AN EXCESS FREE ENERGY APPROACH TO THE ESTIMATION OF
SOLUBILITY IN MIXED SOLVENT SYSTEMS

BY

N. ADEYINKA WILLIAMS

A thesis submitted in partial fulfillment of

the requirements for the degree of

DOCTOR OF PHILOSOPHY

(Pharmacy)

at the

UNIVERSITY OF WISCONSIN-MADISON

1982



To
Iyabo and Foluso

Glad to have you

and

To the memory of

Tolulope and 'Leke

Wish you were here too.

i1



i1

ACKNOWLEDGMENTS

I would 1ike to thank Professor G. L. Amidon for his
very supportive guidance during the course of my research
under him. His friendliness and readiness to listen to my
jdeas as we walked through the labyrinth of research have
contributed in no small measure to my development as a
scientist.

My thanks also go to Dr. J. C. Telotte of the Chemical
Engineering Department, for his keen interest in this work,
his many useful suggestions and his readiness to talk with
me.

I would like to express my thanks to 'Tunde who often
left his busy schedule to babysit for my wife and I so that
we could "get away from it all" for a while or simply do our
academic chores.

Lastly, I would like to thank my wife for patiently
going through all these years with an often cranky graduate
student for a husband. These last few weeks in particular
have been very difficult ones for both of us and but for her
firm composure and support, I might not have been able to
complete this thesis in\good time.

To all others who have helped me in one way or the

other during the course of my studies, I also say thank you.



iv

TABLE OF CONTENTS

Page
THESIS ABSTBACT: « « 5 & 5 o % o o« 5 v o o o % o » « = « Wi
I. GENERAL INTRODUCTION. . . . . . . . . . . . . .. 1
Objectives . . . . . . . . . . . . . . . .. 5
RETEreNEes « o « « « s & & 2 6 o o o = » = » 7

IT. AN EXCESS FREE ENERGY APPROACH TO THE ESTIMATION

OF SOLUBILITY IN MIXED SOLVENT SYSTEMS I. . . . . 9
Abstract v « & & « 5 5 2 % & % 5 & « s+ & « « 10
TheoryY + « o & 5 s 5 s & 4 o = s = » v« = « = - V3
Excess Free Energy Model . . . . . . . . . . 18
4-Component Systems. . . . . . . . . . . . . 27
Discussion « » = « ¢ s & 5 5.5 4 5 w- o « o « 30
REFErences . : « ¢ o« o o o « o « 53 « « s+ s« 33

ITI. AN EXCESS FREE ENERGY APPROACH TO THE ESTIMATION

OF SOLUBILITY IN MIXED SOLVENT SYSTEMS.

IT: ETHANOL-WATER MIXTURES . . . . . . . . . . . 34
ABSEract . « + ¢ 4 ¢ ¢ 4 w .« 5 s s e« 0 s s« 35
Evaluation of Interaction Constants. . . . . 37
Choice of Working Equation . . . . . . . . . 40
Estimation of C2 T £
Analysis of Solubility in the

Ethanol-Water System . . . . . . . . . . . 44

Results and Discussion . . . . . . . . . . . 49



Page
Contributions of Various Terms
0 Solabitity v ¢ 5 & a4 sl e o w wos w %D
Prediction Capabilities of the Reduced
3-Suffix Solubility Equation. . . . . 56
Significance of CZ‘ e ] WA
Prediction of Extremum in Solubility. . 76
Summary and Conclusions. . . . . . . . . . . 179
References . . . . . .« « « « « « « « « . . . 81

IV. AN EXCESS FREE ENERGY APPROACH TO THE ESTIMATION
OF SOLUBILITY IN MIXED SOLVENT SYSTEMS.

III: ETHANOL-WATER-PROPYLENE GLYCOL MIXTURES . . 82
ABsEract o o w o wt ws e w w w e w e w wim e - B3
Introdiction = + s « « 5 s 5 + 5 « & « s s = B&

Estimation of Binary Solvent
Interaction Constants. . . . . . . . . . . 87

Estimation of Ternary Solvent

Interaction Constant G]34. « % w s % % & » B8
Expearimental . . . . s o5 @ o w s % s e s 4 s 20
Matarials . o o o v 5 & 5 s » u = x 2 » 90
Method, . . « « « « « « o s s ¢ ¢ u v o 9
RRsults. < v o 4 & 4 4 & 2 o & 5.4 4 w.oa & .z "9
Vapor Pressure Results. . . . . . . . . 95

Solubility in Ethanol-Water-

Propylene Glycol Mixtures . . . . . . 95



Vi

Page
Digscussion « « = s « . % o % s . » &« » %= &« s & = 100
Vapor Pressure Fit by Excess
Free Energy Model . . . . . . . . . . 100
Estimation of Solubility in Ethanol-
Water-Propylene Glycol Mixtures . . . 103
Summary and Conclusions. . . . . . . . . . . 117
ReTErences . « s ' 5 s« = 5 s s » % % » « » = ¥19
V. GENERAL SUMMARY AND CONCLUSION. . . . . . . . . . 121
VI. APPENDIX A: A Solubility Equation for
Non-Electrolytes in Water . . . . . . . . . . . . 124
VII. APPENDIX B: Computer Program and Typical Output
for Estimating Binary Solvent Interaction
Constants from Total Vapor Pressure-
Composition Data. . . . . . . . . . . . . . . . . 148

VIII. APPENDIX C: Computer Program and Typical Qutput
for Estimating Ternary Solvent Interaction
Constants from Total Vapor Pressure-

Composition Data. . . . . . . . . . ¢« « « « . . . 156



vii
AN EXCESS FREE ENERGY APPROACH TO THE ESTIMATION OF
SOLUBILITY IN MIXED SOLVENT SYSTEMS
N. Adeyinka Williams

Under the supervision of Associate Professor Gordon L. Amidon

A general equation for characterizing and estimating
the solubility of organic compounds in binary and ternary
solvent systems was developed from an excess free energy
model. The equation, known as the reduced 3-suffix solu-
bility equation, for a solute (denoted by subscript 2) in a

binary (denoted by subscripts 1 and 3) solvent mixture m is

~

S _ S S
Tn x2,m = z] Tn X2,1 + z3 Tn ;2’3
A A ~ 2
- A]_3Z.1Z3(2:1 - 1)E
A 2" 2 Al A
+ A3_]22-l Z3§ + C22-|Z3

S S S . Jde
where x2,1, xz’3 and x2 n are the mole fraction solubilities

of the solute in solvents 1, 3 and the mixture, respec-
tively; A]_3 and A3_1 are solvent-solvent interaction
constants; C2 is a ternary solute-solvent interaction

A

constant; the q's are tﬁe molar volumes and 21 and z, are
solute-free volume fractions.

The solvent-solvent interaction constants (A's) are
estimated from vapor liquid equilibrium data. Once obtained

at a particular temperature, they are fixed for that solvent
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system regardiess of the solute in question. The ternary
constant C2 is estimated in principle, from an experi-
mentally determined solubility at a point in the solvent
composition range. Thus, the only additional data needed to
completely describe the solubility profile are the pure
solvent solubilities.

Total vapor pressure measurements were made or taken
from the literature for ethanol-water, ethanol-propylene
glycol, propylene glycol-water and ethanol-water-propylene
glycol mixtures. The solvent constants were then obtained
by fitting the data to the applicable excess free energy
model. Attempts to describe literature solubility data in
these mixed solvent systems with the reduced 3-suffix solu-
bility equation were very successful in general. The equa-
tion was not as successful where solubilities were high
because such conditions invalidated the approximations made
in its derivation.

The generality and flexibility of this approach make it
easily adjustable for other systems which may not be well-

characterized by the reduced 3-suffix equation.

Y % el '“"
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I. GENERAL INTRODUCTION

The estimation of the solubility of solids, gases and
liquids (to a lesser extent) in pure and mixed solvents is a
problem that has been of interest to physical chemists,
chemical engineers and pharmaceutical scientists. While
solubility predictions for gases and liquids have been
investigated mostly by chemical engineers, solids have been
treated mainly by physical chemists and even among these,
the systems dealt with have been mostly non-polar systems
for which fundamental equations may be developed. Examples
are:

(i) The ideal solubility equation (1)

1
198 = = gLl <polis =y

where R is the gas constant and T is the temperature of
interest (in degrees Kelvin). Equation 1 expresses the mole
fraction solubility X2 of a solid in terms of its heat of

f

fusion Ah , its triple point temperature (T usually

¢
approximated by its norqa] melting point, and the difference
in heat capacities of the crystalline and me]téd solid ACP.
Very few solid/liquid systems adhere to this equation

because it neglects all interactions between solute and

solvent.



(i1) The regular solution equation (2)
_ 2 2
RT 1In Yo = V,ydy [61 - 62] (2)

where R and T are as defined in equation 1, Vs is the molar
volume of the solute, Y, is the activity coefficient of the

solute, ¢] is the volume fraction of the solvent, and 8, and

1
62 are the solvent and solute solubility parameters
respectively. The regular solution equation takes into
account interactions between the solute and solvent but
treats only dispersion forces. This gives rise to the
activity coefficient expression which is then usually added
to the ideal solubility equation (see Appendix A). This
combination usually describes the solubility of strictly
non-polar solids in strictly non-polar solvents satisfac-
torily (2). However since many compounds and solvents of
interest are polar to a small or large extent, the equation
often fails. This has led various investigators to modify
the regular solution equation by introducing corrections for
dipole and hydrogen bonding interactions (3-6). One of
these approaches will bg discussed shortly in relation to
mixed solvents.

Another large group of scientists interested in the
solubility of solids are the pharmaceutical scientists and

the reason for this is clear; most therapeutically effective



drugs are crystalline solids. In the formulation of these
drugs for delivery to the patient, their solubility in the
vehicle(s) is often of crucial importance. If the drug is
not readily soluble in water, organic solvents, called co-
solvents, are often added to increase the solubility.
Examples of such co-solvents are ethanol, glycerin,
propylene glycol and the low molecular weight polyethylene
glycols. The need to mix solvents in general in order to
influence the solubility of a solute generates the need to
characterize solubility in a mixture of solvents. If solu-
bility can be characterized well, then it may be predicted
accurately enough to reduce experimental work and Timit
determinations only to particular solvent compositions of
interest.

Since virtually all of the co-solvents of interest in
pharmaceutics are polar to some extent, the regular solution
theory generally fails to describe solubility in these sol-
vents satiéfactori]y. Attempts to avoid this problem have
led workers in this field to use purely empirical equations
(8), modified forms of the regular solution theory (5,6), or
a semi-empirical approach which incorporates some polarity
related term like inte;facia1 tension (7).

As an example, Moustafa and co-workers (8) used an
empirical approach to describe the solubility of phenobarbi-

tal in propylene glycol-water-glycerin mixtures. They use



the equation

_ 2
log St = log S0 + u1f] + azfz + Bf] f2

where
St = estimated solubility of phenobarbital
SO = solubility of phenobarbital in water
f1, fz = volume fractions of glycerin, propylene
glycol, respectively
Gys Gy = constants obtained for glycerin, propylene

glycol, respectively
B = constant obtained by fitting experimental data
to equation

While equations of this type are useful, they are by their
nature, restricted to, and only useful for, the particular
solute-solvent systems for which they were formulated.
Also, the constants often have little physical meaning.

Recently Martin and co-workers (5,6) have attempted to
use an extended form of the regular solution equation for
the solubility of solids to estimate solubility in pure and
mixed solvents. This is accomplished in effect by adding a
term, W, to the expression for the regular solution activity
coefficient to account for non-dispersion type solute-
solvent interactions. W is then estimated from differences

between experimental and calculated solubilities using the



regular solution equation. While their method is an
improvement over the purely empirical approach, it does have
a few disadvantages. For instance, it requires obtaining
the heat of fusion, melting point, molar volume and solu-
bility parameter of the solute, and the solubility parameter
of the solvent or solvent mixture. Where these data are not
readily available the experimental labor involved in deter-
mining them may be such as to frustrate the ultimate aim of
the approach: to estimate solubility with the minimum num-
ber of experiments. As the authors have also pointed out
(5), the correction term, W, is difficult to determine
independently and the solubility parameter of the solute may
assume a different value in a different solvent system

(although this does not seriously affect the results) (6).

Objectives

In this work we have attempted to develop a general
equation which describes the sclubility of compounds in
mixed solvents and which is applicable in principle to vir-
tually any solute-mixed solvent where the solubility is not
high. The approach sh?u1d have a rational basis with terms
which have some physical meaning even if they are estimated
empirically. The equation should also achieve a balance
between complexity and effectiveness, i.e., it should be as

simple as it can be and yet satisfactorily describe



solubility in binary and ternary solvent mixtures.

We have made use of an excess free energy model because
the change of the excess free energy with composition can be
related to the activity coefficients of the components which
account for non-idealities in a mixture. Excess free energy
models have been used extensively to fit activity coeffi:
cient data (9) and applied to the estimation of gas solu-

bilities in mixed solvents (10,11).
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Abstract

An approach is developed by which the solubility of an organic
compound in mixed solvents may be estimated. In this approach, an
expression for the excess Gibbs free energy of mixing for multi-
component solvent systems is used to obtain parameters characteristic
of the interaction between the solvents. A fairly simple equation which
predicts the solubility of a solute in e.g. a binary solvent system over
the entire solvent composition range is then derived. The equation may
be partitioned into terms which contain (a) pure solvent solubilities,
(b) solvent-solvent interaction contributions, and (c) contributions
from the solute-mixed solvent interactions. The data required are the
molar volume of the solute, the pure solvent solubilities and theoret-
ically, one experimentally determined solubility in a solvent mixture.
The equation can be easily extended for three or more mixed solvent

systems.
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For pharmaceutical purposes, it is often necessary to dissolve a
non-polar or slightly polar drug in a mixture of water and one or more
co-solvents such as ethanol, glycerin, propylene glycol and low molec-
ular weight polyethylene glycols in order to increase its solubility.

