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ABSTRACT

PARAMETER ESTIMATION FOR THE

SPATIAL ORNSTEIN-UHLENBECK PROCESS
WITH MISSING OBSERVATIONS

by

Sami Cheong

The University of Wisconsin-Milwaukee, 2016
Under the Supervision of Professor Jugal Ghorai

Suppose we are collecting a set of data on a rectangular sampling grid, it is
reasonable to assume that observations (e.g. data that arise in weather forecasting,
public health and agriculture) made on each sampling site are spatially correlated.
Therefore, when building a model for this type of data, we often pair it with an un-
derlying Gaussian process that contains parameters that correspond to the spatial
dependency of the data. Here, we assume that the Gaussian process is charac-
terized by the Ornstein-Uhlenbeck covariance function, which has the property of
being both stationary and Markov under the assumption that no observations are
missing. However, in reality, the full data assumption may not be a practical one.

In this work, we consider two different scenarios where some observations are
missing: 1) a block of observations is missing from the grid and 2) missing obser-
vations occur randomly throughout the sampling grid. In each case, we propose an
approximate likelihood method to estimate the parameters for the covariance struc-

ture. We show that, either by an analytical or a numerical approach, the parameter

ii



estimates from the approximate method have similar properties to those obtained
under the full data likelihood function. In particular, we show that the parameter
estimators in the missing block case are strongly consistent and asymptotically
normal under certain regularity condition, and conclude our work by comparing

the results from implementing our methods with simulated data.
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Chapter 1

Introduction

1.1 A brief look at spatial statistics

In 1970, geographer Waldo Tobler [18] introduced the concept that “everything is
related to everything else, but near things are more related to distant things.” This
observation, coined the Tobler’s First Law of Geography, has taken an important
role in the development of spatial analysis, where quantifying the spatial patterns of
observations is key to statistical procedures such as experimental design, estimation
and prediction. ! With its roots originating in the mining industry, a spatial model
is a stochastic process whose mean and covariance structure are characterized by
the distance between observations. Matheron, and later Cressie [2] were among
the first to develop the theoretical foundation of spatial statistics. Since then,

statistical tools for analyzing and modeling spatially dependant data have been

L Although awareness of spatially dependent observations can be traced back as far as the late
17th century, when English astronomer Edmond Halley attempted to map the directions of trade
winds and monsoons for voyagers. [2]



generating more interests than ever, thanks to the rise of powerful computing and
data storage capabilities. By taking into account the underlying spatial patterns,

we can grasp a more accurate description of reality, which in turn allows us to

make better decisions using limited data or models.

Example in agriculture

In agriculture, the ability to understand soil properties in a field is an important
factor to planting strategies, such as placement of irrigation systems, seed alloca-

tions and fertilizer applications, all of which are key to managing yield and quality

control of the crops.
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Figure 1.1: An example of spatial data : contour map showing water potential of
the soil within a field along with a grid of sampling sites (source of figure: usda.gov)

To understand what pertains to the properties of soil, one can use different soil

sampling schemes to analyze the chemical and physical components within a field.



However, data collection can often be time-consuming, expensive and sometimes
not possible due to restriction by weather and landscape. Alternatively, one can
develop a regression model to predict soil attributes such as moisture content and
salinity within a field,

Y(s) = X(s)B + Z(s) (1.1)

where

« s is a sampling site of interest

e Y(-) € R™! is a vector of dependent variables

o X(-) € R"" is the design matrix containing the independent variables
« B € RP*! is a vector of parameters

o Z(-) € R™! is a vector of unobserved, spatially correlated errors affecting

the predictions

To address the spatial correlation, Z(-) is often modeled as a realization of a zero-
mean Gaussian process with the covariance matrix being a function of the distance

between two samples.

Example in computer experiments

This example serves as a prelude to the main interest of this paper, where lattice
data is used in the implementation of computer experiments introduced by Sacks,
Schiller and Welch [13] and Sacks, Welch, Mitchell and Wynn [14]. In their ex-

periments, a set of responses from an input grid is modeled as a realization of a



stochastic process. Let S = {sy,...sy} C R? be the sample space of all possible
computer inputs. Let X(s) be the computer response at the input point s € S.
The set of responses, {X(s)},.¢ is assumed to be a Gaussian random field with

the Ornstein-Uhlenbeck covariance function

d
V(0% p,t,8) :== o? exp{—z,uihfi —si|q} (1.2)
i=1

o t=(t1,...tq9)T, 5= (s1,...89)7 € S are any two sampled inputs
e 02> 0,0 = (u1,...pq) € (0,00) are unknown parameters, and
e ¢ € (0,2] is the fixed smoothness parameter of the process X (s)

An example of the application of this model is to predict at un-sampled points,
which requires estimation of the unknown parameters such as the mean and co-

variance function.

1.2 The Ornstein-Uhlenbeck (O-U) process

To simplify the problem in the computer experiment example, Ying [24] considered
a zero-mean process with dimension d = 2, and sampling space U = [0, 1]2. In this
model, U is partitioned into an m-by-n grid, with each set of input points being
increasing sequences {u; : j = 1,...,m} and {v; : k = 1...n} (see Figure 1.2).

Let X denote the set of outputs, i.e.

X ={X(u,vj):i=1,....m,j=1,...,n}, (1.3)



with E [X (u;, vx)] = 0, and
Cov (X (uj,vx), X (ujr,vp)) = o2 Hui—uy [ A=y 7 (1.4)

where 02 > 0, and (X, 1) € [a,b]” C (0,00)% Then X is a two-dimensional Ornstein-
Uhlenbeck process with parameters \, ¢ and o2. The O-U process was originally
derived in 1930 as a stochastic process that describes the velocity of a Brownian
motion. It is the only Gaussian process that satisfies both the Markov property and

stationarity, as shown by Doob in his 1942 paper [4]. Interestingly, the dimension

Vn

V2

W 100} o o .« o Um

Figure 1.2: An example of a sampling space defined on a rectangular grid (lattice).

of the process plays an important role in the identifiability of the parameters for
its covariance structure. In the one-dimensional case, where we have X (u) instead
of X (u,v), the probability measure induced by o2); is equivalent to that induced
by 02X, if 02\; = 02),. This characteristic of the one-dimensional process raises
the issue of identifiabiliy of A and o2, when neither of the parameters is known.

In contrast, when the O-U process is at least two-dimensional, as in (1.4), the



parameters are all identifiable, as asserted by Ying [24]. Moreover, the Markovian
property of X provides an important advantage, in the form of dimension reduc-
tion, to derive the asymptotics for the maximum likelihood estimator (MLE) for

A, and o2,

1.2.1 Parameter estimation using maximum likelihood ap-

proach

Recall the random field defined in (1.3). Now, for j =1,...,mand k =1,...,n,

define the following
o &= ’Uj - Ujflf and ¢ = |vp — Vp_1

e a; =e i and by = e 1o

X(uj7vl) ‘X/l
X(u;,v X
- X, = (]2),X= =2
X(ujﬁvn) X,m

In here, X is the ‘stacked’ version of the random field X. As a result,

X € R™! ~ N(0,02A(\) @ B(n)),



where

_ 1 as 903 ... Q9a3 - aM_
AN = a9 1 as cee a3t Gy (1.5)
_a2a3---aM azqq - Gy Qq---Qpp o - .- 1 ]
and
_ 1 by babs babs bn_
B(y) = ) 1 bs by by (1.6)
_b2b3---bN bsby---bn by---b, ... 1 |

Notice that, the arrangement of X at each sampling site (u;,v;) can be expressed

as a set of observations made on a lattice, shown in Table 1.1.



vr | X(ug,vq) X (ug,v1) X (uj,v1) X (U, v1)
vk | X (uq,vg) X (ug, vg) X (uj, vg) X (U, vg)
v | X(ug, ) X (ui,vy) X (uj, ) X (tm, v)
Un | X (ug,vy) X (ug, vy) X (uj,vy) X (U, V)
Uy U; U Um,
X, X, X, X,

Table 1.1: A tabular representation of a realization of the OU field with complete

data.

Since the covariance matrix of X is a kronecker product, we have

(AN ® B(w)) = AN~ @ B~ (n).

Moreover, due to the multiplicative properties of the covariance function, A(X)™!
and B(u)~! are both tridiagonal, which allows us to express the log likelihood
function explicitly in terms of the parameters \, u and o2. Below we provide a

lemma from [24], which can be used to obtain the exact form of (A(\) ® B(u)) .



Lemma 1.2.1 (Ying 1993). Let > 0 and —oco < $1 < --- < 8, < 00. Define the

r X r matriz

1 6_9‘31_32| e e_6|51_57‘|
6—9\32—31| 1 X e—0|52—s,«|
G .= :
e~ Olsr=21]  p—Olsr—sa| ... 1
the s x 1 wvector
679\5731|
g(s) = : , where s < s,
e—@\s—sr|
and the rk x 1 vectors
fi hy
f = ) h = Y
f, hy
where fori=1,...,r, f; and h; are k x 1 vectors. Then for any k x k matriz H,
!/
LG =0 0 .. et

(fz _ 6—9(51—5171)12,_1),]__]—1 (hz _ e—G(Si—sZ‘A)hi_l)/
1— 6—20(81-—31-,1)

2. (G H) 'h=fiH 'hy + >
=2

3. detG = H (1— e 2amsin)

=2



The likelihood function for the complete data is:

202

L\ 1, 0% X) = (270%) ™ [det(A(N) © B())]? exp{‘lz’m(x) ® Bw))-lz}.

(1.7)

Let I(\, 1, 0% X) = —2In L(A, 1, %] X), then the log-likelihood becomes

I\, 11, 0%| X) = mnIn(270?) + In[det(A(N) @ B(p))] + ;K’(A()\) ® B(p) 'X.
(1.8)

Let @;; be the i element of A(\)~!, and b; be the 75" element of B~ (11). Recall

that since A(X\)~! and B(u)~! are tridiagonal, we have by lemma (1.2.1) :

_ 1 1 2 1 2 1

* Q11 = T 5:mm = 75 = y Onn =
S L 1—a2 " 1-83 1—02
Forj=2,... m;k=2,....,n
1 1 - 1 1

¢ ajj = 7 T 2 L, by 7 T 2 1

_ —a; - —by,
* ajj—lzl_iztz;bkk—lzl_bz

j j

On the other hand, since the O-U process satisfies the Markov property, we can

express the joint distribution of X as

10



By direct calculation, we have

X, ~ N, (0,0°B(u)), and X | X ~ N, (e?9X,_,0*(1—e9)B(u)),

(1.10)

from which we can derive a representation of (1.8) as

I\, 1, 0%|X) = mnIn(270?)

+n Z In(1— 6_2)‘£j) +m Z In(1— 6_2’“7’“)
j=2 k=2

1 I -1 - (Xj - €_>‘€j)~(j—1)/B_l(M)<)~(j B e_/\sjgj—l)
t5 |58 ()X, + 3 1—e 2

Jj=2

(1.11)

1.2.2 Properties of the MLE given complete observations

Ying [24] has shown that the MLE’s for A, i and o2 derived from (1.11) are strongly
consistent, that is, if A9, yo and o3 are the true parameters for the random field X,
then the MLE’s 5\, fi and 62 will converge to the true values almost surely, as m,n —
0o. In particular, when the spacing of the sampling grid follows a certain regularity
condition, the MLE’s are asymptotically normal. Also, under the same regularity
assumption, we have that, asymptotically, A — )\ and it — po are uncorrelated,
which implies independece in the normal case. As a result, the vertical partition
can be arragned independently of the horizontal partition, allowing freedom in
designing the sampling scheme.

However, in the practical point of view, missing observations are often unavoid-

able due to many factors, from physical constraint to human error. Therefore, we

11



are interested in investigating the properties of the estimates under the assumption
that some observations are missing. In the rest of this paper, we will investigate
methods to estimate the parameters ), u and o2 when we no longer have the com-
plete lattice assumption that was made in [24]. We begin with defining the patterns
of the missing observations. Then, we present our proposed methods to estimate
the parameters, followed by an investigation on the properties of the estimates as

well as implementation based on numerical examples using simulated data.

12



Chapter 2

Parameter Estimation in the

Presence of Missing Data

We live in a time where data is ubiquitous. From personal exercise records gener-
ated from mobile devices to coffee preferences arranged by zipcodes, data availabil-
ity is a trend that continues to spread as tools for collecting, storing and visualiz-
ing data are more accessible and cost-effective than ever. Consequently, situations
where one has to deal with missing data are occuring more frequently.

A large body of litereture has been developed on statistical inference with re-
spect to missing data, with some of the most notable methods being the expectation-
maximization (EM) algorithm [3], which is an iterative approach that repeatedly
updates the parameter estimates of a model based on its conditional likelihood
given the available data, and multiple-imputation (MI), which employs many dif-
ferent modeling procedures (such as regression) to produce multiple values to fill

in the missing observations, after which the full data estimation method can be

13



applied.

The advantages of these inference methods are the ease of implementation,
and, in the case of the EM algorithm, a guarentee of convergence to the MLE.
However, convergence of the EM estimates can be extremely slow, and, on the
other hand, MI may introduce unwanted bias due to the variance from drawing
multiple simulations. In here, we focus on building parameter estimation methods
that do not rely on iterative steps or imputations, as in the EM algorithm and the
MI approach. Rather, we seek to use the available information we have and define
inference functions where parameter estimates can be derived in a similar manner

as the MLE in the full-data case.

2.1 Patterns of missing data : missing data block
and randomly missing data

There are many scenarios in which a block of observations can be absent in a
dataset. For example, suppose we want to model sea surface temperature based
on data collected in a sea area where there is an island. This island serves as an
origin of a missing block in the resulting dataset, as sea surface temperature is
clearly inacessible when the sampling site is away from water. Another example
would be data collected from air monitoring stations in a metro area. In this
case, a missing block can occur due to a power outage in a small region, which
prevents the equipments from recording the observations. On the other hand,
suppose we wish to collect income data from each house in a geographical area,

then the missing observations may follow a random pattern due to factors such as

14



non-response or human error. In either of these examples, properties of the MLE’s
for \, u and o2 as defined by [24] in the complete data case may no longer be valid,
as the missing sampling sites will impose many new restrictions in computing the

likelihood function.

Vn

V2

T
oo e

Figure 2.1: An illustration of a missing block in a rectangular sampling grid.

1 ¢

Um

W w o« o o o Um
Figure 2.2: An illustration of randomly missing sampling sites in a rectangular

sampling grid.

In this chapter, assuming the data is modeled as an O-U process with covari-

15



ance parameters \, u and o2. We propose, for each missing data scenario, a method
of estimating the parameters via an approximation of the likelihood function. This
idea is inspired by the work of Besag [1] and Vecchia [20], who suggested approxi-
mating the likelihood function by conditioning on a selected number of neighboring
observations. This means that, if Z ~ N(u(f),%(0)) is a stochastic process ob-

served on sites [ = 1,..., K, then the full likelihood can be approximated by

K K
10) = F(Z:|0) [] f(Z|Zi—1;0) = F(20|0) [] £(21] Z 15 0),
=2

=2

where Z}, known as the conditioning vector, is a subvector of Z; chosen to simplify

the computation of the likelihood function.

2.2 Approximated likelihood estimation for mis-
ing data block

Suppose some observations in a realization of an O-U process are missing in a

rectangular grid formed by columns {my,m;+1,..., mo—1,ms} and rows {ny, n;+
1,...,m9 — I,mo}, where 1 < m; < mg < m and 1 < n; < ny < n. Then for
] =myq,...,my, we express the observation columns in three parts:
XW
=~
X. =|x®
4, X
x®)

16



X (uj,v1) X (uj, vn,) X (uj, Unyt1)
with XV = : P X@) = L x® =
X (uj, vn, 1) X (uj, Uny) X (uj, vp)
Notice that the partition of an observation vector corresponds to the covariance
matrix for X, in particular, let M be an arbitrary matrix, and denote M [a:b,c:d

to be a submatrix of M formed by rows a to b and columns c to d. Let

L] BH:B[l:nl—l,lznl—l],BQQ:B[nl:ng,nl ZTLQ],

Bss = Blna+1:n,na+1:n]
e Big=B[l:n1—1,n1:ng|,Bi3=B[l:n; —1,ng+1:n]
e Bos = B[njy :ng,ng +1:n]
* B3 = Bi3, B3y = By,

so that

In other words, each partition B,y is expressed by Cov (K?Kﬁ,‘*,)) . Moreover,

B;SI, has a tridiagonal form if s = s'.

17



u1 D Umq —1 Umq " Umy Umg+1 E Um,

v | X(u1,v1) - X(umq—1,v1) X (umy,v1) - X (Umg,v1) X (umo+1,v1) - X (um,v1)
Vnq—1 | X(u1,0ny-1) | = | X(Umq—1,9n7-1) | X(umy,vng—1) - X(Umg,Vn;—1) | X(Umg+1,Vn7-1) | = | X(Um,Vn;—1)
Un, X(ut,vn,) - X(Umy—1,Ynq) X(umq,vnq) X (Umg,Vnq) X (Umog+1sVnq) E X (um, vnq)

1 1 1 1 1 1 2 1 2+ 1 1
Ung | X(u1,vn,y) - X (Ung —15Vng) X (wmy>Vny) X (Umy, vny) X (Umg+1,Vng) - X (Wi, vny)
Vngt1 | XU, Vng+1) | = [ X(Wmq—1,0n0+41) | X(Umyps0ng+1) X (Umg, Vng+1) | X(WUmo+1,Vng+1) | = | X(Um,vny+1)
vn | X(u1,vn) - X (umq —1,vn) X (umq,vn) X (Umy, vn) X (Wmo+1,vn) - X (wm, vn)
w1 - Umng —1 Umq  Umo Umg 41 B Um
X, = X X X X - X
X Xmy—1 Xmy  Emg Xmog+1 Lm

Table 2.1: A tabular representation of X(°) with missing observations (indicated
in red) in a rectangular pattern.

