin éj

proximately the same for each trial even when we are suc-
cessful in changing the defect rate 6.

» then the variance will be ap-

Critique of the Fixed Sample Size Approach

Although the fixed sample size approach is widely used,
and works well in many cases, especially when the defect
probabilities are relatively large, it has several essential
drawbacks. One is that sample sizes and thus the duration
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of the experiment might be prohibitively large for small
defect probabilities. This issue was especially made trans-
parent by the tables produced by Bisgaard and Fuller
(1995a). Unfortunately as we will indicate below, there is
not much we can do about that. Another drawback, not
completely unrelated to the first, is that the experimenter
has little control over how many defectives are produced
during the experiment (except for the upper limit nN).
Because of the large sample sizes required when experi-
menting with processes that have relatively small defect
rates, this may lead to the production of a large number of
defectives if, for example, a certain factor combination
causes an undesirable large increase in the value of 0

It is for this latter reason that we will suggest a different
sampling strategy. At each design point, rather than fix-
ing the sample size, we suggest continued sampling until
a prescribed number of defectives r have accumulated.
Hence we measure the response as the total nnmber of
products y produced until reaching r defectives. This
implies that we leave the duration of each trial “loose”,
but fix the number of defectives that are produced during
the trials.

Inverse Binomial sampling as this is called, has several
desirable properties. Suppose, for example, that a par-
ticular factor combination increases the defective prob-
ability €, to an undesirable level. Rather than producing a
large number of defectives for this combination as in the
fixed sample size approach, we will instead quickly ter-
minate that run before producing too much scrap, and move
on to explore hopefully better factor combinations, On
the other hand, if a factor combination produces more de-
sirable conditions, then the production at that combina-
tion will continue for a long while before r defectives are
produced. However, that should usually not be a prob-
lem. All along we will be producing good products. Con-
sequently the experimenter can assure production man-
agement, often leery about having any experiments con-
ducted on ongoing production processes, that little time
and material is wasted. Good products are being made
during the experiment. Thus only a minimal time will be
spent on unfavorable scrap producing conditions, and we
can goarantee that only a fixed predetermined number (N7)
of defectives, usually not much different from what would
be produced if the process was left alone, will be produced.

The Inverse Binomial Sampling Scheme

We will now more formally discuss how we can set up an
Inverse Binomial sampling scheme as described above.
Of primary importance from a design of experiments stand-
point is how to determine r, the number of defectives to be
observed for each of the N trials in a 2*?design. Asin the
Binomial sampling scheme, this will be determined based

on the number of factorial trials in the experiment N, a
previous estimate of the defective percentage at the center
of the design 8, the minimum change in the defective rate
A the experimenter wants to detect, and the probability of
Type I and I1 errors ¢z and 5.

Before we proceed with the formal test criteria, we first
need to consider the appropriate estimator for 6, the prob-
ability of producing a defective unit. If the individual
defectives are independent Bernoulli random variables with
probability 8 of producing a defective, and a sample of
size Y is needed to observe exactly r defectives then a uni-
form minimum variance unbiased (UMVU) estimator of
Ois given by

r—1

6=—.
Y-1

3

for r 22 (see e.g. Kotz and Johnson, 1983 and our Appen-
dix 1). Note incidentally that the maximum likelihood
estimator of 8is /Y and thus differs from (5).

When the true 8 lies in the range [0, 0.7], a remarkably
“stable” variance stabilizing transformation developed by
Anscombe (1948) is

5 _ ot [Y=r+3/8
PO) =™

=_Sinh_l\lé-'(_r-1)+11/s—r
r—3/4

(6)

Note that a larger Y implies a smaller §. We prefer a trans-
formation (p(é) that is a strictly increasing function of 3.
Thus we will switch the sign on the transformation and
express (6) in terms of g as

A ,Y—r+3/8
9(8) = —sinh ™ =77
\ N =1)/8—r+1375++/(r-1)/ 6+ 0.625

Nr—0.75

)

=-1

Choosing the Stopping Rule r

For the determination of the appropriate stopping rule, r, a
central role is played by some results proven by Bisgaard
and Fuller (1995a, pp. 346-347) which we will provide
here in a somewhat generalized form. Let tp(é) be a vari-
ance stabilizing transformation for § and assume that the
function @(@) is differentiable with respect to . Further
suppose a factor, say A, is changed from its low to its high
level, and thereby induces a change from -Af2 to A2 of
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r b(r) r b(r)
2 0.222 60 0.131
3 0.212 62 0.129
4 0.203 64 0.126 |
5 0.193 66 0.124
6 0.189 68 0.123
7 0.182 72 0.119
8 0.176 76 0.116
9 0.171 80 0.113
0.167 84 0.110
0.161 88 0.108
0.158 92 0.105
0.154 96 0.103
0.151 100 0.101
0.148 110 0.096
0.144 120 0.092
0.141 130 0.088
0.138 140 0.085
0.136 150 0.082
0.133 160 0.080

