
The Moduli Space of Non-Nilpotent Complex 4|1-dimensional
Associative Algebras

Andy Boyd, Michael Loper, Andrew Meinel & Minesh Sivaperumal
Faculty Mentor: Michael Penkava

University of Wisconsin-Eau Claire

1. Z2-graded algebras as codifferentials

A Z2-graded algebra structure on a Z2-graded space V determines an odd coderivation d of the
tensor coalgebra T c(W ), where W = ΠV is the parity reversion of V . The algebra structure is
associative precisely when d is a codifferential on T c(W ), that is,

[d, d] = 0,

where the bracket is the Z2-graded Lie bracket of coderivations. This complicated way of looking
at associative algebras actually leads to a simpler way to study the algebras, because we can use
the theory of graded Lie algebras to compute the cohomology of the algebra, and to construct
algebras by extensions.
An n-cochain on the vector space V is an element α of Hom(V ⊗n, V ). It determines an element
ϕ = π ◦ α ◦ π⊗n ∈ Hom(W⊗n,W ) whose parity is |ϕ| = |α| + n − 1. Here π : V → W is
the identity map, which is odd, since the parity of W is reversed. This element ϕ extends to a
coderivation of T c(W ), and the coboundary operator D is given by the formula

D(ϕ) = [d, ϕ].

. The fact that D2 = 0 follows from

D2(ϕ) = [d, [d, ϕ]] = [[d, d], ϕ]− [d, [d, ϕ]] = −[d, [d, ϕ]] = −D2(ϕ).

Since C has characteristic zero, this shows that D2 = 0.

2.Wedderburn’s Theorem and the
Fundamental Theorem

A Z2-graded algebra is called simple if it has no Z2-graded proper nontrivial ideals. It is called
nilpotent if there is some n such that the product of n elements is always zero. A direct sum of
simple algebras is called semisimple. A Z2-graded division algebra is a unital algebra such that
every nonzero homogeneous element is invertible.

Theorem 1 (Wedderburn’s Theorem) Every finite dimensional simple algebra is of the

form

gl(V )⊗D,

where gl(V ) is the endomorphism ring of a Z2-graded space V and D is a division algebra.

The definition of a Z2-graded division algebra above is necessary to extend the classical form of
Wedderburn’s Theorem to graded algebras.

Theorem 2 (Fundamental Theorem of FD Complex Associative Algebras) If A
is a finite dimensional complex algebra which is neither nilpotent or semisimple, then A
is a semidirect product of its maximal nilpotent ideal N and a semisimple subalgebra S; that
is A = N ⋊ S.

The reason we state the theorem for complex algebras is to avoid addressing the issue of separability
which arises when the algebra is over a field with finite characteristic.

3. Semisimple Algebras of Dimension ≤ 4|1

The dimension of a Z2-graded space is given in the form m|n, where m is the dimension of the
even part and n is the dimension of the odd part. The algebra C has dimension 1|0, and is a
division algebra over C. There is one other Z2-graded division algebra, C1|1, called the double of

C, of dimension 1|1. The algebra gl(2,C) is a simple algebra of dimension 4|0. All semisimple
algebras of dimension less than or equal to 4|1 are given by direct sums of these three algebras.
The semisimple algebras which arise are C2, C3, C1|1⊕C, C4, C1|1⊕C

2 and C1|1⊕C
3, in addition

to the 3 simple algebras given above. We construct 4|1-dimensional algebras by extending these
semisimple algebras by nipotent algebras of complimentary dimension. The table below gives the
number of nonequivalent algebras arising from each case.

