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1 IntroductionLet F be a mapping from <n into itself and X be a nonempty closed convex subset of <n.The variational inequality problem (VIP) is to �nd a vector x� 2 X such thathF (x�); y � x�i � 0; 8 y 2 X; (1)where h�; �i denotes the inner product in <n. In this paper, we study the case that X is abox de�ned by X = fx 2 <n j li � xi � ui; i = 1; : : : ; ngwhere li 2 < [ f�1g and ui 2 < [ f+1g with li < ui represent the lower and upperbounds on the variables, respectively. It is not di�ult to see [3, Proposition 5.7] that the boxstructure of the set X enables us to rewrite (1) asFi(x�)(yi � x�i ) � 0; i = 1; : : : ; n; 8 y 2 X: (2)If the constraint set X is the nonnegative orthant <n+, then the VIP reduces to the com-plementarity problem (CP). This class of special VIPs has numerous important applicationsin various �elds such as mathematical programming, economics, and engineering; see [13, 7]and the references therein.A useful way to deal with VIP (1) is to reformulate it �rst as a system of equations or anoptimization problem via a merit function, and then solve the resultant system of equationsor optimization problem. Recently, much attention has been paid on the reformulation ofVIPs and CPs and various merit functions have been proposed and studied [10]. Well knownmerit functions for VIPs include the gap functiong(x) = supy2X hF (x); x� yi�rst presented by Auslender [2] and then studied by Marcotte and Dussault [18, 19], theregularized gap function f�(x) = maxy2X �hF (x); x� yi � �2 ky � xk2� (3)introduced by Fukushima [9] and Auchmuty [1], and the D-gap functiong��(x) := f�(x)� f�(x); (4)proposed by Peng [21] and Yamashita, Taji and Fukushima [27], where � and � are arbitrarypositive parameters such that � < �. Since a box constrained VIP is actually equivalent toa system of KKT mixed complementarity conditions, several merit functions based on theKKT system of VIP have also been proposed and explored extensively, see Qi [23] and thereferences therein.In this paper, we focus our attention to the D-gap function for VIP. It is not di�cult tosee that g��(x) � 0 for all x 2 <n, and g��(x) = 0 if and only if x is a solution of the VIP(1). Therefore the VIP can be cast as the following unconstrained optimization problem:minx2<n g��(x): (5)2



When the mapping F is di�erentiable, the D-gap function g�� is also di�erentiable [9, 27].However, it is not twice di�erentiable in general. Therefore it is not straightforward to applyconventional second-order methods to problem (5). As a remedy for this inconvenience, Sun,Fukushima and Qi [25] introduced the concept of a computable generalized Hessian of the D-gap function g�� and presented a Newton-type method for solving problem (5). Restrictingthemselves to the box constrained VIP, Kanzow and Fukushima [15] discussed a generalizedHessian of the D-gap function and proposed a Gauss-Newton-type method to minimize it.Further properties of the D-gap function have been investigated in [15, 25, 11].This work is motivated by the recent paper [22] in which the D-gap function is used toglobalize the classical Josephy-Newton method [14] for general VIPs. The main purpose ofthis work is to further study the algorithm proposed in [22] by restricting ourselves to boxconstrained VIPs, and test the e�ectiveness of the algorithm. The paper is organized asfollows: In Section 2, we review some basic results that will be used in the paper. In Section3, we present the algorithm and study its convergence properties. Some numerical resultsare presented in Section 4. Finally we conclude the paper with some remarks in Section 