For j =my —1,...,mg + 1, define

@
Xt = | 2.1)
Y (3)
X;

to be the vector of remaining observations from each column. Then X ; ~ N(0,0%B*(1)),
where
By B

B*(u) = : (22)
B31 B33

and (B*(u))”" is a tridiagonal matrix with entries in similar form as those in
B~ (1), except for the ny — 1 row and the row immediately after that. By direct
calculation, we get )N(;|X/;_1 ~ N (6_’\51&;_1,02(1 — 6_2’\53')3*(,11)) . On the other

hand, define

18



e H = By By + Bz By

e« J = By B3 + ByyBas

Then, for X/JDN(;‘ where Xj and X;_ are column observations bordering the

-1 1

missing block, we have

Bll B13 B B
EX,|XT ) =¢29 By By |
BSl BSS
_BSI B33
I, Ony—1xn—ns
=™ H J X
Onnaxmiet Loy
o
=e M HX® 4+ JXO|, (2.3)
X®

19



and

[nl—l 0n1—1><n—n2 B B‘ B‘
Cov[gj\g;_l] = 0% | B(p) — e I 7 1 By By
B13 B23 B33
On*nzxmfl [nfnz
Bll BlZ Bl3
=0® | B(u) —e % |HBy, + JByy HByy+ JBsy HBiys+ JBs
B31 B32 B33
(2.4)

From (2.4), we see that, unlike B~1(u), the inverse matrix for Cov[X Z|)N(;"] can no
longer be expressed explicitly. As a result, we consider only conditional variables
in the form of X .| X,  and X ;"|X ;71 when computing the approximated likelihood

function. Denote

XO =X, X, XXX XY (2.5)
to be the set of available observations from the O-U field. Let

e K,={2,3,...nn —Lina+1,...,n},

e J,={2,3,...,my —1,my+2,...,m},

;2—&-1 = |Un2+1 - Un1—1|

:ng+2 = ‘um2+2 - umlfly

20



and define

mi1—1 mao—+1 m
L\, 1, 0?[X) = £ (X)) [1 Fxx ) I F(xx,) I1 Qf(&jugj_l).
j= Jj=m1 Jj=ma+

Notice that

—2In f (Xl) =nln (27?02> +Indet (B(n)) + ;)N(;B_l (u)X

1?

forj=2,....my—1,mo+1,...,m,

—2In f(X,|X, ;) =nn (2%02) +In (1 — e‘”ff) 4+ i In (1 _ €—2uck>
k=2

_ 72)\5]' I p—1 _ 72){]‘
X e BX VB (X, - e By )

(1 — €2 ) ’

and for j =mqy,my +1,...mg + 1,

—2In f(X7|XT ) = (n—(n2 —n1 + 1) (In(2r0?) 4+ In(1 — e=22%))

+ ) In(1- e 2Hk) 4 1n(1 — 672#4227%)
keK,

L&

o?(1 — e*%)

— e POX ) (B ()T N(X - e X )
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Then the approximated likelihood function has the form

[ ()\, u,02|X(0)) =—2InL (/\, I, O'2|X(O)) (2.6)

= [nm — (my = my + 2)(n2 — ny + 1)] In (2707)

mao+1
+n) In (1 - e’”gf) +n—(n2—ni+1)] > In (1 _ 6*2/\&)
€ Jj=ma

+ [m — (my — my + 2)] gj In (1 — e72<)

+(me—mi+2)| > In (1 - 6_2“4’“) +1In (1 - 672#5;2*1)

keK,

1

T3 X B ()X,

X, —e?9x, VB (X, -e?9X, )

+ Z — - 1 — e 22

J€Jo

it (X0 — e Xt Y (B (W) (X - e X )
+ Z 1 — 672)‘53'

Jj=m1

. (2.7)
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Consequently, the maximum likelihood estimators ), f1, 62 for L((\, p, 02| X (@) are

defined as the solution to

0 2

= Xy =
ox A, 07| X)) =0
0

I\ p, 0% X)) =
au(’“"” )=0
0

@Z(A, M, 0'2|X(0)) =0.

Finding the ML estimators for \ and it explicitly may not be possible due to
the non-linearity of the equations. In order to study the asymptotic property of
the estimators, we rely on approximation techniques that utilize transformation
of correlated random variables to independent ones. By expressing the quadratic
forms in (2.6) using combinations of independent standard normal and chi-squared
random variables, we can draw some conclusion on the consistency of the estimator

through the behavior of

l<)\7 My 02|X(O)) - l<)‘07 Ho, 0-(2)|X(O))

as m,n — oo.
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2.2.1 Asymptotic results

In this section we present the main theorems that describe the asymptotic prop-

erties of A, /i and 62 estimated from (2.6).

Theorem 2.2.1 (Strong Consistency). Let C' C Ri be a compact subspace, and let
No, to and o2 denote the true parameters for the random field X with joint density
defined in (1.9) and (1.10), where (Ao, o) € C and o2 > 0. Let X©) be as defined
in (2.5). If (mag—my)(ne—ny) = o(mn), then (5\, f1,62), the approzimated likelihood

estimator that mazimizes (2.6) over C x R, is strongly consistent, i.e.

(A, 11,6%) = (Xo, o, 07) (2.8)

almost surely in C' x R,

Theorem 2.2.2 (Asymptotic Normality). Assume the same notations in theorem

2.2.1. Let § = |u; — uj_1|, ¢ = v — vi—1|, and suppose the following holds:

e &,Ck < o(n'/?)

o (mg—my)(ny —ny) <OM'™), where 0 < ¢y < 1

then
Vil = %) —p N (0, 21> (2.9)
Vm(fi — po)
where
s _ |85 0
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Furthermore, suppose 7 — p, where p is a positive constant, then

2

N N o2 —2)\00'8
vn ()‘ AO) 0 1+Xo 1+Xo

A 2 —2upo2

— —p N|O Ho Ho9q i 2.1

Vi (= po) | =0 AR Thio (2.10)

52 — o2 —2u00f  —2Xoog af 1 p
Vn (6% — og) T+ o T 290 |55 T T

Proofs of theorems (2.2.1) and (2.2.2) will be provided in the upcoming sections.
To this end, the main message in here is that the approximated likelihood estimator
shows similar asymptotic result as the MLE under the full data case, as long as

the size of the missing block can be controlled by O(n!'~%), where 0 < ¢y < 1.

2.2.2 Variable transformation

In this section, we introduce a set of new variables that will be utilized in the
approximation process. This is based on the general idea that a normal random
variable is a linear combination of 7.7.d. standard normal random variables. That is,
iftY = MZ whereY ~ N(0,%)and Z ~ N(0, I), then we can study the asymptotic
properties of Y by investigating the behavior of the matrix M. Similarly, in our
case, we seek to express the quadratic forms in the likelihood function of the O-U
process as a linear combination of independent variables, which can then simplify

the analysis of the asymptotic properties of the estimators.
Lemma 2.2.3. Forj=2,....m, k=2,...,n,let& = |u; — uj_1], ¢k = |vg — vg_1],

and A(No), B(uo) as defined in (1.5) and (1.6). Let

Ao
Tjg — € 0T 1

Y ]
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i — €M%

[ ] - =
Yok ToV 1 — e—2p0Ck

then we have the following
1. mj, . is independent of z;,. for ji > j2
2. V. 15 independent of x.y, for ki > ko
3. Mjy ke Us independent of vj, i, if either j1 > jo or ki > ko

4. For a fived k,{n;r} is a sequence of i.i.d normal random variables in j, with
distribution N (0, B(uo)). For a fized j, {7k} is a sequence of i.i.d standard
normal in k, with distribution N (0, A(Xo)), and {w;} is a sequence of i.i.d.

standard normal ranomd variables in both j and k.

Proof of lemma 2.2.3. To show 1 (and similarly for 2), notice that

/ 1 g
E [ﬁjl,-Xﬁ} = Uomﬂz [X,le,;Q —e A0£]12(,j1—12(/;2} .

Then,

E[X, X —e?nX X' |= (el emdotn—tohimunl) B(yg).

~J17=72 ~jn—17~=j2

Now, if j1 > jo, then &, 4+ uj, -1 — uj, = uj, — u,,, therefore we have E {%,-2@2} =
0. For 3, since v, is a function of x;; and x;;_1, and similarly, 5, is a function of

xjr and x;_1, the result stated in part 3 follows from part 1 and 2 of the lemma.
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To show 4, first notice that for a fixed column j, we have

E (2 — e %200 ) (250 — €920,
E [nj,kznj,kz] = 0_8 (1 _ 672)‘0@)

0—8 (1 — 6_2>‘0§j> e_uo‘vkl _vkg‘

08 (1 — e 246)

_ ol —viy|.

so nj. ~ N (0, B(po)) for j =2,...,m.
On the other hand, without loss of generality, let k be fixed and j; > 7o,

consider

E [}, kjy.0) — €N E [, 1 jjy 5] — €002 [, 65, 1,1]

08\/(1 — 6*2/\0&'1) (1 — 672)‘0&2)

e M En YRR [,y 5w, 1 4]

+
08\/(1 — 6*2/\051'1) (1 — 672/\0§j2>

6*)‘0(“j1 —ujp) _ 67)‘0(“11 —ujp) _ e)‘o(ujl —ujy —2ujy)

_ \/(1 _ 672/\053.1) (1 _ 6*2>\O§j2)

6_/\0(uj1 Fujy—2uj;—1)

\/<1 - 6*2/\0&1) (1 — 6*2%5]‘2)

=0,

E [njy w70}, 0] =

+

which implies that 7;.’s are indenpendent, and the same argument can be used for

7v;k to show that 7. ; iid n (0, A(Xo)) as well. Finally, for w;, notice that, clearly,
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E[w;] = 0, and E [wy, g, wj, k,] = 0, if j1 # jo, since 0} s are i.i.d. in j. Now,

E [77]219} — 2e7M%E [n; 4151 + € HONE {7732‘7k—1}
1 — e—2r0Ck

thus w;;’s are a sequence of 7.i.d. standard normal random variables.
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Lemma 2.2.4. For j = 1,....m and k = 1,...,n, let njx,v;r and w;; be the
same as previously defined. Let J, K be subsets of the indices {1,...,m}, and
{1,...,n} respectively, with |J| and |K| denote the cardinality of J and K. Also,
assume |J|, | K| < O(n?), where 0 < ¢ < 1, and let & = |uj —u;_1|, G = |vk — vg—_1|

and suppose that Zf’j <1 and Z (r < 1. Then we have

jeJ keK
1.3 > (wi), — 1) = o(mn) a.s.
jETkER
2. Z(?ﬁk —1)=o0(n) a.s.
jeJ
3. > (v —1)=o(n) as.
keK

4. Furthermore, if max §; = max (j, < o(n~Y?), then each of
jeJ keK

szj(wik — 1), ZZCk(wfk — 1), ZZij(ﬁ,k - 1), ZZCk(%Qk —-1)

jeTkeK jeJkeK jeJkeK jeTkeK
is o(n) a.s., or o, (nl/z) :

Proof of lemma (2.2.4). To show (1), notice that since w?, is a sequence of i.i.d.
standard normal random variables, > ) (wfk — 1) is then a centered chi-square

jEJhEK
random variable with |J||K| — 1 degrees of freedom. By Chebychev’s inequality

B (zzwik - 1>)
JeTkeK
) _

m2n?2

P (;};}{ (wfk — 1) > mn
20K =Y 6,

m2n2

29



where 2(]J||K| — 1) is the variance of > > (w?, — 1), and the last inequality is
jeTkeK
due to the assumptions that |J||K| = O(n??) = O(n*~®), and m = O(n). This

implies that P Z Z (w?k — 1) > mn) is summable, and by the Borel-Cantelli
jeJkeK

lemma,

DY (wi —1) =o(mn) as. .

jeJkeK

Similarly to (1), since 1, is a sequence of i.i.d standard normal in j, Y (92, —1) ~
jeJ

X?(]J] — 1), and therefore

P(Zm?,k—l)m) <2W-1)

jed

=0 (n?).

n2

Since |J| =0(n),0<g< 1, P (Z(?ﬁk —-1)> n) is also summable,therefore

jeJ

> (77]2k - 1) =o(n)a.s..

jed

Moreover, it can be shown that, by choosing ¢ < g, we have

> (1 = 1) =0 (n'7%)

jeJ

as well.

By the same argument, we have

> (%2k - 1) =o(n) a.s., or o, (nl/Z)

keK
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as well. To show (4), notice that since, &; < o(n'/?),

jeJkeK

n2

E (zzw,k : 1>)
P (Zij(wJQk -1) > n) <

jeJkeK

E (Z > (wgz',k - 1))

jeJkeK

n3

_2J|IE|

n3

O (n—(1+60)> :

recalling that |J||K| = O(n?!) = O(n?>=®), since 0 < ¢ < 1. Therefore, this is

summable and we have

S Y& (w2, —1) =o(n) as.

jeJkeK

On the other hand, since Y & (ka — 1) =o(n), a.s., and Y & < 1,

keK jeJ

z;”;(fj (’YJZk - 1) = Z]fj (;{(’Y?k - 1)) = (Zjﬁj) o(n) = o(n) a.s..

The same arguments apply to Z Z@ (wjzk — 1) and Z ng (nfk — 1) as well.

jeJkeK jEJkEK
[l

The following lemma, which is a more detailed version of lemma 3 in [24], provides

approximations for the coefficients of the linear combination of the transformed
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variables.

Lemma 2.2.5. Let 0 < §; < 1, and lim §; = 0. Let 6y and 0 be parameters such

Jj—00

that each of them is in (0, c|, where ¢ > 0 is finite. Then

1 1 1
: — = < My,
2 ’ 1 . 6—295j 205] 2‘ J
1 — g 2009; 0o 0o(0 — 0o)
; 1—e205, ¢ 9 d; +o(1)
/2
(e 006; _ e—eéj) (1 - 6_2905j)1
1/2
4. = 0(; /2)
(e =) (9 — gy
o 1 — e 2095 - 20 d; + o(1)
1 6_2951
6. 55 = A + (6o — 0)d; + o(1)
5 e 206 1 5 ,
! T—c25 29 2+ 0(d3)

S
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Proof of lemma (2.2.5). For each of the following proofs, we use the fact that

" = Tn(z) + Ry(2),

where
n CCk
e To(z)=)_ o is the n® order Taylor approximation of e”
k=0 "
e° " . .
e R,(x)= T 1)!x is its lagrange remainder, with 0 < ¢ < x.

(1) is clear by letting 0 < ¢ < §; and writing

1— 6—295]' — 205j6—290 < 205.

For (2), notice that

1 1 1 200, — (1 — 6*29%) — 06, (1 _ 6729@)
1—e 2 205; 2 206, (1 — 200

295J — (1 + 6(5]) (1 — 6_296.7)
(206)2¢~20e

206; — (14 09,) (295]- _ 2925]2 + %935?672%2)
(200)%2e—20

06; (1 — 267202 — 205,c-20)

6—2001
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and by the triangular inequality,

1 1 1 50 + 26>
— < |2 - g,
|1 —e 2% 20, 2| = | 2e W !
For (3), notice that by (1) and (2), we have
1 1 1

’ 1 — e*?@@ﬁj

< MJ3,

1—e 205 205,
which implies that

1— 6_2005j 2005j — 2902(5? + %(903(5]'36_20061 1

4
(2006; — 26067 + 59035;36*29%1)

1—e200 200, 2
()
S M6j27
but since
1 _ 72905]' _ 2 3
(6)) = [-— " b _ M@» — 00767 + fie—%w(aﬂ +06,%)

1 — e 209 0 0 340

1 — ¢2009; 0 90(9 — 90)
ST g g ol

therefore, we have

1-— 6_2006j 90 00((9 - (90)
T gt g el
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To show (4), notice that

(6_905.7‘ — e‘e(sj) (1 — 72009, 1-— e_(90_9)6j>

)"
1 — —205; < \/200; 1 — o205,

V26(6) — 6)
20

_ 5,12 (14 (6o + 6)5; + o(1))

1/2V26(60 — 6)

<4 50 (1460 + 6+ o0(1))
= 0(5,'%).
Similarly, for (5)
R e(::;)éj
_ _2990)25].(1 4 90;9' 05, +o(1))
=0y 06
= (6 _2900)2(5]' +o(1).
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For (6), we can use (3) and second order Taylor expansion to get

| — 2008, b0 0o(0— 0

— m%O +1In(1+ (6 — 6)d; + o(1))

(6 — 6y)*

)
—In— + (0 — 60)0; + 5

0 5]'2 + 0(1)

0
= 1n§0 + (0 — 00)5; + o(1).

To prove (7), notice that

I N N S W
1—e 205, 20 2 J 1—e20%  20§;e7200 = 2e20% )’

and

1 1 1
1 — ¢—205; 295],6726@ + 9¢—205;

200,672 — (1 — =% (1 - 04;)
N 20067209 (1 — e=20%)

_ 200, (1= 200, + 20%5,%e7202) — (1 — ;) (200; — 20°0,” + 36%6;° =2

4826j26—29(6j+01)

0;°(20%(2e7202 — 1) + 10%e =203 (05; — 1))
45j2 (926_29(5j+cl))

36



which implies that

5j€_206j 1 5]'

m — % + E = 295j€_2900(5j)

= O(5j2>

Similarly, for (8), we have

205] — (]_ — 67296j)(1 — 05J) B 5]'393(6_062 + %6_2003)

200;670% (1 — e=20%) 4025200 +e1)
= 0(6;),
thus
5.9 1 9
1—e205, 29 0(;7)
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Lemma 2.2.6 (Ying [24]). Let 6 > 0. For any constant ¢ > 0, there exists a 6 > 0
such that
inf (6 —1—1n6b) >4

10—1]>e

Proof of lemma (2.2.6). Let
f(0)=0—-1—1nb

1
Then, we have /() =1 — 7 Notice that, from its derivative we can see that f is
continuously decresing on (0,1) and continuously increasing on 6 € [1,00). As a

result, we can choose § to be f(1+ ¢). O

Lemma 2.2.6 provides a lower bound for [(\, u, 0?) — l(:\, f1,6%), which will be

useful later for showing strong consistency of the estimators.

2.2.3 Expanding and approximating the quadratic forms

The idea in here is to express the quadratic forms as a linear combination of
either chi-squared random variables, or product of two random variables that are
independent in at least one direction. Combining with previous lemmas, we can
utilize these expressions to control the magnitude of the quadratic forms, which

will be useful for the asymptotic studies in later sections.

. + (e—koﬁj _ 6_){]’)5/‘7471

To this end, write Xj —e X as X —e MY
(and similarly for X,; — e N X;f_l). Then, using variable tranformations, we can

rewrite the quadratic forms from (2.6) in the following way. For the columns with
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complete observations, we have

X, —e?9X ) B (X, - e9X, )

Z — —= 1_6—2)\§jN :

j€Jdo
1 — e 2208 _
= O-g Z 1 — e—2X; U;B ! (N)Ug
j€Jo
+ 20_0 ZJ 1 _ 6_2)\£j T]]B (M)X/Jfl
]G o

(6—)\0§j — e_)‘g]')Q 1
+ Z 1 — 6_2>\£]. X;‘_lBi (M)X]_l

Jj€Jdo

= Q1+ Q2+ Qs, (2.11)
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where

1 — e 28

Z o—2E; e i

j€Jdo

1 — e 22 1 — e 210k

2
' UOjeJ L= e 26 ST ot o
1 — o=2X& (G*HOCk _ G*HCk) (1 _ 672%1@)1/2
+ 20 Z : N k—1Wj k
OJeJ —e % k=2 1 — 272Gk PR

_ 2 (AAO n 0(1)> > i

j€Jo

)\
e (ZZ“’;ML (A= Ao) 2253 Wik + (1= o Zzgkwjk)

AL

JjEJok=2 jE€Jok=2 JjEJok=2
Aoog (1 — po)
+OTZZ§MIM Y Y6, (2.12)
H jETok=2 JETok=2
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6672/\57' ~j

QQ = 2002

jedo 1-—

Z Z ee—zxgj 1 o—2nr

.y n (6*)\05]' — e*)\fj)(l _ 672)\05]')1/2 1 — e—2r0Ck
— Vi-1,kWj.k
jeJok=2 1-—

(6—Aosj - 67)‘51') (1 - 6—2Aoaj>1/ ’ (e=HoSk — e=HGK)2

Tj1k—1Mjk—-1

FYY

—2XES —
jeJok=2 1—ec 7 1 — e—2uCk

(e e

—2XE
jETok=2 1—ec 77

(6—#0Ck _ e—#%) (1 _ e_zﬂOCk>1/2
' 1 — 2 “f’jl,kwj,k>

(e e

—2XE
jETok=2 1—ec 77

(e—uoCk _ e—ué‘k) (1 _ e_Q“OCk)l/Q
’ 1 — e—2uCk 77j,k17j1,k1>]

n n
o (Z > e + X0 Y6 Gtk

J€Jok=2 jEJok=2
N L1/201/2
=Yy <w+n7>) 21
Jj€Jok=2
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and

(e—Aofj _ e—AgJ) 1
/! —
©=2 [P STRE R (). O

7
J€Jo

—No&s CAEs
= (6 i EJ) (zj_1p — €721 4 1)?
N 1 — o2 a g+ Z =

L—em% 07(1 = e—2udn) i—Lk

n (e_MOCk _ e—ugk)2

* k,z:Q 1 — e—2nCk Lj-1k-1

n (e—MOCk — e_MCk) (1 _ 6_2%@;)1/2
" 22 1 — e—2KCk Ti—1k-1Yj—1,k| TO(1)

MOO- >\ )\0
— B S S e

JjE€Jok=2

-+ Z Zéjgﬂx]zfl,kfl + 2 Z Zng;/ijfl,kflf}/jfl,k + 0(1) a.s. . (214)

]EJOk:2 ]GJok:Q
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For the columns with partial observations, notice that

2

ni—1 xk . 6_#<k.’13‘k,1
* * —1 * Js Js
XHBY ()X = a2+ Y ( )
k=2

1 — 6—2#Ck
* 2
—Hg,
(17j7n2+1 —e "2+1Ij,n1—1) L z":
1 — e 2Hnats

k=ns-+1

-l 2 —ué,
(l’j,k —et ’“l“j,k—l) (xj,nz-&-l —e "2“%,711—1)
=23+ ) +
= T

(l‘j,k —e ! ’“%yk—l)

1 — e_QMCk

2

— e—2ulk
kEK, l—e

thus

J

(X5 - e0X ) (B () (X - e ;)

>

Jj=m1

= Q1+ Q@+ Q3+ Q.

