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The nonlinear dynamics of rotating low m (poloidal mode number) tearing modes in a tokamak with 
external resonant magnetic perturbations is examined. Nonlinear evolution equations for the island 
width and the toroidal rotation frequency are derived within the two-fluid magnetohydrodynamic 
model, taking into account the plasma rotation and neoclassical parallel viscosity. The nonlinear 
stability of magnetic islands interacting with a static external magnetic perturbation is considered, 
and the critical magnetic field for the appearance of a locked mode is determined. It is shown that 
the coupling of the perpendicular and longitudinal plasma flow due to the neoclassical plasma 
viscosity enhances the amplitude of the critical magnetic field compared to the value obtained in a 
slab approximation. The perpendicular plasma viscosity causes a finite phase shift between the 
applied external field and the magnetic island, and further increases the value of the critical 
magnetic field required to induce a magnetic island. 0 1995 American Institute of Ph.ysics. 

1. INTRODUCTION 
The problem of active stabilization of low m (poloidal 

mode number) resistive magnetohydrodynamics (MHD) 
modes and avoidance of error field induced locked modes is 
of great importance for current tokamak research’-5 and may 
be crucial for the next generation of tokamak devices.6,7 
These problems involve nonlinear interaction of a finite size 
magnetic island with external resonant magnetic perturba- 
tions. Such an interaction is inherently a dynamic process’; 
that is, a full, time-dependent nonlinear model of magnetic 
island behaviour in the presence of an external field is 
needed to satisfactorily model these phenomena. In this pa- 
per we derive Rutherford-typeg*‘o nonlinear dynamic equa- 
tions for the evolution of the island width and the island 
rotation frequency, taking into account the effects of plasma 
inertia and transverse viscosity.“*‘2 We consider the general 
case of rotating magnetic islands in a tokamak plasma, and 
the plasma itself may also be rotating in the laboratory 
frame. Since the plasma rotation in the tokamak geometry is 
determined to a large extent by the neoclassical effects, we 
include the effect of neoclassical parallel viscosity in our 
nonlinear model for magnetic islands. Within the framework 
of this model we consider the damping of the island rotation, 
which is often observed for unstable magnetic islands in the 
Rutherford regime, and investigate the process of nonlinear 
excitation of magnetic islands by an external field. We deter- 
mine the critical magnitude of the external field, which leads 
to a bifurcation of the equilibrium into the state with a finite 
island width. Such a process is believed to be responsible for 
the field error induced instabilities in tokamaks.13-‘8 We 
show that an enhancement of an effective plasma inertia due 
to neoclassical effects substantially increases the amplitude 
of the external magnetic field required to induce magnetic 
islands. 

We consider a single helicity nonlinear tearing mode ne- 
glecting effects of mode coupling. We use two-fluid magne- 
tohydrodynamic equations to describe the plasma dynamics 
in the nonlinear region near the rational surface. An ideal 
MHD equilibrium is assumed for the external (linear) region. 
The standard matching procedure’ is implemented to derive 
the Rutherford-type nonlinear equation for the evolution of 
the island width. The dynamics of a magnetic island is af- 
fected by the plasma inertia through the longitudinal current 
induced by the ion polarization drift. In a homogeneous 
plasma this yields a stabilizing effect, and a finite threshold 
occurs in the amplitude of the external field, leading to a 
magnetic island of finite width. However, in an inhomoge- 
neous plasma, in which there is a gradient in the equilibrium 
ion pressure, the effect of ion finite Larmor radius (FLR) 
modifies the ion polarization drift, so that it may become 
destabilizing under certain conditions, which depend on the 
frequencies of the mode and plasma rotation.” 

Nonlinear magnetic islands in tokamaks are experimen- 
tally observed to rotate in the laboratory frame.‘7720 We as- 
sume that, in general, the island rotation is different from the 
rotation of the bulk plasma. The plasma velocity in the island 
region deviates strongly from the equilibrium profile in the 
absence of a magnetic island, so that the plasma inside the 
magnetic island is moving together with the island (at least 
in the direction perpendicular to the magnetic field lines), 
and the velocity profile relaxes to the equilibrium in the re- 
gion away from the magnetic island. ln our model we as- 
sume that the global profile of the plasma parameters such as 
density, temperature and electric field are not affected signifi- 
cantly by the island growth, so that away from the rational 
surface an equilibrium is not affected significantly by the 
magnetic island. 

The amount of plasma involved in the island rotation, 
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which moves together with the island, is self-consistently 
determined through the profile of the toroidal plasma veloc- 
ity in the presense of a magnetic island. The profile of the 
“equilibrium” electrostatic potential is modified by the rotat- 
ing magnetic perturbation. In the lowest order (ignoring ef- 
fects of the order of pflW2, where pi is the ion Larmor 
radius and W is the island half-width), the electrostatic po- 
tential is such that the plasma flow is tangent to the perturbed 
magnetic surfaces. The resultant profile of the toroidal 
plasma velocity is determined from the radial momentum 
balance equation. We assume that the characteristic time 
scale for the evolution of the magnetic island is longer than 
the ion-ion collision time, so that the poloidal plasma rota- 
tion is strongly damped by the neoclassical (parallel) ion 
viscosity. Then, the profile of the poloidal plasma velocity 
can be determined by the standard neoclassical expression 
with the ion temperature gradient measured relative to the 
perturbed flux surfaces. 

The modification in the toroidal plasma velocity due to 
the magnetic island is proportional to the difference between 
the frequency of the mode rotation and toroidal plasma rota- 
tion calculated with respect to the equilibrium plasma param- 
eters. The magnetic island has no effects on the profile of the 
toroidal plasma velocity when the island is rotating at a fre- 
quency equal to the local value of the equilibrium frequency 
of toroidal rotation. The effect of plasma inertia in the equa- 
tion for the magnetic island growth is also proportional to the 
difference between these two frequencies. The strong damp- 
ing of the poloidal plasma rotation leads to an increase of the 
effective plasma inertia in the perpendicular direction due to 
coupling of the plasma flow across the magnetic field with 
the longitudinal flo~.~’ 

The evolution of the island rotation is governed by the 
toroidal momentum balance equation.” The external electro- 
magnetic torque associated with the resonant magnetic per- 
turbation and/or eddy current in a resistive wall is balanced 
against viscous damping due to the transverse plasma 
viscosity.** The transverse plasma viscosity is assumed to be 
anomalous with an empirical viscosity coefficient. For un- 
stable magnetic islands in the Rutherford regime, the toroidal 
momentum of the plasma involved in the island motion in- 
creases with its width, which leads to the linear slowdown of 
the rotation as the island grows in size (when the external 
force and viscosity are negligible). 

We also study the situation where magnetic islands do 
not occur without an external field. In this case magnetic 
islands can be induced by a static perturbation from the error 
field. We investigate a mechanism for a nonlinear excitation 
of nonrotating magnetic islands (locked modes). Such mag- 
netic islands still experience the stabilizing effect of the in- 
ertia due to the plasma flow in the laboratory rest frame, so 
that the island excitation has a threshold in the amplitude of 
an external field.2+s*‘4.23 The enhanced plasma inertia due to 
the neoclassical poloidal damping increases the threshold in 
the amplitude of the external field for a nonlinear instability 
of a magnetic island. We show that the toroidal “renormal- 
ization” of the effective plasma inertia is consistent with the 
intuitive momentum balance for the toroidal plasma motion 
with the magnetic island. The transverse plasma viscosity 

causes a finite phase shift between the applied perturbation 
and the magnetic island at the point of bifurcation, and fur- 
ther increases the critical magnetic field. The expressions for 
the critical magnetic field are derived for different values of 
the anomalous plasma viscosity. 

