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Abstract cancels out the "exponential growth" before it has a

This rote demonstrates that the parameter esti-
mates of the output error identification algorithm are
not necessarily globally bounded when the prediction
error is corrupted by an arbitrarily small disturbance.
The cause of the parameter estimate drift to infinity is
an input which can be interpreted as an open loop con-
trol to an unstable system. The disturbance may actu-
ally be vanishing.

1. Introduction .

This note presents several scalar examples of
the misapplication of the output error identification
scheme [1] in nonideal situations. Global stability of
the algorithm (which is true under assumptions of per-
sistence of excitation (PE) and strict positive reality
(SPR) [2] of the dénominator of the unknown pant) is
shown to fail when these assumptions are relaxed.
This failure is demonstrated by constructing examples
where the parameter estimates diverge to infinity. The
examples are constructed for the scalar (and hence
SPR) case where the model is of the exact same linear
structure as the unknown plant, but where the meas-
urement of the prediction error is corrupted by an
order € disturbance. A bounded input sequence, com-
bined with the order € disturbance, slowly drives the
parameter estimates to infinity.

This possibility of drifting to infinity may be

chance to grow. The strategy in constructing these
examples is to approach the problem backwards... con-
sider the following sequence of questions: How might
the parameter estimate grow? What prediction error
would allow such growth? What estimated output
would allow such a prediction error? What input
sequence would cause such an estimated output?

Our contention is not that such unbounded
behavior is likely in a realistic problem setting. Indeed,
the examples are quite singular in the sense that inputs
arbitrarily close to those considered will often lead to
bounded, rather than unbounded, parameter esti-
mates. Rather, these examples show definitively that
the output error algorithm in the nonideal setting
(and without PE) is not globally bounded. Moreover,
we are able to describe the set of situations which lead
to such parameter drift as essentially "open loop con-
trols to unstable plants.” Such insights lead towards a
deeper understanding of the interplay between the
local and global stability characteristics of adaptive
algorithms.

2. Problem Setup

A stable first order plant with unknown pole
location la l< 1 is to be estimated by the output
error scheme. The plant output is

surprising. Indeed, a folklore has grown up concern- Yiel = aY + Uy )
ing the global behavior of the output error identifier. . . i .
Suppose the SPR condition holds and that some unfor- where uy is the input, and the estimated output is
tunate set of circumstances (lack of PE, disturbances) Yo = B P + up )

arise in which the parameter estimates wander outside
the unit circle (if they never leave the unit circle, then
they’re clearly bounded). The model would then be

Suppose that the prediction error Yk — ¥x can only be
measured in the presence of a disturbance w,. Then

unstable, and would cause a large prediction error, in - _ %

turn creating excitation. This self generated excitation Gkt 1= Yierl = Yr1 + Wien, 3

would then cause a restabilization (since the algorithm and the parameter estimate update is

is globally bounded with PE and SPR). We show that Bil. = & 4 Lo 4
kel = B+ U¥eiy 4

this folkloric restabilization need not always occur.

When the SPR condition fails, it is possible to
find inputs (or excitation sequences) that cause the
equilibrium to be locally unstable [3], [4]. Simulations
indicate that the parameter estimate trajectories
approach this equilibrium, are repelled, move outside
the stability region, and then restabilize. The assumed
explanation is, once again, that the exponential growth
of the prediction error causes adequate excitation in
frequency regions where the plant is SPR, thus causing
a restabilization that is again due to self generated
excitation.

How, then, could global stability fail? Some-
thing must "cancel out” the self generated excitation
which threatens to restabilize the algorithm.

One possibility is to suppose that two poles
leave the unit circle simultaneously [5]. While the
algorithm struggles to restabilize one pole, the other
might continue growing. While the algorithm strug-
gled to stabilize the other, the first one might grow.
The two might then alternately bounce towards
infinity.

A simpler idea, and the one which will be pur-
sued here, is to suppose that something literally
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where U is a small positive stepsize. Substituting (1)
and (2) into (3) and then into (4) gives

Boer = (1= RIORH+ Wiy + W), (9)
which describes the time evolution of the parameter
estimate &. The strategy of the succeeding examples
is to examine the parameter update equation (5), and
find examples where particular choices of bounded uy
and w cause 4, to become unbounded. Note that (2)
is an unnormalized a posteriori update, which is
equivalent to a normalized a priori update.

3. The Examples

The form of equation (5) is revealing. Notice
that if $; were persistently exciting [6], then the sys-
tem (5) would be exponentially asymptotically stable,
and hence would be bounded-input bounded-output
stable. In particular, bounded w, would imply
bounded ;. To construct an example of unbounded
drift, then, §, must fail to be PE. One way to fail the
PE condition is to have §, converge to zero. This idea
is exploited repeatedly in the following examples.