It is also often desirable to know if and where a maximum exists in the
solubility profile of the drug in the mixture of solvents. Apart from
determining such a profile experimentally over the whole solvent compo-
sition range, no general method exists at present which can, with a
minimum of experiments, describe completely the solubility in the
solvent mixture. Typical approaches to the estimation of solubility in
mixed solvents merely express solubility in terms of a power series in
mole or volume fraction multiplied by arbitrary numbers which have
little physical meaning (1). Such equations although useful are, by
their nature, restricted to, and only useful for, the particular solute-
solvent systems for which they were formulated.

Recently Martin and co-workers (2-5) have attempted to use an
extended form of the regular solution equation for the so]upi]ity of
solids to estimate solubility in pure and mixed solvents. This is
accomplished in effect by adding a term, W, to the expression for the
regular solution activity coefficient to account for non-dispersion type
solute-solvent interactions. W is then estimated from differences
between experimental and ca15u1ated solubilities using the regular
solution equation. While their method is an improvement over the purely

empirical approach, it does have a few disadvantages. For instance, it
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requires obtaining the heat of fusion, melting point, molar volume and
solubility parameter of the solute, and the solubility parameter of the
solvent or solvent mixture. Where these data are not readily available
the experimental labor involved in determining them may be such as to
frustrate the ultimate aim of the approach: to estimate solubility with
the minimum number of experiments. As the authors have also pointed out
(2), the correction term, W, is difficult to determine independently and
the solubility parameter of the solute may assume a different value in a
different solvent system (although this does not seriously affect the
results) (4).

This paper presents the theoretical aspects of a method based on an
excess free energy model which can be used to characterize the solu-
bility of compounds in binary and ternary solvent systems. The method
is general and is applicable in principle to virtually any solute-mixed
solvent system as long as the solubility is not high. The data required
are the molar volume of the solute, the pure solvent solubilities and
theoretically, one experimentally determined solubility in a solvent
mixture. The last item is required for estimating Cp, a ternary inter-
action term. Although C, is estimated empirically, unlike W, it results
logically from the development of the excess free energy model for the
system. A subsequent paper (6) will discuss the usefulness of this

approach in describing experimental data from the literature.

-
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Theory

For a solute in solution in equilibrium with its solid phase,

sol
fz oln 5 fzpur‘e _ (l)

where f25°1” is the fugacity of the solute in solution and f,PUTe is the
fugacity of the pure solid. The fugacity of the solute in solution may

be expressed as (9)

f2so]n ” X2Y2f2o (2)
where x, is the mole fraction concentration of the solute, P is the
symmetric convention activity coefficient and f2° is the fugacity of the
hypothetical pure liquid at the same temperature and pressure as the
solution (as is shown later, f2° drops out of the equation and so its
evaluation does not present a problem).

The symmetric convention activity coefficient 1o has the property
that Yy > 1l as Xo > 1 while the unsymmetric convention activity coeffi-
cient (which we denote as Yz*) has the property that 72* + 1 as Xo > a.
The relationship between the two activity coefficients has been derived

by Prigogine and Defay (8). They show that

T2 limit y
o7 0 i
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[f xp approaches zero, YZ* is approximately equal to 1 and equation 3

becomes

L 1imity
Yo XZ*O 2 (4)

This situation is described by Henry's Law which may be written as

£ soln
limit 2 (5)
x2+0 Xy 2
where Hy is Henry's Law constant.
If we assume that the mole fraction solubility is sufficiently
small such that Henry's Law holds up to the solubility limit, we can
write

soln _ . pure _
f2 = fz = H2x2 (6)

where X; is the mole fraction solubility. In many cases of interest,
the mole fraction solubility of the drug or chemical in question is low
enough even in the pure co-solvent to justify such an assumption.
Comparison of equations 2 and 5 shows that
limit

x>0 12

H
; =f_§ (7)

2 -
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If we take the logarithm of equation 7 and then write the expression for

the solute in say solvents 1 and 3 separately, we obtain for solvent 1

-

o H
1imit ~ 2,1
X5>0 1"Y2,1 o 0 (8a)
2 f
2
and for solvent 3
limit ot g (8b)
x>0 < Mag @ 0
2 fZ

We note here that subscript 2 is used for the solute while subscripts 1,
3, 4, etc. are used for the pure solvents. For a binary mixture denoted
by subscript "m", of say solvents 1 and 3, equation 7 becomes

limit _
x2+0 2,m £ 0

(8c)

[f we take the logarithm of equations 1, 2 and 4 and combine them, we

obtain, at the solubility Timit

£ pan -
In ( 2 ) _ Himit 1n72 (9)

TnxS
2 £ O x2¢0

2

Substituting the expressions for 1n72 invequations 8a-8c we obtain, for

solvent 1,

(10a)



for solvent 2

and for a mixture of 1 and 3

s f2pure
1nx2,m = n e

2,m

16

(10b)

(10c)

We now define the volume fraction z; of any component "i" in the

mixture as

S
i % XG4

where q; is the molar volume of component "i".

(11)

[f we let xp approach

zero, z» also approaches zero and z7 and z,; become solute-free volume
2 1 3

fractions i.e.,

where the symbol "~" denotes solute-free terms.

write

inf,Pure

= 1nxS + 1nH

(12)

From equation 6 we can

(13a)
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and (
pure _ S
1nf2 1nx2’3 + 1nH2,3 (13b)
If we multiply equation 13a by 21, 13b by 23 and add them we obtain

pure _ 7 S 55 S
Tnf2 zl(]nxz,l + 1nH2,1) + 23(1nx2,3 ~ 1nH2,3) (14)

and equation 14 substituted into equation 10c gives

xS =z 0nx3 . + z.1nx3 . - (InH, _ - z.1nH, , - z,1nH

am - Il ) - Z3lnH, 5) o (15)

Equation 15 shows that the solubility of a compound in a binary
solvent mixture is a volume fraction weighted sum of the two pure
solvent solubilities plus what can be termed an excess Henry's Law

constant HZEX. In general, we may write

T Ex

- SN % s

Inx; m = solvents i 211M%3,1 = 1nH, (16)
Ex T .

1nH2 - 1nH2,m " solvents i ZITHHZ,i (17)

In order for equations 15-17 to be useful, an expression for lnHzEX
must be developed. To obtain such an expression for 1nHZEX, we have
employed an excess free eneF@y model proposed by Wohl (7) which we now

present.
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Excess Free Energy Model

The total free energy G of a homogeneous system consisting of r

components may be written as
r o r r
G= 2 n,g; +RT Z n,dnx;+| 2 n.|g (18)

In equation 18, n; represents the number of moles of the jth component,
xj s the mole fraction of the ith component, and gE is the excess free
energy per mole. The first term represents the free energies of each of
the pure components (910 being the free energy per mole of pure compo-
nent i). The second term is the free energy of ideal mixing and the
third term represents the excess free energy arising from non-idealities
in the mixing. The partial molar free energy of say component j at

constant temperature, pressure and composition is given by

3G 0
99 = g. = q. RT 1 . RT 1 ;
) 1 pp. s % 7% TRTIN Xy RT Ny, (19)
R E N
where
r gE
i MR 120]
Iny, = - 20
4 N T,P,n

i#]

In 1946, Wohl (7) propdged a general method for expressing the

excess free energies of mixtures in terms of increasing powers of the
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volume fractions, z, of the components. Thus the excess free energy of

a ternary

system may be expressed as

E

RT(xlq1 +

where

g
= 28752124 + 28752124 + 285,252
xzq2 - x3q3) 1271%2 137173 237273

2

2
11241 %2

2 2
+ 3a 3a + 3a113z1 z3 + 3a133zlz3

4

122%1%2

2

2 3
385532y 23 + 38)332,257 + 6 4111271 27

+

4193212923 + 4

fy &

3
1122%1 %2

3
21293%1%3

Car
a1113z1 Z., + b6a

3 1133%1 %3

+

6a + 4 + 4

2

+

3 2 3
82133321237 + 88999375723 + 6355347, 7257 + 4a53342524

+

2 2 2
12a1123z1 2,25 + 12a12232122 2y + 12a1233212223 (21)

! £ ( tion 11)
z, = etc. see equation
1 X9y * X508, * X444

The q's are usually considered a measure of the sizes of the molecules.

In this report we have used molar volumes for the gq's and Wohl used the

term “four-suffix g-equation" in describing equation 21 to distinguish it

from Margules-type equations which assume that all the molecules are of

equal size. The "four" refers to the largest number of subscripts on an

"a" term in the equation. As an example ajp is a constant which repre-

sents the

component

interaction between one molecule of component 1 and another of

2. Also, as Prausnitz (9) has pointed out, the probability
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that any pair of two molecules consists of one molecule each of compo-
nents 1 and 2 is given by 22122. Similarly d1133 1s the interaction
parameter for four interacting molecules two of which are made up of
components 1 and 3 respectively and 6212232 is the probability that any
four neighboring molecules consist of two molecules each of components 1
and 3. Although the "a's" may be regarded in a rough sense as similar
to virial coefficients, they do not have a rigorous theoretical basis
(9). Their importance lies in the fact that they are physically mean-
ingful parameters.

-Higher- or lower-suffix g-equations may also be written for the
excess free energy depending on the degree of complexity required. A
three-suffix equation contains only the first ten terms on the right
hand side of equation 21 and a two-suffix equation contains only the
first three terms.

Wohl (7) defined

Az.1 = dp(2ayp + 3ayyp + dayyy)) (22a)
A1z = a1(2a1p + 3agpp + 4a1ppp) (22b)
Az.1 = 93(2a13 + 3agp3 + 4ay;13) (22¢)
A1-3 = q1(2a13 + 3ay33 + 4a;333) (22d)
A3z = 93(2ap3 + 3app3 + 4ap23) (22e)
Ap.3 = 4p(2ap3 + 3333 + 4ap3s3) (22f)

Cp = q10(3ay1p + 3ay33 + 3app3 - 6Gajpz) + 4apyyp + 63119
- dayp9p + Bayy33 + 4agpp3 - 1231723] (229)
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C2 = apl(3a11p + 3ay33 + 3app3 - 6a1p3) + dazpp3 + 6anpa3

- 4333 * 6ayypy + day333 - 1237293] (22h)
C3 = q30(3ayyp + 3ay33 + 3app3 - 6ayp3) + 4aj333 + 6agqa3

- 421713 + Bagpaz + dayyp - 12a1333] (221)
D12 = qil4ay112 + 4a1pp2 - 6a1122] (223)
D13 = a3l4ay333 + 4apy)3 - 6ay133] (22k)
D23 = qpl4agpp3 + 4ap333 - 6ap233] (221)

[f we introduce equations 22a-221 into equation 21 and differen-
tiate the total excess free energy with respect to ny, equation 23 is

obtained.

g .
an q
T R - . 2
[ 3, lT 5 n"]” Tom = %3 [Az-z +225(As 5 -l Aa.3m Da3) + 375 Dz%

R O T M. BN GRR h PRE S
1 [%2-1 T M2 gy T Meal T2 2 Y127
92 92

2
+ T2 El3_2 i Aril = A3 q + 222(A1_2 ai- - A

2-1)

92 % 42
139~ M ag) o o T Cpz,(2-325)

+ 2z, (A

1

42 92
-, % 24(1-32,) - ¢, N z,(1-32,) (23)

where nt is the total number of moles.
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Since, in our convention, subscripts 1, 2 and 3 represent one
solvent, the solute and the other solvent respectively in the mixture,
m, Y2,m is the activity coefficient of a solute in a mixture of two
solvents in which the solute is dissolved. If desired, the activity
coeffﬁcients of each of the solvents may be obtained by appropriately
interchanging the subscripts (7) but they are not needed in this
analysis.

For the purpose of our analysis equation 23 may be simplified by

making the following approximations.

3a1p2 = 32112, 421202 ~ 421172 (24a)
3ap33 = 3app3, 4ap333 = 433223 (24b)

With these approximations,

Mz % o Py 9
,—,\-—— = a—- and A—- = a—
2-1 % L

(25)

Equations 24a and 24b imply that we are neglecting 3- (or more)
body interactions between the solute and each of the solvents. This
approximation seems reasonable in view of the fact that we are dealing
in most cases with low concentrations of solute. If we apply the same
approximation to solvent-solvent interactions, equation 23 reduces to
the van Laar equations which have been used to fit activity coefficient

data with some success.
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Substituting equation 25 into equation 23 and letting xp (and hence

Zp) approach zero we obtain

r . . ol e 92
limit 1n Yo.m A2-3 zy + AZ-I z) + A3 2123(221-1) T
x2+0 1
s S S B LA e T T
- A3-l Zz1 Z, ag - 013 3z1 24 a; - C3zlz3 a; - Clz1 Z4 5; (26)

where A, 4 is the constant arising from the interaction of the solute
with pure solvent 3 and Ap_; is the corresponding constant for the
solute and pure solvent 1.