1 — e 27
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(2.16)

(2.17)



Similar to the quadratic form from complete observation columns, we have

* 2 >\0 el 2
Q=0 BN +o(1) Z M1
Jj=m1

)\0/1100-(2) mao+1 ) mao+1 ) mo+1 )

* A Z 2 Wi+ (A= o) Z > §wik + (1 — o) Z > ChWj g

j=mikeK, j=mikeK, j=mi1keK,
)\OU() w— ,U() 2m2+1 ma+1
2.18
‘7 3
+ 2N Z ZCIJ? k-1 T Z Zgygk%k 1 ( )
K j=mi1keK, j=mikeK,

ma+1 ma+1
Z Zf V- lkwjk"‘z Zf Ck% 1,k—17j,k—1
j=mi1keK, j=mi1keK,
el 1/2 1/2

+ > >4 (T 1 k1 Wjk + k17 -1k-1) (2.19)
j=mikeK,
/L[)JO )\ )\0 2matl

Qs =———— > D &V
2)\ILL j=mi1keK, ”

mo—+1 ) mo—+1 1/2

+ Z Z §iChTj_q 1 +2 Z Z &Gk i1 k11 + O(1), (2.20)
j=mi1keK, j=mi1keK,
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and

)\Oluoo'g mo+1 , mo+1 ) ma+1 )

i *

Q=0 Y Wi+ A=) D &wr i+ (= 110) D Gy Wiy
H j=m1 Jj=m1 j=m

ma+1 )\0<,U _ M 2m2+1
+ UO( Z Cng—}—l 77J n1—1Wjny+1 + T Z Cn2+177] ni—1
j=m1 j=m1

mo—+1 N
+ Z §j<22+177j,n1—1>

Jj=mi

ER R
*
+ 200< Z fj Vi—1,n2+1Wjng+1 1 Z fj Cn2+1$j—1,n1—177j,n1—1>

j=mq Jj=m1

ma+1 1/2 y
2 * 1/2
+206 ) &' G (Tt 1 Winat1 + Mjna—1Vj—1,m-1)
Jj=mi
1 mo+1
()\ /\0 m2+ 2
+ Z gjyj 1,n2+1 + Z gﬂ nz-&-lxj 1ni—1
.7 mi1 j mi1
mo—+1
+ 2 Z €J n2+1 33'] 1,n1— 17] 1,no+1-
Jj=m1
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Claim 2.2.7. Assume &5, < o(n™V2), and (mg — my), (ng — ny) = O(nz=),

where 0 < €, < % We have,

% )‘ONOU(Z) S ! 2
Q1+ Q1= i DD Wit DY wik

JjEJok=2 j=mi1keK,

Aoog | Aokoos Ao 2
12078 4 AR )+ 398 )
A 2
+ n[ 0F0%% (A — )\0)] +o(n) a.s., (2.21)
Ap
)2
Qs + Q% = Wﬂ + o(n) a.s., (2.22)
Q2 + Q5 = o(n) a.s., (2.23)
Q; = o(n) a.s., (2.24)
and
2
- Ho0q
X B ()X, = . n+o(n) a.s.. (2.25)
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Proof of claim. (2.21) is obvious under lemma (2.2.4). In particular, notice that

for @, (and similarly for Q7),

> ij(kﬁikfl =Y > &G (U?,kq - 1) + > 5D G
k=2

jeJok=2 jEJok=2 j€Jo k=
n n
2
= 36> G (N — 1) + &G
j€Jo k=2 j€Jo k=2

n

< ng (77]2',1@—1 — 1) +1=o0(n)

k=2

To show (2.22), first notice that lemma (2.2.4) gives

>0 &1k =n+o(n),

jETok=2
and
ma+1 ) mo—+1
YDoY v =m—(a—ni+1) [ D& | +oln)
j=mi1keK, Jj=m1
Now,
mo+1
S & < (me —my)n” 2 < O(n7°),
Jj=mi
so we have
! 2 1
> > §iYj-1k = O(n %) +o(n) = o(n).
j=mi1keK,

On the other hand, notice that since x?k is non-negative, and continuous on [0, 1]?,
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therefore sup E[23,] is bounded, and
jk

jeJk=2
S J
n1+60

n > &GE [‘r?—l,k—l}
P (szjgﬂmgl,kl > nHEO)

jETk=2

(Zi§j<k> sup; {”’}2‘71,1@71}

jeTh=2

VAN

n1+€0
_ o)

— n1+60 :

Thus, > P (ZZ@C@?_L,CA > n1+60) is finite, and by the Borel-Cantelli lemma

n=1 \jeJk=2

Zijgkw?—l,kq = 0(”1+60)

jETk=2
mo—+1
for €y > 0. This also holds for Z Z ijka?_Lk_l as well.
j:mlkEKo
Now, for Z ijg,i/ng_m_ﬂj_l,k, we have

je€Jok=2

2
> Z{jdﬂ%—m—ﬂj—m)

E
) jETok=2
<

2
JETok=2 n

P (Z igjgi/zl‘j—l,k—l'w—l,k >n
= Z Z Z Z £j1€j2Ck1Ck2

J1€Jo j2€Jo k1=2 ko=2

X

E [, 10175 1k Tir— 1k —1Vjo— 1 ko)
n2 ’
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Recalling from lemma (2.2.3) that +;, 4, is independent of z;,x, for j; # js or
ki1 > ko, this implies that E[xj, 1 k175151 Tjo—1ks—1Vja—1k,) = 0 unless j; = jo

and ky = ky. Therefore

n Z ZngCkE[x‘?fl,kil]E[7]2717’6]
IP(Z Zng;/ij—l,k—l/Yj—l,k >n) < j€Jok=2

2
JE€Tok=2 n
n
> 6D G
< y2i€de k=2
SO
o2
<
S
! 1/2
is again summable, and the same argument can be applied to Z Z §jCk/ Tj—1,k—1Yj—1,k-
j=mi1keK,
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To show (2.23), notice that we can apply similar arguments that were used to prove

(2.22) on the terms

" 12 Z 1/2 Z 1/2
> Zf;/ ChTi1 o1 Mi—1s D 251/2@;/ Tj_1k-1Wjg, and Y 251/2@;/ Mjk—1Vi—1k—1

jEJok=2 jETok=2 jETok=2

(and similarly for the same terms summing over my ... mg+ 1 and K,). In partic-

ular, by independence we have

S &S ERE B

n
1/9 i€, k=2
P(Z ij/ Vi-1kWjk > ”Heo) < 2(1+€,)

jeTok—=2 n
n
> 2.5
_ k=2jel,
= ey €0 >0
1
- n1+2€o
(ERS 1/2
which is summable. Applying the same procedure to Z Z §j/ Vi—1,kWj ks We
j:mlkEKo

have that Q2 + Q5 = o(n) a.s.. For (2.24), notice that @)} consists of a finite sum
of continuous functions on [0, 1]?, each of them bounded almost surely. Therefore,

assuming my — m; = o(n), we have @ = o(n) as well. Finally, to show (2.25),
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notice that similar to previous arguments,

2
n ’]{ _ oGk _
X B (X, =22+ Y (o1, = ety

! k=2 1— e
n (1 _ e-%o%) n (6 e _ e—uoCk)2 )
= ml 1T UOZ —em2nk) " kT kz:z (1 — e—20ce) L1 k-1
n (e—uCk _ e—uoCk) (1 _ e—QMOC) 1/2
+ 2002 T1 =171,k

= (1 — e—ZMOCk)

n

02M0 = "1/
= ( +o(1) Z’Yfk + ngxik;—l + ZCk/ T1k—171,k
k=2 k=2 k=2

L

_ (“2"0 ; o<1>> 42, + ofn)
H k=2

2
=T, o(n), a.s. , or o, (n1/2> :
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As a result from claim 2.21, we can express (2.6) as

I\, g, 02| X)) = [nm — (my — my 4+ 2)(ne —ny +1)]In (27?02>

mao+1
+n)_ In (1 _ e—%sj) t—(ng—n+1] Y In (1 - 6_2)‘53')
e Jj=m1

+ [m — (mg — my + 2)] kzi: In (1 — e’Q“C’f)

+(m2—m1—|—2)

Z In (1 - e‘2l‘<k> + In (1 — 62“C;2+1>]

keK,

)\003 Aotooy A0 )

[ o2 T gz W)+ o s (= o)

1005 | Aopoo? ers 9

—A A=A
- l,UUQ o2 ( O)+2)‘/L02( ) ‘| +o(n) as
(2.26)
Notice that,
n mao—+1

Z wak + Z Z wgz,k =(m—1)(n—1) = (ng —ny + 1)(mg — my + 2) + o(mn) as.
jETok=2 j=mikeK,

=(m—1)(n—1)+o(mn) as. .
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On the other hand, since we assume my — m; = O(n*/?27%) and &; < o(n~/2), we

can apply lemma (2.2.5) part (6) to get

2
[nm — (mg —mq +2)(ng —nqg + 1)] lna—2

0
1 _ 6_2)\€j mo—+1 1 o 6—2)\§j
—l—nz lnm‘i‘ [n— (nz _n1+1)]'z lnm
jEJo J=mi
n 1 — e 21Ck
+[m = (mo —mi +2)3 I ——
k=2
1 — ¢~ 2KCk 1 — e 2G4
(ma=mi+2)| 3, Iny— g+ I e

:[(m—l)(n—1)+m+n—1—(mQ—m1+1)(n2—n1+1)]ané

90
+[(n—1)m — (my —my + 1)(ng — ny + 1)] ln:
0
A
+n(m—1) — (mg —my +1)(ng —nq + 1)] ln)\—
0
mo—+1
(i = )+ 10 = 2)+ (= (=14 D)3 )0 =2
J=m1
A\po? po? A\o?
=(m-1)(n—1)ln +(n—1)ln +(m—-1)In—=
( ) ) 0H0Td ( ) [100% ( ) Aoog
A\o?
— (mg—my+2)(ng—n;+1)1In 5 +o(n), (2.27)
Aofoo
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Putting together the results from (2.21) — (2.25), and (2.27), we have

(A, 02X ) = 1 (X, o, 03] X))

Aouogg )\OMOU(%
—(h—1)(m—1 1 1
(= Dl = 1) | 08— 2

)\00’3 ()\Q[LQUS

by 2 _ 2
Mo —1)(u—uo)+—000(ﬂ MO)}

2\ o2

2 2 2 2 2
e fooh | AofoTh 1005 (A — o)
-1 —1-1 — (A=A —_—
+n-1) l o2 " o> * Ao I o)+ 2\ o2

)\OMOU(Q) ] )\o,uo(fg
—1In
o2 Afio?

+ (ng —ny + 1)(mg — my +2) [ - 11 +o(n) as..  (2.28)

Assuming (my — my)(ng — ny) = o(mn), we have

o o >\0:u00-2 )\0#00‘2
LA 0% 1X ) =1 (Mo, o, 05| X) = (m = 1)(n— 1) ( Aucﬂo — AW?O -

+ o(mn) a.s. (2.29)

and

Ao B 2
{ (%Ma(ﬂ‘X(O)) —1 ()\07”0’ Hno |X(o)> = (m—1) l'u N mﬂ + (/“LMO)]

Aoko o o 2410
A A (A= X)?
1) |Z=—-1—ln— 42200
=) [)\0 "N 2
+ o(n) as.. (2.30)
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2.2.4 Proof of strong consistency

In here we prove Theorem 2.2.1 by investigating the consistency of 5\, [ and 62
using results shown in previous sections. Our first goal is to show that 5\/]62
converges to A\gpoog as a product, and consequently we can use that result to show
A = Ao, i = o and 62 — o2. Consider

o 0 X) 1 )

where for € > 0,

)\ 2
‘42{(%%02): M02_1 <e,(/\,u)eCCR2,0<a2<oo}, and
Aothoo
_ 2 Ao 2 2
‘/6: (/\HU/,O'): 2_1267(A7:U)GOCR,0<0' <07,
Aot

with C being a compact set in R?. Notice that, since :\, fi and 62 are the maximizers

of L(\, p, 02| X)), we have

L (A 0% X))

= <1 2.31
L (/\,,a,62|X(0)) (2:31)
Now, if the maximizers are outside of V,, then
L (X, pto, 02| X ©
( 0: 40, %9 ) — 00 a.s. (2.32)

sup L (3\, iL, 62|X(°)>
(A ,0)EVe
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is a contradiction to (2.31) by definition. In other words, if (2.32) holds almost
surely outside of a small neighborhood of Agugo2, then the maximizers of the
approximate likelihood function must be near A\opoog. Therefore, we can show that
A162 = Aopoo2 almost surely with respect to X (w) generated from the probability
space (2, A, Py), where Py ~ N(0,08A(N\) @ B(uo)). In our case, it is equivalent

to showing that

inf (l (/\, I, 02|X(0)) —1 ()\0,/,60, 0(2)|X(0))> — 00 a.s. (2.33)

(A p,0?)€Ve

with respect to F.

Now, from (2.29), we have that

2 2
LA, @ X) =1 (.10, 081X ) = (m — 1)(n — 1) (AOMO% o Mot 1)

+ o(mn) a.s. .

A 2 A 2
By lemma (2.2.6), 0H0% _ 1, 20H090 _ 11 s hounded below by a positive con-
Apio? Apo?

stant for (A, p, 0?) € V., and any € > 0, therefore, (2.33) holds as m,n — oo, thus

we have

AIG? = Aopoo? as. (2.34)

On the other hand, let

L
Ho

A
Uez{()\,u): )\——1 < € and

-}
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and

Ue = {(Mﬁ)r

Lay |
Ho

A
)\0—1’2601'

ze}.

Similary, we have from (2.30)

Ao N2
Lol X )~ (AO’W - !X(")) N VLA R S T (et ()

Aofo Ho Ho 210
A A (A=)
S| AR AR U
+ (n )[/\0 L WY ]
+o(n) as..
Thus
. 21 v(0) Ao’ (0)
inf  I(A\, p, 07| X)) — 1| Ao, po, | X' | — o0 aus. (2.35)
(Ap) €U Aoto

with respect to Fy as m,n — o0o. This implies that A = X and L — o, together

with (2.34), we have, almost surely
A = Ao, fi = po and 6% — o2, (2.36)

this concludes the consistency of the ML estimators, with the assumption that
(ma — my)(na — ny) < o(mn), and &, < o(n~1/?). For asymptotic normality,
we need (mg —my)(ng —n1) = 0,(n), but this is also attainable since (mq —my),
and (ny — np) are both assumed to be O(n'/? — ¢y), which implies that we have

(mg —m1)(n2 —n1) = O(n' =) = 0,(n).
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2.2.5 Proof of asymptotic normality

In this section, we look at the asymptotic behavior of the distributions of 5\/15‘2, 5\, il
and 62 in order to prove Theorem 2.2.2. Since these estimators are based on obser-
vations that are correlated, we will use a generalization of Lindeberg’s central limit
theorem.(For example, see [7] and [9]. In cases with sums of i.i.d. random variables,
a major requirement in establishing asymptotic normality is the restriction on the
magnitude of abnormally large observations, which is achieved by truncation of
the random variables. In our case, instead of trying to control large elements in a
sequence of random variables, we shift our focus to looking at the information as a
martingale-difference array, and seek to control the magnitude of the expectation of
large elements based on past behavior of the sequence. The condition imposed on
the martingale difference sequence provides a version of the Lindeberg’s condition,
which is an essential characteristic of the central limit theorem.

To this end, let us look at the equations that lead to the M LE of A\, pn and o2
Notice that, by taking deriviatve of I(\, i, %) with respect to each parameter and

setting them to zero, we have

0 1 _
wl ()\,,u, 02) =mn — (mg —my +2)(ng —ny + 1)o? — ;X&B ()X,
PRV " p-1 PRV
1 3 (X, —e?9X, ) B () (X, — 79X, )
02 1 — e 23

et (X —eOXG ) (B () (X - e )

+ > s (2.37)
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) 2 e T e
Jj€do Jj=m1
2 e~ 26X
+ﬁ§%—ﬂ%&J3w%&_e]rg
] o
mat+l  —2)¢; *
e J * / * —1 * 7)‘6'5, i
=m1
oxg, - "B N
_ z Z 5‘76 2)\5] (X/] — € JX/J.71> B (,LL) (X,] —¢€ JX/jfl)
2| ST e P8 =26
" e « 2 v Y (npx 1 (y* _ =X v+
S e (K ) (B (X -0 )
L l—e s 1 —e 2%
(2.38)
0 ey G O A s
@Z(A,ﬂ, o ) = 2mkzz:2m + (m2 — my + 2)];2 1 — 672#@C B 1— 6—2,uCZQ+1

1 _
b XD X,

(Xj B ef&jgj—ly DB~ (u) (Xj B e%j)ﬁj—l)
1 — e 22X

+ 2.