Algebra Dimension of S Dimension of N Nilpotents Algebras

C1|1 ⊕ C
3 4|1 1

C1|1 ⊕ C
2 3|1 1|0 1 5

gl(2,C) 4|0 0|1 1 1

C
4 4|0 0|1 1 5

C1|1 ⊕ C 2|1 2|0 2 12

C
3 3|0 1|1 2 53

C
2 2|0 2|1 4 235

C1|1 1|1 3|0 4 4

C 1|0 3|1 9 190

4. Algebras by Extensions

If W = N ⊕ S is a semidirect product of an ideal N and a subalgebra S, then the multiplication
restricted to N determines an algebra structure on N , which we represent by an odd codifferential
µ, and similarly, the algebra structure on S is given by another odd codifferential δ. This means
that [δ, δ] = 0 and [µ, µ] = 0. If d is an algebra structure on W which is a semidirect product,
then the product of something in S with something in N must lie in N . This determines an odd
coderivation λ, so that d = δ + µ + λ. The condition that [d, d] = 0 reduces to two conditions:

1. [µ, λ] = 0, the compatibility condition.

2. [δ, λ] + 1
2[λ, λ] = 0, the Maurer-Cartan condition.

If we define Dµ by Dµ(α) = [µ, α], then D2
µ = 0, in other words, Dµ is a coboundary operator.

The compatibility condition says that λ is a cocycle with respect to Dµ; that is, Dµ(λ) = 0. If
we define the cohomology Hµ determined by Dµ by

Hµ = ker(Dµ)/Im(Dµ),

then two equivalent cocycles λ and λ′ will determine equivalent algebras (provided that the Maurer-
Cartan equation is satisfied.) There is a group of automorphisms of W , which also acts on the
cohomology classes, so that one has to consider equivalence classes of cohomology classes under
the action of the automorphism group in order to classify the nonequivalent algebra structures on
W arising from those on S and N . All of these steps are easy to implement in the computer. This
was our method of constructing the 506 different 4|1-dimensional algebras.

5. Constructing the versal deformation.

If d is a codifferential determined by an associative algebra structure, then a 1-parameter defor-
mation is a formal power series

dt = d + tψ1 + t2ψ2 + · · · ,

where ψi : W ⊗W → W are odd coderivations and [dt, dt] = 0.
All such 1-parameter deformations are obtained from a miniversal deformation d∞ defined as
follows. Let δ1, . . . , δm be a set of odd 2-cochains whose images in the second cohomology space
H2(d) are a basis for the odd part of H2. Let β1, . . . , βn be a basis of the even part of H3(d),
and γi be odd 2-cochains such that D(γi) = βi. Let α1, . . . , αr be a set of even 3-cochains whose
images are a basis of the even part of H3(d). Finally, let τ1, . . . τs be a set of even 3-cochains
whose image under D give a basis of the even part of H4. Then there is a unique solution for
x1, . . . xn such that xi is a power series in the variables t1, . . . , tm of order at least 2 such that

d∞ = d + t1δ
1 + · · · tmδ

m + x1γ
1 + · · · + xnγ

n

satisfies
[d∞, d∞] = r1α

1 + · · · + rrα
r + u1τ

1 + · · · usτ
s,

for some power series ri, ui in the t variables. It turns out that the ui lie in the ideal generated
by the ri, so if we solve ri = 0 for the ti we get actual deformations.

6. Examples of Deformations

To give a complete picture of all of the deformations of the 506 algebras would be very difficult.
However, it is well known that if an algebra deforms to a graded commutative algebra, then it
must be graded commutative as well. Since there are only 35 graded commutative algebras, it is
feasible to illustrate their deformations to each other, which we do in the picture below.

References

[1] A. Boyd, M. Loper, A. Meinel, M. Penkava, and M. Sivaperumal. The moduli space of 4|1-dimensional complex
associative algebras. In preparation, 2013.

[2] L. Brunshidle, A. Fialowski, J. Frinak, M. Penkava, and D. Wackwitz. Fundamental theorem of finite dimensional
graded associative algebras. Communications in Algebra, 40(12), 2012.

Acknowledgments

•Office of Research and Sponsored Programs, UW-Eau Claire

•Department of Mathematics, UW-Eau Claire

• This document was typeset using LATEX.