Table 1. Values of the stopping rule r and the corresponding factors b(r).

the response g around its mean value 0. The effectof A
is then A on this scale. However, on the transformed scale
this same change, denoted by &, is

S=0(B,+A/2)— (0, - A/2). (8)
Expanding in a first order Taylor series we find that

=@(6,) + (A/2)9"(8,) ~[9(8,) + (—A/ 2)9(6,)]
=A-9'(6).

Bisgaard and Fuller (1995) then essentially proved the
following proposition,

Proposition 1: In an N run two-level factorial design, if
the true effect of a factor measured on the original scale is
A, then the estimate of this effect on the transformed scale,
Effect,, is approximately Normally distributed with

E{Effect,} =8=A-¢’(8,) and

Var{Effect,} = 4[p'(8,)F V{f}/ N. (10)
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Further, if A = 0 then the estimated effect on the trans-
formed scale is approximately Normally distributed with

E{Effect,} = 0 and the same variance as in (10).

As indicated above, the proof of this proposition is essen-
tially provided by Bisgaard and Fuller (19953a). They
showed the result for the specific case of the
(p(é) = arcsin(w/GT ) transformation appropriate in the fixed
sample size Binomial situation. However, it is relatively
straightforward to see that the entire proof will hold for
any differentiable transformation. We will therefore not
repeat the somewhat lengthy proof.

Proposition 2. In an N run two-levei factorial design, if
the true effect of a factor measured on the original scale is
A, then the sampling plan with aand f3 can be determined
as a solution to

AN

Vi) = —
AZiasy + 25)

(11)
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Proof: Combining (10), (9) and (3) we have

2 2
(@' (6,)] Vi6} __"——_(zl-m'z )

This expression gives the desired result after some simple
reductions.

Notice that (11) is a somewhat surprising result. The par-
ticular transformation used does not play any role since
®’(8) cancels out. Thus all we need to know is the vari-
ance of the estimator before the transformation.

If we use the estimator given by (5), we show in Appendix
1 that bounds for V{6} = o suggests that a good approxi-
mation is

6;=b(r)o1-6

where b(r) is a constant that depends on the particular value
r.

(12)

In deriving the approximation (12) we may choose &(r)
such that we have a perfect fit at 6 = 0.1 which would
appear to be in the middle of the most important range of
@for practical applications. This approximation turns out
to be very accurate for 6, € [0.02, 0.4] for » 2 10. Table 1
provides a summary of the constants needed to determine
r.

With this approximation we can now insert (12) into the
general expression (11) which then gives

AN
2(21oan + 215 )80 1~ B

Since everything on the right hand side of (13) can be de-
termined by the experimenter prior to experiment, we can
compute the value b(r) needed to satisfy. Next we can
use Table 1 to find the particular » that produces a b(r)
close to the number produced by (13). That particular r is
then the stopping rule we are seeking.

In some cases we might need to determine values outside
the range of Table 1 and for 0 <8, £0.02. To do so, no-
tice from (Al.4) that for small 8, and large r,
V{é} =g? (1-8)/(r-2)- Now inserting this expression
into (11) we get

Az *+ 2.5 Y05 (1-6,)
re= +2 14
NN (14)
Thus (14), an explicit formula for the stopping rule, can
be used for small defect rates where r > 160. Some ex-
amples presented in the next section will illustrate our ap-

proach.

Examples of the Determination
of the Stopping Rule

In this section we will present four examples of how to
determine the stopping rule r for some practical cases.

Example 1: Suppose we want to run an 8-run two-level
factorial experiment to reduce the defective probability 8
and that the underlying model is assumed to be of the form
(1) with 8 =0.1, estimated from control chart studies prior
to the experiment. Further, suppose we want to be able to
detect factor changes of A= 0.03 and use the conventional
¢=5% and B=10%. To determine the stopping rule r, we
proceed as follows:

Step 1: Determine b(r) from equation (13). For this ex-
ample we get

0.05V8

=0.230
2(1.96 +1.28) - 0.131 - 0.1

b(r)=

Step 2. Enter Table 1 with the above b(r) and find the
closest corresponding 7. The closest value to 0.230 is 5(20)
=0.234. Thus r = 20 so for each trial we have to sample
until we observe 20 defectives.