Jj€Jo

matt (X* — e X* ) DB ()t (X7 — e X
+ Z <NJ ‘ N]_l) 1M(_ efg)\)i <N] € Nj—l)] (239)

Jj=mi
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Setting (2.37) = 0, we have an explicit expression of 6% in terms of \ and il

1
5% = x | X' B! ()X
E— (my —mq+2)(ny —ng + 1) [Nl ()X,
Y "B (4 Y
s (Xj N XH) B <’f) (Xj N XH)
i€, 1 — 672/\&
mat (X7 —e X ) (B () (X - e X )
2 =j—1 ~J ~—j—1
+ Z o, 1 (2.40)
j=m1
which also implies that
(mn — (my —m1 +2)(ny —ny +1))6 = X B~ (1) X,
e "Bt e
_ (Kj € Kj—l) B~ (u) (Xj € Xj_J
j€do 1—e 2%
matl (X% — e Xt ) (B () (X — e X7
g )
Jj=m1 - !
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From (2.40), we see that 62 can be explicitly written as a function of A and fL.
Now, utilizing the consistency result for A and i1, as well as the approximations

derived from (2.21) - (2.24), we have

n ma—+1

r 2 2
6'2 _ 1 )\O,ii(A)O'[) (Z Z + Z Z ) (wik _ 1) +O(n)‘|+)\0/f(20'0

ko x
mn —m-n A \jeT, k=2 j=m kK,

- 2 n mao+1 2
_ 1 Aofi(igo (Z Z + 22 Z ) (wik — 1)]-{—)\05(100 + Op(1)7
fl

_ %) %
mn —m-n AL \jel, k=2 j=m keKo

which implies that

Vmn = mrnF(Ai62 — Aopoo?)
(2548 8 (ke -1)

JE€Jo k=2 Jj=m1 keK,

— + 0,(1) (2.42)
mn —m*n

Now, since {w]2 » — 1} is a sequence of independent and centered x? random vari-

ables, we have

Notoos (Z z”: + mil Z ) (wik — 1)
Var

j€Jo k=2 Jj=m1 k€K,

— = 2()\0/1003)2
AT —Mm™n

Then, by the central limit theorem, we have

vmn — m*n*(S\[L&Q — Nopoog) —p N <O7 2()\0#003)2) ;
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where m* = (mg —my +2) and n* = (ny —ny +2). On the other hand, due to their
highly nonlinear equations, we cannot express X and it in explicit forms. Thus, to
investigate the asymptotic properties of their distribution, we would need to utilize

different approximation techniques similar to those used to prove their consistency.

2.2.6 Approximating (%l(/\,,u,JQ) =0

0
Claim 2.2.8. —I(\, i1,0%) =0 can be expressed as

o\
~n(m—1) L madl fje_;\fj
S P

mn — (mg —my + 2)(ng —ny + 1) uoa
+ % MOZ Mk
A )\/MQ

)\ mo+1
0“0"0(22@ Wt S Y g )

A2 jedok=2 j=mikeK,

5v/2N el
+ MOOOMQ (Z 2531/2’% EVEIDODY & w51 k)

JEJok=2 j=mi1keK,

)\ — mao+1
+( MMOUO(ZZ@% et D Zfﬂj 1k>+op( 1/2)

j€Jok=2 j=mi1keK,

Proof of Claim 2.2.8. Write

0

5l()‘7ﬂ7 ) =0= Ll - TZLZ + L37
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where

5j€—25\§j ma+1 §j6_25\£j
Li=2n) ———+2n— (g —n1+1 —_

GeBs (X, —e?9x. VB (p) (X, —e9X, )

L2 _ j A\ ! j AL g
]'Ezjol _ 672)\53‘ 1 _ 672)\57'

matl e (X0 —e?oxt ) (B ()T (X - e X))

* jzzml 1— e 2% 1—e 2\ ’
6_25\€j / —-1/n —2¢;
Ls = Z miﬂ_lB (2) (X,j —€ Jgj_1> ;
J€Jo
ma+l  _—2)\&; .
€ 7 * X[/ A —1 * —)\§ *
YT (L B (X ).
——

Utilizing the result from (2.41), the approximations from lemma (2.2.5), i.e.

6j6_25\§j 1 gj

I—ene 2% 2 O&7):
and also
&j
— = — +0o(1),
1—e 2 2) (1)
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we have

1
Ly = 7 lmn62 — (my —my +2)(ny —ny +1)6° — X B~ (ﬂ)gll (2.43)
1 vy N ~X¢;
T lz (X, —e?9X, ) BT () (X, —e?9X )
j€Jo
S (xr = e x Y (B () (X — e x 2.44
p> (X; -9 ) (B ()~ (X — e 79X ) (2.44)
j=m1

+0(1) [Z@ (X, —ex, ) B (@) (X, - eoX, )

J€Jo

ma+1 . ’ N
2 g (- eox ) () (X - o) ] (2.45)

Jj=mi

Our goal in here is to find a way to approximate (2.43) — (2.45). First, let us focus
on (2.44). By repeatedly using the transformations defined in lemma (2.2.3), and
expanding the quadratic forms using lemma (1.2.1), and applying approximation

techniques to the resulting terms, we have

SX,—e?OX, VBT ()X, - e X))

J ~j-1
j€Jo

— Z [0_(2)(1 . 6_2)\O£j)7];-B_1 (ﬂ)nj + (6—2)\05]- . 6—2>\5]-)2X/ B—l (ﬂ)&j,1

-1
Jj€Jo

+ 200<1 - 6_2>\0§j)(€_>\0£j - 6—)\53')77;B—1 (ﬂ)&j_l

> [2%037733—1 (A + 02X B (W)X, +OWE B (W)X

21
Jj€Jdo
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where

2)\00377;'3_1 (f1)n;

, el n (e_“OCk _ e—ﬂCk)Q ,
= 2Xo0; ZJ@ [77] 1+ mej,k + 1;2 (1 — e 20 Mik—1
j€To -
(et — i) (1 - e—2uo<k>1/2
* ,;2 1 — e 2 wi»’“”ﬂ'v“]
2Xoflo02 L
= Z20f0% > gk
Ko e T, k=2
(1) Y6+ O() X Y66 + 0wy s
jETok=2 jEJok=2
2/\ 2 n
— 2090 S S, + o, (n'7?) (2.46)
Ko ieg k=2
since
n ZZCIC'SJQE[ } [U]k 1}
IP) (ZZ&jCk1/2wj,knj,k—l > ne) S JjEJok=2 -
jETok=2 n
(n—1)(m —m2—m; —2) 1.
- 26+3/2 =0 (”2 0)
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where the last equality is a result from the assumption that &;, ¢, < o(n~'/?) and

the independence between w; . Also, the non-negativity of 77?7,%1 implies that

> nyCkE [nj . 1}
P(> Zf;(knjk > ) < ISTk=2

JETok=2 n
(n—l)(m—mz—ml—Q) 1—e
B nlte =0,
which gives us (2.46). On the other hand, we have
2 — A~
Zéj K; 1 /J’)NJ 1 Zé] ] 11+Zf}/j 1,k
j€Jo j€Jo
+ZQc Vi—1,kTj—1 k— 1+ZQ@% 1k—1]»
k=2

and

Zgj N] 1= Zgj Zw]k+ZCk W; 1 T5—1k—1

j€Jo Jj€Jo

+ ZCkl/Qm,k—l’Yj—l,k—l + ZCk$?_1,k—1] :
k=2 k=2

In particular, notice that by choosing € = 1/2, we have (and similarly for Z ZSJ‘%Z—L k)
JETok=2

P (Z g ud, > n) <Lz Dlmzme 2l =2) _ o (1) = g, ().

jE€J k=2
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Also,

- ZZ@ GE[w? [z o y]]
P (Z S 62 GM wy gy > ne) < J€Tok=2

2e
JE€Jok=2 n

(n—1)(m —mgy —my — 2)
n2ct3

=0 (n_l_%) < 0p (n1/2> ;

=0(1)

and

JETok=2
net3/2

IN

n Z XR:E [%2*_1&_1}
P (Z Z€J2Ckx?1,kl)

jEJok=2

-0 (n1/2—6) =0, <n1/2> ‘

The rest of the terms are approximated similarly. Therefore, we have

X BTHWX, L+ BT (X, =0 (n'?) . (247)

J€do

Combing the above results from (2.46), (2.47), and applying the exact same pro-

cedue for j = myq,...my + 1, we have

. AOUOU(% ! 1/2
(2.44) = ———— ZZ@ DY > & Wik +OP( )

2M \jeT k=2 j=mikeK,
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Now, for (2.45), we want to approximate

a;fj (X, - 64@2{@—0/3_1 () (X, - 64&2{44)
ma+1 R <
FS g (x- et () (X; - o).

Jj=m1

Similarly to previous terms, since the first and second quadratic forms are es-
sentially the same execpt with different number of coulmn and row elements, we
show only the expansion of the quadratic form from the columns with complete

observations, which is

>6 (X, - e9X, ) B () (X, - e, )

jedo

— oy [szn}B‘l iy + &5 BT (X, +6°X, B w)gj_ll |
j€do
Using what we have already shown for (2.44), we have (2.45) = o, (nl/ 2) as well.
Now, focusing on (2.43), notice that
2
n (wyh — e kT 4y )

-1 .2
K;B (M)Kl - 1’171 + kz:z 1 — e—ﬂCk

n

0_2 n n
=i, + M(}L 0N A+ O Geat oy + O G Py pwn s
k=2 k=2 k=2
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and since

n > GE {xik—J
P (chx%k_l > n€> < k=2
k=2

nE

= 0(1) 5 = O (n'/>0),

nl/2+e

n ZCk {71 k] [ﬁ,k-ﬂ
P (ZCkl/Q%,k-Tl,k—1> < =
k=2

n26

= O(1) 5175 = O (n¥/270).

n2et+1/2

Therefore,

0_2 n
XiB7 (10X, = B2 S ok + 0, (n17).
k=2

as a result,

&2 ol
L2:ﬁ(mn—(mg—ml—i—Q)(ng—nl—i—l MO OZ Yk

2)\OMOUO s 1/2
LIS Y gl Y X gl +o,(n7),
jETok=2 j=mi1keK,
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To approximate L3, notice that

>

Jj€Jo

fje_A

—2X¢; i1

l1—e

X' B

i

) (Xj B e_x@xj_l)

zwj BT (R) (X —e?ox )

JEJ

0o

25\JEJD

1

R

2)\

(1—e%) X\ B~ (),

(e —e™) X7 B (W)X

2531/25,

Jj€Jo

7—1

() +

70

Zgj/\/] 1

Jj€Jo

()X
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Now,

> &VXL BT ()

Jj€Jo

= >

IERUAEDY “2ic
3€Jo 1 — e

n (in—l,k - ei'uCk:Uj—l,k—l) (77]'71@ - 67”4’“77j,k—1)
k=2

U (1 — e 2#0Ck
2
= Z@ / 90 (1 — e-20ck) wjiYj-1k +O(1) as.,
Jj€Jo

n (6_M()Ck _ i)
+2
k=2

n (1- e_QMOCk)l/Z (et — =) ,
J—4
= 1 — =20k J—Lk=1%75, 0_(2) 5.k~

1 o2 Tj—1,k—17j5,k—1

0.2 n
=Yg “;“ij,wj_l,k +0(1)
k=2

J€Jo

n

+O0(1) ki1 k-1 -1 + O(l)ZCk1/2 (@1 p—1wj ) + ’le,knj,kl)}
p; =2

_ NOU(Q) . 1/2 1/2
=— Z ij WjkYj—1,k + Op (n ) )

jeTok=2

where the last equality is due to similar arguments used in Ly. Observe that, since
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Zj_1,-1 is independent of w;, for j and &, by choosing ¢y = % + ¢, we have

n n—1(m-—my—mq; —2
P( Z Zgjl/QCkl/ij—l,k—le,k >nf) < ( ) n2€+f : )
jEJok=2

= O(n'/?*7%) ass.,

= Op<n1/2)
Similarly, for the second part of L3,

Z éij_lBil (/Aj’)Xj_l

J€Jo

o2
—Zﬁj Oozglk+0 C x] Lk—17j— 1 +O(1 ngxj 1k— 1]7

j€Jo

_ 11005 = 2 1/2
= 0 Z Zgﬂj—l,k +0p (” ) )

jETok=2

n n

since we have Z ijfkl/%j_l,k_wj_m + Z ijCx?_Lk_l =0, (n1/2> from pre-
jEJok=2 jEJok=2

vious arguments that were used to show L,. Therefore applying the exact same

step to the terms involved for j = mgq, ..., mo + 1, we obtain

2 ma+1
o052\
L= {ZZSJ” Wi kYj-1,k T Z ijl/ Wy, kYj— 1k]

2 jEJ k=2 j=mi1keK,

(A= o) poo ma+1
+— I SIATEES DI SIS AN |
21 € Tok=2 j=mikeK,
Putting together Ly, Lo and L3 gives us the desired result. O
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So far, we show that expression from claim (2.2.8) can be written as the fol-

lowing
-n mo+1 n ,LL()O-Q
0=——+Mma—m+1)) & — anj o [Z(’Vik_l)]"‘nAMOQ
A j=m1 j=2 k=2 Afio

"t Nopood

AL S S 3> )
gj —|— (nz:;fj — (ng — 1N + 1) :Z ) j\ﬂa-Q

>‘ JE€Jo k=2 j=m1 k€K,

2 /2)\ n ma+1
+ MOUOO(Z DD D >5j1/2wj,k%'1,k

N A A2
1o jeJo k=2  j=mi keK,

B\ n mo—+1

JE€Jo k=2 j=m1 keK,

>/>

(A 2m2+1

(A= Xo)poog Ao)lo0% —(ng —my +1) A Z & +op ( 1/2) :

+n oy
ARG g2 S

Notice that by lemma (2.2.4) part (4), we have the following approximations

(Z Sy Y ) (w2, — 1) = 0, (n7) , and

J€Jo k=2 j=m1 k€K,

k=2 j=m1 keK

(Z;zn:""mi Z)é} 7; Lk 1):017(”1/2)‘
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Therefore,

o? 1 A=A o o
0= M?AO_7+( AAO?IUO o] Mo oZ[,/Q)\ Z{’j Wi kY- 1k+71,€ 1]
Aig? A Af162
0_2 ma+1n1—1 5\ mao+1
fL?AO Z ZSJ Wi pYj-1k — (N2 — 1y + 1) +0p( 1/2)
)‘:LLU j=m1 k=2 HoO Jj=m1
(2.48)

Now, recall that (mg —m4), (na —ny) < O (n1/2_6), 0 < € < 1/2. This implies that

(mg —my)(ng —m—1)=0 (nl_eo) ,0 < ¢ <1,

SO
(ng—my+1 milf] ( 1- eo*%> —0 <n1/2> =0, <n1/2) '
Jj=mi1
Similarly,

mo+1 no

mo+1 no Z kz 6] [ } {’7] 14
P ( Z Z §j1/2wj,k’7j—l,k > ne) < Jj=mik=ny —

j=mik=n1

(m2 —my)(ng — ”1)
n2s+%

<

— oy (n'7?).

Together with the consistency results of A262, X, /i, and 62 from (2.34) and (2.36),

74



we can express (2.48) as

1+A 1
0= )\0< 00> )\* {\/2)\ Zf] Wy k75— 1k:+'71k 11— 1 +Op(”1/2)
which gives us
< —Xo
ﬁ(A—AO)Zm [\/2>\ Zé} Wik + Ve — 1| +0p (0177,
k=2
(2.49)

interchanging the parameter and dimension, we have

)= \/_(1—+M Xy [\/ 200> G Pwj e + 0, — 11 +op (”1/2) :
=2

(2.50)

2.2.7 Asymptotic normality for ) and il

In the previous section, we have expressed the scaled difference of the parameter
estimators A, /i and the true values Ao, 1o as a linear combination of w; ,y;_1 4 and

w; kNj.k—1 Tespectively. Our goal in here is to show that

V(A = Ao)
~%DN(Q EJ (2.51)
vm(fi — po)
where
2X0°
21 — 0 1+g\0
2 2
1iZo 0

5



To proceed with the proof of (2.51), notice that a random vector (Y7,...,Yy) is
normally distributed if and only if any linear combination ¢ | a;Y; is a normal

random variable. Thus, for (2.51) to hold, it is sufficient to show that for ¢ € R,

V(A = o) + tvmlf — o) = N (0, 2 ( L, )) . (2.52)

+
I+X 14 po

Notice that from (2.49) and (2.50) we have

(1+Xo) 12 (14 o) .
=> l NG Py ww + (712k - 1) + 1y 2 > Ckl/Qﬁj,kqwj,k}
k=2LV T =2 moi=

+ \/%jf;(nil ~1). (2.53)

Since we are dealing with functions of dependent random variables, following the
strategies used by Ying in [24], we show the asymptotic normality of (2.52) by first
viewing it as a combination of a martingale difference sequence and the sum of a
sequence of i.i.d. chi-squared random variables. To this end, let us verify that we

indeed have a martingale difference sequence in (2.52).

Definition 2.2.9. Let Ao, 110, &j, Ck, Wik, Nk and 7y, be the same as previously
defined, and let

[ & [0
e Ep(m,n) = 70 > &1 2y pwyg + (”Y%k —1)+t WO > G0 1w g

j=2 j=2

. .Fk = 0'(1'1,[,1'2,[, e ,.’L’m’l),l S k
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Claim 2.2.10. For a fized pair of m and n, E(m,n)) is a martingale-difference

array with respect to the o- filtration Fy.
Proof of claim (2.2.10). We need to show the following

(1) E(m,n)) is Fr-measurable.

(2) E[Xf, &(m,n)) — 15 &(m,n))| Fia] = 0.
Since, 7;_14, wj and n;, are functions of z;; and x;,_1, so E(m,n)) is Fy-
measurable by definition. Moreover, this implies that

E [j-16lFr-1] = Elyj-14] = E [wje] = E [w; ] Fi—1] =0
by independence, and
E [1j k1| Fr—-1] = j k-1,

since n;x—1 € Fi—1. Therefore, &(m,n)) is adapted to the filtration Fj_;. Next,

to show 2.2.10(2), notice that again by indenpendence and measurability, we have

7



E [i &(m, n))|}"k_1]

m k
ZZ@IDE [j—1,0w; Fre—1]

]:2 =2

2#0 m k
+ 1/ WQUQZ ZE (i —1w;a| Fri]
i—2 =2

J

.,

~

M»

3

.,

n 5=
210 1/2m u
+8/—G E [nj7l—1|Fk—1]E[wj,l|~/rk—1]
7j=21=2
2)\ m k—1
= 702 5g1/2E [Yj—1,wj | Fr-1] +
no 2515 ng
9 m k—1
+1 % 11/22 > E[nji—1wjy| Fri]
=2 1=2

SO CIETESER)

M=

fjl/ E[ 7] 11| Fr1] E [wj7l|]:k—1] + (E [’Yiﬂ]:k—l] B 1>

||
N

[y

(& DiitFia) - 1)

]

Since (2.53) can be expressed as the row sum of a martingale-difference array,

we can then utilize the martingale central limit theorem to show its asymptotic

78



normality. Notice that, even though :\, fi and 62 are estimated based on the as-
sumption that some of the observations are missing, asymptotically they can be
viewed as the same as those estimated in the complete-data case, as long as the
magnitude restriction of the missing rows and columns are satisfied. Also, unlike
the central limit theorem for sums of i.7.d. random variables, we use a weaker

version of the Lindeberg condition for the row sums of martingle-difference arrays.

Theorem 2.2.11 (Pollard 1984). Let {Ex(m,n)} be a martingale-difference array,
and let

Ui =E [Eg(m, n)]fk_l}

be a sequence of conditional variances for k =2,...,n. If, as m — oo,

n
(1) > Vi —p vy, where v >0
k=2

(2) for every d > 0, i P (Eg(m, n){|E(m,n)| > 0} |.7-"k_1) —, 0

k=2

then > Ex(m,n) —p N(0,v).

k=2
Remark 2.2.12. Using Chebychev’s inequality, theorem 2.2.11 (2) is equivalent

to

Zn: E [E,j‘(m, n)} —, 0.

k=2

In order to utilize Pollard’s central limit theorem, we need to show that

= Ao’ 11o”
E |£2 Fro1| —=p 2 t , 2.54
S [egm i) =2 (T (250
and
> E[&(m,n)|Fiaa] = 0. (2.55)
k=2

79



To show (2.54), we look at each of the cross terms and squared terms from E7 (m, n).

