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Constant pressure hybrid Molecular Dynamics—Monte Carlo simulations
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New hybrid Molecular Dynamics-Monte Carlo methods are proposed to increase the efficiency of
constant-pressure simulations. Two variations of the isobaric Molecular Dynamics component of the
algorithms are considered. In the first, we use the extended-ensemble method of AfiHerGen
Andersen, J. Chem. Phy82, 2384 (1980]. In the second, we arrive at a new constant-pressure
Monte Carlo technique based on the reversible generalization afi¢h&-couplingoarostafH. J.

C. Berendsert al,, J. Chem. Phys81, 3684(1984]. This latter technique turns out to be highly
effective in equilibrating and maintaining a target pressure. It is superior to the extended-ensemble
method, which in turn is superior to simple volume-rescaling algorithms. The efficiency of the
proposed methods is demonstrated by studying two systems. The first is a simple Lennard-Jones
fluid. The second is a mixture of polyethylene chains of 200 monomers20@2 American
Institute of Physics.[DOI: 10.1063/1.1420460

I. INTRODUCTION Furthermore, their efficiency deteriorates as the size of a sys-
tem increases.

Molecular simulations at constant pressure are attractive gy experience indicates that volume moves are actually
because they mimic the conditions often encountered ijne of the limiting steps towards successful Monte Carlo
laboratory experiments. This applies to both Molecular Dy-simylations of complex fluids. It has, for example, become
namics and Monte Carlo calculations. In Monte Carlo simu-cjear in studies of solubilities of small molecules in polymers
lations, trial configurations are generated in a random mangat the computational bottleneck is indeed the equilibration
ner, and accepted according to well-defined probabilitysf the density Interestingly, literature results suggest that
criteria. The so-called “hybrid” schemes constitute one Ofconstant-pressure molecular dynamics algorithms can pro-
many ways of proposing such trial configurations. In a hy-yige relatively fast volume relaxation. It is therefore of inter-
brid Monte Carlo trial move, a short molecular dynamicseggt to explore whether a hybrid NPT method is able to cir-
trajectory is used to generate a new configuratibrthe  cumvent some of the problems associated with conventional
move is subsequently accepted or rejected according to prolpT Monte Carlo techniques. In this paper we consider two
ability criteria which take into account the way in which the hybrid NPT approaches. We find both of these to be superior

trial configuration was generat¢since molecules are moved o conventional methods for constant-pressure Monte Carlo
in the direction of the forces acting on them, the resultinggjmulations.

bias must be eliminatgdMolecular Dynamics becomes ex-

act in the limit of a vanishing time-step; the acceptance rate

of trial configurations produced by a short MD run with || cONSTANT PRESSURE MONTE CARLO

small time-steps can therefore be expected to be high. The

use of longer time-steps does not deteriorate the accuracy of Before presenting the two hybrid methods to be dis-

a hybrid scheme, but it decreases the acceptance rate. Thessed here, we shortly review the fundamentals of Monte

Monte Carlo acceptance/rejection procedure ensures that ti§garlo simulations in the isothermal—isobaric ensemble. The

correct statistical-mechanical ensemble is sampled, and th@tural variables are particle numbérpressure?, and tem-

results remain exact, regardless of the time-step. In contrageeratureT; the statistical mechanical potential for this set of

a pure molecular dynamics simulation using large time-stepsariables is the Gibbs free ener@®(N,P,T). AsN, P andT

would lead to a fast algorithm but questionable results. are fixed, their conjugate variables must fluctuate. These are
Many algorithms for isobaric—isothermal NPT molecu- the chemical potentigk (which, for a pure system, is equal

lar dynamics have been developed over the past decafles. to the Gibbs free energy densi®/N), the system volum¥

In contrast, NPT Monte Carlo simulations still rely on the and the entropys

use of simple, random volume changes accompanied by uni- The relevant probability distribution function for an NPT

form rescaling of the molecules’ coordinates. A few excep-ensemble is given by

tions have been reported in the literature, but they lack the R -

ease of implementgtion of simple random volumg mdves. fner=exi = BUWr}{p}) = AP*V({r}]. (1)