Comparison of equations 8a and 8b with the first two terms in

equation 26 shows that

e } 2,1 _
At S Bl ey i X (27a)
2 2
and
limit In = In H2’3 a A
x>0 2,3 £ 0 2-3 (27b)
2 2

Substituting equations 8c, 27a and 27b into equation 26 we obtain

A -~ q21~l~ -~
n Hz,m = zl1n H2,l + z3ln H2’3»+ A1-3 ET 2123(221-1)
99 & 2 92 2 25 2 Qg » ~ '3 92 » 2+
-/-\3_,l 3; 221 25 - 013 5; 321 25" - C3 3; z2,2,5" - Cl EI 2,724 (28)

Note that fzo does not appeaf in equation 28. It drops out since 21 +
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A

Zy = 1. If we substitute equation 28 into equation 15, we obtain the

final equation

~ -~ q
s . S s 2
In Xy = z,1n X3 1% z1n X33 " Al g 3(22 -1) a;
o 92 5 25 2 92 2 92 5 2 92
1% 3 23 24 a‘3‘*C32123 @*Cﬁ 5%

A3 1 22 (29)
The above equation will be referred to as the reduced 4-suffix
solubility equation since it was derived from the 4-suffix excess free
energy expression. Other solubility equations to be derived later will
be referred to in a similar manner., Equation 29 expresses the mole
fraction solubility x;,m of the solute in the mixed solvent in terms of
(a) the pure solvent solubilities given by the first two terms (b)
contributions from solvent-solvent interactions given by the next three
terms and (c) contributions from the interaction between the solute and
the solvent mixture described by the last two terms. The data needed
for the estimation of the solubility in equation 29 are

(i) the pure solvent solubilities X;,l and x;,3,

(ii) the binary solvent data (usually vapor pressure as a
function of composition) from which solvent-solvent
interaction constants Aj_3, A3_; and Dy3 may be obtained,

(iii) the molar volumes of the pure compounds and,
(iv) two ternary exPerimental points (obtained from the solu-

bility of the solute in the solvent mixture at two differ-

ent compositions) from which C; and C3 are calculated. It
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is important to note that the solvent-solvent interaction
constants, once obtained at a particular temperature are
fixed for the solvent system at that temperature.
Corresponding 2- and 3-suffix equations may also be written for the
system described by equation 23. The 3-suffix equation is obtained by
setting the D's equal to zero or in other words by neglecting four-body

interactions. If this is done, then
C G ]
g * byg® and = C, = (30)

and equation 23 becomes

In SN PR N0 IO O G PN ) PR S S A )
Bin - “3 [M2.3 2V"3-29; 7 "2-3 1 |"2-1 2712 77 T "2-1
9, 9, 9,
*21251A5 5 %G Azal = M-z o 22,5(A) 5 % A1)
A 92 92
- 221( T3 E{ - A3_1 %) - CZ(I-ZZZ) (31)

where Co = gp[3ayyp + 3333 + 3app3 - 6ayp3] and the A's are as defined
in equations 22a-22f without four-body interaction terms. Following the
same treatment given in equations 23 to 29 we arrive at the reduced 3-

suffix solubility equation.

In xS = z1nx3 . + 2,10 X A 2.z (22 -1) EE
g.m 1 251 3 2,3~ Tl=3 "1%3'71 1
PPTE  ~ih RREP D (32)
3-1 771 73 93 27173
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Equation 32 shows that only one constant, Cp, needs to be obtained from
ternary data and theoretically, only one point in the ternary system is
needed.

The 2-suffix equation is obtained by neglecting 3- and 4-body

interactions. Then equation 23 becomes

In T T - (33)
Tam 7 %3 T2.3 T Tl T A%(M-3 T Mea T M3 T
where
Mlag = 2215 G415 Ay g = 2295 (34a)
Aplz = 2813 975 Agy = 235 a4 (34b)
Aoz = 2853 Gps A3 5 = 2353 g (34c)

Again, following the same treatment given in equations 23 to 29 (excep-
ting that it is not necessary to make the van Laar-type approximation
mentioned earlier because it is already impliied in equation 34),
equation 33 leads to the reduced 2-suffix solubility equation
A~ g
S S S , 2
In Xz,m = zlln X1 + z3ln X5 3 A1-3 2,24 : (35)
Examination of equation 35 shows that unlike the reduced 3- and 4-suffix
solubility equations, it contains no constant to be estimated from
ternary data. This, combined with the fact that the reduced 3-suffix

solubility equation with its fewer parameters (compared to the corres-
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ponding 4-suffix equation) satisfactorily describes the data used (6)
has led us to choose equation 32 as our working equation for a 3-

component system. The estimation of the constants in equation 32 and
its usefulness in describing solubility in ethanol-water systems are

discussed in the following paper.

4-component systems

For a 4-component system, the 3-suffix excess free energy
expression is given by

gE

b 1, a3 AN ql[?alzzlzz * 2209212 4
g T Ty

1

2
2a232223 + 2a34z3z4 - 2a242224 + 3a11221 z2

+

2a14zlz4 +

2

2
oV

2
f13¥ %t

2
g e 5 B

A114%1 %4

+

3

-+

3 3 + 3

2

2 2
3a144zlz4 + 3a224z2 z4

+
-+

2
3299325 723 * 335392524

2

2 2
3504292y * 383342372y * +6

+

3 3

+

d944%3% 4473951 Fysa

+

§2194212524% 88534292324 + 62134212524+ 24&123421222324](35)

With the following definitions:

Alag = 91(2814 + 33q44) (372)
Agoy = dql2a4 + 3ayyy) (37b)
Agg = q3(2a34 + 3a,,,) (37¢)



Ag.z = 94(2agy + 3a3,) (374)
Ay gy = q2(2a24 + 3a244) (37e)
Agop = dgl2ay, + 3a50,) (37F)
Gio3 = 3277y * 32733 + 33554- 633 (379)
G234 = 3893 + 3333y + 3354, - 63y, (37h)
Gi3g = 3ay4q + 3ay93 + 3333, - Bay4, S
Gipa = 3aypp + 3ayy, + 33y, - 63y, (373)
K = 24a,,q, (37k)
equation 36 becomes
E q
g - ok
e P e L R S g R
RTIX, + Xy — + Xy — + X, ——
1 2 94 3 q?J 4 3
1 9
*7123(Ay ) 7 Ay M-z 23) * 7z (Ay 17, " Al-g %)
q]. ql ql ql
St Bt R et e Ty B
3 2 4 2
% % 4 9
¢ Z324( 375379, " Ais % E;) *2,2,24(A ) Ty | Az-z'ag
A | i
F ALt Bpp3 9p) T 2yzp24 (A T e
9 9 91
- B 9) * 22324(A4, %" M3 3" Area T, B34 9p)
AT PR
* 21232, (A 4+ Ay T e B Wt R . 1)

where A1-2’ AZ-l’ A1_3, A3_1, A2_3

equations 22a-22f but without the 4-

and A3_2 are as defined eariler in

body interaction terms. If we
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consider this system as a solute (denoted by subscript 2) in a mixture
of three solvents (denoted by subscripts 1, 3, 4) then an approach
similar to that given in equations 23 to 29 yields the reduced 3-suffix

solubility equation for a 4-component system:

“aA s a q
< S S S 2
In Xom = z,1n X3 * z,1n Xy 3 * z,1n Xy 4 " Az 3(221+224-1)-EI

SRR el s R B IR At R B e OB
3-1 7717371 45 1-4 "174 771 g4 a-1 =71 74 da

A A

4-3 %3%4

A A

Ba 123 92 %173

» 92 «.» g S9
(224—1) q + A3-4 22324 a; + G

A A

124 G £1%g ¥

A A A A A A

+ G G -G

23¢ 92 Z3% - G134 9p 212324 - K 9y 212524 (39)
Equation 39 shows that only one constant, K, need be obtained from
a quaternary system. The A's and Gy3q are obtained from solvent vapor
pressure-composition data. If we let 34 equal zero, equation 39 reduces
to equation 32 with CZ = 6123 q2. Thus 6123, G124 and G234 are esti-
mated from solubility data at points where solvent 4, solvent 3 and sol-
vent 1 respectively are absent. They are therefore not new parameters
in the sense that K is. It is important to note that even with the more
complex 4-component system, we need to estimate only one quaternary
constant to describe the system. [t is clear that if equation 39 is
used for predictive purposes (for systems in which it is valid) the
experimental labor saved is substantial. The same consideration holds

to a lesser degree for equation 32.
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Discussion

The reduced 3-suffix solubility equation for a solute in a mixture
of two solvents (equation 32) describes solubility in terms of pure-
solvent solubilities, contributions from solvent-solvent interactions
and from solute-binary solvent interactions. The advantages of this
approach over present ones are its generality and flexibility. Once the
solvent-solvent interaction constants are obtained they are fixed for
that solvent system (provided one operates at or close to the tempera-
ture at which they were determined, usually 25°C). Thus the only con-
stant which needs to be determined (we assume that the solubility of the
solute in each solvent is known) in order to completely describe the
solubility is the ternary constant Cr. For a solute in a mixture of
three solvents (4-component system), only one quaternary constant (K in
equation 39) is again needed to describe the solubility. The ternary
constants 6124, G234 and 6123 are obtained in practice in the absence of
solvents 3, 1 and 4 respectively.

The essential aspects of this treatment are presented in Table I.
In summary, it consists of

(i) starting with the described n-suffix excess free energy
model for the number of components involved,
(1) making simplifying assumptions concerning the solute-
solvent interactions while,
(i11) keeping the solvent-solvent interaction terms as detailed

as necessary.
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Abstract
The use of the reduced 3-suffix solubility equation in charac-
terizing solubility in ethanol-water mixtures is discussed. The

- equation states:

xS =z xS o+ z0nxS L - A L 22 (22.-1) hed
~ 2A q2 A A
+ A3_1 22l 23 ag + C22123

S S S . L
where X2,1’ X2,3 and x2,m are the mole fraction solubilities of the

solute in ethanol (subscript 1), water (subscript 3) and in the mixture
m; Aj.3 and A3_y are sclvent-solvent interaction terms; C, is a solute-
solvent interaction term, and the q's and E's are molar volumes and
solute-free volume fractions respectively. The contributions of the
various terms in the equation to solubility are examined and the pos-
sible use of its derivative in indicating whether a maximum may exist in
the solubility profile is discussed. Methods of obtaining the solvent-
solvent interaction constants and the ternary constant C2, are described
and the general effectiveness of the equation in describing solubility
is examined. The equation is shown to be applicable to ten compounds
with widely different physical properties and thus appears to combine

both ease of use and general utility.

-
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in the previous paper (1), we described the theoretical agpects of
an excess free energy approach to the estimation of solubility in mixed
solvent systems. In this report we discuss methods of obtaining the
constants in the working equation and their use in characterizing solu-
bility in the ethanol-water system.
For a solute (subscript 2) in a mixture of ethanol (subscript 1)

and water (subscript 3) the reduced 4-suffix solubility equation is

xS = znxS . o+ z0nxS L - AL L z.2.(2z, - 1) hicd
1 R et I8 B e T Bt 15 B (o A a1
~ s 92 s pno9 99 w2 8y
+ A3_1 221 23-3- + D13 3z1 24 a—-+ C3 2424 3
3 3 3
A~ ZA q2
+ Lz 23-6I (1)

The corresponding 3-suffix and 2-suffix equations are given by equations

2 and 3 respectively.

xS =z xS+ z0nxS , - A 2.2 (22 - 1) EZ
2,m 1 72,1 3 243 1-3 173 1 91
-~ 20 q2 A A
Fhl gt 2 0 (2)
- - .5 G
Inx3 = 2. 1nx3 . + z,1nx -2 (3)
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Note that the numerical values of Aj_; aﬁd A3_ differ in equations 1, 2
and 3 because they are defined differently in the three equations (see
reference 1). We also note here that equation 2 may be rearranged to

give

In this report we evaluate the parameters in equations 1-3 and discuss

their ability to describe solubility in ethanol-water mixtures.

Evaluation of interaction constants

The solvent-solvent interaction constants (the A's) are easily
obtained from vapor-liquid equilibrium data.

If partial pressure-composition data are available, the constants
may be obtained by fitting the excess free energy calculated from such
data to whichever n-suffix equation is chosen. As an example consider
the 3-suffix equation for a binary solvent mixture. The molar excess

free energy is given by (2)

E A . A
B* . M1.3 2 3-1 2 N
2T = _q_]__ [2123 (qul + x3q3)J + 5 [:Zl 23(x1q1 ; x3q3)-] (5)
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where
Apig = ap(2ay3 + 3ay44), Ay ) = 4g(2ap5 + 33, ,) (6)
But
¢ z
RT = solvents i *1'My = X{Inyy + x3lny, (7)
and
pl p
17537 (8)
P P3

where p; = the partial pressure of component 1 in the mixture of 1 and 3
and p1° = the vapor pressure of pure component 1; p3 and p3° are defined
similarly.

Combining equations 5 and 7 we find

2
2,2,°(X49y + X5Q,)
_ 173 Y 1M 373
xllnyl + x3]m3 = Al-B[ 7, ]
z 22 (X1Q; + X4Q4)
A 1 73'\7"111 373 (9)
3"1 q3

Equation 9 may be represented as
J =91X1 +92X2 (10)

where y = xllnyl - x31ny3, el 5 A1_3, Xy = Ist term in parenthesis, 62 =
As1s %o * 2nd term in parenthesis.
As shown by equation 10, y is a linear function of the parameters

el and 62 and so, A;_3 and A3_1 can be obtained by linear regression.



The constants for ethanol-water were obtained at 25°C from data in
reference 9 as described below.

If only the partial vapor pressure of one component is available,
the Gibbs-Duhem relation may be used to calculate the other in the case
of a binary system (3).

It is usually easier to measure the total vapor pressure over a
solvent mixture rather than partial pressures. From the total pressure,
the interaction constants may be obtained as follows:

The total pressure Py over a binary solvent mixture is given by
Pr= Py + Py = Xq7qP10 + XaYqPy0 (11)
T 3 1'171 3'373

[f we differentiate equation 5 with respect to n; we obtain the

expression for 1ny1 in the solvent mixture.

A z 2(l -2z.) | +A 22,2 Z'EL (12)
1-3] 73 1 3-1 173 93

Iy = & o 22,22 22 |+ a . [2.200 = 22, (13)
37 Mg | 3113 3

Substituting equations 12 and 13 into equation 11 we obtain

1nyl

Similarly,

A X + A XJ [A X + A )(:]
e 0 [ 1-341 3=142 0, . 1-343 3-1%4
PT = Py xq@ + Pgy Xqe (14)

-

where

39
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R o 2 41
Xq = Z5 (1 - 221), Xp = 22123 o

= 2z 2, 31 =z 2(1 223)
X3 17379 Xg = 4 T e43

The_parameters may be obtained from equation 14 by a total pressure
fit using non-linear regression. This method is more complicated but it
gives similar results to the excess free energy fit (see Table I).