Notice that w;, is independent of v;: x, for j > 7, thus

E {(ijl,kwjyk)(’ﬁ,k - 1)|}—k71} =E [wj,k|fk*1}E[7j*Lk(712,k - 1)|~7:k71] = 0.
Similarly, since 7, is independent of ~;_; j, we have

E [vj, 16wk (0 — DIFsar] = E [(0},1 = DIFer] E [y, -1 pw;al Faa] = 0.
Next, for j; # jo,

E [V —1.6Wj kM5—1,6Wjs k| Fr1] = E [w, k| Frm1] B [Vj -1 60jo—1,6Wj5 | Fr—1] = 0,
and for j; = jo,

E [vj—1,5w; k75-1,k—1Wj k] = E [vj_1 w6 | Fre1]E[nj—1 k—1w; | Fr—1] = 0.

Thus all the cross terms have expectation zero conditioning on Fj_;. Now, for the

squared terms, we have
E {7?—1,kw32‘,k|]:k71} =E [ij—l,k‘fkfl]E[w?,k|fk71} =1

and

E [77]2',1@—1%2',4 = 77]2',k—1E {wjzk} = 77]2',k—1'
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As a result, we can write

zn:E [Eg(m, n)|}"k—1] = 2)\0225} [% 11} [ Jk] + HZE[
k=2 k=2j=2 k=2
QtQMOif:Ck%k 1 [ }
k=2j=2
2 2t% 10 -
_ ﬁkz:;(Ao +1)+ tﬂ;m;n?,k

=2 X+ 1+ u(1+ — ZZCkngkl
k2]2

- (AO + 1+ 2pg (1 + op(n—l)) ,
where the last equality is due to the fact that

. > GIE( oy — 1)7
P> Gy q — 1) >n) < =2
k=2

2n
<
n?e-‘rl

nQe

= Op(nil)'

Therefore, we have

n

> E[E7 (m, )| Fia] —p 2(Xo + 1+ o).

k=2
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Now, to show (2.55), first notice that by the multinomial theorem, we have

d 2 K
E E{é’k m,n)|Fr— 1} => ( ) ( OE &'%;- 1kwjk)
S1, 52,53

k=2 k=2|s|=4 n =2

72 1\ o / s3
1k 0 1/2
X ( N > ( ZC Wg,k—le,k) ;

where |s| = s1 + $2 + s3.

Combination type (s1,82,83)

(O, 1, 3),(07 3, 1)
Type A (1,0,3),(1,1,2),(1,2,1),(1,3,0)

(2,1,1),(3,0,1),(3,1,0)

Type B (4,0,0),(0,0,4),(0,4,0)

Type C (2,2,0),(0,2,2),(2,0,2)

Table 2.2: An list of possible exponent combinations for E [ei (m, n)|]:k_1].

There are 15 possible combinations for (si, s, s3), as organized in Table 2.2
above. To show that each of them converge to zero in probability, we will utilize
the assumptions that (j,&; < o(n_l/z), Zn:gk, ifj < 1, and vairous independence
properties from lemma (2.2.4). Now, l(];?)iing]:aft each combination type, we see
that the index combination from Type A all contain a term with an exponent of

1. In particular, when s, = 1, we can easily show that E {Eé(m,nﬂfk_l} =0

by factoring out E [(fyfk - 1)].7:;6,1}, which is equal to zero, from the rest of the
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term. On the other hand, when s, = 3, we can factor out E [y;_; yw; x| Fk—1] or
E [njk—1wj x| Fr-1], in either case will again give us E {5,3(m,n)|fk,1} = 0. Now,

when sy = 2, we have

zn:IE {Sﬁ(m, n)|}"k_1]

k=2
2t\/)\ 2 n
/—OMOZE (k= 1) 3 3 &M vimwws kG g k1w, k]l Fiea
J1=2 jo=2

= A0S [(42, 1) 17

X Z > &G P kB -1 Frea | E [ ]2-2,;6!-7:1@71}

The rest of the cases in the Type A category can similarly expressed due to the
independence between v;_i ,nj k-1, and w;y, so they are omitted here. Now, to
investigate the cases in Type B, first, consider the case when s; = 4 (which is

similar to the case when s3 = 4) :

4>\0 4

iE [c‘,’fj(m, n)|]:k_1} =

k=2 k=2 j1=2 j2=2 j3=2 ja=2

gjl £j2 §j3 §j4

X B [V, 10y kY a1 kWi kY js— 1 kWi b Vja—1 kWi k| F 1] -
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Notice that if all the indices are distinct, then by independence we can factor out

any one of E[w;, x| Fy_1], which would give us > 'E [Sﬁ(m, n)]}"k,l} = 0. Therefore,
k=2

we look at the two other cases: Case 1, when all indices are the same and Case 2,

when there are two distinct pairs.

Case 1,7 =J1...J4:

- 4o
S E[&i(m,n)|Fia| = =5 ZsﬁZE V1 Fiea |
k=2 7j=2 k=2
B 4)\0 9 .
= Z@ ZE hy L Fe— 1] [ j,k|~'rk:—1}
j=2 k=2
< O(l)(m —1)(n—1)—0.

n3
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Case 2, 71 = j3, J2 = J4 : Without loss of generality, assume j; > 75, then

= 4N
> E [E4(m, )| Fia] = =5 e S G [ 105 (105 Fi ]
k=2 k=2j1=2  j2=2
4>\
0 Z £, B [ 7]171,k7j271,k>2|fk71}

k=2 j1=2 Jj2=2

x E [w?hkfk_l} { j2 k|fk 1}

4o
; Z & B [ ’73171,Wj271,k)2|}—k71}
k=2 j1=2 J2=2
o)
< 3 (n—1)—0.

The last combination in Type B is when s, = 4, which gives us

2 -1 4 1
SLE

= 5> E[(v — V' Fr]

n

S E[g!(m,n)|Fis] = SE

k=2 k=2

thus Y E [E,f(m, n)|]-"k_1} = 0 for all combinations in Type B. Now, for the com-
k=2
binations in Type C, notice that when (si,s9,s3) = (2,2,0) (and similarly for
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(0,2,2)), we have by independence,

2
S E[&i(m,n)|Fia] = OZE (Zﬁjl/zwl,kwj,k) (35— 1)2 | Fle—1
k=2 J=2
2)‘0 2 2 2 2
ZZ@ [(71,k - 1) |]:k:—1} E [’7j—1,k|"l__}€—1] E {wj,ku:k—l}
k=2j=2
4)\
OZZQ [732—1,k|fk—1}
k=25=2
_o0M .

Finally, for the case (s1, $2,53) = (2,0,2), we have

zn:]E [S,f(m, n) |Jrk_1}

k=2
_ 2Xotho
mn

n n n n n
1/2 .1/2
XY EIY Y > > 5/ /ngl LWy kY ja—1,6Wa kMjs k—1Wiis kMja k—1Wia k| Fr—1
2

J1=2 jo=2 j3=2 js=2

Similarly to previous arguments, if all j/s distinct, then » E {5,3 (m, n)\]—"k,l] =0
k=2

by independence, since we can factor out any one of the random variables whose
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expectation is zero. On the other hand, if we have j; = j5 and j3 = j4, then

> E [ (m,n)|Fia| = 20 OZCk Z > E (i1 4wk ) (o105, ) [ Fra]
k=2 =2 j1=2j2=2

4M0)\0 ZCk’ Z §71

mn = ji=2
X iZE 71 4l Fim | E (w3, ) E 0, 1 Fimd | B [0, 4] Fies
J2=
- 0(1)7”77;”1 =0

Since in each case we have » E {5,3(771, n)|]-'k,1] — 0, this implies that & (m,n)
k=2
satisfies the weak Lindeberg’s condition. Therefore, we can use Theorem (2.2.11)

to conclude that

S Elm,n) o N (0,2 (o + 1+ £215))
k=2

Furthermore, since 77?-1 — 1 is a sequence of i.i.d. centered chi-squared random

variables with mean 0 and variance 2¢2, it follows that

zn:é'k(m,n) + \/%i(nfm ~1)=p N(0,2(M+1+8(u+1)))  (2.56)
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As a result, we can write

U (X ), 2(1+ N 0
Ao
—p N | 0, (2.57)
—m A (i — ) 0 2 (1 + puo)

which implies that

\/ﬁ <)\ o /\0) (124)3\0) 0
—p N |0, . (2.58)
2

vm (= o) 0 (12110)

Finally, to show the asymptotic normality for

V(3= d) V(- po) Vi@ -a) |

first notice that from the consistency result, we have

Vimn —mn* (Aio? = Aojiood)

= (1+ o(1)) vimn (Mi6® — Mofi6® + Mofi6® — Aopod* + Aopio6® — Aojtoa? )

= (14 o(1)) (Vmas®/n (A = Xo) + v/nded*Vim (i — o) + Vimdopov/n (62 — 02)) .
(2.59)
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n
Assuming o — p, where p is a positive constant, we can express (2.59) as

—Vn (6% = af) = ‘fﬁ(X—Ao) +¢52§¢E (fi — pto) - (2.60)

Since v/n (&2 — 03) is a linear combination of two asymptotically normal random
variables, we have that v/n (62 — 03) is asymptotically normal as well. Therefore,

we only need to find its covariance structure. Notice that

Cov (v (6% = o), Vi (i = o))

0 0
T [V (it = o)’ —2PT0ks (2.61)
Ho L+ po
Similarly,
C 52— o2 S— ) = —200k 2.62
ov (Vi (% =) s v (A = o)) = T, (262)
and

e [(vi(0* - o})] -

(W (5\ - /\0> _ rPoym (A — #0)>2]

Ho

= :0321[3 [\/ﬁ (5\ - /\0)2} + pZOgQE [\/E (7= MO)Q}

1 P
202 . 2.63
20 | ] (2.63)
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Thus, (2.61) — (2.63) implies that

A~ 2
Vi (A=) 0 A

N —p N |0, 2
Vi (= po) |77 He 0

A —2upo2 —2X\go2
Vn (62 —of) 1fﬂo° 1+§\00

90

204 {

—2)\00'82

1+)\()

72;@03
1+po

1
1+Xo

+

P
1410

}

(2.64)



2.3 Approximate likelihood estimation for ran-
domly missing data

So far, we have introduced and analyzed the approximate likelihood estimator
for the case when observations are missing in a block satisfying certain regularity
conditons. In here, we propose an alternative method to estimate A, u and o?
when the sampling sites have randomly missing observations. As before, let X be
a realization of the O-U process defined throughout this paper, and X € R™*™,
Suppose each sampling site (u;,v;) has a probability of p, 0 < p < 1 of being
missing. Let X©) = {X J(O)};”:l denote the set of data that is available, where each

X ](0) is the 7™ column of X (. In this section, we define the following notations:

« n; := number of available observations for each column X }0)
e K := set of indices for each available observation in X ](o)

. ng’]?, =E[X ](-o), X J(? ], an n; X ny covariance matrix between column X j(o) and

column X ](-/0 )

. BJ(Z)/ = {e‘“‘”’f_”k"}(k,k/)eKijj,, such that 25’?’ = 0264'“1'_“3"'3](-3-)/

We propose to approximate the likelihood function of (A, iz, 02) given X (©) based

on the Markov property of the full-observation case:

F (N a?l0) = £ (XO) I, f (X171X17). (2.65)

(0)

where each of the conditional variable is a multivariate normal with mean My,
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and covariance matrix O'2B](-|oj)71. Let [ ()\, 1L, 02|X(0)) = —2log (f()\, 1L, 02|X(0)), then

! (>‘a Hs 02|X(0)) — (f:l nj) log (27r02> + f:lln ’Bj('rj)—l’
j= =

- (107 (812) "

# s [( - (B (7 )] e

where
(0) 0 =1
Mjlj—1 = ) (2.67)
e_A‘uj_uj71|B§?j)—1 (B§(i)1,j_1) X](i)l j=2...m
(0) 0By j=1
Bjjj1 = e ) . . L
g {Bjj —e ‘Uj_uj_l‘Bj,jfl (Bj—l,jfl) Bij] Jj=2,...m.

(2.68)

Comparing (2.66) to the likelihood functions defined in (1.8) and (2.6), a main
difference is that the covariance matrix B](.‘Oj)_1 no longer has an explicit tridiagonal
inverse. This is not necessarily infeasible in the sense of computation, especially
since today’s computers have become much more efficient in handling large matri-
ces. However, due to the missing observations, we cannot find an explicit way to

express the inverse of B'%

-1 which means that the approximation technique used

in [24] for the quadratic form may not be a good tool for the asymptotic analyses
here. One way to tackle this problem is that, instead of trying to find an explicit

form for the inverse of B](.fj)fl, we look at ways to approximate the matrix using a
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version of power series expansion with finitely many terms. To this end, consider

the following definition

Definition 2.3.1. Let G = {gu}r =y € RV*N be a positive-definite tridiagonal

matriz. Define the terms of L := {lkl}kN,l:1 by the following:
o lkk = \/gkkak =1orN

L4 lk,kfl = k1 and lk,k =\/9kk — ll%,kflv k= 2, ey N -1

le—1k—1

Then L is a lower bidiagonal matriz and G = LL'.

To see how the bidiagonal matrices in definition (2.3.1) relate to our problem,

notice that

Bl _ gl _ 672,\|ujfuj,1\Bj(70j)71<B(,0) )713(0)

Jli=1 7“5 J=1j—-1 J=Lg

(2.69)

-1
the fact that (Bg('i)1,j_1) is a tridiagonal matrix allows us to choose a lower

-1 ,
bidiagonal matrix L;, as defined in (2.3.1), such that (Bj((i)17j,1) = Lj 1L, ;.

Therefore, we have

B(O)

Jli—1 = Fg

— B(O) _ 6—2)\|Uj—Uj71‘B(O) LjflL;_lB(O)

.77]71 ]717]

— (LTYL - €—2>\|uj—ujf1|(BJ(0) Lj_l)(B(-o) Li_1)

J—1 Ji—1

= (L7 = Cj=1 Gl ) L5, (2.70)

li—1

93



where

Cj|j—1 = 67)\|uj7uj*1|L;-B(-o) Lj71.

J:jfl

As a result,

(0) —1 —1
(Bi)y) =L (I—=CyaCyyy) L (2.71)
Notice that, using spectral decomposition, a d x d positive semi-definite matrix,
say M can be represented as 2% _, Aee, , where {ez, k=1,2,...,d} is an or-
thonormal basis of the eigenspace of M. This implies that, we can represent
(I—C’jU_lC’]’.‘j_l)_l as a convergent power series if all the eigenvalues of Oj\j—lcg/'\j_1

are less than 1. To this end, consider two random variables Y} ;_; and Z;;_;, de-

fined as follow:

J

o o ° - 7
. Y}-,jil — L; (X]( ) _ B]('J')fl (quf)l,jfl) X()1> LJ

-1
© Zjj1= B](‘,Oj)q (BJ@LJ'A) X_](i)l

Then Yj ;1 and Z;;_; are two multivariate normal random variables with mean 0

and covariance matrices 0?(I — Cj;_1C; ;) and 0°Cj;_1Cj;_, respectively. As-

suming both random variables have a non-degenerate distribution, we have that

their covariance matrices are positive-definite, which implies that they each have

a spectral decomposition with positive eigenvalues . Let 6 be an eigenvalue of

I— Oj|j*10]/'\j—1’ then

which implies that 1 — ¢ is an eigenvalue of C j,lC;| j—1- By definition of positive-
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definite matrices, we have that 1 — § > 0, which implies 0 < § < 1. Thus, we
can approximate ([ — Cjjj-1C e 1) using a finite number of terms in the power

series. Let
K

k
;U*l - Z (CjU 10 Jli— 1) ) (273)

k=0

we propose to approximate (2.66) by:

I* ()\ 0% X °)> (ZTL]) log (27“7 ) +ZIH‘B]|J 1

7=1

e (X0 (87
b S i (32 67 - migL)] 27

In this definition, we have replaced the inverse of E§T}_1 with a finite sum of terms
that does not involve inversing any matrices, which could potentially ease the
process of analysing the asymptotic properties of the estimates for A, i1, and UAQ,

which are solutions to

0 0 0
U =0,—-0"=0,-530"=0 2.75
{ o\ "o " Do? } ( )
Intuitively, the number of terms to use in the approximate likelihood function
would depend on the true parameter values as well as the grid size. We investigate
the effect of grid size and parameter values have on the accuracy of the power
series approximation using simulated data. In Figure (2.3) below, we see an exam-

ple of how accuracy of the power series approximation changes as the dimension
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of the sampling grid increases. Although investigating the theoretical properties

Estimation Error using Power Series Expansion, with fixed N = 30

0.07
-©=-M=21
-0 ~-M-=31
Q -0 =M= 41
0.06 - -© =M =51
' -© -M=61
| M =71
! -© -M-=81
0.05-
1
_ Q
S 1
© 0.04
> '
S o®
s \
& 0.03F v
: §
1
0.02 *Q ()
\ \
Q ®
\
0.01F § Q
Q@ @
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Number of approximation terms

Figure 2.3: Comparing accuracy of the power series estimation of 2§T}71 with

varying grid sizes (N fixed, M varies). Shown in figure is the mean entry difference
M
() \7! x
between (2j|j—1> and Z%Gﬂj_l'
J:
of estimators from (2.66) would be of great value, in this thesis we devote our
attention to inspect the numerical aspect of this estimator. In particular, our goal
is to show, through numerical experiements, that estimators from (2.66) and (2.6)

behave similarly, which can hopefully be used as a basis for developing theoretical

properties in future investigations.
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Chapter 3

Implementation

In this chapter we investigate the approximated likelihood estimators through a
series of numerical experiements. The main steps involved in the implementation
includes the following: data simulation, missingness simulation, and numerical
experiments using large number of realizations. When evaluating the approximated
likliehood functions, the maxima are obtained using Newton’s method. To this end,
let X be an M x N O-U field with parameter values Ao, y1o and o2. In the following

numerical experiments, we simulate X using SZ, where

o Z ~ Nyn(0,1)isan MN x 1 vector of standard normal random variables

e S is the MN x MN cholesky decomposition (i.e. SS" = Cov(X)) of the

covariance matrix of the O-U field with parameters \g, p1o and .