Unfortunately, volume relaxation is notoriously slow in Here P* is the system pressurép} is the set of all mo-

simple, random volume-rescaling Monte Carlo algorithms.menta'{;} the set of all positionsi) the internal energy of

the system an¥ its volume; 8= 1/(kgT), wherekg is Boltz-
dE|ectronic mail: depablo@engr.wisc.edu mann’s constant and is the temperature.
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This distribution function is to be sampled by a simula- obeys a constant NPH constraint. Anderson’s method can be
tion in an NPT ensemble; the following acceptance criteriageneralized to constant NPT, but this is not of interest here as
for trial moves generate configurations distributed accordingnaintaining a constant temperature is left to the Monte Carlo

to Eq.(1): acceptance criteria.
o . . - In most Monte Carlo simulations one deals with particle
Pacc=Min{1,exg — BAUr.{p}) — BP* AV({rp) ]}, positions only. Therefore, at the beginning of a hybrid step,

velocities (or momenta must be assigned to each particle.
where A denotes the difference of a property between theThese are generated at random from a Maxwell-Boltzmann
new (proposed state and the oldoriginal) state, and where distribution (i.e., with probability proportional to the expo-
min(x,y) denotes the minimum of its two arguments. Thenential of the kinetic energyln addition, a “volume” veloc-

condition of detailed balance, namely ity vy is also generated.
K(a—b)=K(b—a), .The acceptance criteria for. a volume hybri_d move are
3 derived from Eqgs(3) and (4). Since the integration of the
K(a—b)=f(a)q(a—b)psda—Db), equations of motion itself is deterministic, after having as-

signed velocities to the molecules, the probability of reach-
ing a final state from some original state is unity. Still, the
probability of assigning velocities to the particles must be
considered, thereby leading to transition probabilities of the
form

facilitates the construction of a correct algorithm. In E3),
K(a—b) is the probability of going from stata to stateb;
this probability can be written as the product fffa), the
probability of being in state, q(a—b), the probability of
proposing a transition frorato b, andp,.{a—b), the prob-
ability of accepting such a transition. Accepting or rejecting
trial moves according to

f(b)g(b—a)
f(a)g(a—b)
ensures that configurations are distributed according to th

desired probability distributiohappearing in Eq(3). For an
isothermal—isobari¢NPT) ensemblef is given by Eq.(1).

q(a—b)=exp E@)f(v{?),

6
q(b—a)=exp EX)f(vP) (6)
(4) kin v )

Pacda—b)= min( 1

wheref(vy) is the probability of generating a volume veloc-
ﬁy according to a specific distributiorg,;, is the kinetic
energy and superscripgsandb serve to denote the original
and new(trial) states, respectively. The acceptance criteria
for hybrid NPT moves are obtained by substituting E@s.
I1l. THE EXTENDED ENSEMBLE ALGORITHM into Eq. (4).

In order for a Molecular Dynamics algorithm to be suit-
able for direct application within a hybrid Monte Carlo for-
malism, two conditions must be fulfilled. The algorithm |\, THE REVERSIBLE WEAK-COUPLING ALGORITHM
should be reversible in time and symplectic, i.e., preserving
phase-space volume. If these requirements are met3Es. One of the most efficient algorithms for constant tem-
fulfilled and the correct Markov process is produced. Givenperature and/or pressure Molecular Dynamics is eak-
these constraints, the Verlet integration scheme has ofterbupling scheme proposed by Berendsatral® Although it
been used in this conteXtt is reversible, it preserves phase- is widely used, unlike Andersen’s algorithm, it is not time-
space volume and it is correct to ord@(At®). reversible due to the first-order nature of the equations of

The extended-ensemble technique of Andetgencon-  motion. This precludes its direct use in hybrid Monte Carlo
junction with the Verlet integratdisatisfies the above prereg- moves. The algorithm proposed in what follows eliminates
uisites. Its application in the context of a hybrid move isthis shortcoming.
therefore promising. The relevant equations of motion are  Recently, it has been shown that the weak-couptiveg-
given by (for a derivation see the original paper of mostatproduces a correct ensemble, in agreement with other

Andersen): thermostat methods for any value of the coupling parameter
o 1 7.1%We briefly describe the weak-coupling algorithm, focus-
thi:_l_"_dtln V, ing only on the constant-pressure case. In any Molecular
m 3 Dynamics algorithm the integrator moves the velocities and
N positions in a time-step according to the equations of motion:
dpi=— > ru'(ryj), 5 R R
ji'=1 ri(t)—>ri(t+At), (7)
N 2 N
2 pi 1
YN i , N -
M aV=—at §i:l%—§i<j2:lriju (rip) | vi(t)—vi(t+At). )

whereM is a fictitious mass of a “piston” associated with the After this update, the weak-coupling algorithm calculates the
volume move(the piston connects the system to an infinitelynew pressureP of the system based on the positions and
large pressure reservhiParameter describes the fictitious velocities. This pressure is compared to the desired, target
potential of the volume. These equations can be easily implgaressureP*. The volume of the simulation box is now
mented, and the resulting molecular dynamics trajectoryscaled “towards” the target pressure, i.e.,
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At, 9 DAt=0.001, 1=1.0
OAt=0.002, 1=0.5
£ At=0.0005, T=0.1