To further illustrate this approach, we have simulated data
for an eight run 2™* design with a base probability of
defectives 8 = 0.1 at the design center point, two active
factors B and C with B=C=A/2=0.025 and r=20. The de-
sign and the simulated transformed responses (multiplied
by 1,000) using the modified Anscombe’s transformation
(7) are all given in Table 2.

The seven effects, calculated the usual way but based on
the transformed data using either (6) or (7) are shown as a
Normal Plot in Figure 1. From this figure we see that B
and C are clearly identified as being significant,

7] o (C
g 0.5 —
g .
[#5]
Tﬁ ®
: .
0.5
Z .
[ ]
1.5 T T T T T
-100 0 100 200 300
Effects

Figure 1. Normal Plot of effects for data in example 1.
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Ren| A B ¢ F G| 6 | v | 1000xeé)
1 - - - + + + - 0.05 ] 264 —1980
2 + - - - - + + 0.05 | 402 -2200
3 - + - - + - + | 010 171 ~1750
4 + + - + - - - 10.10] 179 -1780
5 - - + + - - + | 0.10| 235 -1920
6 + - + - + - - | 0.10 | 168 -1750
7 - + + ~ - + - | 0.15] 107 -1450
8 + + + + + + + 10.15] 106 —1500

Table 2. A 27 design with simulated data.

1t is interesting to note that this Inverse Binomial sam-
pling scheme on average wiil require

N r
M=ZE==I,867

i=1 U;

observations, and would produce exactly
rN =20 x 8 =160 defectives. Let us compare this with
the standard Binomial sampling scheme. From Table A1l
of Bisgaard and Fuller (1995a) we find that the sample
size under the same circumstances should be » = 186. Thus,
the total number of observations will be n. N =1488,
while the expected number of defectives will be

nN8, =149, with a standard deviation of

o*=n\3%,6,(1-6,) =11.5

Thus comparing the two approaches there does not appear
to be a gain over the standard Binomial sampling. How-
ever, taken relative to the expected sample size the defec-
tive rate for the Inverse Binomial Sampling is 160/
1867=0.0857 as compared to 149/1488 = 0.1001 for the
Binomial sampling scheme.

That the plans are very similar under “normal conditions”
when we compare them using the expected number of
observations should not be surprising. They are essen-

tially based on the same binary information and have es--

* sentially identical likelihood functions. Thus by the like-
lihood principle, see e.g. Cox and Hinkley (1974, pp. 39-
40) they provide the same inference. However, as we have
pointed out before, the primary benefit of the Inverse Bi-
nomial plan is the protection it affords against producing
large numbers of scrap, and the quick switching away from
“bad” conditions.

We will now illustrate this property. Suppose one of the
eight conditions in the factorial design results in a much
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higher defective rate, say 8; = 0.5 and that the remaining
seven conditions deviaic only very little from the average
of 8,=0.1. In that case the number of defectives will
under the Inverse Binomial Sampling scheme continue to
be rN =20 x 8=160, but for the standard fixed sample
Binomial, the expected number of defectives would be

2..n6; =168(0.5+7-0.1) = 202. Now let us put these
numbers in perspective. If we had left the process alone
for a period similar to what it would take to produce
8 % 186 = 1488 products as prescribed in the Binomial
sampling plan, we would, with a defective rate of 6, = 0.1,
produce an average of 1488 x 0.1 = 149 defectives. Thus
what we gain by using an Inverse Binomial sampling plan
is a protection against large number of defectives during
the experiment if one or more factorial conditions turn out
to be “bad”. The cap on the number of defectives this
affords, which is roughly about the same size as what would
have been preduced anyway if we left the process alone,
is the main reason why we think the Inverse Binomial
scheme in some cases might be a useful alternative to Bi-
nomial sampling.

Example 2. Suppose = 5%, p=10%, N = 16, 8 =03
andA=0.1. Letus determine the stopping rule r and com-
pare the inverse Binomial sampling with the fixed sample
size Binomial sampling. To find the stopping rule, we
proceed again as follows.

Step 1. Find b(r} from (13):

b{ry= O'h/g

2.0307 324

Step 2. Enter Table 1 and find an r that produces a b(r)
close to 0.246, In this case r= 18.