Where partial pressure data are available as in the case of ethanol-
water, the linear regression fit is the method of choice because of its
simplicity and a much lower tendency to give non-unique constants,
rather than the non-linear method whose results sometimes depend on the

choice of initial estimates.

Choice of working equation

Figure 1 shows calculated solubility profiles of barbital in

ethanol -water mixtures using equations 1, 2 and 3 with the solvent-
solvent interaction constants in Table I but without any ternary solute-
solvent interaction terms (i.e., with Cl = C2 = C3 = 0). When compared
to the experimental data (from reference 4) it is clearly seen that the
reduced 4-suffix solubility equation does worst in predi;ting solubil-
ity., The 3-suffix equation does better but not as well as the 2-suffix
equation. A comparison of equations 2 and 3 however shows that while
the reduced 3-suffix solubility equation has one more constant that is
related to, and can be evaludted from, ternary solute-solvent data, the

2-suffix equation has none and this severely limits its use. The 4-



41

Fig.

Solubility profiles of barbital calculated from
equations 1-3 without any solute-solvent interac-
tion term (i.e., with C] = C2 = C3 =0).

1: Reduced 4-suffix solubility equation (equation

1)

2: Reduced 3-suffix solubility equation (equation

2)

3: Reduced 2-suffix solubility equation (equation

3)

0: Experimental points
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Excess Free

Energy Model

Table I: Solvent-solvent interaction terms

Constants (from

linear regression)

Constants from total

pressure (non-linear) fit

d-suffix

3-suffix

2-suffix

A2z
Az-1
013

A1-3

As-1

i

[}

0.9385
1.387
0.6106

1.216
0.9093

2.215

1.138
0.9047

43
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suffix equation has two constants which may be estimated from ternary
solute-solvent data. For the ethanol-water system shown in Figures 3-
12, the 3-suffix equation with its one constant Cp, estimated from
ternary data, satisfactorily predicts the solubilities of compounds in
ethanol-water mixtures. This and the fact that it has less parameters
than the 4-suffix equation has led us to choose the 3-suffix equation

(equation 2) in characterizing solubilities in ethanol-water systems.

Estimation of C,

The constant CZ’ wnich accounts for the interaction between the
solute and the two solvents, was estimated by linear regression from the
difference between the reported experimental solubility at 25°C and the
calculated solubility (without the C, term) at each point in the solvent
composition range. The CZ thus obtained was then used to estimate the

solubility over the solvent composition range.

Analysis of solubility in the ethanol-water system

Certain compounds are known to exhibit a maximum in their solu-
bility in some solvent mixtures (4). In this work, we are interested in
whether our reduced 3-suffix solubility equation for a three-component
system predicts a maximum and/or minimum and under what conditions. We
use the ethanol-water system as a specific example. The results will

therefore be applicable only to a solute in ethanol-water.



45
Différentiating equation 2 with respect to 21 and equating it to

zero yields

a]nxS N 2C
2om | L 0.1788¢2.52 + | —2 - 0.0778
32 s 1 9, 1
3

1 "3 1 C,
- | 0.0207 + == 1n 2 S N (15)
q S q
2 x2 3 2

Where the values A;_3 = 1.216 and A3_1 = 0.9093 obtained from ethanol-

water vapor liquid equilibrium data (9) have been used and the maximum

or minimum Z4 indicated by <21>. Equation 15 can be solvedsquadrati-

- Gy 1 "z 1
cally for <Zl>' Depending on the values of‘a- and — 1In , the
X

2. %
range of possible values for the two roots of z, are given Tﬁ TableII.

Cases 1-4 have no extrema in the 0-1 volume fraction range. Cases 5-6

do have oge extremum each in the 0-1 range but without knowing Co, 42

<3
251
and In ( 2

) it is impossible to say if it is a maximum or minimum.
No solubi%f%y profiles exhibiting a minimum have been found in the
literature. Case 7 has two extrema which clearly must be a minimum and
d maximum. To our knowledge, no such profiles have been found in the
literature. The relationship between <21> and the solute-dependent
terms mentioned above is illustrated in éigure 2 where the <21> surface
is projected onto the ég Versus — L 1n( xz .1 ) plane. Theoretically the

2 92
question of whether a solute exhibits anzégtremum in ethanol-water mix-



Table II: Possible solutions of equation 15

Cases Remarks

1 Imaginary, Imaginary No extremum
2 <0, >1 No extremum
3 <0, <0 No extremum
4 >1, 1 No extremum
5 0-1, >1 1 extremum
6 0-1, <0 1 extremum
7 0-1, 0-1 2 extrema
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Fig.

~

Graph showing projection of <z,> on to the

S
X9 3

"31
=== a— In 2 plane. See Tables II and IV

for explanation of symbols and text for

discussion.
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tures may be answered by obtaining the above solute-characteristic terms
and then locating the area they fall in Figure 2. This will not always
be successful since Figure 2 arises from a purely mathematical treat-

ment; however it may be useful as a general guide.

Results and Discussion

Contributions of various terms to solubility

Figures 3-5 show a plot of the left hand side of equation 4 against
the volume fraction of ethanol for three compounds. w1§hout any etha-
X
nol, the left hand side of equation 4 is zero because Lol l; hence

X
253 .
the curves all start from zero. With water absent, i.e., with z, = 0

3
only the first term on the right hand side of equation 4 remains, all
other terms going to zero as indicated in Figures 3-5. If, in a mixture
of ethanol and water, we set all the interaction constants equal to
Zero, then the solubility is given by the dashed straight line. This
may be called the "ideal mixture" solubility since there are no contri-
dbuting interaction terms. The solvent-solvent interactions contribute
to solubility in the manner shown in Figures 3-5. They go to zero at
gach end as they must. The contribution from these terms usually (but
not always) results in a maximum solubility being predicted for the
compound without the Cy, term. The Co term not only corrects this
tendency.but also adjusts the solubility to such an extent as to be able

Lo reproduce the maximum solub¥1ity with respect to the value and the

volume fraction of ethanol at which it occurs (see Figure 3). Since Cs
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contributions from terms in equation 4.
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Fig. 5: Solubility profile of DL-valine showing

contributions from terms in equation 4.
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accounts for interactions between solute and solvents it must necessar-

ily go to zero at both ends of the solvent composition.

Prediction capabilities of the reduced 3-suffix solubility equation

Figures 3-12 show the results of using equation 2 and the param-
eters given in Table III to estimate reported solubilities in ethanol-
water at 25°C.

In the ethanol-barbital-water system in Figure 3, the solvent-
solvent terms and Cp make significant contributions to the solubility
but tend to compensate for each other. Since they are unsymmetrical
with respect to 21, they combine to produce a lower than "ideal mixture"
solubility at Tow volume fractions of ethanol and a higher than "ideal
mixture" solubility at higher ethanol volume fractiéns. The maximum in
the solubility at }1 = 0.93 is also due to the non-symmetrical contribu-
tions of these two terms and the particular values they assume at this
point. Figure 4 for acetanilide shows similar contributions from the
various terms although there is no maximum. This is due to the lower
contribution of the solvent-solvent terms because of a lower gp. In
Figure 5, which shows a case where the solubility of the solute (DL
valine) is higher in water than in ethanol, the deviation from the ideal
mixture solubility is accounted for largely by the solvent-solvent
terms.

Figs. 6-10 and 12 show.semi-log plots of solubility profiles for

additional compounds. The results for phenobarbital, phenylsalicylate



Table III: Parameters used to estimate solubilities

in Fiqures 3-12(2)

57

Compound lnxg,l(b) 1nx§’3(b) qz(c) Co n r s(d)
Barbital - 3.479 - 7.240 151.0 - 6.76 10 0.999 0.069
Acetanilide - 2.294 - 7.233 110.9 - 4.26 10 1.000 0.095
Phenylsalicylate - 2.266 -11.28 169.8 -13.3 7 0.997 0.315
Stearic Acid - 4,237 -10.75 302.4  -23.8 7 0.993 0.438
0-nitrophenol - 2.023 - 8.037 93.68 - 6.67 7 0.997 0.131
Antipyrine - 1.716 - 2.096 175.1 - 7.%4 9 0.952 0.365
Phenobarbital - 3.450 - 9.282 172.0 - 7.63 15 1.000 0.062
DL-valine - 9.498 - 4,529 89.02 + 1.15 5 0.996 0.282
Glycine -10.68 - 2.871 90.66 + 3.67 5 0.998 0.359
DL-alanine -10.01 - 3.433 62.57 + 4.43 é 0.997 0.367

(a) The solvent-solvent term is
%2

PPN - AZ»\ q2
-1.216 z,z (221 - 1) = + 0.9093 2z.%2, —

173 1

3 d3

(b) See Table IV for references for solubility data.

(c) q; = 58.68 (ref. 11) and Q3 = 18.07 (ref. 12) were used as molar

volumes of ethanol and water respectively; qp's were calculated from

density data in ref, 12.

(d) s is the standard deviation of the error between In(

and Tn(xS )

2,m‘estimated”’

S
xZ,m)observed



58

and o-nitrbpheno] in Figures 6-8 are similar to the barbital and
acetanilide systems (Figures 3 and 4) previously discussed. Figures 9
and 10 show results for glycine and DL-alanine which are similar to
Figure 5 for DL-valine.

Figure 11 shows a plot of the terms in equation 4 for stearic acid
to indicate why a minimum is predicted (although the experimental data
from reference 5 do not show it). [t is seen that the minimum is caused
by the large negative value (-3) of the Cp term compared to the value
(#+1) of the sum of the solvent-solvent terms.

Figure 12 shows the solubility profile of antipyrine. The solu-
bility of antipyrine in water is reported as 620 mg/ml and 425 mg/ml in
ethanol (7) which, converted to mole fraction solubilities, are 0.123
and 0.180 respectively. These high figures invalidate the assumption
(made in the derivation of equation 2) that the mole fraction solubility
is very small. In addition, antipyrine's solubility changes very little
between the end points. The shél]ow maximum and minimum in the pre-
dicted solubility profile result from the unsymmetric dependence of Cr
and the solvent-solvent terms on volume fraction (see Figs. 3-5). In
summary, Figures 3-12 show clearly that the reduced 3-suffix solubility
equation estimates solubilities in ethanol-water systems very well.

In practice, one would have little or no data from which to esti-
mate C, as we have done here. [n such a case it is still possible to
estimate it by other means reduiring the determination of solubility at

one or two points in the solvent composition. The significant point, in
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Fig.

6:

Solubility profile of phenobarbital

-: estimated solubility

0: experimental solubility
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Fig.

7:

Solubility profile of phenysalicylate

-: estimated solubility

0: experimental solubility
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8

Solubility profile of O-nitrophenol

-: estimated solubility

0: experimental solubility
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9:

Solubility profile of glycine

-: estimated solubility

0: experimental solubility
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Fig. 10: Solubility profile of DL-alanine

-: estimated solubility

0: experimental solubility
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Fig. 11: Solubility profile of stearic acid showing

contributions from terms in equation 4.
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Fig. 12: Solubility profile of antipyrine

-: estimated solubility

o: experimental solubility
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any case, is that it is possible to obtain a single terhary constant,
Cz, which along with the other constants, adequately describes the

solubility profile.

Significance of C,

The solvent-solvent terms, when combined only with ideal mixture
solubilities usually (but not necessarily always) over-predict (as in
Figure 1 and with non-polar compounds) or under-predict (as with the
more polar amino acids in the solubility profiles shown) solubility.
Therefore the C2 term has an opposite sign (but not always; see Figure
5) to the sum of the solvent-solvent terms. In order to determine what
influence, if any, the polar or non-polar nature of the solute has on Co
we have obtained octanol-water partition coefficients (PC), where
available (10), for the solutes whose solubility profiles we examined.
Table IV and Figure 13 show that there is an excellent trend in which Cp
becomes more negative as the solutes become more non-polar and more
positive as the solutes become more polar. The regression equation is

C2 = - 3.96 - 2.66 log (PC) (16)
n=28, r=0.946, s = 1.96 (s is the standard deviation of the
error between observed and predicted values of C2)° Equation 16

suggests that it may be possible to estimate Co from octanol-water

partition coefficients and use it, along with the solvent-solvent terms
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Fig. 13: Graph showing correlation of (:2 with Tog

partition coefficient (octanol/water).

A : n-butanol/water

O : n-heptane/water
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and pure solvent solubilities, to estimate the entire solubility
profile.

A qualitative interpretation of Cr is as follows:

I[f the solvents interact in such a manner as to "eliminate" (i.e.,
interact "negatively" with) the solute more effectively than would be
expected from their interactions with each other, (as indicated by the
solvent-solvent constants) the predicted solubility without the Cr will
tend to be higher than the observed solubility. This may be expected to
happen with non-polar solutes in ethanol-water. In order to correct
this over-prediction, Cp has to be negative to decrease the predicted
solubility. Conversely if the solvents interact in such a manner as to
“incorporate" the solute more effectively than would be expected from
their interactions with each other, the predicted solubility will tend
to be lower than the observed solubility. This could happen with more
polar solutes. C, will therefore tend to be more positive in order to

increase the solubility.

Prediction of extremum in solubility

As was mentioned earlier, it is possible to obtain some idea of

whether a solute may exhibit a maximum (or a mingmum, although we have
C X
not seen this) by computing its Eg and El ln(-—éil ) and locating them
2 2 X
on Figure 2. This was done for the solutes listéd3in Table IV, the

values obtained for the above terms were plotted in Figure 2 and

labelled with letters representing the solutes in Table IV. It is seen



Table IV: Values of C, and partition coefficient
log octanol- Solubility
water data

Compound Formula Cr part. coeff.l Refarences
Barbital (a) CgHyoNo03 - 6.76 0.71 4
Acetanilide (b) CgHgNO - 4.26 1.21 5
Phenylsalicylate (c) Cy3Hig03 -13.3 3 5
Stearic acid (d) CigHgls  -23.8 §.82 5
O-nitrophenol (e) CgHgNO4 - 6.67 1.76 6
Antipyrine (f) C11H12N70 - 7.94 0.26 7
Phenobarbital (g) CioHigNg03 - 7.63 1.41 4
OL-valine (h) CgHy N0,  + 1.15 -1.143 8
Glycine (1) CoHgNO, + 3.67 -3.0 8
DL-alanine (j) CH7NOy + 4,43 -2.8 8

l: From referenca 10.