5.2 PreliminariesWe �rst review some concepts related to the VIP and state some properties of the D-gapfunction de�ned by (4).The mapping F : <n ! <n is said to be a P0-function ifmax1�i�nxi 6=yi (xi � yi)(Fi(x)� Fi(y)) � 0 8 x; y 2 <n; x 6= y;a P -function if max1�i�n(xi � yi)(Fi(x)� Fi(y)) > 0 8 x; y 2 <n; x 6= y;and a uniform P -function (with modulus � > 0) ifmax1�i�n(xi � yi)(Fi(x)� Fi(y)) � �jjx� yjj2; 8 x; y 2 <n:An n� n matrix M is a P0-matrix ifmax1�i�nzi 6=0 zi(Mz)i � 0; 8 z 2 <n; z 6= 0;and a P -matrix if max1�i�n zi(Mz)i > 0; 8 z 2 <n; z 6= 0:It is easy to see that, if M is a P -matrix, then there exists a constant � > 0 such thatmax1�i�n zi(Mz)i � �kzk2; 8 z 2 <n: (6)3



It is known [20, Theorem 5.8] that if F is a di�erentiable P0-function, then rF (x)T is aP0-matrix for each x. Moreover, if F is a di�erentiable uniform P -function with modulus� > 0, then rF (x)T is a uniform P -matrix with modulus � > 0 in the sense thatmax1�i�n zi[rF (x)T z]i � �kzk2; 8 z 2 <n; 8 x 2 <n: (7)Since we are not aware of any explicit reference for the formula (7), we include a short prooffor it.Lemma 2.1 Let F : <n ! <n be a di�erentiable uniform P -function with modulus � > 0.Then (7) holds.Proof Let x 2 <n and z 2 <n be arbitrary but �xed. Let ftkg � < be a sequenceof positive numbers converging to 0. Since F is a uniform P -function and the index setf1; : : : ; ng is �nite, there exists an index i0 2 f1; : : : ; ng (independent of k) and a subsequenceftkgK such that zi0 6= 0 andtkzi0 [Fi0(x+ tkz)� Fi0(x)] � �t2kkzk2 8k 2 K:Dividing this expression by t2k, taking the limit k ! 1 (k 2 K) and using the assumeddi�erentiability of F , we obtain zi0 [rF (x)T z]i0 � �kzk2:This implies max1�i�n zi[rF (x)T z]i � �kzk2and completes the proof. 2The following lemma will play an important role in the analyses of this paper. Let X be abox, M be a P -matrix, and b 2 <n. For any v 2 <n, let x(v) 2 X denote the unique solutionof the following a�ne VIP: hb+ v +Mx; y � xi � 0; 8 y 2 X; (8)or equivalently (bi + vi + [Mx]i)(yi � xi) � 0; i = 1; : : : ; n; 8 y 2 X: (9)Lemma 2.2 Let x(v) be the unique solution of the a�ne VIP (8), where X is a box and Mis a P -matrix. Let � > 0 be a constant satisfying (6). Then we havekx(v)� x(v0)k � 1�kv � v0k; 8 v; v0 2 <n:
4



Proof Let v; v0 2 <n be arbitrary. Since x(v) 2 X, x(v0) 2 X, and X is a box, it followsfrom (9) that (bi + vi + [Mx(v)]i)(xi(v0)� xi(v)) � 0; i = 1; : : : ; n;and (bi + v0i + [Mx(v0)]i)(xi(v)� xi(v0)) � 0; i = 1; : : : ; n:Adding the above two inequalities, we obtain(vi � v0i)(xi(v0)� xi(v)) � (xi(v)� xi(v0))[M(x(v)� x(v0))]i; i = 1; : : : ; n: (10)Since M is a P -matrix, there exists a constant � > 0 and some index i0 such that(xi0(v)� xi0(v0))[M(x(v)� x(v0))]i0 � �kx(v)� x(v0)k2:This inequality together with (10) implies that(vi0 � v0i0)(xi0(v0)� xi0(v)) � �kx(v)� x(v0)k2: (11)Since (vi0 � v0i0)(xi0(v0)� xi0(v)) � kv � v0k � kx(v)� x(v0)k;the inequality (11) yields kx(v)� x(v0)k � 1�kv � v0k:This completes the proof of the lemma. 2Next we give another result on the continuity of a solution of the box constrained a�ne VIPwith a P -matrix. For any P -matrix M and vectors b; p 2 <n, let x(M) 2 X denote theunique solution of the following a�ne VIP:hb +Mp +Mx; y � xi � 0; 8 y 2 X; (12)or equivalently (bi + [Mp]i + [Mx]i)(yi � xi) � 0; i = 1; : : : ; n; 8 y 2 X: (13)Lemma 2.3 Suppose that M and N are P -matrices and X is a box. Let � > 0 be a constantsatisfying (6). Then we havekx(M) � x(N)k � 1�kM �Nk � kx(N) + pk: (14)Proof The lemma trivially holds if x(M) = x(N). Hence we only need to consider thecase where x(M) 6= x(N). Since X is a box, it follows from (13) and the de�nitions of x(M)and x(N) that (bi + [Mp]i + [Mx(M)]i)(xi(N)� xi(M)) � 0; i = 1; : : : ; n;5