*At=0.001, 1=05

P(t)—P*

V(t+At) =7, V(t)-

where 7, is a characteristic time for this relaxation process
(see beloy, andAt is usually(although not necessarjlyhe
same time-step used to integrate the equations of motion.
The positions of all particles must be adapted to the new
volume, i.e., rescaled by a factvi®. For convenience and
efficiency, the molecular dynamics step is performed in
scaled coordinates ranging fross r/VY3=[-0.5,0.5. 0.0
A 0

The smaller the relaxation tims,, the more closely the
instantaneous pressure is tied to the target, and the stronger )
the disturbance of the actual dynamics by individual rescal- o
ing operations. In molecular dynamics, must be large i~
enough to produce meaningful data, as the fluctuations of <§
pressure produced by this algorithm are not entirely
correct!! This does not pose a problem for Monte Carlo, as
the molecular dynamics moves are only used to propose trial
configurations.

As pointed out earlier, the volume rescaling of the weak-
coupling algorithm is not time-reversible. This violates the
detailed balanceate equatior{3). The solution to this prob- 0
lem is to allow the algorithm to run explicitly backward and 0 200 400
forward in time; at the beginning of a hybrid move, a random Monte Carlo Steps
n.umb_erglls drawn between 0 and 1. §<0.5, t_he time FIG. 1. Density autocorrelation function for a Lennard-Jones fluid (
direction in the simulation runs forward; otherwise we run=1.4, p=0.21732,-p=0.45) with different values of time-step and cor-
backwards. Running the simulation in reverse is equivalentelation time[part (a)]. prange=0.1 the values for the timestep and the cor-
to setting the relaxation timep to a negative value, as the reIatiqn time are given i'n the graph. Pési shows the comparison to simple
rest of the equations of motion is symmetric under time_rescallng and the hybrid method based on the Andersen barostat. The box

S . massM in the Andersen case was setNb=1.0.
reversal. The acceptance criteria for this constant pressure
hybrid move is similar to that for the Andersen case.

The weak-coupling method as outlined so far results in
rather slow fluctuations around the desired pressure. Furtheratio of correlation time to time-step becomes too small the
more (if backward moves are momentarily disregardeétde  simulation becomes again inefficient as one would need ex-
relaxation becomes exponentially slow close to the targetremely large neighbor listéor extremely frequent updates
pressure. This limits the efficiency of the simulation. To im- to balance the rapid motion. The figure shows how important
prove efficiency, we generalize the weak-coupling hybrida good choice of the parameters can be. An unfortunate
scheme to a target pressure selected randomly within @hoice results in only marginal improvements relative to con-
bounded domain. The pressu?é used adocal target pres- ventional methods.
sure for the simulation in one hybrid step is now chosen with ~ The ratio between the time-step and the correlation time
uniform probability from the interval[(1—Pgd P(®Y,  is important. The correlation function fdrt=0.001,7=0.25
(1+ Prangd P whereas the pressure in the acceptancas the same as fakt=0.002,7=0.5 (not shown. We found
criteria remains untouchegat P(®Y). Values forP ngerange  that a value of this ratio of about 250 provides good efficien-
from 0 to 0.1. Since thdocal target pressure is uniformly cies. If we increase this ratio the acceptance rate drops; if we
chosen from the neighborhood of thobal target pressure, decrease it the efficiency of the single move deteriorates. The
detailed balance is still obeyed. conventional method for constant pressure Monte Carlo

simulations comprises simple volume-rescaling trial moves.

In such moves a random change of volume is proposed ac-
V. EFFICIENCY CONSIDERATIONS cording to

<p(t+ A t)p(t)>
o
3

400 600 800 1000
Monte Carlo Steps

O simple rescaling
O RWC
O Andersen

0.5 oy, ey,

p(t+)p(t)