For an ideally axisymmetric system, the neoclassical vis- 
cosity in the toroidal direction is identically zero. The helical 
magnetic perturbation superimposed onto the axisymmettic 
tokamak configuration destroys the toroidal symmetry and 
creates a viscous force in the toroidal direction due to neo- 
classical (longitudinal) viscosity. This causes an additional 
damping of the island rotation. We consider this effect using 
the analogy between the structure of the magnetic fields in a 
stellarator and a tokamak with a helical magnetic perturba- 
tion due to the magnetic island. 

To model the situation typical for feedback control of 
magnetic islands, we assume that the external helical mag- 
netic field can be rotating in the laboratory frame. In general, 
the frequency of island rotation is not equal to the frequency 
of rotation of an external field; neither is it constant in time. 
To investigate the evolution of the frequency of island rota- 
tion, we allow for an arbitrary time dependence in the phase 
of the magnetic island and in the phase of an external mag- 
netic perturbation (which could be either rotating in the case 
of feedback stabilization, or static in the case of an error 
field). It will be shown that the perturbation of the magnetic 
field registered in the vacuum region at the plasma boundary 
consists of three principal parts: one is associated with the 
value of the reconnected flux at the rational surface (and thus- 
it has phase information about island rotation}, another part 
is proportional to the magnitude of the external field (this 
part is correlated in phase with the external current), and the 
third part represents the signal corresponding to the first two 
parts, which is reflected from the conducting wall. For a wall 
of finite resistivity the phase of the reflected signal has a 
finite time delay with respect to the part of the magnetic Aux 
induced by an external current and the reconnected flux at 
the rational surface. This finite time delay is important in the 
dynamics of the phase instability of the magnetic island. The 
effect of finite plasma current in the region between the ra- 
tional surface and the plasma boundary on the the structure 
of the perturbed flux function is investigated. 

The paper is organized as follows. In Section II we re- 
view the basic theory of nonlinear island growth in the Ru- 
therford regime for an inhomogeneous plasma. In Section III 
we consider the effects of toroidicity and investigate the dy- 
namics of mode rotation. Here we derive the basic evolution 
equations for the island growth and rotation frequency. In 
Section IV the structure of the magnetic perturbation in the 
outer (linear) region is analyzed. In Section V the problems 
of slowing-down of the island rotation in the Rutherford re- 
gime and the nonlinear excitation of locked modes are ad- 
dressed. The results are discussed and summarized in Section 
VI. 

II. BASIC MODEL OF NONLINEAR ISLAND GROWTH 
IN A SLAB MODEL 

First, we consider the basic nonlinear model of nonlinear 
island growth in the slab approximation. Such an approxima- 
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tion is relevant for the narrow magnetic islands in a cylindri- 
cal tokamak, where W<a (a is the minor plasma radius). 
This model is mainly based on the Rutherford theory of non- 
linear islands modified by the effect of plasma inertia, which 
is important for the rotating islands.” The importance of 
plasma inertia on the dynamic behaviour of nonlinear tearing 
modes has been pointed out in Ref. 24. 

We consider a helical magnetic perturbation (m,n are 
the poloidal and toroidal wave numbers) moving across the 
equilibrium magnetic field. Such a perturbation is resonant at 
the rational surface r= Y, , which has the same helicity 
q(‘hj = m/n. In the vicinity of the resonant surface, the mag- 
netic field can be described by the effective helical flux func- 
tion, 

&c,t)= - & BI-JS &t)cos 5. 0) 
‘. s 

Here, x = r- rs is the distance from the corresponding ratio- 
nal surface, L,=qRIS- is the shear length, S=q’r,lq, and 
Ba is the equilibrium toroidal magnetic field. The helical 
coordinate 5 is given by the expression 

&mi- ‘w(t’)dt’, 
I (2) 

where I$= 19-[/q, is the helical angle in the direction per- 
pendicular to the equilibrium magnetic field. The function 
t)(t) is taken to be independent of x (constant lp 
approximation’). 

Magnetic flux in the form Cl) corresponds to a magnetic 
island with half-width W, 

(3) 
The nonlinear equations for the evolution of the magnetic 
island follow from the matching conditions obtained by in- 
tegration of the Ampere’s law, 4rr.Ill /c = V: q?, across the 
nonlinear region. The corresponding matching equations 
have the fern? 

/:/(ms) yw dxJll cos .$= $ A$, 

dxJll sin [= -& A$, 

where the matching parameters Ai and Ai are to be deter- 
mined from the outer (linear) region. The longitudinal cur- 
rent JII in Bqs. (4) and (5) is determined from the nonlinear 
region. 

The time evolution of the magnetic island is controlled 
by the longitudinal current induced in a plasma with finite 
resistivity by the inductive electric field associated with the 
time dependence in &(x,t j . In the Rutherford theory the 
plasma inertia is neglected and the total plasma current has 
only the parallel component (along the magnetic field), 
which requires that the longitudinal current is a surface func- 
tion of the magnetic flux. In this case the nonlinear island 
growth is merely a resistive steady-state evolution (relax- 
ation) to a magnetic island-type equilibrium. It has been 

pointed out in Ref. 24 that the effect of plasma inertia pro- 
vides a stabilizing effect on growing magnetic islands at an 
early stage of the nonlinear instability. The effect of plasma 
inertia can be even more important for a rotating island in an 
inhomogeneous plasma, where it is modified by the ion FLR 
and becomes destabilizing under certain conditions, leading 
to the possibility of nonlinear self-sustainment of magnetic 
islands.“V” The plasma inertia manifests itself through the 
ion polarization drift, which creates a perpendicular current, 
contributing to the quasineutrality condition. In this case, the 
current closure equation is reduced to the form’9*26327 

V(b.VQ, XV).Vpi 

+&vt c$+pi z() ( 1 4Q-J-VA en0 ’ 

where b is the unit vector along the total magnetic fieId, @ is 
the electrostatic potential, pi is the ion pressure and 
p= 3 Tivi /( lOmiwi,> is the magnetic viscosity coefficient.‘s 
The third term in Eq. (6) is the correction to the ion polar- 
ization current due to the ion gyroviscosity by Braginskii,28 
and the last one is due the collisional magnetic viscosity. We 
have assumed a homogeneous magnetic field in the equilib- 
rium. 

The operator do ldt is given by the expression 

where {A,B) is the Poisson bracket, 

dA dB 
{A,B}=~~-$$. 

The perpendicular current in Eq. (6) associated with the 
ion polarization drift and plasma viscosity creates the longi- 
tudinal current, which affects the island growth through Am- 
pere’s law in Eqs. (4) and (5). To calculate the longitudinal 
current we need to determine the perturbed ion pressure and 
electrostatic potential in Eq. (6). They can be calculated from 
the equations of two-fluid magnetohydrodynamics, taking 
into account the dynamics of the electron component (Ap- 
pendix). In fact, in the small Larmor radius approximation, 
pi< W, the ion pressure in Eq. (6) can be determined from 
the equation 

This equation means that, in the steady-state approximation, 
[(l/W)awldt-(llW)eW/at~w], the total ion pressure is a 
surface function p=p( @*) of the electrostatic potential 
a* in the reference frame moving with the island, 
@* = @ - ( wBo lkg)x. Within our model (Appendix), we 
choose this function so that the linear boundary conditions 
are satisfied away from the island: 

kec 
iw- WEPO 

Phys. Plasmas, Vol. 2, No. 5, May 1995 Smolyakov et al. 1583 
Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



where wE= kOc@$BO is the drift frequency due to the equi- 
librium radial electric field E,= -ah, and 4 is the per- 
turbed electrostatic potential. 