and (bi + [Np]i + [Nx(N)]i)(xi(M)� xi(N)) � 0; i = 1; : : : ; n:Adding the above two inequalities, we get([Mp]i � [Np]i + [Mx(M)]i � [Nx(N)]i)(xi(N)� xi(M)) � 0; i = 1; : : : ; n;which implies that[(M �N)(x(N)+p)]i(xi(N)�xi(M)) � [M(x(M)�x(N))]i(xi(M)�xi(N)); i = 1; : : : ; n:(15)Since M is a P -matrix, it follows from (6) and x(M)� x(N) 6= 0 that there exists an indexi0 such that [M(x(M) � x(N))]i0(xi0(M)� xi0(N)) � �kx(M)� x(N)k2: (16)Then (15) and (16) imply�kx(M)� x(N)k2 � [(M �N)(x(N) + p)]i0(xi0(N)� xi0(M))� kM �Nk � kx(N) + pk � kx(N)� x(M)k:This completes the proof. 2Now let x be a given point in <n and consider the linearized variational inequality problemof �nding a point z 2 X such thathF (x) +rF (x)T (z � x); y � zi � 0; 8 y 2 X; (17)or equivalently(Fi(x) + [rF (x)T (z � x)]i)(yi � zi) � 0; i = 1; : : : ; n; 8 y 2 X: (18)If rF (x) is a P -matrix, then problem (17) has a unique solution, which we denote z(x).The following lemma is a re�nement of Proposition 2.2 in [26].Lemma 2.4 Suppose that F is a continuously di�erentiable uniform P -function and X isa box. Then the solution z(x) of the a�ne VIP (17) is continuous as a function of x.Moreover, x is a solution of the VIP (1) if and only if x = z(x).Proof First note that, since F is a uniform P -function, (7) is satis�ed with some constant� > 0 independent of x. For two arbitrary points x; x0 2 <n, let z(x) and z(x0) be the uniquesolutions of the linearized VIPs (17) at x and x0, respectively. Also let �z denote the uniquesolution of the a�ne VIPhF (x) +rF (x0)T (z � x); y � zi � 0; 8 y 2 X:It then follows from Lemma 2.2 with v := F (x)�rF (x0)Tx; v0 := F (x0)�rF (x0)Tx0, b := 0and M := rF (x0)T thatk�z � z(x0)k � 1�kF (x)� F (x0) +rF (x0)T (x0 � x)k:6



On the other hand, by Lemma 2.3 with b := F (x); p := �x;N := rF (x)T and M :=rF (x0)T , we have k�z � z(x)k � 1�krF (x0)T �rF (x)Tk � kz(x)� xk:It then follows thatkz(x)� z(x0)k� k�z � z(x0)k+ k�z � z(x)k� 1� �kF (x)� F (x0) +rF (x0)T (x0 � x)k+ krF (x0)T �rF (x)Tk � kz(x)� xk� :Consequently, for any �xed x 2 <n, we obtainlimx0!x kz(x)� z(x0)k = 0:This proves the �rst half of the lemma.To prove the second half, suppose �rst that z(x) = x. Then it follows immediately from(17) that x solves (1). Conversely suppose that x is a solution of (1). Since X is a box andz(x) 2 X, (2) yields Fi(x)(zi(x)� xi) � 0; i = 1; : : : ; n: (19)Similarly, from x 2 X and (18), we haveFi(x)(xi � zi(x)) + [rF (x)T (z(x)� x)]i(xi � zi(x)) � 0; i = 1; : : : ; n: (20)The inequalities (19) and (20) give(zi(x)� xi)[rF (x)T (z(x)� x)]i � 0; i = 1; : : : ; n: (21)Since rF (x)T is a P -matrix, it follows from (7) that there exists an index i0 such that(zi0(x)� xi0)[rF (x)T (z(x)� x)]i0 � �kz(x)� xk2: (22)Combining (21) with (22), we get z(x) = x. 23 A Hybrid Newton MethodIn this section, we consider the hybrid Newton method proposed in [22] for solving the VIP(1) with general convex constraints. Our aim is to re�ne the convergence results obtainedin [22] by restricting ourselves to the special case where the VIP (1) is box constrained.The algorithm is stated as follows:Algorithm.Step 0: Choose x0 2 <n; ! 2 (0; 1); � 2 (0; 1); � 2 (0; 1); � 2 (0; 1), and su�ciently small� � 0. Let k := 0. 7