=0.246

For comparison with a similar Binomial plan, suppose only
one factor is active at A=10.1. The expected sample size is
then for the Inverse Binomial plan
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N
M=ZL=£ r +_.1..v. r
l'=19,- 2 GO_A/Z 2 9() +A/2

18 18
8 +8
0.3-005 03+0.05

=987

and the total number of defectives in the experiment is
rN =18 - 16 = 288. For a corresponding Binomial plan,
we find from Table 1a of Bisgaard and Fuller (1995a) with
the values for N, 8, A, oz and S as above, that the indi-
vidual trial sample size should be n = 58. Thus the total
sample size will be nN = 58 - 16 = 928 and the expected
number of defectives will be nN@, = 928 - 0.3 = 278.

Again the plans are similar under “normal” circumstances.
However, should an unexpected large two factor interac-
tion effect appear and make four runs much different than
the others, say 6, = 6,= 6, = 6, = 0.8, and the remaining
as assumed on average about 0.3, then the Binomial sample
scheme will have an expected number of defectives of
315,16, =58(4-0.8 + 12 - 0.3) = 394 or about 37% more
than under the Inverse Binomial Sampling scheme.

Example 3. Suppose we want an experiment with o= 5%,
B=10%,N =16, 8 =0.0001 and A=0.0001. In that case
we are outside the range where Table 1 is applicable. We
therefore turn to equation (14) and find that the stopping
rule is

o 2196+ 1.28)?(0.001)*(1 - 0.001)
(0.0001)*16

Example 4. In this last example we will show the real
strength of the Inverse Binomial scheme which is when a
process is already fairly well optimized into the below 1%
range, but nevertheless need further reductions. This would
for example be the case for high volume processes. Now
suppose & = 5%, f=10%, N =16, 6, = 0.01 and A =
0.0025. To find the stopping rule r for the Inverse Bino-
mial scheme, we proceed again as follows.

Step 1. Find b(r) from (13):

+2=262

0.0025416
b(r)=
2.0014/0.99 -3.24

Step 2. Enter Table 1 and find an r that produces a b{r)
close to 0.155. In this case r =43, Thus the total number
of defectives in the experiment is rN =43 - 16 = 688.

=0.155,

For a corresponding Binomial plan, we find from Bisgaard
and Fuller (1995a) with the values for N, 6, A, zand Bas
above, that the individual trial sample size should be n =
4146. Thus the total sample size will be
nN =4146-16 =66, 336 and the expected number of
defectives will be nN8, =66,336-0.01 =663 if the

changes provoked by the experimental trials are small and
the overall defective average is 0.01. However, should
again an unexpected two factor interaction effect make
four runs much different from the others, say
94 = 95 = 912 = 916 =0.2, and the remain.ing as assumed
on average about 0.01, then the standard Binomial sample
scheme will have an expected number of defectives of
T nO, = 4,446(4-0.2 +12-0.01) = 3, 763 or about 6
times as many as the Inverse Binomial Sampling scheme.

Discussion and Conclusion

Using standard Binomial sampling, the tables produced
by Bisgaard and Fuller (1995a) demonstrated clearly that
when the probability of defectives is small, the sample
size n for each of the factorial combinations becomes
unmanageably large. For example, for a sixteen run ex-
periment, if the average defective probability is about 8, =
0.01 or 1%, and we wish to detect a change of A=0.0010r
0.1%, then we need a sample size for each run of n =
26,000. Such large sample sizes may on face value look
unrealistic. In particular management will frequently dis-
play reluctance to allow such large experiments because
of fear of the large costs involved. Unfortunately, Inverse
Binomial sampling is not going to reduce the expected
length of the experiments under normal circumstances. The
likelihood principle prevents that, as we have also seen in
the examples in the past section. In fact, using (14) we
find that =260 and the expected run length is about 26,000,

One of the key reasons, in our experience, that manage-
ment is reluctant to allow any experimentation on ongo-
ing processes and in particular large ones, is their fear that
even minor modifications to the process parameters might
create a disastrous number of defectives. However, from
a rational point of view such an inclination to experimen-
tation is counterproductive. It does not allow for quality
problems to be solved; a 1% defective rate for a high vol-
uime process can be a serious problem. Thus as Box (1966)
has said “to find out what happens to a system when you
interfere with it you have to interfere with it (not just pas-
sively observe it).” If management wants to reduce the
defectives, they must therefore acknowledge that experi-
ments often will be needed — even extremely large ones
when the defect rate is very small. However, their con-
cerns should also be addressed. Their fears are real and
understandable. Thus we think that if the quality engineer
can guarantee management that no more than a fixed num-
ber of defectives will be produced, that might provide
enough of a compelling argument to sway them to initiate
an experiment.