Some values are averages of reportad data.

2: n-heptane/watar; not used in the regression of Ca

3: n-butanol/water; not used in the regression of Ca

P
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that the amino acids DL-valine, glycine and DL-alanine labelled h, 1, j
respectively fall in the case 1 area where no extrema are predicted (see
Table [I). They are therefore not expected to show any extrema in solu-
bility and they do not, as seen in Figures 5, 9 and 10. Acetanilide (b)
and o-nitrophenol (e) fall in the case 2 area and also show no extrema
(see Figures 4 and 8). Phenylsalicylate (¢) and stearic acid (d) fall
into case 5 where one extremum is predicted. The literature data we
obtained do not show this although as expected, the estimated solubility
curves in Figures 7 and 11 indicate a minimum (the minimum in the case
of phenylsalicylate is too shallow to be evident on the graph). If
indeed these compounds do not show any minimum, the failure of equation
15 should not be surprising for reasons indicated earlier.

Antipyrine (f) falls into the case 7 area but the solubility data
show only one maximum in Figure 12 instead of a minimum and maximum as
predicted by equation 15. Even though the equation predicts a minimum
‘not seen, the fact that it predicts a maximum which is seen makes it
useful. Barbital (a) falls in the borderline area between cases 6 and 7
while phenobarbital (g) falls more into case 6 than case 2. The
interesting point is that both show well-defined maxima in their solu-
bility profiles in ethanol-water (4). Because the shapes of solubility
curves change slightly when solubility is plotted as mole fraction
rather than mg/liter or moles/liter and the fact that the log of the
mole fraction solubility is used for most of the plots the maximum is

not pronounced in the case of barbital in Figure 3 and it is not even
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evident with phenobarbital in Figure 6. In summary it does seem that
Figure 2 méy be of considerable help in indicating when a solute may be
expected to show an extremum, usually a maximum, in its solubility in
ethanol-water mixtures. Since we have seen no case in which a solute
showed an experimental maximum without falling into one of cases 5-7, it
may be possible to use a method such as this to a priori rule out
possible maxima for solutes in ethanol-water (or other mixed solvent)

systems.

Summary and Conclusions

The reduced 3-suffix solubility equation

Tnx = 2. 1nxS .+ z.1nx8 A 2.2 (22 - 1) EZ
p : i | b I St b i q;
-~ 2A qZ A A
vkl 23-65 + Cyzy24 (2)

provides a general method for characterizing and estimating solubility
in mixed solvent systems. The equation may be partitioned into (a) the
"ideal mixture" solubility described by the first two terms on the right
hand side, (b) solvent-solvent interaction contributions described by
‘the next two terms and (c) a solute-solvent interaction contribution
described by the C, term. A;_3 and A3_; are solvent-solvent interaction
constants which, once obtained, are fixed for that particular mixed

solvent system. Thus, apart from pure solvent solubilities, the only
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term needed to estimate the solubility of any solute in ethanol-water is
Cs.

A1l systems investigated in this report were adequately described
by equation 2, except antipyrine which was not as well characterized
because its high solubility in both solvents invalidates the assumptions
made in deriving equation 2. The approach is also flexible enough to be
appropriately altered. For example, it is possible to use the reduced
4-suffix solubility equation (equation 1) for a system where the 3-
suffix equation does not satisfactorily describe the solubility. The
method finds ready application with pharmaceutically important co-
solvents such as ethanol, propylene glycol, glycerin and low molecular

weight polyethylene glycols.
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ABSTRACT

The reduced 3-suffix solubility equation derived from the Wohl
excess free energy expression is used to describe the solubility of
phenobarbital in propylene glycol-water, ethanol-propylene glycol and
ethanol-water-propylene glycol mixtures, and the solubility of hydro-
cortisone in propylene glycol-water mixtures. Solvent-solvent inter-
action constants were obtained by fitting total vapor pressure versus
composition data, obtained at 25 + 0.1°C, to the Wohl excess free energy
model for the solvents. The equation describes solubility in these sys-
tems quite satisfactorily except for: phencbarbital in ethanol-propylene
glycol where the solubility is fairly high and the assumptions involved

in the derivation of the equation do not hold.
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INTRODUCTION

In previous reports, a general equation for describing and esti-
mating solubility in mixed.solvent systems was developed (1) and applied
to ethanol-water systems (2). The equation, referred to as the reduced
3-suffix solubility equation, was developed from an excess free energy
model proposed by Wohl (8) and is given below. For a solute (denoted by
subscript 2) in a mixture m, of two solvents (denoted by subscripts 1

and 3)

A 2" q A A
3-1%%1 3'ﬁ§*"é2 123 (1)

where X;,m is the mole fraction solubility of the solute in the solvent
mixture; X;,l and x§,3 are the solute mole fraction solubilities in
solvents 1 and 3 respectively; Aj_3 and A3_; are solvent-solvent inter-
action constants; Cp is a ternary solute-solvent interaction constant;
q1, 42 and g3 are the molar volumes of the first solvent, the solute and
the second solvent respectively, and El and 23 are the solute-free vol-

ume fractions of solvents 1 and 3 respectively. Equation 1 may be

rearranged to give

S S

X % X A A -~ q2
In (28 s Z (228} - A, ,2,2(22) - 1) -

X2.3 X5 3 1
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-~ ry qz -~ ~
+ A3_1221 24 El? - sz123 (2)

For a solute in a ternary solvent mixture (denoted by subscripts 1, 3

and 4), the reduced 3-suffix solubility equation is

Inxd =7 108 | + Z,1nx5 |+ z, xS - A, 2.2 (22 +22 -1) i
S e i Mot B e PR E Lk e

R R R AR SNPGRS SRR S

BB L b L ML R WEEA LY o B

e T < 4.5 A
'%J%QQQJ)Q*Aaﬁﬁﬁ‘@‘Gmﬂfﬁf4

A A A A A A A

" 8123902123 * 814952124 * Gp349p232, - Kap2.252,  (3)

where x§’4 is the solute mole fraction solubility in solvent 4; 24 is
the volume fraction of solvent 4; A1-4s Aq_1s Ag.35 A3_4 and Gy34 are
solvent-solvent interaction constants; G123 Gp34 are ternary solute-
solvent interaction constants accounting for the interaction of the sol-
ute with solvents 1 and 3, 1 and 4, and 3 and ¢ respectively, and K is a
quaternary solute-solvent interaction constant which accounts for the
interaction of the solute with a mixture of all three solvents. The

other terms are as defined in equation 1.
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Examination of equations 1 and 3 shows that equation 1 is identical
with equation 3 with }4 = 0 and Gyp3q2 = Q. The gy in front of Gysj
arises from the slightly different definitions of G, and Gyp3 (see
reference 1).

Equation 3 shows that the logarithm of the mole fraction solubility
of a solute in a ternary solvent mixture In xg’m, may be described in
the following terms:

(i) The "ideal mixture" solubility, described by the first three
terms which are a volume fraction weighted sum of the logarithm of the
pure solvent solubilities.

(i1) Contributions from binary solvent-solvent interactions between
solvents 1 and 3, 1 and 4, 3 and 4, described by the next six terms.

Contributions from ternary solvent interactions are described by the

Gy34 term. A1l the solvent interaction constants namely A1-3s Az.1s AL
4s A4_1, A3_4> Aq_3, and G134 once obtained for a ternary solvent system
at a particular termperature, are fixed for that solvent system and do
not need to be determined again for any solute.

(iii) Contributions from ternary solute-solvent interactions des-
cribed by the next three terms. These terms account for the interaction
of the solute with two solvents in the absence of the third. For exam-
ple, 6123q2}123 (equivalent to C22123 in equation 1; see reference 1) is
the contribution to solubility from the interaction of the solute with a
mixture of solvents 1 and 3 only and the constant Gyp3 is determined

from solubility data in the absence of solvent 4.
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(iv) Contributions from a quaternary solute-solvent interaction
given by the last term. The constant K describes the interaction of the
solute with all three solvents in the mixture. Since Gyp3, Gypgq are
obtained for the special cases where solvents 4, 3 and 1 respectively
are absent, they are not new constants to be determined in the sense
that K is. K, theoretically, may be obtained from one solubility
measurement somewhere in the ternary solvent composition range.

In this report, we measured total vapor pressures over ethanol(1l)-
propylene glycol(4) (denoted by subscripts 1 and 4 respectively in
equation 3) and ethanol(l)-water(3)-propylene glycol(4) (denoted by
subscripts 1, 3 and 4 respectively in equation 3) mixtures at 25°C.

With these data and reliable vapor pressure data for ethanol(l)-water(3)
(reference 3) and propylene glycol(4)-water(3) (reference 4), the binary
solvent interaction constants (the A's) and the ternary solvent
interaction constant Gy3q were obtained. These constants were then used
to characterize the solubilities of (a) phenobarbital in propylene
glycol-water, ethanol-propylene glycol and ethanol-water-propylene
glycol mixtures, and (b) hydrocortisone in propylene glycol-water
mixtures at 25°C. The soldbi]ity of phenobarbital in ethanol-water

mixtures has already been described (2).

Estimation of binary solvent interaction constants

Following the method described previously in reference 2 for the

estimation of solvent interaction parameters from total pressure data,
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the data reported here for ethanol-propylene glycol and those for
ethanol-water (reference 3) and propylene glycol-water (reference 4)
were reduced to obtain the binary constants. As indicated earlier, 1
represents ethaﬁo]; 3, water; and 4, propylene glycoi. The binary con-
stants, including the ternary constant Gyjs to be discussed next, are
shown in Table III. The experimental vapor pressure-composition data
and the calculated curves using the binary solvent interaction constants
in Table III are shown in Figure 2 for the three binary systems

ethanol-water, ethanol-propylene glycol and propylene glycol-water,

Estimation of ternary solvent interaction constant Gyqg

For a ternary solvent mixture such as ethanol(l)-water(3)-propylene
glycol(4), the excess free energy model is given by equation 36 of
reference 1 except that all terms with subscript 2 are omitted. If we
rewrite the equgtion in terms of A's, multiply it by the total number of
moles and differentiate it with respect to the number of moles of each
of the components, we obtain expressions for the logarithm of the act-
jvity coefficients as already described (2). Thus, for a ternary

solvent system,



1ny3 =

1ny4 =
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" 9 9 9
I T A3 = A3y % 22, (A3, oy A3l
q q
1 1
223 (A3, ol —q%’ - 61349, (1 221)] (4)

2 " a3 a3
24 E3-4 + 225( Ay 4 i A3-4ﬂ+ 242 \:Am Y

9 3
by iy B By
93 93
e TS el M e e G134C*3<1"2~’-3)] (5)

da Ay da
2123 [A3-4 7 Aral = M3 7 22,(A) 4 ol Agy)
22.(A £ T -1 2y (1-22,) (6)
11"1-3 3] 7 341 T 13492 4

The total vapor pressure Py, of a ternary solvent system is given by

0 0

0
Pro= X1Pp 17 * X3Pa. Y3 * X4Py T4 (7)
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0']”‘(1 0 1”‘(3 0 ]nY4
= x;p; e * XsPs @ * X4Py @ | (8)

where Xxy,x3 and x4 are the mole fraction compositions of solvents 1, 3
and 4 (in this case ethanol, water and propylene glycol respectively);
p1°; p3° and p,° are the pure solvent vapor pressures and Y1» Y3 and Yq
are the activity coefficients.

By substituting equations 4-6 into equation 8, all seven inter-
action constants may be obtained by non-linear regression since Py, the
mole fractions and pure solvent-vapor pressures are known, In order to
obtain Gy3g4, the other six constants Ay_3, A3_1s A1.4s Ago1s A3-g and
Ag_3 were fixed so that only Gy3a was altered to obtain the best fit.
If the six binary constants were allowed to vary, the estimates would
become meaningless because of the complexity of the sum of squares

surface for seven parameters. With this method,
G134 = -0.1069 mol/cm’

was obtained with the A's an shown in Table III. [t should be noted
that, while the A's are dimensionless, Gy3q has units of reciprocal
molar volume because of the way it was defined in equation 371 of

reference 1.

EXPERIMENTAL

Materials



91

Absolute ethanol (U.S. Industrial Chemicals Co.) and propylene
glycol (J.T. Baker Chemical (o.) were used as received.
Double-distilled water was used for all aqueous mixtures.

Method

A1l solvent mixtures were made by weighing the appropriate amounts
of solvents.

In order to prevent condensation of the solvent vapor on the
mercury and in the manifold of the apparatus (see Figure 1), the mano-
meter E, and the manifold were wrapped with a heating tape kept at 3 +
0.5°C above the temperature of the flask contents, B and C.

The method described here is similar to that used by Verlinde et al
(4). The solvent (or solvent mixture) was frozen by means of liquid ni-
trogen. The stopcock to the solvent was opened and the air in the mani-
fold and above the solvent evacuated by means of a Marvac compound stage
vacuum pump until the pressure gauge D (Granville-Phillips Co.) indi-
cated a pressure of 2 microns or less. The stopcock was then closed,
the solvent brought to room temperature and stirred by means of a glass-
coated magnetic bar in the flask. The solvent was again frozen, the
stopcock opened and the air evacuated. By means of several such freeze-
thaw cycles, the dissolved air in the solvent was removed. The process
was stopped after the pressure gauge showed no significant increase in
pressure on opening the stopcock to the frozen solvent.

After degassing the solvent, it was brought to, and kept at, 25 +

0.1°C. The solvent stopcock was opened and the vapor pressure read'by a
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Fig. 1: Diagram of vapor pressure measuring apparatus.