Step 1: If g��(xk) � � or krg��(xk)k � �, stop.Step 2: Find zk 2 X such thathF (xk) +rF (xk)T (zk � xk); x� zki � 0; 8 x 2 X; (23)and let dk := zk � xk. If g��(xk + dk) � �g��(xk); (24)then let �k := 1 and go to Step 4. If the linearized VIP (23) is not solvable or if dk does notsatisfy the condition hrg��(xk); dki � �� maxfkrg��(xk)k2; kdkk2g; (25)then set dk := �rg��(xk).Step 3: Find the smallest nonnegative integer mk satisfyingg��(xk + !mkdk)� g��(xk) � �!mkhrg��(xk); dki; (26)and let �k := !mk .Step 4: Set xk+1 := xk + �kdk and k := k + 1. Go to Step 1.Global convergence of the algorithm has been established in [22]. For completeness, we quotethe global convergence theorem without proof.Theorem 3.1 Suppose that the mapping F is continuously di�erentiable. Let � = 0 andsuppose that the algorithm generates an in�nite sequence fxkg. Then any accumulationpoint x� of the sequence fxkg is a stationary point of the D-gap function g��.If F is a uniform P -function, then by [15, Theorem 4.1], the level sets of D-gap functiong�� are bounded. Since fg��(xk)g is nonincreasing, the boundedness of level sets guaranteesthe boundedness of the generated sequence fxkg and hence the existence of at least oneaccumulation point of fxkg. On the other hand, by [15, Theorem 3.1], any stationary point~x of g�� such that rF (~x) is a P -matrix is a solution of the VIP (1). Therefore, if F isa uniform P -function, then it follows from Theorem 3.1 that any accumulation point ofthe generated sequence fxkg solves the VIP (1). Because the box constrained VIP with auniform P -function has a unique solution, we obtain the next corollary to Theorem 3.1.Corollary 3.2 Suppose that F is a continuously di�erentiable uniform P -function and Xis a box. Then for any starting point x0 2 <n, the sequence fxkg generated by the algorithmconverges to the unique solution of the VIP (1).Now we turn our attention to the convergence rate of the algorithm. A solution x� of theVIP (1) is said to be regular in the sense of Robinson [24] (see also [13]) if there exist aneighborhood 
 of x� and a neighborhood V of 0 2 <n such that, for every v 2 V , theperturbed VIP of �nding a vector x 2 X such thath ~F (x; v); y � xi � 0; 8 y 2 X; (27)8



where ~F (x; v) := F (x�) + v + rF (x�)T (x � x�), has a unique solution x(v) 2 
 that isLipschitz continuous as a function of v, i.e.,kx(v)� x(v0)k � �kv � v0k; 8 v; v0 2 Vfor some � > 0.Regularity conditions have been widely used in the study of variational inequality prob-lems, particularly in the analysis of local convergence properties of iterative methods forVIPs. In [22], a strong but simple su�cient condition for a solution x� of the VIP to beregular was given. Here we give a di�erent condition pertaining to the box constrained VIP.Lemma 3.3 Assume that x� is a solution of the VIP (1) with X being a box. If the matrixrF (x�) is a P -matrix, then x� is a regular solution.Proof The theorem follows from Lemma 2.2. Alternatively, the statement can be directlyderived from a characterization of strong regularity given in [6, Theorem 3.4]. 2To study the convergence rate of the algorithm, we need the following results concerningan error bound property of the D-gap function. We denote by y�(x) the unique maximizeron the right-hand side in the de�ning equation (3) of the regularized gap function f�. Notethat y�(x) = �X(x���1F (x)), where �X denotes the projection operator on X. We de�neR�(x) := x � y�(x). Moreover y�(x) and R�(x) are de�ned similarly. Let B(�) denote theclosed sphere centered at x� with radius � > 0, i.e.,B(�) := fx 2 <n j kx� x�k � �g:Following the proof of Lemma 5.1 in [15], we have the next lemma.Lemma 3.4 Let x� be a solution of the VIP (1) with X being a box. Suppose that F isa uniform P -function with modulus �. Suppose also that F is Lipschitz continuous withconstant � > 0 on B(�) for some � > 0. Then there exists a constant � > 0 such thatkx� x�k � �kR�(x)k; 8 x 2 B(�); (28)where � = (�+ �)=�.The next lemma shows that the D-gap function provides a local error bound for the VIP(1) under suitable assumptions. This result will be useful in establishing the quadraticconvergence of the proposed algorithm.Lemma 3.5 Let x� be a solution of the VIP (1) with X being a box. Suppose that F isa uniform P -function with modulus �. Suppose also that F is Lipschitz continuous withconstant � > 0 on B(�) for some � > 0. Then there exist constants c1; c2 > 0 such thatc1kx� x�k2 � g��(x) � c2kx� x�k2; 8 x 2 B(�): (29)9