The electrostatic potential around the magnetic island is 
perturbed by the inductive electric field created by the mag- 
netic perturbation moving across the equilibrium magnetic 
field. In steady state, the electrostatic component of the par- 
allel electric field is almost balanced by the inductive electric 
field, so that the electrostatic potential can be found from the 
condition 

E/l= - vp + ; ij sin 6~0. (10) 

Here Vii is the nonlinear gradient operator along the total 
magnetic field given by the expression 

where k*=mlr and the derivative (a/J&, is taken at a con- 
stant J/. 

Using the identity 

li; sin 5 ax 
--= - 

i I J/x at @% 

we obtain for @, 

(121 

(13) 

where f( I,& is an arbitrary function of $, which should be 
determined from the boundary conditions.” The first term on 
the right of Eq. (13) corresponds to the electric field created 
by the moving magnetic field, so that after transformation to 
the reference frame in which the island is stationary, the 
electrostatic potential becomes a surface function of $. Thus, 
the plasma flow due to the EXB drift resulting from such an 
electrostatic field is tangent to the magnetic field and does 
not pierce the magnetic surfaces. In fact, Eq. (13) describes 
the electrostatic potential in one-fluid MHD approximation, 
in which the difference in the motion of the electron and ion 
components is ignored. In two-fluid magnetohydrodynamics, 
the electrostatic potential has to be determined self- 
consistently from the quasineutrality condition, taking into 
account the finite ion current across the magnetic field. For 
perturbations with a perpendicular length scale larger than 
the ion Larmor radius, the corresponding quasineutrality 
equation can be considered perturbatively, so that Eq. (13) 
gives the electrostatic potential with an accuracy of the order 
of pfl W* (Appendix). As is shown in the Appendix, the pro- 
file of the perturbed electrostatic potential around the mag- 
netic island is given by 

@= ‘“;;~)Bo[x-x(@)]. (14) 

Then, expression (9) for the total ion pressure takes the form 

pj’P(“)+PiO’h($)- (15) 

The plasma pressure is assumed to be flattened within 
the island and approaches the equilibrium profile in the re- 

gion away from the island, so that function X( (I/) is chosen to 
be A( $) = 0 inside the separatrix of the magnetic island and 
h( +)-+x in the region x% W, so that we have p~--+p&x for 
large x. The precise form of the A( 9) function in the outer 
region close to the separatrix is not very important [different 
forms of X( t,&) lead to slightly different numerical coeffi- 
cients]; however, it is important to keep A( 9) a single-scale 
function of $ with the characteristic length scale W. 

Using Eqs. (14) and (15) in the current closure equation 
(6), after integration, we find for the parallel current,” 

c B4W’ dX a% 
J;l%7+W’(W’-W ,)-- 

~--VA k&s 
*pt a’// &$2 (cos l-(cos 6)) 

where w’ = w- wE and W*pi is the ion diamagnetic fre- 
quency, W*pi=kBCTip~il(eBpoi). The operator (* * *> means 
averaging over the perturbed magnetic surface, 

t-*M;‘~s 

(4= f ‘pdS * 
x 

The first term in expression (16) corresponds to the current 
induced by the ion polarization drift and the second term is 
the Rutherford current induced by the inductive electric field. 
The contribution of the perpendicular collisional viscosity to 
the longitudinal current is odd in the leading order in c and, 
therefore, omitted in Eq. (16), because it does not appear in 
the matching equation (4). As was noted in Ref. 19, in the 
leading order dissipative effects contribute to the second 
matching equation (S), and do not appear in the cos 6 har- 
monic of the longitudinal current. Formally, it is related to 
the even parity of the function X( $) assumed in our analysis. 
Higher order corrections to A( $) (for instance those related 
to the asymmetric flow inside the magnetic island**) destroys 
this parity, so that the higher order effects of the perpendicu- 
lar viscosity could appear in Eq. (16). They lead to second 
order effects in the equation for island growth,12 which are 
quadratic in ,u (viscosity coefficient). These higher order 
terms are neglected in our work. 

Using (16) in the matching condition (4), we obtain the 
equation for the nonlinear growth of the magnetic island in a 
slab model, 

G3 2 @‘(a’- w*:pi) 
+ 67 ,&2 ’ (17) 

0 A 

where DR=c2/47ro11, G,=0.41g and GS= 1.06.” The first 
term on the right of this equation represents the standard 
Rutherford growth, and the second one corresponds to the 
effects of plasma inertia and ion FLR.“,‘2*‘9 

ill. MAGNETIC ISLAND DYNAMICS IN TOROIDAL 
GEOMETRY 

A. Effects of the parallel neoclassical viscosity on the 
island growth 

In toroidal geometry the plasma flow perpendicular to 
the equilibrium magnetic field couples to the longitudinal 
flow through the neoclassical parallel viscosity, A strong 
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damping of the poloidal plasma flow causes an enhancement 
in the perpendicular dielectric constant that can be attributed 
to the effective renormalization of the ion mass in the ion 
polarization current.“’ To describe this effect, the current clo- 
sure equation (6j, that controls the parallel current, should 
include a neoclassical parallel viscosity 1111 term. As will be 
shown below, the effect of the neoclassical parallel viscosity 
dominates over the other inertial effects, so that the standard 
ion polarization current can be omitted. In the approximation 
of narrow magnetic islands, d/drSmlr, , the contribution of 
the parallel viscosity to the quasineutrality equation (6) can 
be transformed to the following form? 

; V.(bxV.II$ =- jjgj ;(B.v.n,,). 

This relation shows how the perpendicular plasma dynamics 
in a toroidal geometry couples to the parallel flow. The dy- 
namics of the parallel ion motion is described by 

minO ;+&V V,,B=-(BJ')p-B.V.l$ 
( 1 

(19) 

where a phenomenological viscosity ,LL= is introduced to de- 
scribe an anomalous loss of the parallel momentum. 

Within an accuracy of the order of e=r/R, the velocity 
of the plasma flow along the magnetic field is approximately 
equal to the toroidal velocity, V,- VII, which can be found 
from the radial projection of the momentum balance equa- 
tion for the ion component, 

where, as usual, the radial inertial and viscous terms are ne- 
glected. Using Eqs. (18)-(20), we rewrite the current closure 
equation (6) in the form 

(21) 

where uAB= Bold= is the poloidal Alfven velocity. 
We have neglected the Ware pinch term in Eq. (21), taking 
into account the fact that in our model the plasma pressure is 
constant on the perturbed magnetic surface, p =p( +) . 

As mentioned in the ,Introduction, we assume that the 
ion-ion collision time is short compared to the characteristic 
time scale of the island growth, so that the poloidal plasma 
flow can be taken in the standard neoclassical form (in the 
relevant collisionality regime) with a temperature profile 
modified by the presence of a magnetic island, 

(22) 

where k= - 1.17 in the banana regime. 29 In the lowest order 
in the small parameter pyl W2, the profile of the ion tempera- 
ture around the magnetic island can be taken in the form (see 
the Appendix) 

Ti=T~Oh(+)* (23) 

The electrostatic potential and ion pressure in Eq. (21) are 
defined by Eqs. (14) and (15). After integration, Eq. (21) is 
reduced to a form similar to equation (16), 

X(cos s-(cos t))+w), (24) 
where wr= Ok+ O.+..i+ kw*T is the equilibrium “neoclassi- 
cal” toroidal rotation frequency, with w,T=kocTfleBo, and 
the surface function I( lli> is to be determined from the self- 
consistency condition for the Ohm’s law. In the toroidal case 
the parallel component of the electron momentum balance is 
modified by the effect of the neoclassical electron viscosity, 
leading to an additional driving mechanism for nonlinear 
mode growth due to a perturbed bootstrap current.30 Employ- 
ing matching equation (4) with Eq. (24), we obtain 

GIT==DR 
A' L, Ps -%J;G21,W -4 P 

G3 ,l~-~dk--d - fiT5 L.7 2 ’ 
k&i, 

9 (25) 

where L,= -(a lnpldr)-’ is the characteristic length scale 
of the pressure gradient, ps=8?rplBfj, ~=r,lR and G2 is 
the numerical coefficient of order unity. The second term on 
the right of the E$. (25) is due to the perturbed bootstrap 
current. Equation (25) essentially has the same structure as 
Eq. (17) except for the additional term related to the boot- 
strap current. Coupling of the perpendicular and parallel 
flows in toroidal geometry leads to the renormalization of the 
Alfven velocity in the last term in Eq. (25), 
v~+vAO-vArs q 

?. _ 2 2, 2R2. 