A: Cold trap
B, C: Flasks containing solvent mixtures
D: Pressure gauge

Ea Mercury manometer
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cathetometer (graduated to 0.05 mm) after the mercury column had sfopped
moving. The cathetometer readings were taken and the average computed.

Two flasks, B and C, containing two different concentrations of the
solvent mixture, were used so that degassing the contents simultaneously
saved considerable time. After degassing, flask B was shut off while
the vapor pressure of the contents of flask C was measured. Then flask
C was shut off, the system evacuated and the vapor pressure of the con-
tents of flask B measured. Each averaged vapor pressure reading was
corrected for the change in acceleration due to gravity, the change in
the density of mercury at 28°C (temperature of manometer) and capillary
depression as follows (see reference 5).

Corrected pressure = (uncorrected pressure) (g/go) (dt/do) + G, -
C; where

acceleration dué to gravity in Madison- (980.368 cm/secz)

g

(reference 6)

= 980 665 cm/sec2 (reference 5)

dg =

dy = density of mercury at manometer temperature (28°C)
d, = density of mercury at 0°C

Gy = capillary depression correction for upper column of
manometer

Cy = capillary depression correction for lower column of
manometer

dy/dy = 0.994939 (reference §5)
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The results of four separate measurements with ethanol indicated a
relative standard error of less than 1 percent.

Calculations (using the ideal gas equation PV = nRT), Qith the
highest possible partial pressure values showed that with a void volume
of 1324 + 7 cm3 occupied by the solvent or solvent mixture vapor, there
was less than 0.6% change between initial and equilibrium weight frac-
tions of the components. There was therefore no need to use equilibrium

weight/mole fraction values.

RESULTS

Vapor pressure results

Corrected total vapor pressure readings at different solvent compo-
sitions are givén in Tables I and II for ethanol-propylene glycol
mixtures and ethanol-water-propylene glycol mixtures. For ethanol-water
mixtures, partial vapor presure readings which had been tested for
thermodynamic consistency (7) were taken from reference 3. For pro-._
pylene glycol-water mixtures, total vapor pressure results from
reference 4 were used after being checked with the apparatus descriﬁed
above.

Figure 2 A-C shows the experimental points for the three binary
systems. Figure 2 D combines all three cases and the ternary mixture
vapor pressures. The resulting vapor pressure surface is plotted above
a triangular plane each of whose apices represents a pure solvent.

Solubility in ethanol-water-propylene glycol mixtures




TAB

LE 1: Total Vapor Pressure Results for

Ethanol
0.0
0.1254
0.2258
0.2996
0.3974
0.5138
0.6181
0.7066
0.7864
0.8648
0.9386
1.0

Ethanol-Propylene Glycol

(PG)

Mole Fraction of

PG
1.0
0.8746
0.7742
0.7004
0.6026
0.4865
0.3819
0.2934
0.2136
0.1352
0.0614
0.0

Vapor Pressure

(mmHg )

0.32

9.00
16.43
21.27
26.71
6% s
40.77
46.87
47.28
51.23
55.31
§8.57
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" TABLE II:

Total Vapor Pressure Results for

Ethanol-Water-Propylene Glycol

(PG)

Mole Fraction of

Vapor Pressure

Ethanol Water PG (mmHg)
0.1191 0.3033 0.5776 18.44
0.0817 0.6219 0.2964 25.81
0.1857 0.4764 0.3379 30.71
0.0463 0.9265 0.0272 30.73
0.3246 0.2804 0.3950 33.27
0.1359 0.6994 0.1647 35.03
0.1096 0.8259 0.0645 37.03
0.3475 0.4415 0.2110 42.00
0.5003 0.2555 0.2442 43.70
0.2588 0.6638 0.0774 48.42
0.4874 0.4143 0.0983 48.79
0.7188 0.2272 0.0540 53.70
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Fig.

Total vapor pressure PT versus mole fraction

composition X for

A: Ethanol (EtOH)-water (HZO)

B: Propylene glycol (PG)-water

G Ethanol-PG

Dis Ethanol-water-propylene glycol

———: Calculated curves

O: Experimental points
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Figures 4-5 show the estimated and experimental solubility profiles
of phenobarbital (from reference 9) and hydrocortisone (from reference
10) in propylene glycol(4)-water(3)-mixtures obtained by methods already
described in reference 2. In summary, the ternary solute-solvent inter-
action constant for this system, Go3g is estimated from differences be-
tween experimental solubilities and solubilities calculated with Gogy =
0. The binary solvent-solvent interaction constants needed in this case
are A3_g and Agq_3 whose values are given in Table III. With regard to
equation 4, it means that one sets 21 = Q.

Figure 6 shows the estimated and experimental solubility profile of
phenobarbital in ethanol (1) - propylene glycol (4) mixtures (from
reference 9) and Figure 7 shows the same compound in a mixture of all
three solvents (9). In this case, K, the quaternary solute-salvent
constant was estimated from differences between experimental
solubilities in mixtures of the three solvents and solubilities
calculated from all the terms in equation 4 without the K term. Gyo3,
Gp3a and Gypq were already known from the solubilities of phenobarbital
in mixtures of ethanol(l)-water(3), water(3)-propylene glycol(4) and
ethanol (1)-propylene glycol(4) respectively. A1l ternary and quatarnary

solute-solvent interaction constants estimated are shown in Table IV.

DISCUSSION

Vapor pressure fit by excess free energy mode]
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As shown in Figure 2, A, B and C, the 3-suffix excess free energy
model very accurately predicts total vapor pressures for the three bi-
nary systems described here. This indicates that it is very reliable
for obtaining binary solvent interaction constants which adequately
represent interactions between t@e solvents. It is interesting to note
in Figure 2B, that the total vapor pressure over propylene glycol-water
mixtures can be described by a straight line which implies that the sol-
vent mixture follows Raoult's Law for ideal mixtures. Raoult's Law
states that the total vapor pressure Py, over an ideal mixture of

solvents may be expressed as
Pr = IX;P, (9)

where x; represents the mole fraction of each componeﬁt i and Pi0 is the
pure vapor pressure of component i. In systems where Raoult's Law
holds, the excess free energy of mixing is zero. The implications of
this observation as it concerns solubility in propylene glycol-water
mixtures will be described in the next section. The vapor pressure
curve for ethanol-propylene glycol (Figure 2C) follows that of a typical
solute (with a relatively low vapor pressure) in a solvent, At high
concentrations of ethanol, the total vapor pressure is practically equal
to the partial pressure of ethanol which, as expected, converges to the
Raoult's Law line as the mole fraction of ethanol in the mixture

approaches 1.
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For the mixture of all three solvents, predicted vapor pressures
(see Figure é) were not as good as for the binary systems (Figure 2) but
if one considers the complexity of the ternary system, the fit is satis-
factory. A better fit may be obtained by using the 4-suffix excess free
energy model (8) but the number of solvent constants to be estimated
(twelve, see reference 8) becomes inconveniently high. Another excess
free energy model which has been shown to better describe ternary vapor-
liquid equilibrium data is the non-random two liquid (NRTL) model
(12). However, we have not examined it at this time for possible
application to solid-solvent systems.

Estimation of solubility in ethanol-water-propylene glycol mixtures

As was mentioned above, the propylene glycol-water system is close
to ideal in the Raoult's Law sense. This is also indicated by the bi-
nary solvent interaction constants (A's) which are quite small in magni-
tude (see Table III). Consequently, the solubility of a compound in
their mixture should be approximately equal to the "ideal mixture" solu-
bility discussed earlier if there is little interaction between the
solute and mixed solvent. This is borne out by Figures 4 and 5 in which
the experimental solubility is close to a straight line between the two
end points. This provides a rationale for the observation that the
logarithm of the solubility of some compounds, e.g., alkyl p-
aminobenzoates (13) in propylene glycol-water mixtures increases

linearly with the volume fraction of propylene giycol in the mixture,



104

Fig. 3: Observed (YOBS) versus predicted (YPRED) vapor
pressures for ethanol-water-propylene glycol

mixtures.
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Fig. 4: Solubility profile of phenobarbital in propylene

glycol (PG)-water mixtures.

-: Estimated solubility

0: Experimental solubility
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Figure 5 shows the contributions of the various terms in equation 2
to the solubf]ity of hydrocortisone in propylene glycol-water mix-
tures. Equation 2 is written for solvents 1 and 3. It may be applied
to propylene glycol(4)-water(3) mixtures by temporarily designating pro-
pylene glycol as solvent 1. If we temporarily make this change, then we
can refer to the ternary solute-solvent constant G, in equation 2 in-
stead of Gp34qp in equation 3. As seen in Figure 5, the solvent inter-
action contribution (the sum of the A terms) is always close to zero and
has no significant effect on the solubility. The C term is responsible
for the positive deviation from the "ideal mixture" solubility. The
magnitude of the sum of the A terms in equation 2 is influenced by the
ratio of the solute to solvent molar volumes qp/q; and qp/q3. If we
temporarily label propylene glycol "1" (water is still "3"), then since
the molar volumes of hydrocortisone, propylene glycol and water are 293
(reference 10), 73.69 (reference 14) and 18.07 cm3/mole (reference 15)
respectively, dp/q; = 3.98 and gp/q3 = 16.2. These ratios are about as
high as they can get for many solutes. Therefore, the fact that the
solvent interaction contribution is very small for hydrocortisone
indicates that it is likely to be even smaller for many other solutes in
this binary solvent mixture. One can conclude from these results that
for propylene glycol-water systems, only the interaction between the
solute and solvent mixture (estimated by C2) contributes significantly
to the deviation of the solubility profile from that estimated by using

only the "ideal mixture" solubility terms.
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Fig. 5: Solubility profile of hydrocortisone (showing
contributions from terms in equation 4) in

PG(1)-water(3) mixtures
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Solubility profile of phenobarbital

propylene glycol (PG) mixtures.

-: Estimated solubility

o: Experimental solubility

in ethanol-
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The solubility of phenobarbital in ethanol-propylene glycol mix-
tures is not well described by equation 1 as seen in Figure 6. However,
if one takes into account that Figure 6 is drawn on an expanded scale
compared to, for example, Figure 4, then the estimation is not over-
whelmingly poor. The equation predicts a maximum and a minimum whereas
only the maximum is seen experimentally. The comparatively poor charac-
terization of solubility in this case (as in the case of antipyrine in
ethanol-water discussed in reference 2) is most likely due to the fairly
high solubility of the drug in each of the solvents (149.5 mg/ml in pro-
pylene glycol and 117.9 mg/ml in ethanol, reference 9). These values
are 0.051 and 0.032 respectively in mole fraction units. |

Figure 7 shows the estimated and experimental (9) solubility pro-
files of phenobarbital in ethanol-water-propylene g]ycgl mixtures. The
fit is remarkably good. One could argue that the curves could be well
approximated by straight lines so that the effectiveness of equation 3
is not really demonstrated by Figure 7. If the points are fitted to
straight lines, two parameters would be required for each line. In this
approach, however, only one parameter K is required in effect, to gener-
ate all the curves in Figure 7, since the solvent-solvent constants (the
A's and Gy34 in equation 3) and the ternary soiute-so]vent constants
(G123 G124, and Go3gq in equation 3) are known (see TablesIiIand IV).
Thus, this approach is more flexible and requires fewer empirically
adjusted parameters (compared to, for example, the straight line fit

just discussed) to describe solubility in a ternary solvent system.
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Solubility profiles of phenobarbital in ethanol-
water at designated volume fractions of

propylene glycol (PG).

o Estimated solubility

o, 0,/\, etc: Experimental solubility
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As was pointed out earlier, the binary solvent interaction contri-
butions from propylene glycol-water are quite small. It is, therefore,
possible to drop these terms (i.e., set Aj_g = Ag_3-= 0) from equation 3
for mixtures of ethanol-water-propylene glycol without any significant

loss in estimation capabilities.

SUMMARY AND CONCLUSION

The reduced 3-suffix solubility equation for describing solubility
in binary and ternary solvent mixtures has previously been shown to be
quite successful for ethanol-water systems. In this report, its applic-
ability to other binary systems and a ternary system is further demon-
strated. Our results indicate that the solubility of compounds in
propylene glycol-water systems may be described in terms of the volume
fraction weighted sum of the pure solvent solubilities and a ternary
solute-solvent interaction term, i.e., solvent-solvent interaction terms
make negligible contributions to the total solubility. This finding
provides a rational explanation for the observation that the logarithms
of the solubilities of a number of compounds in propylene glycol-water
mixtures are a linear function of the volume fraction of the former.

Estimation of solubility in a ternary solvent system requires more
terms than in a binary solvent system, which is not unexpected consider-
ing that the former is complicated. However in both systems, only one
unknown parameter needs to be estimated from mixed-solvent solubility

data. For instance, to describe phenobarbital's solubility in (a)
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ethanol(1l)-water(3), (b) ethanol(l)-propylene glycol(4) an& (c)
propylene glycol(4)-water(3), we may use equation 1 or equation 3. To
use equafion 3 for system (a) we set 24 = 0 and estimate Gyp3 as already
described; for system (b) we set 23 = 0 and estimate Gyp4, and for (c)
we set }1 = 0 and estimate Gp3g. To describe phenobarbital's sé]ubility
in ternary mixtures of these solvents, the only unknown term we need to
estimate in equation 3 is the quaternary solute-solvent constant K since
the A's and Gy34 are fixed for the solvent system and Gy23s Gypg4 and
Go3gq are fixed for the golute in this solvent system. With the es-
timated K, the entire solubility profile of phenobarbital in a mixture
of these three solvents was described very well., It appears then that
this approach is reasonably flexible and general while requiring
relatively few empirically adjusted solute-solvent parameters.