Proof By [27, Proposition 3.1], we have� � �2 kR�(x)k2 � g��(x) � � � �2 kR�(x)k2; 8 x 2 <n: (30)It follows from Lemma 3.4 and the left part of the above inequality thatg��(x) � � � �2�2 kx� x�k2; 8 x 2 <n;where � = (�+ �)=�, which shows that the left inequality in (29) is true.Next observe thatkR�(x)k = kx� y�(x)� x� + y�(x�)k� kx� x�k+ k�X(x� ��1F (x))� �X(x� � ��1F (x�))k� kx� x�k+ kx� ��1F (x)� x� + ��1F (x�)k� �2 + ��� kx� x�kfor all x 2 B(�), where the equality follows from the de�nition of R� and the fact thatR�(x�) = 0, the �rst inequality follows from the triangle inequality and the de�nition of y�,the second inequality follows from the nonexpansiveness of the projection operator �X , andthe last inequality follows from the Lipschitz continuity of F . The right inequality in (29)then follows from the right inequality of (30). The proof is complete. 2We are ready to prove quadratic convergence of the proposed algorithm.Theorem 3.6 Suppose that F is continuously di�erentiable and X is a box. Let x� be anaccumulation point of the sequence fxkg generated by the algorithm. If F is a uniform P -function and rF is locally Lipschitzian, then x� is a solution of the VIP (1) and the sequencefxkg converges quadratically to x�.Proof By Theorem 3.1, x� is a stationary point of the D-gap function g��. Since rF (x�)is a P -matrix by Lemma 2.1, it follows from Theorem 3.1 in [15] that x� is already a solutionof the VIP (1). Moreover Lemma 3.3 shows that x� is a regular solution. Since F isdi�erentiable, it is locally Lipschitzian; hence there exists a �1 > 0 such that F is is Lipschitzcontinuous on B(�1). Hence by Lemma 3.5, we havec1kx� x�k2 � g��(x) � c2kx� x�k2; 8 x 2 B(�1) (31)for some c1; c2 > 0. Moreover, by choosing a smaller �1 if necessary, we may assume thatrFis Lipschitz continuous on B(�1). Then by the basic result on Josephy-Newton's methodfor the VIP [14, 13], there exists a �2 > 0 such that for any initial point chosen from B(�2),the Newton iteration is well-de�ned andkz(x)� x�k � c3kx� x�k2; 8 x 2 B(�2) (32)10



holds for some constant c3 > 0. Let �3 := min(�1;�2). Then it follows from (31) and (32)that g��(z(x)) � c2c3kx� x�k4; 8 x 2 B(�3): (33)Let �4 := min8<:�3;s �c1c2c3 9=; :Then it follows from (33) that for any x 2 B(�4)g��(z(x)) � �c1kx� x�k2 � �g��(x);where the �rst inequality follows from the choice of �4 and the second inequality followsfrom the left inequality in (31). This implies that, when xk 2 B(�4), we have dk = z(xk)�xkand the step size �k = 1 is accepted, i.e., xk+1 = z(xk). Consequently it follows from (32)that the sequence fxkg converges to x� quadratically. 2Similarly we may prove superlinear convergence of the algorithm under slightly weaker as-sumptions. The proof is omitted.Theorem 3.7 Suppose that F is continuously di�erentiable and X is a box. Let x� be anaccumulation point of the sequence fxkg generated by the algorithm. If F is a uniform P -function, then x� is a solution of the VIP (1) and the sequence fxkg converges superlinearlyto x�.4 Numerical ResultsWe implemented the hybrid Newton-type method suggested in this paper in MATLAB andrun it on a SUN SPARC 10 station. We �rst give a brief description of the implementation:Let r(x) := x� Proj[l;u](x� F (x))denote the natural residual of the box constrained variational inequality problem. We ter-minate our method if kr(xk)k � �1 or g��(xk) � �2 (34)for some iterate xk, where �1 := 10�6 and �2 := 10�11:In addition, the iteration was stopped if k > kmaxwith kmax = 100:For the D-gap function g��, we used the parameters� = 0:9 and � = 1:1:11