In the sixteen run inverse Binomial experiment proposed
above with r = 260 for a process currently running at an
average of 1 % defectives, that would mean a total of 16 x
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260 = 4160 defectives produced. That might sound as a
large number, but is no more (16 x 26,000 x 0.01= 4160)
than what would have been produced had the process been
left alone during a similar period of time. On the other
hand, if a Binomial experiment was run and one or several
factorial combinations resulted in a large increase in the
defect level, then with a fixed individual sample size of
26,000 that would quickly translate into a huge scrap heap
on the production floor,

What we have proposed in this article is an idea based on
sound statistical principles that to a large extent will ad-
dress the fear management might have of bungling up a
process that is already running well. The proposed In-
verse Binomial sampling method will allow for the ex-
perimental determination of increasingly better process
conditions when the response is binary and the defective
rate small. One major benefit of this variable sampling
scheme, as opposed to a fixed, is that only few defectives
are produced because the switching rule will quickly send
the process away from unfortunate factorial combinations
that have a propensity for producing defectives, toward
better combinations. Moreover, the experimental process
can be run as a Evolutionary Operation process, see Box
and Draper (1969).

Appendix 1: A Few Useful Facts About Inverse
Binomial Sampling (IBS)

Let X, X,.... be a sequence of independent identically Ber-
noulli random variables with Pr{X, =1} =6,i=1,2,...
Inverse Binomial sampling (IBS) is then a sampling
scheme which stops at random after Y trials when the total
number of defectives reaches a prescribed number r. The
random variable ¥ has a so-called Negative Binomial Dis-
tribution given by

m- 1 r m—r
Pr(Y =m) =(r—-1 )6 A-6Y",n=rr+l,.. (ALD
and zero otherwise. Note that the random variable ¥ as
defined here is the total number of trials to observe r
defectives and not as defined by some authors, the num-
ber of successes until r defectives have occurred.

* Asshown e.g. by Kotz and Johnson (1983) a uniform mini-
mum variance unbiased (UMVU) estimator of 8is (r 2 2)

6=(r—1)AY-1). (A1.2)

Thus by direct application of the definition for the vari-
ance of a discrete random variable, we have that
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2
Var{é} = ”E:',(;:ll —6] . [T::]gr (1-ay"". (A13)

Unfortunately, we know of no closed-form formula for
Var{é}- However, the following set of inequalities pro-
vided by Mikulski and Smith (1976)

#*(1-6) -6
r-2+0 r-2

2
ga-6 Var{f} < (Al.4)
r

can help provide approximations. For example, by sub-
tracting the two outer quantities from each other, it is
readily seen that the error of replacing (A1.3) by
8”(1 - 8)/(r - 2) is smaller than ¢%(1 - 6)/(r — 2) and
hence of the order of 2.

Appendix 2: A Variance Approximation for the
Unbiased Estimator for Small r

From the sharper inequality of (Al.4), since 8is additive
in the denominator, it appears that ;= Var{é}”z for small
8 and even for small r and, of course better for large r’s,
can be approximated by a function of form

0; =b(rB1-6

where b(r) is some constant depending on the specific r
(e.g. we will ignore the influence of @since it is very small),
Next we select b(r) such that (A2.1) equals the true o;
given by (A1.3) for 8=0.1, a value that seems right in the
middle of the interval for potential use and should we go
much below then the influence of ignoring @ will be even
smaller. Thus by calibrating the b(r)‘s to give exact equality
with (Al.3} forf® = 0.1 we get a set of constants b(r) as
shown in Table 1.

(A2.1)

Numerical investigations have shown that O given by

(A2.1) and the b(r)’s given by Table 1 approximates the
true O, calculated from (A1.3), very accurately in the
range B [0.02, 0.4], L.e, for practically all values of 8 of
interest, and for a wide range of r-values. For example,
for r = 20, (A2.1) produces at 6= 0.4 a relative error of
1.6%; for r = 60, the same error is 0.5%; for 8=0.04 the
relative errors are (L4% and 0.1%, respectively. More-
over, it is clear from (A1.4) that the larger r, the better is

the approximation, and that the table values will converge
relatively quickly to p(r) = 1/\r-2-
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