The only apparent limitation of the reduced 3-suffix solubility
equation thus far is in describing fairly high to high solubilities.
Bearing in mind phe fact that the equation was developed with the as-
sumption that the solubility of the solute is very small, it is not
surprising that the equation does ﬁot do well for compounds which are
fairly to highly soluble in both (or all) of the:pure solvents used.
From a pharmaceutical point of view, a compound with appreciably high
solubility in say water does not need a co-solvent. It therefore seems
that the equation is well-suited for the systems for which it was
derived: compounds whose very iow solubility in water‘(or another
solvent) necessitate the addition of a second solvent or solvents to

increase their solubility.
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V. GENERAL SUMMARY AND CONCLUSION

The reduced 3-suffix solubility equation for the esti-
mation of solubility in mixed solvents arises from the Woh]l
excess free energy model. Differentiating the excess free
energy equation with respect to the mole number of each of
the components gives activity coefficient expressions for
each of these components. By making appropriate simplifica-
tions in the activity coefficient equation for the solute,
certain constants are related to Henry's Law constants of
the solute in the solvents. This enables one to express
Henry's Law constants of the solute in the solvents in terms
of an equation containing solvent-solvent and solute-solvent
interaction parameters. By combining this equation and a
general equation expressing the solubility of the solute in
the solvent mixture in terms of the pure solvent solubili-
ties and Henry's Law constants of the solute in the sol-
vents, the final equation is obtained. If necessary, the
solvent-solvent interaction terms may be made more complex
(by including more interaction terms in the excess free
energy model) while still keeping the solute-solvent terms
simple. This increases the flexibility of the system.

The final working equation is a general and systematic
equation which expresses the solubility of a solute in a

solvent mixture in terms of (i) the volume fraction weighted
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sum of the pure solvent solubilities or "ideal mixture solu-
bi1ity“; (ii) solvent-solvent interaction terms which
increase or decrease the "ideal mixture solubility" and
(iii) a ternary solute-solvent term which accounts for
interactions between the solute and mixed solvent. The
solvent-solvent interaction terms are obtained from vapor
liquid equilibrium data while the ternary term is estimated
in principle, from an experimentally determined solubility
at a point in the solvent composition range.

Attempts to describe literature solubility data in
mixed solvents with the reduced 3-suffix solubility equation
were very successful. The equation was not as successful
where solubilities were high, which is not surprising in
view of the approximations made. Apart from this drawback,
the equation seems to describe solubility in binary and
ternary solvents quite satisfactorily with terms which have
some physical meaning. The generality and flexibility of
this approach make it easily adjustable for other systems
which may not be well-characterized by the 3-suffix
equation.

Future work in this area may involve the application of
this equation or approach to the description of the solu-
bility of poorly soluble gases and liquids in mixed sol-
vents. Also, solvent-interaction constants for aqueous

mixtures of other co-solvents like glycerin and low



123

molecular weight polyethylene glycols will need to be
obtained in order to estimate solubility in these systems.
More investigation into the physical significance of the
ternary term C2 needs to be done. With more data on C2 and
partition coefficients (or some other polarity measure) it

should be possible to establish what is now only a tentative

conclusion: that a correlation exists between C, and the

2
partition coefficient of the solute.
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APPENDIX A:
A Solubility Equation for

Non-Electrolytes in Water.
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ABSTRACT
A solubility equation is developed based on the steps: solid =
super cooled'11quid + octanol + water. Estimating the Standard Gibbs

energy change for each step gives the following result:

ghe s 4. f -4 2
log C2,w = 0.80 - 7.3 x 107 '[aS (Tm-298)] - 7.3 x 10 [V2(10.3-62) ]
- log PC

is the molar aqueous solubility of the solute, ASf is entropy

Where C,S

2,W
of fusion, T, its melting point, Vo its molar volume, P its solubility .
parameter and PC its octanol-water partition coefficient. Comparison of
this equation with a regression equation based on experimental data
shows the derived result above to be nearly as good as the regression

equation. The equation appears to provide good aqueous solubility

estimates for solids and Tiquids.
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INTRODUCTION
Recent reports (Yalkowsky and Valvani, 1980; Valvani et al., 1981)
have developed an approach to estimating the aqueous solubility of non-
electrolytes which appears to be remarkably successful. The development
of the approach was based on both molecular and thermodynamic considera-
tions. In this report we present a more complete thermodynamic frame-

work for this approach based on the following steps:

0
solid 291 super cooled liquid

0
super cooled liquid “92_ octanol solution (XS aotit

e
octanol solution (X3 ) Agg aqueous solution (X3 )
2,0ct! —=> g 2,W
solid Ag% aqueous solution (Xg w)
e ’
SCHEME [

The resulting equation is slightly more general than the previously
presented equations. Perhaps of more significance is the fact that if

the observed solubility differs considerably from the estimated value,
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experimental determination of Gibbs energy for each step in Scheme I can

be made and the factors responsible for the deviation determined.

THEORETICAL

From Scheme I
292 = a9 +4g) +4g3 (1)

where Ag° is the Standard Gibbs energy change per mole. Consequently,
estimation of the free energy change associated with each step will give
Ag% and hence the solubility estimate. The equations used to estimate
the free energy change associated with each step are generally available
in the literature. We give only the brief discussion that follows:
Figure 1 presents a hypothetical composite graph of the fugacity vs.
composition. In figure 1, X, represents the solute mole fraction con-
centration in water or octanol as the solvent, f, <514 and fp 57 the
fugacities of the pure solid and (hypothetical) super cooled liquid
solute, Hz,oct and Hz,w the Henry's law constantS for the solute in
octanol and water respectively, X;,w and X3 represent the solubility

2,0ct
of the solute in water and octanol. The Henry's law constants are given

by

_ S
Hy w ™ T2 so11d/%2,u (2)
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Fig. 1: Fugacity (fz) versus composition diagram.
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f

N s
H2,oct " 2,soiid/X2,oct

Henry's law for the solute
(4)

is assumed to hold up to the solubility 1imit in both octanol and water.
The Standard Gibbs energy per mole change for each step in scheme I

(see Figure 1) are:

: |
Agy = RT In (fy < 1/%5 50144 (5)
® BT In [H £ 6
49y = n 2,oct/ 2,sc1) (6)
® 2 RT 1n (H, J/H 7
484 = n ( 2,w/ 2,oct) (7)

Approximating expressions for estimating the standard molar Gibbs
energy changes (equations 5-7) can now be introduced. The first step

may be approximateed by

ag® = an® (1-1/™m) (8)
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where Ahf is the molar heat of fusion of the so]ute,l Ty the melting
point (°K) and T the temperature of interest (usually 298°K). The above
equation is the ideal solubility equation if we assume that the differ-
ence in the heat capacities of the supercooled liquid and crystalline
forms of the solute is negligible. This has been shown to be a reason-
able approximation (Yalkowsky and Valvani, 1980) when describing
the aqueous solubility of a large number of organic non-electrolytes.
The second step (supercooled liquid solute » solute in octanol) is
a mixing process which may be estimated by the well-known regular
solution theory (Hi]debrand‘gg_gL., 1970) since only relatively non-

polar substances are involved. Thus equation 6 may be written as

2

o 2
a9, = V2¢'oct(60ct 3 52) (9)

where Vo is the solute molar volume, ¢ the volume fraction of octanol

oct

in the solution (usually it is assumed that $oct ™ 1) and § and ¢,

oct
one, respectively, the octanol and solute solubility parameters.

The third step (solute in octanol » solute in water) involves the
distribution of the solute between octanol and water and hence may be

estimated by

Agg = RT In (PC,) (10)

l. Note that step one (equation 8) is only needed for solids.
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where PC, is the octanol-water partition coefficient of the solute on a
mole fraction basis. We assume here that PC, is concentration indepen-
dent which is not unreasonable when one is dealing with non-electrolytes
of low solubility.

Equations 1, 8, 9, and 10 combine to give

agd = ahT(1-T/T ) + VpoZ  (8,cp = 6,02 + RT 1n (PC ) (11)

Since

Agy = RT 1n (Hy /%5 co1id) (12)
= -RT 1n X3 ‘ . (13)

2,W

From equation 2 and figure 1, combining equations 13 and 11 gives an
expression for the mole fraction solubility of solute, XS o in water

¢ 2 2

Voo (8 -8
n X3, = H(1-T/T) - 200t 2 pe (14)

Using T = 298°K, ¢ . =1, &s = Ln /T s 8,0y = 10.3 and the fact that

oct
the commonly used molar partition coefficient, PC, is related approxi-

mately to PCy by the equation

Tog PCX = log PC + 0.94 (15)
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S -4 f -4
1og XZ,w = -0.94 - 7.3 x 107 [aS (Tm-298)] - 7:3 %10 [V2(10.3-62)2]

- log PC (16)

The molar solubility C; & is given by (approximately)

log c; ., = 109 xg gt 178 (17)

Thus, the molar solubility equation is

Log G5, = 0.80 - 7.3 x 1074 as™(T_-298)1-7.3 x 10‘4[v2(1o.3-62)2]

- log PC (18)

RESULTS AND DISCUSSION
Equations 16 and 18 are identical with equations 26 and 29 of
Yalkowsky and Valvani (1980), except for the inclusion of the solubility
parameter term. Regression analysis on rigid compounds gave (Yalkowsky

and Valvani, 1980)

log cg , = =1.08 log PC - 0.012 MP + 0.87 (19)

For rigid molecules (ASf = 13.5 eu) equation 18 gives

Log cg , = 0.80-0.0099 (MP-25)-7.3 x 10'4[V2(1O.3-62)2]-1og PC (20)
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where MP is the melting point in °C and the temperature of interest is

25°C. Assuming 62 = 10.3 for all compounds gives

log cg,w = 1.05 - 0.0099 MP - log PC (21)
Equations 21 and 19 are remarkably close. Note that the solubility
parameter term in equation 20 is always negative (i.e. lowers solu-
bility). Neglecting this term is the likely reason for the coefficients
of the log PC and MP terms being more negative in equation 19 than
expected from equations 20 or 21. Since equation 19 provided a
remarkéb]y good fit to the data (Yalkowsky and Valvani, 1980) it is
expected that equation 20 should also.

For liquids, the regression result is (Yalkowsky and Valvani, 1980)

log xg , = -1.08 Tog PC - 1.04 (22)

and equation 16 gives

1og XZ o -log PC - 0,94 (23)

assuming 62 = 10.3. As expected, the agreement between equations 22 and

23 is excellent.
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To further assess the quality of equations 16 and 18, we present in
Table 1, the experimental and calculated (equation 18) solubilities for
liquids at room temperature, using literature data for all required
parameters (V2, 8, and log PC) Table 2 contains the results for solids

and Table 3 gives the experimental data used for the solubility estimate

S
2,W

(predicted) versus log PC for both equation 18 of

of the solids. Figure 2 presents a graph of the error, log C

S

(observed) - log C2,w

this work and the regression equation of Yalkowsky and Valvani (1980)
(equation 19) for liquids. The standard error of the estimate using
equation 18 is 0.51 while that using the regression equation is 0.46.
These results indicate that the derived equation (equation 18) does
nearly as well as the regression equation. The error terms in Figure 2
are comparable in all cases. There is a slight trend evident in Figure
2 for the error term to increase with increasing partition coefficient,
but the trend is similar for both approaches. The error term for the
solid compounds is also presented in Figure 2. The result for the
solids appears to be similar to that for ligquids.

The individual terms in equation 18 are given in Tables 1 and 2.
For both 1iquids and solids the log PC term is the dominating term. For
solids the entropy of fusion term (ideal solubility based on aCp = 0)
also makes a substantial contribution. The solubility parameter term is

usually small. Consequently the assumption of ideal solubility (made by

Yalkowsky and Valvani, 1980) of all compounds in octanol (62 Saen *
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Table 1: Solubility Estimates for Liquids
(a): From Valvani et al. (1981)

(b): From Hoy (1970)



Table 1:

Compound log pcl@)

Carbon tetrachloride 2.83
CCly

Chloroform 1.96
CHCl4

Dichloromethane 1.25
mzmz

Acrylonitrile -0 .92
CaaN

Methyl acetate 0.18
C3Hg0,

Chloropropane 2.04
CaH5Cl

Ethyl acetate 0.70
CaHg0p

2-butanol 0.61
CeH1p0

1-pentanol 1.48

3-pentanol 1,21

1,2-dichlorobenzene 3.38

Benzene 2.01
Csts

Cyclohexanone 0.81
CgH100

Cyclohexane 3.4
CeH12

2-nexanone 1.38

Solubility Estimates for Liquids

vz(b)

97.10
80.64
64.51
66.28
79.88
88.74
99.53
92.41
108.7
108.0
113.1
89.41
104.2
108.3

124.2

b)
52(

11.08
11,12
10.16
10.04

9.16
10.42

8.19

8.63

7.3 x 10-4
2
!
V,(10.3-5,)

0.2171

0.0765

0.0083

0.0033

0.0412

0.2363

0.1404

0.0410

0.0534

0.0015

0.0056

0.0843

0.0011

0.3535

0.2528

-2.25

-1.24

-0.46

1.72

-2.59

-1.65

-0.01

-2.99

-0.83

Calculated Experimental

-2.22

-1.12

-0.66

0.15

0.61

-1.46

-0.06

0.39

-0.60

-0.24

-3.13

-1.29

-0.05

-3.07

-0.84
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Hexanoic Acid
Cst1202

2,2-dimethylbutane
CsH1a

2,3-dimethylbutane
Cst1a

3,3-dimethyl 2-butanol
CH140

Dipropyiamine
CSHISN

Triethylamine
CSHISN

Benzyl alcohol
C7Hg0

Methyl benzoate
Cgtig0z

Ethyl benzene
CgHio

Dibutylamine
CgHygN

Ethyl benzoate
CoH1002

n-Propyl benzene
CoM12

Isopropyl benzene
Cot12

1,3,5-trimethyibenzene
Cofy2

Diphenylether
C12H120

1-dodecanol
C1aM260

Diphenyi methane
C13t12

1.90

3.82

3.85

1.48

1.70

1.45

3.63

3.66

125.9

133.7

131.1

125.4

138.2

139.9

103.8

125.9

123.1

170.7

144.2

140.1

140.2

139.6

160.4

224.6

167.9

7.97

7.42

12.05

10.19

8.84

8.15

9.75

8.64

8.60

8.88

10.10

0.1750

1.258

1.062

0.0572

0.5475

0.8473

0.2321

0.0011

0.1916

0.5758

0.0318

0.2818

0.2958

0.2054

0.0047

0.0443

0.0653

-1.27

-4.28

-4.11

-0.74

-1.45

-1.50

-0.45

-1.32

-2.54

-2.53

-1.87

-3.11

-3.16

-2.83

-3.48

-4.37

-3.40
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-1.07

-3.561

-3.62

-0.65

-0.54

-0.83

-0.45

-1.81

-2.81

-1.44

-2.22

-3.14

-3.33

-3.25

-2.60

-4.80

-4.07
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Table 2: Solubility Estimates for Solids
(a): From Hansch and Leo (1979)
(b): From Yalkowsky and Valvani (1980)
(c): From Seidell (1941)
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Table 2: Solubility Estimates for Solids
log nm
- (a) -4 2 2.