B. Momentum balance and island rotation 

The evolution of the island rotation is determined by the 
momentum balance in the nonlinear region.” The toroidal 
component of the momentum balance equation is 

+,~~mpoBoV~ Vg. CW 

The dynamics of plasma rotation is determined from the 
balance of the electromagnetic force, the neoclassical viscos- 
ity force and the anomalous loss of toroidal momentum, 
which is modeled here by the perpendicular viscosity with a 
phenomenological viscosity coefficient ,LI,~. A similar term 
could also appear in the poloidal momentum balance. How- 
ever, we assume that the neoclassical viscous force is the 
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dominant term in the poloidal momentum balance, so that 
the poloidal velocity is not changed much by the presence of 
an island, and it is described by expression (22). In a toka- 
mak, the toroidal component of the viscous force vanishes 
identically due to the toroidal symmetry, (B,+Vn,l)= 0. With 
the helical magnetic perturbation imposed on the tokamak 
equilibrium, the magnetic field is no longer axisymmetric 
and an additional neoclassical viscous force appears in the 
toroidal momentum balance. We consider this effect in the 
following section. 

The evolution of the toroidal velocity on the right of Eq. 
(26) is associated mainly with the dynamics of the electro- 
static potential. Within our model, the evolution of the elec- 
trostatic potential (13) is related to the time dependence in 
the frequency of the mode rotation CU. Thus, Eq. (26) essen- 
tially describes the evolution of the mode frequency. Note 
that the first term in Eq. (14) for the electrostatic potential 
also contributes to the poloidal flow velocity, so that, in gen- 
eral, the evolution of o affects the poloidal velocity as well. 
However, due to a strong (on the ion-ion time scale) damp- 
ing of the poloidal rotation, the change in the poloidal veloc- 
ity associated with the evolution of @ is compensated by the 
change in the parallel flow velocity 1’11, and the poloidal flow 
remains unchanged from the equilibrium value (22). This is 
the physical reason for the ion mass renormalization in Eq. 
(21), since the mass of the plasma involved in the poloidal 
rotation is effectively increased due to the coupling to the 
parallel motion. 

Quantitavely, the overall balance of the toroidal momen- 
tum in the nonlinear region can be described as follows. The 
perturbed toroidal velocity, WI= V,- b$” (where Vi” is 
the equilibrium toroidal velocity), is found from the radial 
momentum balance equation (20) and Eqs. (14), (15) and 
(22): 

6v1=-~(o-w~) 
l 1 

I-&$ . 

The net balance of toroidal momentum associated with the 
magnetic island motion can be written in the form 

Here, T,, is the net electromagnetic torque applied (e.g., by 
an external magnetic field error) to the magnetic island 

Tag=; al_:d(~~~l_~~~~ei.JxB=- s $;A,;. (29) 

The last term in Eq. (28) describes the flux of the toroidal 
momentum into the nonlinear region due to the effect of a 
viscosity, which can be estimated as follows: 

R 
= - Gvpu,inino(o- coT)= . 

Equation (28), together with Eqs. (29) and (30) describes the 
evolution of the frequency of the toroidal rotation in the form 

G&‘( w-wr)]=-6G,$(w-w*i 

(31) 
where Gv and Gw are numerical coefficients, which will be 
estimated below. 

More rigorously, Eq. (31) is derived using the second 
matching relation in Eq. (5). As was pointed out in Ref. 31, 
the imaginary part of A’ (sin &! component in our notation) 
describes absorption of the toroidal momentum in the non- 
linear region near the resonant surface, so that Eq. (5) is 
equivalent to the momentum balance equation (28). Match- 
ing condition (5) requires calculation of the next order non- 
linear longitudinal current J,I (I’ that is odd in 6 [note that the 
nonlinear current in the leading order J/i’) given by Eq. (16) 
is even in 61, The first order current J/l” responsible for 
absorption of the toroidal momentum in the nonlinear region 
is associated with viscosity effects and a slow evolution of 
the island width and rotation frequency. It can be determined 
from the same current closure equation (21) after using an 
orthogonality condition, which is essentially just a solvabil- 
ity condition for Jb” obtained by surface averaging of Eq. 
(2 1). This is equivalent to the procedure of eliminating of the 
secular terms in an asymptotic perturbation theoryS3’ Then, 
the equation for J(i ’ ) takes the form 

(32) 

where X=X - A( $), Note that first order nonlinear current 
Ji” (and thus, the amount of toroidal momentum which is 
transferred to the nonlinear region) is proportional to the dif- 
ference between the plasma and the mode motionS3 

Integrating by parts, matching condition (5) can be writ- 
ten in the fern? 

kecA; _ 
dtCrVliJ= 4~ 

s @ 
(33) 

Integrating Eq. (32) over 6 and J/, we obtain from (33) the 
same equation (31), as was obtained from the semi-intuitive 
momentum balance (28). The numerical coefficients Gv and 
Gw in Eq. (3 1) can now be calculated. They are given by the 
relations 

(cos 6-1 dW2)(2k2- 1~3/2 ==O.Q (34) 

G,=; f dt/,xdC2k2)(4c2$: $2 -+5(;;::$) 

-2.31. (35) 

1586 Phys. Plasmas, Vol. 2, No. 5, May 1995 Smolyakov et al. 

Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



Here, (cos # and (cos’ fl are given by the expresstons 

(cos tJ)= 1+2/c 2($$ -l), 

where E( l/k) and K( l/k) are the elliptic integrals of the first 
and second kind, respectively. We have used expression (A9) 
for the X( +) function to calculate Gv and Gw in (35) and 
(34). 

Note that the toroidal version of the current closure 
equation (21) with the renormalized Alfvdn velocity is fully 
consistent with the toroidal momentum balance equation 
(26). Using the slab version of the current closure equation 
(6) instead of Eq. (32) for calculating Ja’) , would lead to a 
value for the electromagnetic torque that is smaller than the 
one in Eq. (31) by the factor rtlq2R2 and, thus, would lead 
to an inconsistency between Eqs. (33) and (26). 

In the present work, it’ is assumed that the island width is 
sufficiently small compared to the minor plasma radius, so 
that the island does not affect the global plasma confinement, 
and the global (averaged) plasma gradients pEo, r;O, and 
‘PA are not modified significantly by the presence of the is- 
land. Therefore, linear boundary conditions can be used for 
the surface functions, determining the profiles of the plasma 
parameters. 