The main parameter which can be tuned and optimized
in the reversible weak-couplindRWC) simulation is the re- View= VoigTAV, (10
laxation timer,. The smallerr,, the closer the system fol-
lows the desired target pressure, but the lower is the accepyvith AV chosen uniformly from] — AV max, AVmasxl-
tance rate. Our results indicate that, even for a simple Lennard-
We analyze the density autocorrelation function to pro-Jones fluid, the hybrid techniques proposed here provide
vide a measure of efficiency for the proposed hybridmethods that appear to be superior to the simple volume-
schemes. Figure(&) shows that, for a simple Lennard Jonesrescaling technique. For a good choice of parameters, the
fluid, increasing the time-step leads to smaller correlatiorefficiency gains can amount to more than an order of mag-
times and faster equilibration of the density. However, if thenitude.
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TABLE I. A comparison of density and internal energy per particle for the 0.84
Lennard-Jones system from simulation of this work using reversible weak a) RWG
coupling (1) and from the work of Johnsoet al. (2). 0.82 - ———- simple
T p P1 ug P2 Uz 0.8
0.75 159 0.960.01 -6.35+0.03 0.904 —6.40 E
16 01231  0.0960.002 —0.73-0.03 0094 —0.67 = 078
1.6 0.16 0.1320.001 -0.91+0.02 0.132 -0.91 &
1.6  0.38 042001  —279+0.03 0.408 -2.72 076 7
1.6 5.07 0.84:0.01 -5.10-0.03 085 -5.27
0.74 ¢
072 ‘
0 10 20 30 40 50
10° Monte Carlo steps
10000
VI. TEST CASES
A. The Lennard-Jones fluid
As a test case, the Lennard-Jones fluid is revisited. We _ 5000 |}
simulate a system of 200 Lennard-Jones particles at a range §
of temperature and pressures. The cutoff4s2.50- and the =
usual analytic long-range corrections for energy and pressure
are applied?All values are given in the standard dimension- 0r
less units. The simulations used 1 million MC steps, each
containing 5 constant-pressure molecular dynamics integra-
tion steps. 5000 ‘ ‘ ,
We compare our results to those obtained from an equa- 0 1 2 3 4

5
tion of staté® which is known to provide accurate properties 10" Monte Carlo steps

for the Lennard-Jones fluid. At a given temperature and press|G. 2. (a) Density andb) pressure as a function of simulation time for the
sure we compare density and internal energy. The results areversible Weak-Coupling algorithm an the volume-rescaling algorithm for a
shown in Table I an agreement between simulations anéystem of 11 alkane chains of length 200 and 26 ethylene moleculs at
. ' . . . =260 kPa, T=400 K. For the pressure, a running average over 50 data

equa,tlon of state predlctlons is excellent, showmg that th%oints was performed in order to suppress the high frequency spikes and
algorithms proposed here lead to correct property prediCmprove clarity.
tions. Note that we simulated the same systénsing iden-
tical starting conditionsusing the three methods considered
in this work (Andersen, Weak-Coupling and Simple Volume-
Rescaling. There were no noticeable differences in the re-B. Polymer melts
sults. . . In order to examine the performance of the proposed

We now examine the volume fluctuations produced byh

. . ) ybrid methods in the context of a complex fluid, we used
the different methods. These fluctuations are of interest b hem to equilibrate a polymer melt.

cause they provide a stringent test of the correctness and the Systems consisting of linear polyethylene chdiBg,to

efficiency of a simulation technique, and they are related t ; : :
the compressibility of the fluid. We compare our results tocb590) and a small fraction of ethylene were placed in a simu-
lation box at a density above the experimental value. Three

'El_heblgqlt)lazor; ofesiatje t?\y R(;)senééfq;g_gl;_?g atT=1.6 (‘C:jf : identical systems were left to equilibrate by the reversible
oar ar.'o : s?(rlg Ta‘ta'o’n tgc%nmp:asssal Ir:ala S e{%rr:(f’gsnte'gg aoweak-coupling hybrid methods and the volume-rescaling al-
urvarious simuiati au 9 Wi pted v gorithm. The weak-coupling algorithm proved to be efficient

ues, and produced reliable, well-equilibrated densities for the
(V2)— (V)2 pressure range under stu®00-500 kPa All studies have
K=" TV (11 been performed using the NERD force-fi&ftf.
B

Figure 2 shows a comparison between the convergence
of the newly proposed weak-coupling method and simple
volume rescaling. Both simulations started at a system den-
sity of 0.82 g/cm, which is slightly too high. The equilib-
TABLE 1. Isothermal compressibilities for the Lennard-Jones fluidTat  rium density is around 0.75 g/dnlt can be seen in the
=1.6 calculated by fluctuations of the volumer{) and by the equation of figure that the convergence of the Weak_coup”ng a|gorithm
state by Rosenfeldi(r). to the correct, target pressure is relatively fast. In contrast,
pressurgor volume relaxation in the conventional volume-

p K11 K12 i . . K
013 P rescaling simulation is slow. Even after 500,000 steps, the
0.40 2405 5 running-average pressure in the conventional volume-

0.84 0.04-0.01 0.05 rescaling simulation is far from the correct, target regojt
about a factor of B
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