In the line search rule (26), we used! = 0:5 and � = 10�4:However, we replaced the standard (monotone) Armijo-rule by a nonmonotone variant, seeGrippo, Lampariello and Lucidi [12] for details.As a solver for the linearized variational inequality problems, we used the semismoothNewton-type method from [6]. In contrast to what is said in the description of our algorithm,however, we always accept the corresponding search direction dk whenever it satis�es thedescent test rg��(xk)Tdk < 0;note that this guarantees that the Armijo line search is well-de�ned. In particular, weaccept this search direction dk even if we were not able to solve the corresponding linearizedvariational inequality problem. In this way, we try to overcome the problem that we haveto take too many gradient steps in a row which is obviously not very desirable.In order to improve the e�ciency of our algorithm, however, we also used a preprocessor;more precisely, we �rst try to solve our test examples by using the recently proposed methodfrom Kanzow and Fukushima [16]. This is a nonsmooth Newton-type method applied to theresidual equation r(x) = 0and globalized by the D-gap function g��, see [16] for details. The motivation for doing thisis quite simple: The method from [16] works extremely well whenever it solves a problemsuccessfully. Unfortunately, it does not seem to be very robust unless relatively strongassumptions are satis�ed.So we �rst apply the nonsmooth Newton-type method from [16] in order to solve a testexample, but we stop this preprocessing iteration if either the termination criterion (34)is satis�ed or if a certain test indicates that the preprocessor runs into di�culties. In thelatter case, we switch to the hybrid Newton method introduced in this paper which is notas e�cient as the method from [16], but which seems to be considerably more reliable.Basically, our criterion for switching from the preprocessor to the hybrid Newton methodis as follows: If tk � tmin or krg��(xk)k � cg��(xk); (35)then terminate the preprocessing iteration and go to the hybrid Newton method using theprevious iterate xk�1 as a starting point. The actual parameters used in (35) aretmin = 10�4 and c = 10�2:If the preprocessor is successful and converges to a solution of the box constrained variationalinequality problem which satis�es the standard regularity conditions used in [16] for the localconvergence theory, then tk = 1 for all k su�ciently large and g��(xk) = O(krg��(xk)k2),so none of the tests in (35) will be satis�ed.We applied the method just described to all test problems from the MCPLIB and GAM-SLIB libraries, see [4, 8], using all the di�erent starting points which are available within theMATLAB environment. 12