It can be readily seen by Eqs. (20) and (27) that the 
perpendicular plasma motion inside the magnetic island is 
locked into the island. For the case of o = 0 (locked mode) 
the plasma velocity in the island interior is zero. In the re- 
gion far outside the magnetic island (x+ W), the toroidal 
plasma velocity approaches its equilibrium profile. This type 
of profile is typically observed in the experiment” and nu- 
merical simulations34’“5 during the early stages of island 
growth. During the later stages of the magnetic island 
growth, the profiles of the radial electric field and toroidal 
plasma velocity become flat in the whole region; in particu- 
lar, the toroidal plasma velocity in the center can be very 
small. Such drastic modification of the profile of the toroidal 
plasma velocity is probably related to the locking of plasma 
rotation into an m=l mode?3*36 which is usually excited in 
the experiments, as reported in Refs. 37 and 38. The m= 1 
component can also be excited through mechanisms of non- 
linear and/or toroidal coupling39-41 of different harmonics. In 
a number of experiments, degradation of plasma 
confinement’7 (and hence, the evolution of mean plasma gra- 
dients) and change in the equilibrium radial electric field2’ 
have been observed on a time scale comparable with the 
characteristic time scale of island growth. Such evolution of 
plasma parameters is related to modification of global trans- 
port in a presence of magnetic islands.42 In our simple model 
we neglect such effects, assuming that the profile of the tor- 
oidal velocity is modified only in the region around the mag- 
netic island, so that wE in Eq. (14) can be considered as 
constant during the island evolution. 

C. Effect of neoclassical parallel viscosity on Island 
rotation 

In this section we estimate effects of the average parallel 
neqclassical viscous force on mode frequency damping, 
which may be relevant for low aspect ratio, reactor grade 
tokamaks. In the tokamak magnetic configuration the toroi- 
dal viscous force vanishes due to axisymmetry. However, in 
the presence of a helical perturbation associated with a mag- 
netic island, the axial symmetry is destroyed and the mag- 
netic configuration near the rational surface becomes similar 
to that of stellarator, so that an additional toroidal force 
FC= (Br.V+Tl[) enters the momentum balance equation. The 
averaged neoclassical toroidal viscous force can be written in 
the form43 

where the heat flow is neglected and the viscosity coeffi- 
cients in the plateau regime are given by43 

B y7-m(3) 
lull- 3 POizo (y 3) cCOyn)-l, 

(37) 

a"T(3) A&= 3 POi,Eo (F f+4T’. 
iw 

Here, the coefficients b,, are the Fourier components of the 
modulus of the magnetic field, 

B=Bo l+z b,,cos(mO-a[) . 
1 

(39) 
m.n 

In the presence of the magnetic island, the frequency 07 
does not vanish at the rational surface, and can be estimated 
from 

UTi- (40) 

The modulus of the magnetic field in the vicinity of the 
rational surface is 

B=Bo 
( 1 

1+&$ , 
BO 

(41) 

where Be is the equilibrium poloidal magnetic field and 2 B is 
the perturbation due to an island whose order of magnitude 
can be estimated as - - 

&fJ ^- ; xBo$. (42) 

Then, the modulus of the magnetic field in the presence of 
perturbation with helicity (m,n) can be written in a form 
similar to the stellarator field, 

B=BO[l-ECOS O+~wcos(rnO-nl)], 

where 

(43) 
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-- 
‘w= @wR qLs ) iw 

and cW is the numerical coefficients of the order of unity. 
Using Eq. (40), the relevant viscosity coefficients are 

given approximately by 

+=- 
7P21Y(3) poi nm&Bo 

6 p R 9 (45) 

7r”2r(3) poi n2&,Bo 
I+ 3 mn- 

@ t R ’ (46) 

and the neoclassical toroidal viscous force is 

(B5.V.IJ)z p1’y(3) poi$( - !!$@+ T , 
t i 

(47) 
Then, the damping of the island rotation due to the neoclas- 
sical viscosity is described by the equation 

&Wy)l--Tt-~(W-wT), (48) 

with the rate given by 

-1 
17; (49) 

In this work we limit ourselves to a quantitative estlma- 
tion of the effect of the damping of the island rotation due to 
a neoclassical viscous force in the toroidal direction. This 
slowing down effect is indeed negligible for medium-sized, 
large aspect ratio machines, but may be relevant for a Joint 
European Torus@ (JET) sized tokamak with reactor grade 
temperatures ( Ti= 5 - 10X lo” eV) at the q = 2 surface, 
when the rotation damping rate could be comparable with 
other time scales typical of tearing instabilities. 

IV. STRUCTURE OF THE MAGNETIC PERTURBATION 
IN THE LINEAR REGION 

In the external (to the magnetic island) or linear region 
the tearing mode perturbation is described by the ideal MHD 
equations. In the large aspect ratio tokamak ordering and 
neglecting toroidal mode coupling, the magnetic field pertur- 
bation can be represented by the helical flux function, 

yl[y,~,~(f),f]=1/I(r,f)cos[m~-4j(t)], 

where +6(t) is the phase of the perturbation. 
60) 

Referring to Fig. 1, we consider a plasma with circular 
cross section of radius a, surrounded by a coaxial resistive 
wall of radius d and thickness 6. To model the magnetic 
field created by extem-al coils, we assume a helical surface 
current I(f) = Zocos[m8- 4[( t)] with the same helicity ratio 
m/n located at the radius r = 6, a <b < d. The magnetic field 
created by this current is resonant at the rational surface 
r= rs with the safety factor qs= m/n. The plasma region is 
divided in two parts: A for O<r<r, and B for r,<r<a. 
Vacuum region V is located between a and d. The wall 
region is labeled M, and the region r>d + S is outside the 

I 

I A I 
I L 

I3 

- 

V 

- I r 

0 r, a b d&6 

FIG. I. The regions where the helical flux function ZIr is determined within 
the linear approximarion: A and B- plasma regions (r= Y, is the location of 
the rational surface, Q  is the minor plasma radius); V-vacuum region; the 
external coils are located at r= b; M  is the metal wall of the thickness S. 

vacuum chamber. The magnetic flux in the linear region is 
described by the equation for an ideal equilibrium with an 
external driving tem,45 

4, 4rr 
vzq- Bo[ 1 -(nlm)q(r)] ?-Ir= 7 I(‘) 

&r-b) 
b r 

(51) 
The solution of this equation with the boundary conditions at 
different interfaces is straightforward, and for some particu- 
lar cases has been presented in Refs. 8,46, and 47, assuming 
stationary rotation with constant frequency. In this section 
we generalize the previous results for an arbitrary time de- 
pendence in the magnetic island and external current, so that 
the obtained relations can be used in modeling of the dy- 
namical behaviour of tearing modes with an applied resonant 
magnetic perturbation, which is important, for instance, for 
the problem of feedback stabilization of magnetic islands. 
We eIiminate also the so-called “tenuous” plasma 
approximation46 and take into account an effect of a finite 
plasma current in the region r,<r<a. 

In region A the regularity at the origin requires that the 
solution of the second order equation (51) be of the type 
(FO--+P as r-+0) 

FAirI = C,4Fo(r), (52) 
while in region B the solution ?PiIrg(r) can be expressed as a 
linear combination of two linearly independent eigenfunc- 
tions F+(r) and F-(r), 

*B(r)=CBfF+(r)+CiF-(r), 

with the boundary conditions 
(53) 

F:(a)- 5 F+(a)=O, FL(a)+ g F-(a)=O. (54) 

For a class of generalized parabolic current profiles the SQ- 
lution of Eq. (51) can be obtained analytically,48 so that 
F.+(r), and F-(r) can be calculated explicitly. In general, 
they require numerical evaluation. After matching q at the 
different interfaces we obtain for the total magnetic flux in 
the plasma region B, 
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2?r afn 1 
*B(rJ)= cli,(f)F-(rl+ z I(t) ; 

0 
Q-p-(‘) 

a 

0 

“1 1 
-F+(r)]+ d fu,d F,(a) 

x[g(t)-~g(t)l[F-!r)-F+(r)l. (55) 
Here, ~~(t)~~~(r,,t)=~B(~,,t) is the value of recon- 
nected flux at the rational surface, function g(t) is defined by 
the relation 

(56) 

and parameters f a,b and fa,d are given by 

f,,,= l- fl 2’ng$!) . 
ii Y + (57) 

The time delay (due to the resistive wall) operator 6 is de- 
fined by the expression 

(58) 

with the effective wall constant G-,= ~Rfh,~, where 
~a = Sd/2mD0, D,, = c21&ra is the magnetic diffusivity, and 
o is the conductivity of the metal wall. The constant P 
approximation has been employed for the thin resistive 
shell.47 The normalization Fo(r,)=F-(r,)=F+(r,)= 1 is 
used. 