As an example, consider X with parameters M =59, N =43, A =3.6, u = 2.1
and o? = 5.9 and the following two cases: X,, (equally-spaced sampling sites) and
X (arbitrarily-spaced sampling sites). Figures (3.1) - (3.2) illustrate two different

realizations of X with missing observations either following a block or a randomly
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distributed pattern. Figures (3.7) and (3.4) then illustrates the corresponding
likelihood functions in each spacing arrangement and missing data scienarios. As
we will see from this example, the spacing of the sampling grid does not appear
to have much effect on the behavior of the likelihood functions, as they both have

very similar shapes with a minimum close to the true parameter value.

wihcompletedata  AealzaionolXwin .05 of the data missing randornly

i-'qq.'l.l- . i II B I "!= i
i i

Tl e | By,
e ey

os|
P
07| ] o

0
o1

'
03]

]
i
s 1

(a) Complete data (b) Randomly missing data (c¢) Missing block

Figure 3.1: A realization of X, with two types of data missingness

m g
g
“
" l‘ﬂ
‘
e

(a) Complete data (b) Randomly missing data (¢) Missing block

Figure 3.2: A realization of X, with two types of data missingness
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Figure 3.3: A comparison of the approximated likelihood functions to the complete-
data likelihood for X.,. The blue plot is the complete data likelihood, while the

red plot indicates the likelihood function for the randomly missing data case, and
the green plot is the approximated likelihood function for the missing block case.
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Figure 3.4: A comparison of the approximated likelihood functions to the complete-
data likelihood for X,,;. The blue plot is the complete data likelihood, while the
red plot indicates the likelihood function for the randomly missing data case, and
the green plot is the approximated likelihood function for the missing block case.
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3.1 Illustrative example with simulated data

The purpose of this example is to investigate the numerical properties of the ap-
proximated likelihood estimators with respect to a particular set of parameter

values, where
° M == 39, N - 33
e X\ =132,0=>51and 02 =4.18

The experiment is set up according to the following : we generate 300 equally-
spaced realizations using the parameter values above, and with each realization
we look at four different levels of missing observations : [0.01,0.06,0.11,0.16].
With each missing level and each realization, we then estimate the values of A, u
and o2 using the approximated likelihood estimation proposed for each of the
missing pattern. In particular, for the case when the observations are randomly
missing, we used a finite series of eight terms to approximate the matrix inverse.
We then compare the summary statistics from the resulting estimates to those
obtained using the EM algorithm, where in each iteration the missing values are
replaced with a conditional expectation drawn from the distribution based on the
current parameter estimate (See Appdendix B for a more detail description of the
implementation steps).

Notice that, in this experiment, instead of attempting to compute the asymp-
totic distributions of 5\, fi and 62, we intend to assess the properties of the param-
eter estimaters under our proposed method in a smaller dimensional setting. By
doing so, we hope to provide a realistic snapshot of how our estimation scheme will

perform in practical scenarios, where the potential applications could be model-
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ing data collected from agricultural experiments, weather monitoring stations and

public health studies.
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Figure 3.5: Histograms of ;\, fi and 62 obtained from the approximated likelihood
estimators, where data is missing in a single block. Notice that the spread of the
distribution is proportional to the value of Ay, 1o and o
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Figure 3.6: Histograms of 5\, fi and 62 obtained from the approximated likelihood
estimators, where data is missing randomly throughout the field. Similarly, in here
the spread of the distribution also appears to be proportional to the value of Ag, g
and o3
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Bias
% of missing observations
Missingness | Estimation | Parameter

Pattern Method 1 6 11 16
A 0.0083  0.0084 0.0111  0.0123
Approximated i 0.0086  0.0085 0.0110 0.0139
Likelihood &2 0.0091  0.0096 0.0107 0.01584

Block
A -0.0377  0.1299  0.2418  0.4196
Expectation i -0.0193 0.2149 0.3113  0.4399
Maximization &2 0.0252 -0.0724 -0.1026 -0.1337
A 0.00934 0.00838 0.0074  0.0091
Approximated it 0.0108  0.0049 0.0097 0.0106
Likelihood &2 0.1204  0.1245 0.11 0.1296
Random

A -0.0349 0.1692  0.3187 0.4786
Expectation il -0.0201  0.2876  0.4945 0.7504
Maximization &2 0.0213  -0.1791 -0.3259 -0.5227

Table 3.1: Summary statistics comparing the bias of 5\, fi and 6% estimated using
the approximated likelihood function versus the EM algorithm. Two scenarios
(missing block, randomly missing) are simulated with varying proportion of the
observations missing.
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Root Mean Squared Error
% of missing observations
Missingness Estimation | Parameter

Pattern Method 1 6 11 16
A 0.1370 00.1370 0.1418 0.1477
Approximated it 0.2311  0.2352  0.2377 0.2529
Likelihood o 0.1696 0.1696 0.1753 0.1858

Block
A 0.4148  0.4197  0.4609 0.5607
Expectation i 0.5343 0.5630 0.6116 0.6994
Maximization o 0.5853 0.6174 0.6439 0.6745
A 0.1270 0.1313 0.1434 0.1492
Approximated il 0.2158 0.2203 0.2395 0.2366
Likelihood o 0.3413 0.3310 0.3510 0.3623
Random

A 0.4111 0.4214  0.4882 0.5908
Expectation il 0.5373 0.5859 0.7015 0.8810
Maximization o 0.5815 0.6422 0.7231 0.8531

Table 3.2: Summary statistics comparing the root mean squared error of 5\, i1 and
&2 estimated using the approximated likelihood function versus the EM algorithm.
Two scenarios (missing block, randomly missing) are simulated with varying pro-
portion of the observations missing.
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Standard Deviation
% of missing observations
Missingness | Estimation | Parameter

Pattern Method 1 6 11 16
A 0.1350 0.1369 0.1418 0.1474
Approximated il 0.2314 0.2354 0.2378 0.2529
Likelihood o 0.1695 0.1696 0.1753 0.1854

Block
A 0.4138 0.3998 0.3931 0.3726
Expectation il 0.5328 0.5212 0.5272 0.5446
Maximization o 0.5857 0.6142 0.6367 0.6623
A 0.1269 0.1313 0.1434 0.1492
Approximated [ 0.2159 0.2206 0.2398 0.2568
Likelihood o 0.3301 0.3409 0.3495 0.3614

Random
A 0.3469 0.3705 0.3866 0.4103
Expectation il 0.4623 0.4983 0.5114 0.5373
Maximization o 0.5821 0.6177 0.6465 0.6754

Table 3.3: Summary statistics comparing the standard deviation of 5\, fi and 62 es-
timated using the approximated likelihood function versus the EM algorithm. Two
scenarios (missing block, randomly missing) are simulated with varying proportion
of the observations missing.
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Figure 3.7: A comparison of the approximated likelihood functions to the complete-
data likelihood for X.,. The blue plot is the complete data likelihood, while the
red plot indicates the likelihood function for the randomly missing data case, and
the green plot is the approximated likelihood function for the missing block case.
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Estimation

Approximate Likelihood | Expectation Maximation
method

Missing

pattern block random block random

Computa-
tion time
(seconds 4.93 3.95 9.54 16.68
per real-
ization)

Table 3.4: A comparison of computational time for ), 4 and o2 using each estima-
tion method

3.2 Remark

From the numerical experiments we noticed that, unlike the EM algorithm, both
approximated likelihood methods rely only on information given by the available
data and do not involve any iterative steps and imputations in the algorithm.
These features result in a speedier estimation process, as they eliminate the need
to repetitvely compute matrix inverses (see Table 3.4). Although the estimates
show an increasing level of bias as number of missing observations increase, this
is not unexpected and we see that the overall accuracy is still within a reasonable
range. This suggests that the estimators will likely provide good results even in

the presence of missing observations.
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Chapter 4

Conclusion

In this work, we proposed an approximate likelihood estimation method for the O-
U process, defined on a two-dimensional lattice with missing sampling sites under
two scenarios of data missingness. By imposing the Markov property from the full
observaion case on the approximated likelihood function, we elimated the compu-
tational burden of computing high dimensional inverse for the missing block case.
Moreover, the asymptotics for the approximate likelihood estimate in the missing
block case show simlar result compared to the MLE, as long as the size of the
missing grid is under control. While for the case with randomly missing observa-
tions, we replace the inverse of the covariance matrix with a finite matrix series
approximation and show that numerically, they yield similar results compared to
the missing block case.

Based on these preliminary results, it is reasonable to set up a conjecture
assuming similar asymptotics for the approximated likelihood estimators between

these two missing data scenarios. The main challenge in proceeding with analyzing
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the randomly missing observation case is that, due to the pattern of the missing
sampling sites, we can no longer analyze the likelihood funtion by utilizing the
tridiagonal inverse matrices that result in the full data and missing block cases.
However, we could potentially develop theoretical analysis by approximating the
inverse of the covariance matrix using a finite number of binomial expression terms

described in section 2.6, this would be an interesting direction for future work.
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Appendix A: Derivatives involved

in obtaining the MLE

First and second derivatives of B~!(u)

Let B~'(u) € RY*Y be the tridiagonal inverse matrix from the OU process. Let

b be the kI entry of B~!. For k = 1,..., N, define the following:

° bk — e_uck

o Gkb?
b* (1— b2)

. b** _ _Ckbi(l"'b%)
ko (1-b3)3

Then we have:

>k 2 ok
o gibvy =20y, 5 Ppyn = —Ab%

Db = —2(0f + Vi), Db = —40F + b7 ), k=2, N — 1

b (1462) b
bkk 1= Ck(lk(ll);r)z ;8ubkk 1= (f bf) [1+ 6b7 + by
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Partial derivatives of [(6|.X)

The MLE 0 is the root of the gradient of (6|X), using the Newton’s, the update

mechanism is as follow:

Mct| M| o hau|  |diy

Hp+1 Hp hux Py dly,
L J L L . L 2w =(Nisni)

where
2&} 72/\5’ 2 M fje_ASjXTle_l(X.J‘ — e_’\ng.,j_l)
diy =N Z 1 — 205 ; Z ’ 1 — =27
Ee 2 v T p-1 —A;
Z (1 — 262 P (X=X ) BT(X e X ) (2)

20}, e 2HGi 1 T .
dl, = M Z g T | XA DuB X
a 5 6_2A§J —AE; T -1 —AE;
]:2
=2 2 M (1+e )X B 1(X j—e™MX ;)
2= wj—1 J =1
NZ _ —2>\§] ) z_:f (1 _ €—2>\5]-)2
B —Aﬁaij_lB 'Xojo1 27X BTHX j—eMX )
1—e 2 (1 — e=2M;)2
_ 26_)\77j<1 + 6_2)‘771')()(.’]. — €_Aan.7j_1)TB_1(X.,j — G_Aan.,j_l) (4>
(1 — e 2)3
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- [&e XY DB (X1)

= 1 — e2Mn
e (X — e X ) D BT X — e X )
(1 _ 6—2/\77j)2 (5>
_ 1 % oy [ X1 DB (X — e X ) 6
- o2 — 1 — 6*2)‘%‘ ( )

— (X.’j — G—Aan.,j_l)TDuB_l(X.J‘ — G_Aan.7j_1>1

- M ol _4C2 —2uG; 1 XT D2 -1
’;2 1-— 6*2#@) * ; » MB X.71+
kj = ] (X g (& )\UJX.’j_l)TDzB_l(X.’j — G_Aan.,j_l)
M 1 —e 2y (M
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Appendix B: Implementation

steps for the EM algorithm

The EM algorithm is one of the most widely-used methods in model-based infer-
ences when there are unobserved or missing data, or when the likelihood function
cannot be found explicitly. Based on the idea of ‘guess, update and repeat’, it iter-
atively computes the MLE of parameters using available information and updates
its corresponding expected likelihood function. Many examples of its application
has been chronicled in multiple papers since before its formal introduction in the
1970s. While some theoretical foundation was laid by Orchard and Woodbury [8],
it was Dempster, Lair and Rubin [3] that first gave the EM algorithm its name and
wide popularity via their classic paper in 1977, where they defined a generalized
framework for the two-step method and presented theoretical details on asymptotic
convergence. Later, Wu [22] furthered investigated the convergence properties on
the sequence of EM estimates. To formally describe the algorithm, let ) be a sam-
ple space and © be a parameter space. Consider a set of n observations Y € ),
we can write Y := (Yops, Yimis), where Yjos is the set of observed data and Y is

the set of unobserved or missing data. Notice that by unobserved we mean data
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from hidden variables, while missing data refers to the case when the data could
have been observed directly. We assume Y has pdf or pmf f(Y'|0), where § € ©
unknown. One way to estimate # is by maximizing the incomplete data likelihood

given by Y, defined as :
L(0]Yops) = /f(Yobs,Ymisl‘g)deis'
Then, the goal is to find 6* s.t.
0" = argmaxyco L(6]Yops),

and if L(:|Yys) is differentiable and unimodal, we can find the MLE by solving
for 2 InL(A|Y,s) = 0. The iterative step comes in when explicit solutions are
not available, in which case, instead of solving for the maximum likelihood, we
look at the expected likelihood function given Yjos. We define the following: for

p=20,1,2,...

E-step : Let [(0|Y) =In L(0]Y). Compute
Q(016™)) := Egn (1(0]Y)| Yars) = /l(9|Y)f(sz’smbs’9 =0)).
M-step : Find Y s.t.

Q(Q(p+1)|9(p)) > Q(&\H(P)) for all 0 € ©.

Repeat until [§P+) — 9P| < ¢
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In our case, suppose there are a total of n(*) observations missing at random for the
realization X, and let n(®) be the number of remaining observations, so that M N =

n® + n we can partition X into ‘observed’ and 'unobserved’ compartments:

X(o) On(O)Xl Zoo Zou
X = ~ NMN ) ’ (8)

X(u) On(u) x1 Z:uo Euu

where
o (o) . . .
e Yo € R xn g the covariance matrix for the observed data,
o Yuu € R 7™ s the covariance matrix for the unobserved data, and

o Y, € R *1? i the covariance matrix for the unobserved and the observed

data, and %, = X1 .

The E-step of the EM algorithm in our case requires the conditional distribution
of X |X© 9®) where P is the set of current estimates for the parameters A, p

and 0. Notice that from (8), we have

TL(u) u w)\/ u — u u
FIX@X© 9Py = (27) "2 | S| 1/2(X 1 —m) (SED) X () —m() (9)
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where S™ = ¥, — Yuo(Zoo) 180w, and m™ = 3,,(X,,) 71X ). This means that

Q016" := Eq[I(6, X)| X', 6V = /l(9|X)f(X(“)|X("),0(p’)dX(“), (10)
= MN |3+ EX'S x| X© 9P, (11)
MN MN
= MNh’l ’Z’ —|— Z Z QsijE[iL'ijiL'i/j/lX(o),e(p)],
i,j=14'j/=1
(12)

where ¢;; is the ij-th entry of ¥~!. In particular, the value of E[xij7xi,j, |X () 9P
depends on the (un)availability of the sampling site. Thus, the E-step essentially
uses a conditional random field evaluated using S and m® at the current param-
eter update 6?), which implies that the likelihood function can be expressed using
equation (1.8) with respect to the conditional data. Schematically, the algorithm

can be summarized in the following steps.

1. For p=0,1,2..., generate a random field X'?) with ‘complete’ observation

under parameter estimates 2P AP and pP),

2. Define a mapping M : © — O, and choose §®+) € M(6®)). In our case,

the mapping can be expressed as

{6 € ©:E[1(0)|XP 6P <E[1(9)|XP 4P},
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In particular, each element of #®*+Y is updated according to the following:

0

APHD — £3 - ZR[I(9)| X P, 6] = 0}
(2
0

pPrY = {4 aiE[l(g)’X(p)’ 0P =0}
o

oty _ (XY B (urt ) X
MN
M (X;P)_ef)\(?""l)Xi(f)l)lefl(M(p+1))(Xi(P)_67A(p+1)Xi(_p)l)
. 1=2 173—2>‘(p+1)5i

MN

3. Repeat until convergence or maximum step number is achieved.

In other words, this is partly an imputation-based method using the neighboring
available observations of the missing sites. The motivation for this approach is
based on the assumption that observations that are closer together have higher
correlations, thus it is reasonable to estimate parameter values from the incom-
plete random field, where the missing sites are replaced with conditional means
based on information near them. The appendix lists the explicit derivatives of
the likelihood function, as well as the expressions implemented in the Newton’s

method for find the MLE.

Properties of the EM estimates

In general, the @ <-|9(p)) is a monotone function of p, and % is guaranteed con-

vergence to at least a stationary point of 1 (9]Y).
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Theorem B.1 (Dempster, Laird and Rubin,1976). Fvery GEM algorithm in-

creases 1(0|Y,ns) at each iteration, that is
L0 Yans) > 1 (07 Yos) -
Proof.

f(Y|9> - f(Yobs’ Ymi8|9)

= f(Yobs|0) - f (Yimis|Yovs, 0)

thus the corresponding log-likelihood decomposition is

1O)Y) = 1(0]Yops) + I f(Vinis| Yobs, 0).
From the same decomposition, we also have

L(01Yops) = L(O]Y) = In f (Vinis[Yobs, 0) (13)
Now, at iteration p in the E-step, (13) is expressed as :

107 Yogs) = QUO19P)) — H(90), (14)
where

QUOI0™) = [ UOIY) (Yol Y, 0 = 6),
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and
H©I0) = [0 Vil Vosos OLF Vo Vs, 0 = 09) Y i
Note that since In(-) is concave, by Jensen’s inequality
H(0|9(p)) < H(g(p)|9(p))

Thus, the difference in two consecutive iterations in (14) is :

l(g(pH) ‘yobs) _ l(g(p) D/obs)

= [Q(OPV 9Py — Q8P 9P| — [H (6D |9P)) — H (9P |9))] .

>0 by definition of M-step <0 by Jensen’s inequality

This implies,
L(OPHDYops) > 1(6P[Yop,) for all p,

with equality if and only if both

Q(Q(p+1)|9(p)) — Q(g(p),g(p)) and H(g(pﬂ),g(p)) — H(g(p)|9(p))_

]

Thus, we can see from Theorem (B.1) that, if the likelihood function is bounded,
then [(6®)|Y,ys) must converge to some value I*, and if 1(®)|Y,,) is continuous,

then that implies 8 — #* as well. Of course, the first question that arises is
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whether [* and 6% correspond to the MLE of the problem. To answer this question,

we look at the following theorem from Wu [22]:

Theorem B2 (Wu,1983). Let {6,} be a general EM (GEM) sequence generated

by 0,11 € M(6,) and suppose that
1. M is a closed point-to-set mapping over the compliment of the solution set

S, and

2. L(0p+1) > L(6,) for all 6, & S (and vice versa if using negative likelihood

function).

Then all the limit points of {6,} are stationary points of Lm and L(6,) converges

monotonically to L* = L(0*) for some 6* € S.