1
i

. Note that

EXAMPLE 1: Let uy = —— - J‘f—

k+1
k

u, = 0 as k — oo since Y, -:— is approximately In k,
i=1

and Ink — 0 as k & . From (1), y, = 0. Let the

+
T M

disturbance wy be defined such that e, = € for every k.
Then, assuming the initial conditions ¥, =1 and

4, = pe, the solution to (2) and (4) is H = " and
k .
A1 = HEY, —:—, which is easily verified by direct sub-

i=1
stitution. Note that w, 1is chosen so that
Wgel = €= Va1 + =1 which is clearly bounded. In

fact, w, converges to € ask = o, AAA

This shows that the output error identifier is not
globally bounded in the presence of bounded measure-
ment disturbances, since & diverges to infinity. The
parameter drift of example 1 arises because the excita-
tion vanishes. At first glance, it might seem necessary
that the input uy — 0 in order to drive ¥ to zero. This
is not so. Example 2 shows that u, can be bounded
away from zero, and still drive the parameter estimate
to infinity. ) -
EXAMPLE 2: Let uy = —— - += 3 —.

KT Nkl VK E‘l Vi

choose wy so that e, = € for every k. With initial con-
ditions as in cxa{nple 1, the solution to (2) and (4) is

now y,; = HE 3, T and §, =
“ Wi

1=
be verified by direct substitution. To see that uy is
bounded away from zero, note that

Again,

I which may again

k

. . 1 di
1 < - pelim — _—
P uk—»m\/kij;l Vi
. Wk-2
< - unel e = —2ULE.
M vk #
Since (1) s statl)lc, ¥« is bounded, and

Wil = €= Ykt t+ converges to a constant

i+l
related to € and the d.c. gain of the plant. AAA

As 3, drifts to larger values, the recursion (2)
becomes more unstable. Suppose that & is driven
towards infinity. The output can remain bounded only
if §. converges to zero. This means that
8,19+ u— 0, which in turn implies that
uy = — 8, 1% This is formalized as
LEMMA: Suppose d — e and yet the output of the
recursion (2) remains bounded. If uy is bounded,
then u, must converge to — A, ¥k
PROOF: Suppose the bounds on y, and uy are given
by || ¥ ll. and || u ||... First, we show that § must
converge to zero. Suppose not. Then there exists an
€> 0 such that |§ |> € for infinitely many k.

Choose k larﬁc enough 50 that
19 Nl + Mo fle
Fage, | > - Then
. 19 Hle+1lulls .
150y 1> & “Nulle> B9l

contradicting the bound on §. Thus 8,9 + u = 0.
AAA

This sequence u, can be thought of as a "con-
trol" for an unstable system since the nature of the
input masks the instability of the system. Note that uy
could be constructed by feedback of the signals f,,;
and §y (4, can be constructed as a function of &, and
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$). Since there is no feedback loop in the output
error identifier, situations in which this sort of drift
will arise are limited to inputs which are, essentially,
open loop controls to unstable plants. This suggests,
however, that when the identifier is embedded in a
feedback loop (such as in the adaptive control prob-
lem), care must be taken to avoid such “control"
sequences.

It may appear that the biased persistence of wy
is necessary for such drift to occur. In fact, such drift
can occur even if the disturbaace converges to zero.

1 pe & 1

EXAMPLE 3: Let uy = ——— - , and
ey R

suppose that ey = F Then = F and

k
1= HY, ;}Tb" If a and b are such that
=1

()a+ b< 1, and

(2)a+2b> 1,
then 8 diverges to infinity.
PROOF: (1) implies the divergence of &,. (2) ensures
that uy converges to zero,lwhich implies that y, — 0,

and hence that wy,; = = V1 + con-

(k+1)? (k+1)?

verges to zero. AAA
4. Conclusions

Several interesting questions are raised by these
examples of parameter drift in the output error algo-
rithm in nonideal usage:

(1) Can similar examples be constructed to demon-
strate instability of the output error algorithm when
there is no measurement noise, but instead a small
nonideality is introduced in the plant?

(2) One may think of the input-disturbance pairs that
cause divergence in these examples as a "trajectory” or
"manifold" in state space. Can this be proven unstable
for any input disturbance pair causing divergence?
The classification of such pairs as open loop controls to
unstable plants gives a conceptual tool with which to
attack this problem.

(3) Can these examples be extended to non-SPR
plants?

(4) The finding of sufficient conditions for divergence
of an algorithm is equivalent to finding necessary con-
ditions for boundedness. Examples such as these may
help to unravel a useful set of necessary and sufficient
conditions for proper behavior of algorithms such as
the output error identifier.
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