Note that the magnetic flux function (55) is a solution of 
the MHD equilibrium equation in neglect of toroidal effects 
and effects of plasma pressure. In this approximation, it con- 
sists of three principal parts. The first part is associated with 
the final value of the reconnected flux at the rational surface 
and proportional to rlr,(t) . This part corresponds to a no wall 
eigenmode, which decays asymptotically at infinity. The sec- 
ond part is driven by the external perturbation and is propor- 
tional to the current in the external coils I(t). The third part 
describes the perturbation “reflected” from the wall, and can 
be considered as part of the magnetic flux created by the 
image currents in the resistive wall. These image currents are 
induced by the plasma current at the rational surface and the 
current in the external coils I(t). The second and third terms 
in Eq. (55) represent what is often called the “penetrated” 
flux, since this part of the flux is created by the currents 
outside the plasma. It is apparent that the “penetrated” flux 
vanishes exactly at the rational surface r = rs , regardless of 
the form of the functions F+(r), F- (r) . The penetrated flux 
is identicahy zero for r<r, because within the linear bound- 
ary matching problem the solution tiAC;l(r) in region A does 
not respond to the boundary conditions at r = a as long as the 
magnetic flux is fixed at the rational surface. This represents 
the so-called “shielding effect” of the singular layer at 
r = r, , which is merely a property of the solution of an or- 
dinary second-order differential equation. The effect of Z(t) 
on the value of the magnetic flux at the rational surface (and, 
hence, on the magnetic island width) appears only in the 
nonlinear magnetic island evolution through the external 
boundary condition for the nonlinear region. These boundary 

conditions are ultimately determined by the asymptotic be- 
haviour of the flux function (55) in region B, as r+r,y. 

Thus, the boundary value problem considered in this 
section is now cast into a form that exhibits the superposition 
of effects due to the plasma and external sources. The mag- 
nitude and phase of the magnetic flux perturbation reflected 
from the conducting wall is determined by the wall position 
and its resistivity. Then, there are only two components in 
lPB(r,tj and these are linearly independent. One is induced 
by the plasma current at the rational surface, and is thus 
proportional to the reconnected flux, and the other is caused 
by the external magnetic perturbation. In general, these two 
components of TB(r,t) have different time dependences (in 
particular, different frequencies). The finite wall resistivity 
introduces a finite time delay (described by operator D) in 
the plasma response. Clearly, the driven reconnecting flux is 
neither strictly proportional to nor in phase with the applied 
magnetic field. This should be taken into account in sorting 
out the measured signals and in devising a feedback loop. 

A perfectly conducting wall does not introduce any time 
delay (D = O), in which case the expression for the magnetic 
flux takes the form 

qB(r,t)= y[ F-(r)- s( :)2mF+(r)]+ ?I(t) 
u,d MC 

“‘:fj$2m[F-(r)-F+(r)]. (59) 

A 
If the wall is removed (d-too or rW-+O, that is D= 1) the 
reflected flux disappears: 

(60) 

27r am1 
~eXi(r,t)= mc z(t) b 

0 
-[F-(rj-F+(r)]. F+(a) 

(61) 
Usually, the magnetic field perturbation is calibrated 

with respect to the the signal registered without plasma. In 
the latter case, the magnetic flux perturbation is described by 
the vacuum expression 

(621 

Often the plasma region B is described in terms of the “tenu- 
ous plasma” (vacuum) approximation,46 so that the vacuum 
solution is used for qR. In the present model the functions 
F, ,F- describe the effect of finite plasma current in region 
B, which cannot be neglected in general. 

To perform matching between the linear and nonlinear 
regions, two components of the A’ parameter are required in 
Eqs. (4) and (5). These matching parameters are defined by 
the relations 

AA=$iW [T;(r)-Ti(r)]cos[m6-qb(t)]d(m&, 
s -7? 

(63) 
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A;=--$ 
I 

T [*L(r)-Ti(r)]sin[m&4(t)]d(m$). 
The phase delay A@ in the externally driven part of A’ due 

s -Tr to the wall resistivity is introduced by the following rela- 

(64 tions; 

We represent the linear tearing-mode parameter A ’ as a sum 
of the mode induced and driven part, cos[AQ(t)+A@]= -!--l:exp[ - %i g 

0 

‘f.s= A[c,.sl,mode ’ ‘;c,s).coil . (65) 

The mode induced part can be written in the form 
a 2”F-(aj 1 

A&&= AL + ;i 
0 

F,o~W-A:) 

x( 1 -cos A@), (66) 

a 2”F-(a) 1 
A’ =-ii smodr 0 (a)f;(Ai-A:)sin A@‘. 

+ a, 
(67) 

Here, A@(t) is the phase shift in the plasma response in- 
troduced by the resistive wall, 

cosAQR=-& ,,:exp[-G)g 

sin AcPR=k[tLexp( - $1 g 

Xcos[qqt)- +(t’j]dt’, (68) 

Xsin[cp(t)-&t’)]dt’. 

The parameters AL are defined by relations 
(69) 

Ai=~[F+(r)l (70) 
r--r,+0 

- -$Fdr)l , I r-7r,T-0 

AL =g[F-(r)] - %oWl . 
r-r,+0 dr 

(71) 
r-r,-0 

The externally driven49 part of the tearing-mode stability in- 
dex is given by the expressions 

4Lil=- ?$$;jmF+c;jfa,d[ I-(;)‘“]@:-A:, 
27rlo(t) (aby 1 

xcos A@(t)+ -7 - mc $(f) dZ”F+W 

x;* (AL-A:)cos[A~(t)+A~~], 
a,d 

(72) 

A’ s~coi~s=z 3(t) b F,(Q)f& 
2Tlo0 (E)“’ ’ [ l-(~)2m](AL-A;) 

sin[AtP(r)+A@]= -!--i,lexp[-$js 

(75) 

Xsin[&t)-&(t’)]dt’. (76) 

Expressions (65)--(76) are written for the general case of an 
arbitrary time dependence in the external current and the 
magnetic island width. In this form the time-dependent pa- 
rameters A;C,sk should be calculated numerically. They may 
be useful in the implementation of a feedback stabilization 
loop. 

For analytic estimates we use steady-state approxima- 
tion, assuming the quasistationary island rotation with a fre- 
quency much larger than the inverse time scale for the evo- 
lution of the island width, i.e., w%=( llw)(&V/&). The 
current in the external coils is assumed to be rotating with 
the frequency wl and a constant amplitude IO. Then, the wall 
induced phase delay can be reduced to the form 

tan A QR=w~,,,, (77) 

tan A G$= wrr,,, . (78) 
In this form the phase delay introduced by the resistive wall 
has been previously obtained in Ref. 10 for the case 
W=W[. 