Furthermore, it is stated that a sufficient condition for the closeness of M is that:
Q(A16™) is continuous in both § and §. (15)

To show that the ) function in our problem is continuous, it is enough to show

2

that it is continuous in both A and u, since ¢ can be completely derived from

them. Notice that, since

M N
MN|S| = MN[log(2r) +log(c?)] + N> log(1l — e ™) + M Y " log(1 — e~ 2#4)
i=2 k=2

(16)

is clearly a continuous function for A,  and 2. On the other hand,

Yl =0?AN) '@ B(p) !
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with the terms of A(\)~! being in the form of:

= 1
* Q11 = 7”2

—dZ
= _ 1
* aMm = 1—ay,
-1 1 B
[ ] azu - 17@? + 170,?_'_1 1,@ — 2,...7M 1
_  _a; - .
* Uiji—1 = 17;; = U;_14,1 = 2,...,M
K2

with a;; = 0 if |i — j| > 1, and a; = e~ ~%-1l. The terms of B~(1) are expressed
similarly. Since each of a? is strictly between 0 and 1, we have that the terms for
A7L()\) are continuous for A. This implies that the entries of ¥ =1 are continuous
for both A and p. Since Q(A|0®) depends on the term || and ', we have that
Q(0|6)) is continuous in A and x as well. To show continuity in A®) and u®, note

that

TijTirjr if both x;;x;; are observed
E[xij$i’j/|x(o)a9(p)] =

2 E[zy;]X© 0] if only x5 is observed, and vice versa.

(17)

Now, the terms E[z;;/| X, 0®)] and E[z;;zy;| X, 0®)] are elements of m™|,_y)
and S™|,_gw respectively. Thus, we need to show that m™|,_ye and S™|p_yw)

are continuous in ). Note that

S(U)|9:9(p) = (Euu - (200)_120u)|9:0<1’) (18)

since X, is a sub matrix of ¥ formed by deleting the rows and columns corre-
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sponding to the observed data , each element of ¥,,|s_g» can be expressed as
cither o2 or

O (19)

where ux and vk are some constant strictly between 0 and 1. Thus, S,,|0w is
continuous for \®), p(p) and 02® Similarly, the elements of ¥,,|y_gw are of the
same form since it is also a sub matrix of ¥.. It remains to show continuity of
Yot o—ow - To this end, consider an n x n matrix A, then its determinant can be

expressed as

det(A) == Zo’(alaa'Q,B Tt any) det PO' (20)
where
« each o corresponds to a distinct permutation of (1,2,...,n),
e (a,f,...,v) is the set of indices with respect to that permutation, and

o P, is a permutation matrix whose determinant is either 1 or -1.

Using Cramer’s rule, A~! can be expressed as

CT
~ det(A)’

At (21)
where C' is a matrix of co-factors for A, which again is a linear combination of the
products of the elements of A, but with order n — 1 instead of n. Now, the terms
of ¥, follow the form in (19), thus the elements of X! are therefore continuous.

0

Since products of continuous functions are still continuous, continuity of S () lo—o(e)

127



is therefore satisfied. It follows that m™|y_s0 = Luo(Teo) ' is continuous as

Yuo = 2L .
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Appendix C: MATLAB code for

numerical experiments

This section lists the MATLAB source code that is used for all the simulation

studies in this paper

Simulation of randomly missing observations in

the random field (OU MISS.m)

%% OU_MISS.m

%% Function to generate missing observations for OU_SIM
%% Author : Sami Cheong

%% Date : 7/29/14

%% Version : 1

o\

function X_miss= OU_MISS (X,miss_level)
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% INPUT:

% X = complete—observation Gaussian random field.

% miss_level = % of the observations that is missing

% OUTPUT:

% X_miss = X with randomly missing values according to miss_level

function [X_miss,miss_ind]= OU_MISS (X,miss_level)

N=size (X, 1);

M=size (X, 2);

X=reshape (X, [N*M,1]);

% Create missing observations using Bernoulli distribution with
% probability defined by 'miss_level':
miss_ind=binornd(l,miss_level,NxM,1);

o)

% Or randomly permute the sampling sites:

% perm-ind = randperm(NxM) ;

% Choose the % of observations missing as represented by the index:
$miss=perm_ind (l:floor (miss_levelx* (NxM)));

X_miss=X;

X_miss (miss_ind==1)=NaN;

X_miss=reshape (X.miss, [N,M]);

miss_ind=reshape (miss_ind, [N,M]);

Simulation of missing blocks in the random field

(OU_BLOCKMISS.m)

%% OU_BLOCKMISS.m
%% Function to simulate a block of missing observations in a random

%% field
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o\
o

function [Y,K1,J1] = OU_BLOCKMISS1 (X,missing_prop)

o\
o\

o\
o\

INPUT

o\
o\

X = matrix of realization of a random field

o\°
o\

with complete observations

o\
o

missing_prop proportion of the observations that are missing
function [Y,K1,J1] = OU_BLOCKMISS (X,missing_prop)
if (missing.prop <= 0 || missing.prop >=0.45)

error ('missing level must be strictly between 0 and 0.45")
else

end

% get dimension:

=z
Il

size(X,1);

=
Il

size (X, 2);
% Total number of observations

% generate the block dimension according to level of missingness:

o

C is the area of the missing block,

o\

we need to generate dimensions of the missing block
Y=X;
C=round (1/missing_prop) ;
factor = [9 8 7 6 5 4 3 2];
i=1;
while i < length (factor)
if mod(C, factor (i))==
Cl=C/factor (1i);
Cc2=C/C1l;
i=i+1;
else

Cl=floor(C/3);
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C2=floor (C/C1);
i=1i+1;
end

end
Nl=round (N/C1);
Ml=round (M/C2) ;
% generate an index to start the missing block:
kl=randi ([3 floor (N/4)1,1);
jl=randi ([3 floor (M/4)]1,1);
Kl=kl:1l:min((kl+(N1-1)),N);
Jl=91l:1:min (j1+(M1-1),M);

% Assign NaN to the resulting block

Y (K1, J1)=NaN;

Conditional random field (OU_COND.m)

%% Evaluate the conditonal mean and variance given incomplete X

o\

OU_COND.m

o\

function [X_cond, S_oo, S_uu, S_ou, S_uo]=0U_COND (X, Gamma)

o\

INPUT:

o\

X = N-by—M centered Gaussian random (OU) field

o

(with missing observations).

o\

Gamma = Covariance structure of the OU field,

o

evaluated at the current parameter value.

o\

o

OUTPUT:

o\

X_cond = Random field where missing observations are replaced with

o\

conditonal mean.
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% Cov.cond = conditional covariance matrix for the unobserved samples
function [X_cond, S_oo, S_uu, S_ou, S_uo]=0U_COND (X, Gamma)

% reshape X into a MN-by—-1 vector:

N=size (X,1);

M=size (X, 2);

X= reshape (X, [N*M,1]);

% get unobserved and observed indices:

[Unobs_ind] = find(isnan (X)==1);

[Obs_ind]=find (isnan (X)==0);

% Partition the covariance matrix S= [S_.oo | S_ou; S.uo | S_uu]:
S_oo = Gamma (Obs_ind, Obs_ind) ;
S_uu = Gamma (Unobs_ind, Unobs_ind);

S_ou = Gamma (Obs_ind, Unobs_ind);
S_uo=S_ou';

X_obs=X(0Obs_ind) ;

Xstar=S_oo\X_obs;

X_unobs = S_uox*Xstar ;
X_cond=X;

X_cond (Unobs_ind)=X_unobs;

X_cond=reshape (X_cond, [N,M]) ;

Inverse of the complete-data covariance matrix,

matrix square root and related derivatives

Explicit form of B!
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o\

% This function computes the exact inverse of the
$%covariance matrices used in the OU process

function B_inv = OU_COVINV (b)

o\

INPUT:

o\°

b = vector of elements that form the sg matrx.

o\

e.g. b(l:N)=exp(—mu.xnu(l:N));

o\°

Assign values to border elements:
N = length(b);
B_inv (1,1)=1/(1—(b(2))"2);
B_inv (N,N)=1/(1—(b(N))"2);
for k=2:N—-1
B_inv (k, k) = 1/(1—(b(k+1))"2)+1/(1—(b(k))"2)—1 ;
end
for k=2:N
B_inv (k,k—1)=—Db (k) / (1—(b(k)) "2);
B_inv (k—1,k)==b (k) / (1-(b(k)) "2);

end

Bidiagonal matrix square-root of B!

%% This function finds the lower—bidiagonal

o\

% matrix square—root for a symmatric tridiagonal matrix

o\

INPUT:

o

G = symmetric tridiagonal matric

o\

OUTPUT:

o\

L = lower bidiagonal matrix such that G=LxL'
function [L]=0U_SQRTM (G)

if norm(G—G') > 0
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error ('G must be symmetric and tridiagonal')
else
end
K=size (G, 1);

L=zeros (K, K) ;

L(1l,1) = sqrt(G(1,1));
L(K,K) = sqrt(G(K,K));
for j=2:K

L(j,3-1)=G(3—1,3)/L(3-1,3-1);
L(3,3) =sqrt(G(3,J)—-L(3,3-1)"2);

end

Computing D,B~' and D,B~!

%% This function computes the derivative of

$% the inverse of the covariance matrix B —1 (\mu) :

\o

5 function DB_inv = OU_DBINV (mu, V)

function DB_inv = OU_DBINV (mu, v)

% INPUT:

% mu = parameter value for B (mu)

% v = Vector for the vertical coordinate of the random field
% OUTPUT:

o\

DB_inv = A matrix of derivatives for B —1 (\mu)

o

Assign values to border elements:
N = length(v);
DB_inv=zeros (N, N) ;

% standaridze vectors into column vectors

if size(v,2) =1

135



V=V;
else
end

nu =[0; abs(v(2:N)—v(1:N—-1))1;

b = exp(—mux*nu) ;

b_sg=b."2;

DB_inv (1,1) = —2xnu(2)+*b_sq(2)/((1l-b_sqg(2))"2);
DB_inv (N,N) = —2*nu(N)x+b_sq(N)/((1-b_sqg(N)) "2);

for j=2:N-1
DB-inv (J,J) = —2+(nu(Jj)+*b-sq(J)/ ((1-b_sq(3))) 2
+nu (j+1) xb_sq (J+1) / ((1-=b_sg(3+1))) "2);
end

for j=2:N

DB_inv (j—1,3) = nu(j)*b(J)* (I+b_sqa(J))/ ((l=b_sq(J)) "2);

DB_inv (j, 3—1) =DB_inv (j—1,73);

end

%% This function computes the 2nd derivtive

o\

% of the inverse of the covariance matrix B —1 (\mu) :

\o

5 function DB2_inv = OU_DBINV (mu, V)

function DB2_inv = OU_D2BINV (mu, v)

% INPUT:

% mu = parameter value for B (mu)

$ v = Vector for the vertical coordinate of the random field
% OUTPUT:

% DB.inv = A matrix of derivatives for B —1 (\mu)

o\

Assign values to border elements:
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N = length(v);
DB2_inv=zeros (N,N) ;
% standaridze vectors into column vectors
if size(v,2) =1
v=v;
else
end
nu =[0; abs(v(2:N)—v(1:N-1))];
b = exp(—mu.~*nu);
b_sg=b."2;
b_star=(nu.*b_sg.* (ones(N,1)+b_sq))/ ((ones(N,1)—b_sqg)."3);

DB2_inv(1l,1) = 4*«b_star(2);

DB2_inv (N, N) dxb_star (N);
for j=2:N-—1
DB2_inv (j,]J) = 4x(b_star(j)+b_star(j+1));
end
for j=2:N
DB2_inv (j—1, J)
((nu(3)) "2xb () * (1+6x(b(3)) "2+ (b(J)) "4))/ ((1-b-sq(3)) "2);
DB2_inv (j, j—1) =DB2_inv (j—1,3);

end

o\

% This function finds the lower—bidiagonal

o

% matrix square—root for a symmatric tridiagonal matrix

o\

INPUT:

o

G = symmetric tridiagonal matric

o\

OUTPUT:

o\

L = lower bidiagonal matrix such that G=L«*L'
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function [L]=0U_SQRTM (G)
if norm(G-G') > 0
error ('G must be symmetric and tridiagonal')
else
end
K=size (G, 1);

L=zeros (K,K) ;

L(1,1) = sqgrt(G(1,1));
L(K,K) = sqgrt(G(K,K));
for j=2:K

L(3,3-1)=G(3—-1,3)/L(3—-1,3-1);
L(3,3) =sart(G(3,3)—-L(3,3-1)"2);

end

Estimation schemes, likelihood functions and re-

lated derivatives

Complete-data likelihood function

%% OU_LIKE.m
%% Function to evaluate the —2 log likelihood function
%% of the parameter values given an observation of

%% the OU process

%% Author : Sami Cheong
%% Date : 7/29/14
%% Version : 1
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8990090090090 000

% function likelihood = OU_LIKE (lambda,mu, sigmaz2,u, v, X)
function likelihood = OU_LIKE (lambda,mu,sigma2,u,v,X)
N=size (X, 1);

M=size (X, 2);

% eta=zeros(M,1);

% nu=zeros (N, 1);

$ 1if u(l) == 0

% eta(l) = u(l);
% else

% eta(l) = 0;

% end

% 1f v(1) == 0

% nu(l) = v(1l);
% else

% nu(l) = 0;

% end

o

work with column vectors:
if size(u,2) =1
u=u';
end
if size(v,2) =1
v=v';
end
eta = [0;abs(u(2:M)—u(1:M—-1))];
nu = [0;abs(v(2:N)—v (1:N=1))];
b = exp(—mu.x*nu);

% define the different terms in the likelihood function
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term_pi = MxNxlog(2+*pi);

term_sigma = MxNxlog(sigmaZ2) ;
term_lambda = Nxsum(log(l—exp(—2+lambda.*eta(2:M))));
termmu = Mxsum(log(l—exp (—2+mu.*nu(2:N))));

)

% initialize the terms for the quadratic form n
long_-term = zeros(M,1);
Xa = zeros(size (X));

Binv = OU_COVINV (b);

for i=2:M
Xa(:,1)= X(:,1)—(exp(—lambda.*xeta (i))*X(:,1i-1));
long_term(i)=(Xa(:,1) '«*BinvxXa(:,1))/ (l—exp(—2+lambda.*eta(i)));
end

likelihood = term_pi+term_sigmat+term_lambda+term.mu +...

(X(:,1)"*Binv*X(:,1)+ sum(long_term(2:M))) /sigma2;

Parameter updates based on the Hessian matrix of the complete-

data likelihood function

o\
o\

function hess = OU_LIKE_HESS_UPDATE (lambda,mu, sigmaZ2,u, v, X)

o\
o\

function to evaluate the hessian matrix

o\
o\°

of the complete data likelihood

o\
o\°

generate structure :H=[h_lmblmb, h_lmu; h.mul, h_mumu]

o\
o\°

Uses other functinos : OU_DBINV (mu,v) , OU.D2BINV (mu, V)
function [update] = OU_LIKE_HESS_UPDATE (lambda,mu,sigma2,u, v, X)
% H=[H_.11, H_.12; H.21, H.22]

% define the components of the Hessian matrix:

M=size (X, 2);
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N=size (X,1);

% standardize things to be column vectors

if size(u,2) =1

u=u';
else

end

if size(v,2) =1

v=v';

end

eta=[0;abs(u(2:end)—u(l:end-1))];

zeta=[0;abs (v(2:end)—v (l:end—1))1];

zeta_expmu =

zeta_expmu?2
eta_explmb

eta_explmb2

o)

exp (—mu. *zeta) ;

ones (N,1)—(zeta_expmu. " 2);

exp (—lambda. xeta) ;

ones (M,1)—(eta_explmb."2);

% compute B —1:

B_inv=0U_COVINV (zeta_expmu) ;

[)

% initialize stuff

$X_g=NaN (size (X)) ;

for j=2:

)

X_q(:,3)

M

% define terms in H_11 = h_lambdalambda

=X (:,j)—eta_explmb (J)*X(:, j—1);

h_lmblmb_1 (3)

h_lmblmb_2 (j)

(X (

:rj_l)‘

h_lmblmb_3 (J)

B_in

vxX(:,

h_lmblmb_4 (J)

X_q (

—4x (eta(]j)reta_explmb (J)) "2/ ((eta_explmb2 (J)) "2);

((eta(j)) "2+«eta_explmb (J) x (1+(eta_explmb (J)) "2) x. ..

)*B_invxX_g(:, 7))/ ((eta_explmb2 (3)) "2);

j_

(eta(j)xeta_explmb (J)) "2x (X (:, J=1) ") *...

1)/ (eta_explmb2 (J)) ;

2x (eta(j) xeta_explmb (J)) "2* (1+ (eta_explmb (j)) "2) *. ..

2, ) "*BoinvxX_g(:, )/ ((eta_explmb2 (j)) "3);
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h_lmblmb_5(j) = 2+ (eta(]j)*reta_explmb(])) "2«eta_explmb (]j)*...
(X(:,J=1)")*xB_inv*X_qg(:, J)/ ((eta_explmb2 (j)) "2);
% split the H_.12 = h_lambdamu:
h_lmbmu_1l (j) = (eta(j)x*eta_explmb (J)*X(:,J—1)"%...
OU_DBINV (mu,v)*X_g(:,3))/ (eta_explmb2 (3));
h_lmbmu_2 (j) = ((eta(]j)*(etaexplmb(j)) " 2)*X_g(:,]) "*...
OU_DBINV (mu,v)*X_g(:,3))/ ((eta_explmb2(j)) "2);
h_omulmb_1(J) = (eta(j)+*((etaexplmb(j)) "2)*«X(:,J—1)"*...
OU_DBINV (mu,v)*X_qg(:,3))/ (eta_explmb2 (3));
h.mulmb_2 (j) = (eta(j)*((eta_explmb(J)) " 2)*X_g(:,J) "*...
OU_DBINV (mu, v) «X_q (:,3));
% define the lambda term in h_mumu:
h_mumu_star (j) =
(X_g(:,3)"*OU_D2BINV (mu,v)*X_g(:,3))/ (eta_explmb? (J));
dl mu_star(j) =...
(X_g(:,3) "*OUDBINV (mu,v) *X_q(:,3))/ (eta_explmb2 (j));
% define the terms in the first derivative of 1 (theta):
dl_1lmb_1 (j)=(2*eta(]J)* (eta_explmb (J)) "2)/ (eta_explmb2 (J));
dl_lmb_2 (j)=...
(eta(]J)reta_explmb () *X (:, J—1) "*B_inv*X_qg(:, J))/ (eta_explmb2 (3j));
dl_lmb_3(j)=...
eta (J) * (eta_explmb (J) / (eta_explmb2 (J))) "2* ((X_g(:,3) ") *B_inv+«X_g(:,73));
end
for k=2:N
h_mumu_1 (k)=—4+« (zeta (k) xzeta_expmu (k) ) "2/ ((zeta_expmu?2 (k) ) "2);
dl_mu_1 (k)= 2+zeta(k)~* (zeta_expmu (k)) "2/ (zeta_expmu2 (k));
end
%% Put all the terms together:

h_lmblmb = sum(N+xh_Ilmblmb_1(2:M))—...
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(2/sigma2) * (sum(h_1lmblmb_2 (2:M)—h_lmblmb_3 (2:M)—. ..
h_ lmblmb_4 (2:M)+h_1lmblmb_5(2:M)));
h_lmbmu=(2/sigma2) *sum (h_lmbmu_1l (2:M)—h_lmbmu_2 (2:M)) ;
h_mulmb = (2/sigma2) * (sum(h_mulmb_1 (2:M)—h_mulmb_2 (2:M)));
h_mumu = sum(M*h_mumu_1l (2:N)) +...
(1/sigma2)* (X(:,1) '«*OU_D2BINV (mu,v)*X(:,1) +...
sum (h_mumu_star (2:M)));
% Define the Hessian matrix
H=[h_Imblmb, h_.Imbmu; h_mulmb h_mumul];
% Partial derivatives:
dl_Imb=sum (N+xdl_lmb_1(2:M)+(2/sigma2) *...
dl_1lmb_2 (2:M)—(2/sigma2)+xdl_1mb_3(2:M));
dlmu = sum(M+dl_mu_1l (2:N))+(1/sigma2) (X (:,1)"*...
OU_DBINV (mu,v) *X(:,1l)+sum(dl_mu_star(2:M)));

update = H\[dl_lmb;dl mul;

Estimation schemes

A

Obtaining MLE of ¢? using existing ) and il

o\
o

OU_SIG_LIKE.m

o\
o\°

function sigma2_hat = OU_SIG_LIKE (lambda_hat,mu_hat,u,v,X)

o\
o\°

This function returns the likelihood estimate of sigma?2

o\
o\°

evaluated with mu_hat and lambda_hat:

o
o

function sigma2_hat = OU_SIG_LIKE (lambda_hat,mu_hat,u,v,X);

o\
o\

INPUT

o\
o\

lambda_hat, mu_hat : current estimate of lambda and mu.

o\
o\

u , v : horizontal and vertical strip respectively.
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o\©

% X : random field with complete data or missing data imputed.

o\
o\

OUTPUT:

o\

% sigma2_hat = MLE of sigma based on input of lambda and mu

o\

% Date : 6/25/14 by Sami Cheong

function sigma2_hat = OU_SIG_LIKE (lambda_-hat,mu_hat,u,v,X)

N=size (X,1);

M=size (X, 2);

eta=zeros (M, 1);

nu=zeros (N, 1) ;

eta(l)=u(l);

nu(l) =v(1);

eta(2:M)=abs(u(2:M)—u(1:M—-1));

nu (2:N)=abs (v(2:N)—v (1:N—1));

b(1)=0;

b (2:N)=exp(—mu_hat.*nu(2:N));

% Define the term used for the estimate:

Xa=zeros (size (X)) ;

long_term=zeros (M, 1) ;

Xa(:,1)=X(:,1);

Binv=0U_COVINV (b) ;

for i=2:M
Xa(:,1)=X(:,1)—(exp(—lambda_hatxeta(i))*X(:,1i-1));
long_term(i)=(Xa(:,1) '"*BinvxXa(:,1))/ (l—exp(—2+«lambda_hat*eta(i)));

end

sigma2_hat=((X(:,1) '"*BinvxX(:,1)+ sum(long_.term(2:M))))/ (M*N) ;

Obtaining MLE of \, 1 and ¢? using the EM algorithm
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o\
o

OU_EM.m

o\
o\

Function to implement the EM algorithm.