Compound 7.3 x 10 '[aS :suncm: log PC 7.3 x 10 <~:c.u - amv Calculated Experimental

p-Dichlorobenzene 0.269 3.39 0.030 -2.89 -3.21(%)
CeMaCl,

8enzoic Acid 0.744 2.0 0.426 -2.37 -1.55(¢)
C,He0,

Phenylacetic Acid 0.374 1.46 0.0M -1.07 -0.896(¢)
Cgllg0,

Naphthalene 0.513 3.30 0.000 -3.01 -3.61(P)
Codle

2-naphthol 0.801 2.86 0.035 -2.89 -2.29(¢)
CyoM'g0

Anthracens 1.97 4.45 0.025 -5.65 -6.19(P)
C1aMo

Phenanthrene 0.628 4.6 0.362 -4.65 5. fb)

H

Ciatho -



142

Figis

Graph of Log ¢3 (observed) -
2,W

S
Log C2

coefficient.

& (predicted) versus log partition

Open bars [:] , obtained from data in Valvani,

Yalkowsky and Roseman (1981)
7
Closed bars , this work

[:] ;. solids.
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Table 3:

Literature Data for Solids

(a):

(b):

From Handbook of Physics and Chemistry,
540 Ed., C.R.C. Press, 1974,

Calculated from enthalpies of vaporization
obtained from Dreisbach (1955).

Calculated from enthalpies of vaporization

obtained from vapor pressure data in

ref. (a) above.



Table 3: Literature Data for Solids

Compound ASf(e.u)(a) Tm("K)(a) Vz(a) 8,

p-Dichlorobenzene 13.1 326.1 17.8 9.71(b)
Benzoic Acid 10.47 395.4 9%.47  12.76'¢)
Phenylacetic Acid 9.91 349.7 124.8 10.97¢¢)
Naphthalene 12.72 353.2 126.1 10.24(0)
2-naphthol 11.47 393.5 n2.7 10.95(¢)
Anthracene 14.09 489.5 138.9 10.80(C)
Phenanthrene 12.07 369.3 181.9 8.65(¢)
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10.3 in equation 18) appears to be a reasonable approximation to make

especially when the required data is not available.
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APPENDIX B:
Program and Typical Output for Estimating
Binary Solvent Interaction Constants from

Total Vapor Pressure-Composition Data.
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PARAMETER
VEXPD=505
JUVAR=2,
JPD=2,
——————— 44 RIBS=HEXPD;
5 JRPRD=JEXPD,
6 JS=(17+IEXPD#*JULR) #JPD+ 2*IRPED#* JUAR+2# (NPD+ 1) *( IPD+2) + 1
" REAL THIITUIFPD), TAFIICIPD), YIESIIRIES,NVERY, YPRDINEIES,VVARY,,
1 SCIS)>, TILC(4), XC(JEXPD), BIVDLZ(VPD), BIDHIC(IPD), NAMES(NPD),
2 DIFF(IPD), FIX(IPD), WTS(IRIBS,IVAR), Z(JEXPD)
IVTEGER ETEMICEET y ANFICFYy TULUEVICTSYy NEAF
CaMM3N/ MILE 7/ X
UATA LN S e V7
DATA DIFF/2#0.005/
DATA BIDL3/2%-1.0E+1 7/
DETE ONLRLT e F < V¥ 17
DATA JAMES/6H Al3 ,6H A3l 7/
DATA T3L/1.5E-6, 1.0E-9, 0.0, 1.0E-16/
UABTA ANPIT L g Ty DFFF
DATA ITEMS/1, JVAR, 2, JR3BS, JRPRD, JRJIBS, “MARQ", “ALL",

W N -

1 *YREG®; “CEJT ; “REL®,; S0 7
READC=H5 40 CIDENTCI); I=1513)
40 FIRMAT( 1 386)

READ(=-,=-) P10, P30
READ(=7=70015, 03
READ(-,-) Al13, A3l
THINTC1)=A13
THINT(Z2)Y=A31
READ(=-,-) JEXP
ITEMS(1)=NEXP

T READ(=;=) CYIBS(I; 17, X(IJ), I=1,3EXPY
D3 50 1=1,JEXP
WTSCI,1)=C1/CYIBSCLI,1)))#2
WRITEC(==) WTS(I 1)

50 C3ITIJUE
WRITEC-,60) P10, P30
60— FIRMAT I Pil="5—"F10+45 Pl =" 104
X WRITEC(=-,61) @1, @3
61 FIRMATCIX, ‘@l=",Fl0.4, °03=", Fl0.4
WRITEC(=;62) at3; a3l
62 EARMATCLOR,  “AlS=",F10.5,; “A31=",;F10.5)

WRITE(=-,63) JEXP
63— FARMAT OIS UMBER - IF MILE FRACTINIS =5 18—
WRITE(=-,04) (YJIBSC(I, 1), X(I), I=1,JEXP)
64 FIRMAT("1°,5X, °T3TAL PRESSURE®, 5X, °“MILE FRACTI3IN® /
1 SRy Fibvdy TR P 5)
EXTERNAL F, DERIV
CALL JREG(THIWNT,JAMES, BIDLJ,BIDAI,FIX,DIFF,THFIN,YJRBS,
1 YPRD,, Y TPy N E S I TEMS, T3 TR I DENT S)
END 5
w4 TAP JF FILE #*%#=




15¢

SUBRIUTINE FUTH, Y, JEXP, 1VAR, VP, IRPRD)
DIMEISIZN TH(1),Y(JRPRD,JVAP) ,X(1),ZC1)
CIMM3N/ MILE /X ’

UVIMMIN PTO0,P30,01,03,2

A13=TH(C1)
A31=TH(2)
C WRITEC=5=7 (XI5 1=1,JEXPY
C leTE("-) PIU, P30, Ql’ Q3
D3 200 I=1,JEXP
X1T1=X(1)
X3=1.0-X11
Z1=X11#*Q1/(X11#Q1+X3#Q3)
Z3=1+6=21
Gl=A13*%Z23#Z23%(1.0=-2.0%#Z1) + A31%2.0#7Z1%#23%¥23%Q1/Q3
G3=A31#Z1#Z1#(1.0-2.0%23) + Al3%2.0%*Zz3%71%71%#03/Q1
5 VRITEC(=5=r X1 T7X37215Z3
C WRITEC-,-) Gl, G3
YCI, 1)=EXP(GL)*P10%#X1] + EXP(G3)#pP30#¥X3
200 CIVNTINUE -

RETURY
END

AR TP JF FILE www
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APPENDIX C:
Program and Typical Qutput for Estimating
Ternary Solvent Interaction Constants from

Total Vapor Pressure-Composition Data.
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PARAMETER

A EXPD=565
2 NVAR=3,

3 4PD=7,
4 IRIES=IEXPD;

S
6

NRPRD=JEXPD,-
NS= (17+JEKPD*VUAD)*JPD+4*JDPPD*JVAR+2*(NPD+1)*(JPD+2)+!

1
2

REAL—THINT(IPD) 5 —THFICH D)y YIBSTIRIEBS, IVER)S YPRDINEIBSTVVYERYS
SKWSD .y TILCA)Y, XC(NEXPD,NVAR), BENDLJ(NPD), BNDAI(NPD), NAJESC(WNPD),
DIFF(NPD), FIX(IPD), VTSCIRIBS,NVAR), Z3NEXPD)

INTEGER—ITEMSCI2); INF2CT ;I DENTCLI3)Y, JEXP
CIMM3N/ MILE 7/ X
C3MMaN P10,P30,P40,01,03,04,2

DATR FIX76%*0;,17
DATA DIFF/7%0.005/
DATA BIDL3/7% -1.0E+2/

DETA BIDAL7 7% F 1. 0EF27
DATA T3L/1.5E-6,1.0E-9,0.0,1.0E-16/
DATA JAMES/6H Al3 »y6H A31 »6H Al4 y6H A41 ’

B A34 »yorl TRA3 yorl G134 7
DATA 13F2/1, 10, 5*1/
DATA ITL%C/I,QVAR 7 JRJIBS,IRPRD,IRIBS, "MARQ", "ALL ",

40

I—"NREG"; CENT S, “REL*; 507

READ(=-,40) (IDEVT(1), I=1,13)
FIRMAT( 1 3A6)

READ(=5=) P10, P30, P4t
READ(-,-) Q!,03,04
READ(=-,-) Al3,431

REARDC=5=) &at4a,a4l
READ(-,-) A34,A43,G134
THIVTC1)=A13

T TAINTC2)Y=A31

THIVT(3)=A1l4
THINT(4)=a4]

- . T ITHINTC(S)=A3Y

THINT(6)=A43
THINT(7)=G134

READ(=5=Y JEXP

ITEMSC 1) =JEXP
READ(=-,-) (YJBSCI,1), XCI,1),%C1,2),XC1,3), I=1,VEXP)

N 2w s g

WTSCI 3 1)=C1/CYIBSCI, 1)))#*2
WRITEC=-,-) 58 sy g 8 (6

50 CINTIVUE
WRITEC-,60) P10,P30,P40
60 FIRMATCIX, “P10=",F10.4, "P30=",Fl0.4, “P40=",F10.4)

61

TTTVRITECS 6005 —ou

F]RMAT(I‘{, Ql" ,FIU 4, "3— ’FIU 4, Qa*’,FlO.‘l)
WRITE(=,62) Al3,A31,4814; AQI,F3Q F43,ul34

_ —b?—‘_“F*ﬁ“‘Iﬂs"‘ﬁ‘ﬁ\, AS="5F It —n31= G e 1 hiu—',riG.S,

1

“a41=",F10.5, “A34=",F10.5, ‘A43=",F10.5, °G134=",F10.5)
WRITE(-,63) NEXP

‘F&RﬂATfim,JVﬁﬂBER“ﬁF"PjT1TS=J,iS)

WRITEC=-,64)

FARMAT ("1 °,5%, TITAL PRESS"; 5%, "MILE FRACTIZNS 1,3,4,")

’
VD!T?f”—GST*KVﬂﬁqtl‘ﬂl.\(1,1),\(!
FARMATCIO0X,F10.4; 10%;F10. 59 3K R
EXTERVAL F,DERIV

2 XCIH 3, =15 HESD)
0.5,3X,F10.5)

CALL VYREG(THINT FHAMES; BVDLY EﬂDil,FiK DIFF; THF It Y 3BSTYPRD;
WTSsF; “J3NE ", I'TEMS yTIL,INF3,IDENT
END



158

SUBRJIUTINE F(TH,Y,JEXP,VVAR, JP,dRPRD)

DIMENSIJIN TAUI)Y ,YUNRPRU,JVAFE) ,,XUT,13,ZT1)
CIMMAN/ MILE /X

AT3=THID)
£31=TH(2)
A14=TH(3)

TRAT=TIHCAY
A34=TH(S)
A43=TH(6)

G134=THATTY
c VRITE(=,=) (X(I,1), X(I,2), X(1,3), I=1,NEXP)
c WRITE(=-,=-) P10, P30, P40

c URITE(=,=) 015 03, S
D3 30 I1=1,NEXP
X11=X(1,1)

X3=XT(12)
X4=X(1,3)
Z1=X11#*¥Q1/(¢(X11%¥Q] + X3#%Q3 + X4#Q4)

Z3=XIHRI7 XTI T+ X303+ XA o)
Z4=1.,0-21-23
Cl= Z3%¥Z3#(A13 + 2.0*Z21*(L31%Q1/03 - Al3))

1 FZARZAHCARTG ¥ 2o 0" Z2 I a4 0704 = AT4aY)

2 + Z3®Z4#(ALI*QL/Q4+A13-A34%0Q1/03+2.0%Z1%(A31%Q1/Q03-A13)

3 + 2.0%Z3*(A34%Q1/Q3 - A43#*01/04) - G134#*Ql1*#(1.0-2.0%Z1))
E3=—Z1*¥Z AT+ 28423 a3 0370 —="a3 1))

1 + ZA4ARZ4AR(A34 + 2. 0%Z3*(A43%Q3/7Q4 - A34))

2 + ZI%Z4#(A13%Q3/01+A34-L41#Q3/04+2.0%23%(A43%Q3/04-A34)

3 ¥ 2 A (AL T 037 04 = Aatare37 ety = Gi3gH a3 (s =22 0%23))
G4= Z3*Z3¥(A4L3 + Z2.0%Z4*(A34%0Q4/Q3 - A43))
1 + Z1#Z1#CA4]l + 2.0%z4%CAl4%Q4/70Q1 - A41))

@ ¥ ZIFZI3M (A4 RA/ O3 F d T = at3wmarorses trzarcatat g/ ot=na)
3 + 20%Z21%CA13%Q47 01

- A31%04/Q3) - Gl34%Q4%(1.0-2.0%724))
c WRITEC=,=) X11, X3, X4

e R e S Sy T
c WRITEC-,-) Gl, G3, G4

YCI, 1)= EXP(GL)®*PIO*X11 + EXP(G3)*P30%*X3 + EXP(G4)*P40*X4

&0 CINTIVUE
RETURY
END

—— R AR I P FFILE—#4
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