The second term in expression (66) describes the influ- 
ence of the wall on the stability of a rotating mode, with the 
term cos A@’ parametrizing the effect of the wall resistivity. 
For a perfectly conducting wall (UT,>> 1). the reflected flux 
is out of phase with the magnetic island, and AQR=42, 
which corresponds to “perfect mirror” reflection from the 
wall. Note that the effect of the wall is sensitive to the profile 
of the plasma current only in the region r,<r<a. The 
plasma current inside the rational surface (0 <r< rs) does 
not affect reflected flux, since the combination A !. - A \ does 
not depend on the current profile in the’ region O<r<r, . In 
the tenuous plasma approximation, the functions F-(r) and 
F-(r) can be approximated by the vacuum form, 
F,(r) = (rIr,v)‘m. Then, expression (66) takes the form 

X( 1 --OS AQR). (79) 
2T lo(t) (aby 1 .fa.b xsin A@(t)+-- -- 

In the tenuous plasma approximation the conducting 
mc f)(t) ~&(a) f&d wall is stabilizing for rotating magnetic islands’0,47S5015’ [the 

second term in (79) is always negative, which reduces the 
X(AL-A~)sin[A@(t)+A#], (731 total A:]. In general, a wall of finite conductivity stabilizes 

where A@(t) is the phase shift between the applied external the mode growth under the condition A!. - Ai ~0, which 

current and the magnetic island: normally holds for a typical current profile. (Note that the 
conducting wall is destabilizing for a current profile which 

A@(f)= 4(t)-- 4,(t). (74) produces A !. -A: >O.) For a slowly rotating mode 
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(wT,,~ 1) the effect of the wall disappears and an effect of 
the external field is maximal for A@=0 (it is stabilizing, 
assuming A ‘_ - A : CO). In the general case, UT,,,= 1, the 
magnetic flux reflected from the resistive wall Cgiven by the 
second term in Eq. (72)], has a finite phase shift with respect 
to the part directly induced by the external current [the latter 
is described by the first term in Eq. (72)]. Thus, the conduct- 
ing wall may decrease the effectiveness of the applied exter- 
nal field in the mode stabilization due to interference be- 
tween these two components. If one chooses to stabilize the 
rotating mode by applying the external magnetic field rotat- 
ing at the same frequency as the mode ( ol= w), a finite 
phase shift A 4j = - b‘ has to be maintained between the mode 
and the external current to maximize the stabilization effect. 
The value of the phase shift depends on the wall resistivity 
and can be determined from equation (72): 

cot S=cot A+!- 
1 1 -(bld)2” 

sirii (bld)2mfa,b . W) 

This phase shift (which is in general of the order of A@;) 
should be taken into account in designing of feedback stabi- 
lization experiments. 

V. NONLINEAR DYNAMICS OF THE MAGNETIC 
ISLANDS 

A. Slowing down of the island rotation in the 
Rutherford regime 

In this section we consider the simplest case of magnetic 
island dynamics in the absence of an external drive and in- 
teraction with the wall. We assume that the magnetic island 
appears because the profile of the plasma current is such that 
Af > 0. For a sufficiently large island width, the effects of the 
perturbed bootstrap current, plasma inertia and viscosity can 
be neglected, and the island growth is described by the Ru- 
therford equation9 

In this regime the magnetic island width grows linearly with 
time. 

rv(t)=W(0)+Arr,t/7g, (82) 

where ro = 4 G t rzlDR and W-+WIr, . With the above ap- 
proximations the evolution of the frequency of island rota- 
tion is described simply by the equation 

(83) 

This equation means that the toroidal plasma momentum is 
conserved in the magnetic island in the absence of external 
torques. As the island grows in width, more plasma mass is 
involved in the rotation. Thus, for-the constant toroidal mo- 
mentum the frequency of island rotation decreases, and it is 
described by the equation 

const const 
u)=wT+ W(t) =@I-+ W(O)+A$-g/T, . 

This equations obtained assuming that the island width 
grows on a time scale faster than characteristic time scale of 
the anomalous viscous damping, that is, a radial transfer of 
the toroidal momentum from the island region to the bulk 
plasma associated with an anomalous viscosity is negligible. 
The effect of viscous drag modifies the evolution of the ro- 
tation: const 

w=or+w(tjexp (85) 

where rM= (Gw/6Gv)r~lpa is the rate of anomalous mo- 
mentum damping. In our model we assume that during the 
evolution of a magnetic island the toroidal velocity follows 
to “adiabatic” profiles of the electric field, ion pressure and 
poloidal velocity according to equation (20). These “adia- 
batic” proliles are essentially obtained, neglecting the 
anomalous viscosity effects. We suppose that the momentum 
balance in the radial direction (20) is established on a much 
faster Alfvinic time scale. 

The equation (85) essentially means that in the absence 
of external torque the island rotation is damped to the fre- 
quency of the equilibrium rotation of the bulk plasma, which 
is essentially determined by the radial momentum balance.52 
In the approximation r,,,+ rD , the damping rate is mainly 
determined by the growth rate of the island width in the 
Rutherford regime. This appears to be consistent with the 
experimental observations made on the Texas Experimental 
Tokamak’0’53 (TEXT). 

A stationary magnetic structure of the type (1) moving 
across the magnetic field lines with the frequency wr can be 
registered by an array of external magnetic probes as rotating 
both poloidally and toroidally. The corresponding frequen- 

from the condition 

dl: @T ---.-=- 
dt= n 

d6 (l>T 1 
-= ;= ,(ws+w*p+ko*& 
dt 

Note that the poloidal mode rotation with the frequency 
q-/m does not contradict equation (22) for the poloidal 
plasma rotation. The poloidal mode rotation does not neces- 
sarily mean that the plasma moves in the poloidal direction 
with the same frequency because there can be free plasma 
streaming along the magnetic field lines. In fact, as men- 
tioned in Section IV B, the poloidal component of plasma 
motion along the magnetic field partially compensates the 
poloidal component of the transverse flow, so that the net 
plasma poloidal velocity is defined just by the temperature 
gradient, as indicated in Eq. (22). 

B. Bifurcations into an island-type equilibrium and 
the critical magnetic field for locked modes 

In this section we consider the case of initially stable 
tearing modes (AL<O), so that a magnetic island can appear 
only due to some destabilizing effect, e.g., bootstrap current, 
plasma inertia, viscosity and/or an external drive. The dy- 

Phys. Plasmas, Vol. 2, No. 5, May 1995 Smolyakov et a/. 1591 
Downloaded 24 Feb 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



namics of bootstrap current driven islands has been consid- 
ered in Ref. 30. Thus, we neglect this effect here for simplic- 
ity. The full nonlinear dynamics of the magnetic island is 
described by the following nonlinear evolution equations; 

TD$ W=r,yAi- $(n-rl,)(il-- 11, (88) 

(89) 

Here, 

G3 TM=- 
L&V 

wwT ( 

(90) 

where T~=RIv* is the characteristic Alfven time, and the 
frequency is normalized to the toroidal rotation frequency, 
s1=idWT. 

We consider equilibrium magnetic islands excited by a 
static external perturbations, i.e., wI= 0. Such perturbations 
can be produced, for instance, by residual error fields. For 
these external perturbations the effect of the wall resistivity 
disappears and the perturbed magnetic flux can be described 
by expression (60), which corresponds to the case of no wall. 
We assume that the magnetic island driven by a static exter- 
nal perturbation does not rotate either, i.e., w=O. Then the 
corresponding A’ parameters can be written in the form 

m 

&(A!.-A:)COS A@, (92) 
+ 

(93) 

Here, the parameter W, is defined by 

(94) 

and has a meaning of an equivalent magnetic island at 
r= rs obtained by superimposing the vacuum magnetic field 
(62) onto the equilibrium. 