%% Author : Sami Cheong

%% Date : 7/29/14

%% Version : 1

%%

99900000000 00000000000000000000009000000000000090000000000000000000000000
O O0OO0OOO0OO0OOOOOOOOOOOOOOOOODOOOODOOOODODOOOODOOOODOOOODODOOODODOOOODODOOODODOOOOOOOOOOOOO™©O

o

function likelihood = OU_EM (lambda,mu, sigmaZ2,u, v, X)

o\°

INPUT

o

X_miss

o\°
I

OU field with randomly missing observations.

o\
c

% = horizontal coordinate of input grid between [0,1]

o\°
<

o
I

vertical coordinate of input grid between [0,1]

o\

lambdap, mup, sigmaZlp

o

= initial parameter values for the algorithm.

o\

OUTPUT:

% theta_new

o\

= EM estimation of the parameter lambda, mu, sigma?2

o\

lmb_vec, sig_vec, mu_vec

o\

= Vector of the EM estimates at each iteration.

o\

iter_vec

o

= vector of indices that keeps track of steps.
function [theta.-new, lmb_vec, sig.vec,mu.-vec,iter_vec, lmn_vec] =...
OU_EM1 (X_miss,u, v, lambdap, mup, sigma2p)

% set tolerance and max number of iterations

tol=0.0001;
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max_step=100;

iter=1;

lambda_-int=lambdap;

mu_int=mup;

$sigma_int=sigmalp;

% Initial parameter values:
$theta_p=[lambdap;mup; sigmalp];
theta_new=zeros(3,1);

err=1000;

% Initialize:

lmb_vec = NaN(max_step,1l);

sig_-vec = NaN(max_step,1l);

mu_vec NaN (max_step, 1) ;
lmn_vec=NaN (max_step, 1) ;
err_new=2000;

while abs(err_new—err) > tol && iter < max_step

err.new=erry

o\

Evaluate covariance matrix wrt current parameter value:

[7, 7, ,Gamma]=0U_SIM (u, v, lambdap, mup, sigma2p) ;

o\

Generate conditional random field:
[X_cond, ™, ", 7, ]=0U_CONDI1 (X_miss, Gamma) ;
theta new(l)= fminsearch (@ (lambda) OU_LIKE (lambda,mup, ...
sigma2p,u, v, X_cond), lambda_int) ;
theta new(2)= fminsearch (@ (mu) OU_LIKE (lambdap,mu, ...
sigma2p,u, v, X_cond),mu_int) ;
theta_.new (3)= OU_SIG_LIKE (theta_new(l),theta_new(2),u,v,X_cond);
% Keep track of the estimates at each iteration

lmb_vec (iter)=lambdap;

mu_vec (iter)=mup;
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sig_vec (iter)=sigmalp;
lambdap = theta_new (1) ;
mup = theta_new (2);

sigma2p = theta_new(3);

o\

Keep track of the value of the likelihood function:
Imn_vec (iter)=0U_LIKE (theta_new(l), ...
theta_new (2),theta_new(3),u, v, X_cond) ;

theta_p=[lambdap; sigma2p;mup]l;

o\°

Keep track of estimation error:

err = sum(abs(theta_-new—theta_p));

o\

Update iteration
iter=iter+1;
end
[~,~, ,Gamma]=0U_SIM(u, v, theta_new (2),theta_-new(3),theta_new(3));
% Generate conditional random field:

[X_cond,~,~,~, ]=0U_COND (X_miss, Gamma) ;

theta_new (3)= OU_SIG_LIKE (theta_new(1l),theta_new(2),u,v,X_cond);

iter_vec=l:iter—1;
lmb_vec=1lmb_vec (iter_vec);
mu_vec=mu.vec (iter_vec);
sig_.vec=sig._vec (iter_vec);

Imn_vec=lmn_vec (iter_vec, :);

Obtaining MLE of ), and 0? using Newton’s method

%% OU_LIKE_NEWTON.m

% function [theta] = OU_LIKE_NEWTON (thetaO, delta)
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o

o\

Function to implement Newton's method on 1(X) to obtain MLE

o\

where X is an OU process with complete observation

% INPUT:

% lambdaO,mu0, sigma20 = initial guess for the three parameter

% values

$ u,v = input grid for the random field

% X = set of observations from which we wish to
% approximate the parameter

% delta = accuracy we set for the estimate,

% delta = ||theta—thetal||_2

function [theta] = OU_LIKE_NEWTON (lambdaO,mu0,sigma20,u,v,X, delta)

$format long e
lambda0=0U_SUB_reset _bound (lambdal) ;
mu0=0U_SUB_reset_bound (mu0) ;
sigma20=0U_SUB_reset _bound (sigma20) ;
% Evaluate the initial value wrt the complete data likelihood
1.0 = OU_LIKE (lambda0O,mu0, sigma20,u,v,X);

if abs(1.0) <= delta

%% check to see if initial guess satisfies

return; %% convergence criterion.

o\
o\
o
o
o
o\°
o\
o\
o\
o\
o\
o\
o\°
o
o
o
o\°
o\°
o\
o\
o\
o\
o\
o\
o
o
o\°
o\°
o\
o\
o\
o\
o\
o\
o
o
o
o\
o\
o\°
o\
o\
o\
o\°
o\
o
o
o
o\°
o\
o\
o\
o\
o\

max_iter=2000;

iter=0;
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error = 1000;
while (error > delta && iter < max_iter)
1.0 = OU_LIKE (lambda0O,mu0, sigma20,u,v,X);
% update parameters lambda and mu using Newton's method
theta_update =
[lambdal0; muO]—OU_LIKE_HESS_UPDATE (lambdaO,mu0, sigma20,u,v,X);
lambda0 = OU_SUB_reset_bound(theta_update(l));

mu0= OU_SUB_reset_bound (theta_update(2));

o\°

update sigmaZ2
sigma20 = OU_SIG._LIKE (lambdaO,mu0,u,v,X);

sigma2_update = sigma20;

o\

measure error in the likelihood function

error= abs (1.0 — OU_LIKE (lambda0O,mu0, sigma20,u,v,X));

o\°

update iteration

iter = iter +1;

% print stuff

$fprintf ('\n Newton iteration = %d, delta = %d,\n', iter,error)
$fprintf ('\n lambda = %d, mu = %d, sigma2 = %d, \n',

% lambdaO, mu0O, sigma20)

$theta = [theta_update(l);theta_update(2);sigma2_update];

o

%% Sub function to make sure the estimates don't go nuts.
function theta._reset = OU_SUB_reset_bound (x)
if (x <=1 || x> 100)

X = 2+randi (5);

fprintf('\n Parameter values reset to default,value = %d, \n‘,x)
else
end
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theta_reset = x;

return;

Obtaining ALE of )\, and ¢?> based on Markov property

assumption

o With block-missing observations

%% OU_APPROXLIKE.m

o\
o\°

This code implements the approximate likelihood function

%% based on th Markov property assumption in partitioned data

o\°

Author: Sami Cheong

o

Version : O

o\°

Date : 10/27/2014

o

function likelihood=0U_APPROXLIKE (X_miss, lambda,mu, sigmas)

o\°

The goal is to approximate 1. mn with 1.1 + 1.2,

o

where 1.1 is the likelihood for complete

o\

column observations, and 1.2 is the likelihood for incomplete
% observations

function likelihood=0OU_APPROXLIKE (lambda,mu, sigmas, u, v, X)
N=size (X,1);

M=size (X, 2);

% Set of indices for the random field:

J=1:M;

K=1:N;

% identify columns with missing data (NaN) :

Miss_mat=isnan (X) ;

Miss_col=find(any (Miss_mat));
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Miss_row=find(isnan(X(:,Miss_col(1l)))==1);

Nprime=length (Miss_row) ;
Mprime=length (Miss_col);
Jprime=Miss_col;

J2prime=Jprime;

o)

[o)

% missing block columns

if Miss_row(l) > ceil ((N)/2)
Kprime= 1:1: (Miss_row(l)—1);

K2prime=Miss_row (end)+1:1:N;

else

Kprime=(1l+Miss_row (end)) :1:N;

% J 1s the horizontal axis of the field

% Kprime is the indices that for the usable

K2prime=1:1:Miss_row (1l)—1;

end
eta=[1];
nu=[];

if u(l) ==

else
eta(l) = 0;
end
if v(1) == 0
nu(l) = v(l);
else
nu(l) = 0;
end
eta(2:M) = abs(u(2:M)—u(l:M—1))
nu(2:N) = abs(v(2:N)—v(1:N-1))
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[o)

% covariance structure for the complete data:

b = exp(—mu.=*nu)

Binv = OU_COVINV (b)

% covariance structure for the incomplete data:
b0 = exp(—mu.*nu (Kprime))

BOinv = OU_COVINV (b0) ;

bl=exp (—mu.*nu (K2prime)) ;

Blinv=0U_COVINV (bl) ;

% Define indices and dimensions for 1.1 and 1.2
Jl=setdiff (J,Jprime) ;

Kl=setdiff (K, Kprime) ;

J2=Jprime;

K2=Kprime;

J3=J2prime;

K3=K2prime;

Ml=length (J1);

N1=N;

M2=length (J2) ;

N2=length (K2) ;

M3=length (J3);

N3=length (K3);

% Define quadratic term for 1_1:

Jll=setdiff (J1,1);

Kll=setdiff (K1,1);

Q1=0;

for j = setdiff (Jl1,Jprime (end)+1)

Xj_star=X(:, j)—exp(—lambdaxeta (j) ) *X(:, J—1);
sl=(Xj_star'+Binv*Xj_star)/ (l—exp(—2+xlambdaxeta(Jj)));

Ql=s1+Q1;
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end

1.1= Ml1«Nlxlog(2xpixsigmas) ...
+Ml*xsum(log(l—exp (—2*mu.*nu(2:N))))+...
Nlxsum(log(l—exp(—2xlambda.*xeta (J11)))) ...
+(X(:,1)"*Binv*X(:,1)+Q1) ./sigmas;

% Define the usable observations:

X0 = X(K2,J2);

$Define quadratic term for 1_2:

for 3 = 2:M2;
X0j_star=X0(:, j)—exp(—lambdaxeta (J2(j)))*X0(:, j—1);
Q2=Q2+. ..
((X0j_star'+B0inv*X0j_star)/ (1l—exp(—2*lambdaxeta (J2(]J)))));
end
K22=setdiff (K2,1);
J22=setdiff (J2,1);
1.2= M2xN2xlog (2«pixsigmas) ...
+M2xsum (log (l—exp (—2*mu*nu (K22))))+...
N2xsum (log(l—exp (—2+lambdaxeta (J22)))) ...
+(X0(:,1)"*B0inv*X0(:,1)+Q2) ./sigmas;
% Define the usable observations:

X1=X(K3,J3);

for j=2:M3
X1j_star=X1(:, j)—exp(—lambdaxeta (J3(j)))*X1(:,j—1);
Q3=Q3+...
((X1j_star'+«BlinvxX1lj_star)/(l—exp(—2+lambdaxeta (J2(3)))));
end

K33=setdiff (K3,1);
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J33=setdiff (J3,1);

1_3= M3xN3xlog (2xpixsigmas) ...

o)
°

likelihood =

+M3xsum (log(l—exp (—2xmu*nu (K33))))+. ..

N3xsum (log(l—exp(—2xlambda*xeta (J33)))) ...

+(X1(:,1)"+BlinvxX1(:,1)+Q3)./sigmas;

Sum up the likelihood functions from partitioned data

1.1+1_2+1_3;

With randomly-missing observations

)
°

o

o
°

o
°

OU_BINAPPROX.m

function

[approx_like, approx_err]

%% OU_BINAPPROX_LAMBDA (X_miss,u,v,A,B,mu, lambda. ..

o\

o\

o\

o\

o

o\

o

o\

o\

o\

o\°

o

o\

o

,Sigmaz2, num_term_approx

)

Implements the approximation likelihood function for a

realization of an OU field with missing observations

INPUT:

X_miss

set of available observations in the

OU field arranged in a 2D matrix

u, v

horizontal and vertical input grids

A, B

Covariance matrices for the horizontal

and vertical components
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o

mu, lambda, sigmas

o\°

parameters for the model

o

num_-term_approx

o\

number of terms to use in the power series

o\

calc_error

% indicates whether to return the error of

o\°

approximating the inverse of the conditiona

o

covariance matrix

o\

OUTPUT:

o

approx_like

o\°

% description above

% approx._error

o\°

% approximation

% Version : 1

% Date 7/23/15

% Author Sami Cheong

function [approx_log_like, approx_err]
= OU_BINAPPROX (X_miss,u,v,A,B, ...
mu, lambda, sigma2, ...
num_term_approx,calc_error)

o)

$ initialize components of the log likelihood

approx_err_temp=0 ;
M = size(X_miss,2);
N = size(X.miss,1);

log.like_vec=NaN(M, 1) ;
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quadratic_term = NaN(M,1);
num_of_obs = NaN(M, 1) ;

)

% get set of indices with available observations:

vli_avail_ind = find(“isnan(X_miss(:,1)));
Xo_1 = Xmiss(vl_avail_ind,1);
B11 = B(vl_avail_ind,vl_avail_ind);

vl_avail = v(vl_avail_ind);

[o)

% standardize vectors to be column vectors

if size(vl_avail,2) =1
vl_avail = vl_avail';
else

end

[o)

% The first column of X miss is treated as a
% special case since it does not have conditional density
zeta_ll = [0;abs(vl_avail (2:end)—vl_avail(l:end—1))];

Bll_inv

OU_COVINV (exp (—mu.xzeta_11));

num_of_obs (1) length (Xo_-1);

quadratic_term(l) = Xo_.1'xBll_inv*Xo_1l;

% assign values to the negative log—likelihood function

log_.like_vec (1) = num_of_obs (1l)xlog (2«pixsigma2) +
det (log(B11l)) + quadratic_term(1l);

%% For the rest of the columns:

for j=2:M

% find indices of available sites:

vij_avail_ind = find("isnan(X.miss(:,73)));

vijl_avail_ind = find("isnan(X.miss(:,j—1)));

% get the corresponding data:

Xo_3 = Xmiss(vj.avail_ind, j);

Xo_j1 Xmiss(vjl_.avail_ind, j—1);
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% covariance matrices:

B_Jjj = B(vj.avail_ind,vj_.avail_ind);
B_jjl = B(vj.avail_.ind,vjl_avail_ind);
B_jlj = B-jjl';

[o)

% number of available observations for column 7Jj:
num_of_obs (j) = length(Xo_j);

% get distance between each sampling sites:
vi.avail = v(vj.avail_ind);

vijl_avail = v(vjl.avail_ind);

)

% standardize the vectors to be column vectors:

if size(vj.avail,2) =1
vij.avail = vij_avail';
else

end

if size(vjl.avail,2) =1
vjl.avail = vjl_.avail';
else

end

% components for the covariance function:
zeta_jj = [0;abs(vj.avail(2:end)—vj_avail(l:end—-1))1;

zeta_jl1jl = [0;abs(vijl.avail (2:end)—vjl_avail (l:end—1))1;

% inverse of B_jj and B_jljl:

B_jj-inv = OU_COVINV (exp(—mu.xzeta-jj));

B_jljl_inv = OU_COVINV (exp(—mu.x*zeta_j131));

o)

% LU decomposition of B_jljl_inv
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L_j = OU_SQRTM(B_jj_inv);

L_jl= OU_SQRTM(B_jljl_inv);

)

% Define the distance between each column

eta_.j =abs(u(j)—u(j—1));
% Define conditional mean:
mo_Jj = exp(—lambdaxeta_j)*B_jjlxB_jljl_inv*Xo_jl;
% Define conditional covariance matrix So_j:
So.j = B_jj — exp(—2xlambdaxeta_-j)*B_jjlxB_jljl_inv*B_jl7j;
% Define inverse of So_j
So_j-inv =inv(So-j);
% Define the terms used in the power series expansion:
T-j = L-j'+«B-Jjl1+L_j1;
Tstar_j=exp(—2+lambdaxeta_j)*T_j*x(T_3"');
% initialize the power sum
Tstar_j_terms=...
NaN(size (Tstar_-j,1l),size(Tstar-j,2), num_term.approx);

[o)

% The power sum depends on user input num_-term_approx:
for k=l:num_term_approx

Tstar_j_terms(:, :,k)=Tstar_j k;

end

Tstar_-j_sum=sum(Tstar_j_terms, 3);

% Identify matrix used for the power series expansion
I_j=eye (num_of_obs (J),num_of_obs (3));

% So_.j expressed in a different form:

Ao.j = ((L.3J")\(I-j—Tstar_3))/(L_3);

% Approximate the inverse of the conditional variance:
Ao_j_inv = L_j*(I_j+Tstar_j_sum)*(L_J");

% Approximated quadratic form:

quadratic_term(j)=(Xo_.j—mo_j) '«So_j_inv+* (Xo_j—mo_J);
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[o)

% log likelihood for the Jjthe column:
log_.like_vec(j)=...
num_of_obs (J) *log (2xpi*xsigma2)+log(det (So_J))+...
(1/sigma2) rquadratic_term(j);
% keep track of error between true inverse and power series approx.
if calc_error == 1
% Inverse of So_j:
So_j-inv =inv(So-j);
approx_err_temp=approx_err_temp+norm(So_j_inv—Ao_j_inv);
else
end
end
approx_err=approx._err_temp/M;

approx_log_like=sum(log_like_vec);
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