We report the numerical results in Table 1 for the MCPLIB test problems and in Table 2for the GAMSLIB test problems. The columns in these tables have the following meanings:problem : name of the test problem in MCPLIBn : number of variablesm : number of (�nite) bounds on the variables xiSP : starting pointP-steps : number of iterations used in the preprocessing phaseN-steps : number of Newton steps used in the hybrid Newton phaseG-steps : number of gradient steps used in the hybrid Newton phaseF -eval. : number of function evaluationsg��(xf ) : value of g��(x) at the �nal iterate x = xfkr(xf)k : value of kr(x)k at the �nal iterate x = xf .Looking at Tables 1 and 2, we see that we have just a few failures on some di�cult testproblems, whereas the overall behaviour of our method is quite good. Although many ofthe simple problems were solved by the preprocessor (i.e., there are no N- and no G-steps),the hybrid Newton-type method introduced in this paper was necessary in order to solve anumber of other test examples.In fact, we made the following observation during the testing phase for our algorithm:Both the preprocessor from [16] and the hybrid Newton-type method discussed in this papertry to minimize the D-gap function g��. Now, the D-gap function might have a local mini-mum which does not correspond to a solution of the box constrained variational inequalityproblem. In that case, we would expect both algorithms to run into di�culties by convergingto one of these local minima, in particular, since the search directions computed by bothmethods are based on some local information of the variational inequality problem. In fact,this di�culty arises, e.g., for the billups example. In general, however, our observation isthat the method from [16] tends to converge to a local minimum of g�� much more oftenthan the method discussed here. This seems to indicate that, from a global point of view,the search direction computed by our hybrid Newton-type method is a much better searchdirection than the one computed by the nonsmooth Newton-type method in [16].It is therefore our feeling that the robustness of many existing solvers can be improvedby using the search direction from our hybrid Newton-type method whenever the underlyingsolver does not seem to converge.5 Concluding RemarksThe variational inequality problem is reformulated as an unconstrained minimization prob-lem by using the D-gap function g��. A hybrid Newton-type method is then proposed tominimize the function g��. Under mild conditions, the proposed method is shown to be glob-ally convergent. If some additional assumptions are satis�ed, then the sequence convergesquadratically or superlinearly to a solution of the original variational inequality problem. Asu�cient condition is given for a solution x� of the VIP to be regular. This condition is onlyconcerned with the mapping F , unlike the conditions in [24, 17, 6].13



Table 1: Numerical results for MCPLIB test problemsproblem n m SP P-steps N-steps G-steps F -eval. g��(xf ) kr(xf)kbertsekas 15 15 1 0 4 0 11 7.5e-15 2.7e-7bertsekas 15 15 2 1 4 0 12 7.5e-15 2.7e-7bertsekas 15 15 3 1 4 0 12 7.5e-15 2.7e-7bert oc 5000 2000 1 4 0 0 6 3.8e-28 6.1e-14billups 1 1 1 | | | | | |bratu 5625 11250 1 13 0 0 29 1.0e-20 1.9e-10choi 13 26 1 4 0 0 5 4.4e-15 2.1e-7colvdual 20 20 1 | | | | | |colvdual 20 20 2 | | | | | |colvnlp 15 15 1 0 3 0 10 2.0e-13 1.4e-6colvnlp 15 15 2 1 3 0 20 3.5e-12 5.9e-6cycle 1 1 1 3 0 0 5 2.3e-21 1.5e-10ehl k40 41 40 1 12 8 0 115 9.6e-23 3.1e-11ehl k60 61 60 1 22 8 0 221 1.7e-17 1.3e-8ehl k80 81 80 1 24 8 0 233 3.1e-17 1.7e-8ehl kost 101 100 1 28 8 0 273 6.6e-16 8.1e-8ehl kost 101 100 2 28 8 0 273 6.6e-16 8.1e-8ehl kost 101 100 3 28 8 0 273 6.6e-16 8.1e-8explcp 16 16 1 15 0 0 31 0 0freebert 15 10 1 0 3 0 10 2.4e-16 4.8e-8freebert 15 10 2 1 3 0 16 6.6e-23 2.6e-11freebert 15 10 3 0 3 0 10 2.4e-16 4.8e-8freebert 15 10 4 0 4 0 11 4.4e-21 2.1e-10freebert 15 10 5 1 3 0 9 3.2e-19 1.8e-9gafni 5 10 1 13 0 0 46 7.5e-19 2.7e-9gafni 5 10 2 12 0 0 44 7.5e-19 2.7e-9gafni 5 10 3 13 0 0 46 7.5e-19 2.7e-9hanskoop 14 14 1 0 4 0 13 2.3e-14 4.8e-7hanskoop 14 14 2 0 6 0 17 2.1e-14 4.5e-7hanskoop 14 14 3 0 5 0 14 5.3e-14 7.3e-7hanskoop 14 14 4 4 4 0 22 3.2e-14 5.7e-7hanskoop 14 14 5 0 7 0 24 6.0e-15 2.4e-7hydroc06 29 11 1 5 0 0 7 1.1e-25 1.1e-12hydroc20 99 39 1 8 0 0 10 3.7e-14 6.0e-7jel 6 6 1 8 0 0 16 1.4e-15 1.2e-7josephy 4 4 1 10 0 0 23 2.9e-17 1.7e-8josephy 4 4 2 7 0 0 15 4.5e-22 6.7e-11josephy 4 4 3 11 0 0 24 2.9e-17 1.7e-8josephy 4 4 4 4 0 0 5 4.2e-15 2.1e-7josephy 4 4 5 3 0 0 4 4.3e-15 2.1e-7josephy 4 4 6 6 0 0 12 2.2e-15 1.5e-714



Table 1 (continued): Numerical results for MCPLIB test problemsproblem n m SP P-steps N-steps G-steps F -eval. g��(xf ) kr(xf)kkojshin 4 4 1 9 0 0 22 1.2e-20 3.5e-10kojshin 4 4 2 7 0 0 14 1.3e-23 1.2e-11kojshin 4 4 3 10 0 0 23 1.2e-20 3.5e-10kojshin 4 4 4 1 0 0 2 0 0kojshin 4 4 5 3 0 0 4 4.3e-15 2.1e-7kojshin 4 4 6 5 0 0 7 6.3e-16 7.59e-8mathinum 3 3 1 22 0 0 47 4.1e-14 6.4e-7mathinum 3 3 2 4 0 0 5 3.4e-16 5.8e-8mathinum 3 3 3 32 0 0 76 4.3e-14 6.5e-7mathinum 3 3 4 5 0 0 6 2.7e-14 5.1e-7mathisum 4 4 1 4 0 0 6 2.0e-22 4.4e-11mathisum 4 4 2 5 0 0 6 5.4e-15 2.3e-7mathisum 4 4 3 26 0 0 53 3.7e-14 6.1e-7mathisum 4 4 4 5 0 0 6 8.2e-21 2.8e-10methan08 31 15 1 4 0 0 5 6.3e-24 7.9e-12nash 10 10 1 6 0 0 7 3.8e-17 1.9e-8nash 10 10 2 12 0 0 39 6.1e-15 2.5e-7obstacle 2500 5000 1 10 0 0 11 3.3e-31 2.3e-15opt cont31 1024 1024 1 5 0 0 12 3.6e-30 4.3e-15opt cont127 4096 4096 1 8 0 0 32 1.4e-29 9.0e-15opt cont255 8192 8192 1 11 0 0 51 2.9e-29 1.2e-14opt cont511 16384 16384 1 12 0 0 52 6.0e-29 1.6e-14pgvon105 105 105 1 20 0 0 91 2.7e-12 5.2e-6pgvon106 106 106 1 | | | | | |pies 42 52 1 20 6 0 153 2.1e-16 4.6e-8powell 16 16 1 4 3 0 17 7.5e-20 8.6e-10powell 16 16 2 6 4 0 22 1.8e-16 4.3e-8powell 16 16 3 0 12 0 35 2.3e-21 1.5e-10powell 16 16 4 0 7 0 21 1.7e-17 1.3e-8powell mcp 8 0 1 6 0 0 7 4.2e-24 6.5e-12powell mcp 8 0 2 7 0 0 8 4.7e-25 2.2e-12powell mcp 8 0 3 8 0 0 9 2.2e-16 4.7e-8powell mcp 8 0 4 7 0 0 8 1.7e-15 1.3e-7scarfanum 13 13 1 0 4 0 20 8.2e-13 2.9e-6scarfanum 13 13 2 0 5 0 20 1.3e-16 3.7e-8scarfanum 13 13 3 9 0 0 12 5.2e-20 7.2e-10scarfasum 14 14 1 4 0 0 6 3.2e-18 5.6e-9scarfasum 14 14 2 0 3 0 16 8.8e-13 3.0e-6scarfasum 14 14 3 9 0 0 12 5.2e-20 7.2e-10scarfbnum 39 39 1 | | | | | |scarfbnum 39 39 2 | | | | | |15



Table 1 (continued): Numerical results for MCPLIB test problemsproblem n m SP P-steps N-steps G-steps F -eval. g��(xf ) kr(xf )kscarfbsum 40 40 1 13 0 0 62 5.3e-14 7.3e-7scarfbsum 40 40 2 26 0 0 66 9.6e-14 9.8e-7sppe 27 27 1 23 3 0 60 1.4e-22 3.7e-11sppe 27 27 2 21 4 0 59 3.1e-21 1.7e-10tobin 42 42 1 15 0 0 46 9.6e-23 3.1e-11tobin 42 42 2 22 0 0 83 4.0e-21 2.0e-10
Table 2: Numerical results for GAMSLIB test problemsproblem n m SP P-steps N-steps G-steps F -eval. g��(xf) kr(xf)kcafemge 101 101 1 10 0 0 29 3.3e-16 5.7e-8cammcp 242 242 1 6 0 0 8 1.1e-16 3.3e-8cirimge 9 6 1 6 0 0 53 2.0e-32 4.4e-16co2mge 208 208 1 2 0 0 15 1.6e-15 1.3e-7dmcmge 170 170 1 147 33 8 1658 1.5e-14 3.9e-7ers82mcp 232 0 1 5 0 0 6 1.8e-24 4.2e-12etamge 114 114 1 15 0 0 42 1.5e-14 3.8e-7hansmcp 43 43 1 33 11 16 787 2.4e-13 1.6e-6hansmge 43 43 1 5 5 0 62 2.8e-13 1.7e-6harkmcp 32 32 1 26 0 0 60 1.0e-14 3.2e-7harmge 11 9 1 1 6 0 18 1.4e-13 1.2e-6kehomge 9 9 1 12 0 0 18 4.3e-23 2.1e-11kormcp 78 0 1 3 0 0 5 1.8e-25 1.3e-12mr5mcp 350 350 1 1 9 0 51 7.3e-22 8.5e-11nsmge 212 212 1 5 14 0 59 2.3e-17 1.5e-8oligomcp 6 6 1 6 0 0 9 1.0e-20 3.2e-10scarfmcp 18 18 1 0 4 0 14 5.4e-12 7.3e-6scarfmge 18 18 1 0 6 0 18 1.4e-15 1.2e-7transmcp 11 11 1 0 1 0 3 2.0e-17 1.4e-8two3mcp 6 6 1 8 0 0 16 1.4e-15 1.2e-7unstmge 5 5 1 8 0 0 11 2.3e-18 4.7e-9vonthmcp 125 125 1 | | | | | |vonthmge 80 80 1 200 8 1 1263 1.4e-13 1.2e-6wallmcp 6 0 1 2 0 0 3 3.5e-21 1.9e-10
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