In the absence of stabilizing effects due to plasma rota- 
tion, any applied resonant magnetic perturbation leads to the 
appearance of a finite magnetic island with the width defined 
by the condition Ai = 0: 

\p = r-2 w2 V’ (95) 

The factor I’ describes amplification of the island due to the 
plasma response:54’55 

Amplification of the magnetic island width depends upon the 
profile of the plasma current and mostly defined by the sta- 
bility index A’_ . Under the conditions AL -A: CO and 

A I < 0, the 0 point of the magnetic island is located at the 
minimum of the external current, which corresponds to the 
phase shift A@ = rr. 

The appearance of the magnetic island at the rational 
surface causes a change in the radial magnetic field measured 
at the plasma boundary r = a, which is given by 

l&i F-(a) A: 
pq= l-F,(a)i\l’ 

where 2, and @! are given by 

(97) 

. (98) I.=* r=il 
Note that g, contains both the components due to the exter- 
nal field and that created by the magnetic island [see Eq. (55) 
for the total magnetic lh~x]; B, is the total magnetic field at 
the plasma boundary in the presence of the magnetic island 
induced by an external current IO, and gy is the amplitude of 
the magnetic field produced in vacua by the external current 
of the same amplitude. One must remember that relations 
(95), (96) and (97) are applicable only to the case of mag- 
netic islands in the absence of any stabilizing effects of 
plasma rotation and viscosity. 

Now we consider bifurcation of a magnetic equilibrium 
into the state with a magnetic island of finite width caused by 
the external magnetic field and taking into account the ef- 
fects of the plasma inertia and viscosity. We assume that the 
induced magnetic island is in a stationary state with 
W= const, and w=O. The basic nonlinear equations for 
such an equilibrium can be written in the following form: 

u”: TZ r,AL+I?‘s r,A!. cos A@- 9~0, 

k - $ lY2W$W2 r,A!.sin AQ,=O. 
A 

(99) 

For simplicity we have assumed in Eqs. (99) and (100) that 
w~~Z(W~~, o.+~), tiE=l, which is typically satisfied for 
tokamak discharges before application of an external field. 

The first term in Eq. (99) is the standard Rutherford term 
(which is stabilizing here); the second term describes desta- 
bilization due to an external drive (r2W: is proportional to 
the magnitude of an external current), and the last term is 
due to the stabilizing inertia effect. 

It is convenient to introduce a new variable g, which is 
related to the magnetic island width by the relation 

(101) 

Eliminating the phase shift ArP from Eqs. (99) and (loo), we 
obtain for the stationary state, 

(102) 
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FIG. 2. The function PCg,l) versus the normalized island width g for 
different values of the parameter c, which is the normalized viscosity coef- 
ficient f; l=O (solid line), i= 1 (dashed line), 2=5 (dotted line). The 
minumum of the function P(g,a determines the critical amplitude of the 
external error field required to induce the magnetic island. 

The function P(g,f;) is defined by the relation 

4 2 
Pig,b)= z+wg”+ $7 3 

and the parameter 5 characterizing the effect of an anoma- 
lous plasma viscosity is given by 

2(-2r,Ai_)U3 {= (104) 

A plot of P(g, JJ as a function of g for different values of the 
parameter l is shown in Fig. 2. For the external magnetic 
field larger than some critical value, there are two solutions 
of the equation for stationary magnetic islands (102): one is 
stable and another one is unstable with respect to small de- 
viations from the stationary. As the magnitude of the external 
current reduces, the two stationary points become closer and 
they merge at the point of bifurcation, which determines a 
critical amplitude of the external magnetic field. No equilib- 
rium islands could occur for an external current below this 
critical value. The point of bifurcation is determined from the 
condition 

dP(g, L-1 
dg sx6 =” CT 

(105) 

which gives the following equation for the critical g,, 

4g’“-?-4g7-8g4-6[2=0. W6) 
The function P(g,, , t) is shown in Fig. 3 versus the anoma- 
lous viscosity parameter P. The critical amplitude of an ex- 
ternal magnetic field leading to appearance of magnetic is- 
land is given by the equation 

1.3Jza=$ $( ;) /“;i;;;;~;;;“31 

x -p3 LmYizm. (107) 

0 20 40 60 80 100 
c 

FIG. 3. The function P[g,,({),b] versus the 5 parameter. The critical mag- 
netic field is proportional to dm; solid line-the exact form of 
P[g,,([),[] from Eqs. (103) and (106); dotted I&--approximation given 
by Eq. (109). 

In the limit of small anomalous plasma viscosity [lel, 
g-+ 1 and JPp(g,,s)-+3], the plasma inertia in the island 
region is the main stabilizing factor and the expression for 
the critical magnetic field takes the form 

(108) 

In the limit of large viscosity (b% 1 >, the solution of Eq. 
(106) can be approximated by gzr + J3/2 5, and the func- 
tion P(g,,. ,c) in this limit is given by 

pig,, 3 5) -+ 3 5Y554’s. ilo9) 

Then the critical magnetic field is determined by the relation 

(110) 

The viscous drag always acts so as to increase the critical 
magnetic field for the nonlinear excitation of a magnetic is- 
land. The anomalous plasma viscosity causes also a fiite 
phase shift of the driven magnetic island with respect to the 
applied resonant magnetic field. It is given by 

tanA@,-,= 5 
&a2 + 9c3,) * (111) 

There is no phase shift if viscosity is ignored, A@o--+r as 
TM-m. For large viscosity (~~-0, 5% 1 ), the phase shift 
increases with %  and saturates at the value A@, =J2/3 for 
6% 1. The expressions (108) and (110) are similar in struc- 
ture to ones obtained previously’* except for an additional 
factor q2R2/rf due to the toroidal enhancement of the per- 
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pendicular inertia (Section III A), which has been phenom- 
enologically introduced in Refs. 18 and 46. Our expressions 
(108) and (I 10) also take into account the effects of a finite 
current density in the region rs < r < a. 

Note that the criteria (108) and (110) are given in terms 
of the amplitude of error magnetic field measured $! in 
VQCUO. The amplitude of the error magnetic field i?:“’ regis- 
tered at the plasma boundary in the presence of a plasma is 
different from the 1?:. It is created by the total magnetic tlux 
qc,, [see Eq. @])I associated with external currents: 

,:,f= - $ $ lp\Ir’“’ , 

r=a 

and related to the vacuum field i?F by the equation 

[ b:“‘I F-(a) 
m= ‘--F+(a) ’ I I (113) 

Considering the structure of the nonlinear evolution 
equations (88) and (89), one observes that, in general, there 
exist two characteristic time scales for the dissipative dynam- 
ics of the island width and the rotation frequency. They are 
given by the resistive diffusion time rl) and the anomalous 
viscous damping time rM. However, the evolution of the 
island phase may also occur on a much shorter time scale 
comparable to the ideal Alfvdn time, rA. The fast phase 
evolution on this time scale could lead to the phase 
instability,s making the critical equilibrium unstable and thus 
practically inaccessible. We investigate the stability of the 
stationary point ( 102) against small phase oscillations on the 
ideal MHD time scale. In this regime we obtain from (89) 
the following equation for the phase evolution: 

=-r2W;W2 r,ALco~(A@~)h& (114) 

Since r,~AIco~(i\~~)>O for the externally driven magnetic 
island [see Eq. (99)], such an equilibrium is stable with re- 
spect to a phase instability: this in contrast to the case of an 
initially unstable mode suppressed by an external magnetic 
field. In the latter case, the developing phase instability 
makes the equilibrium with the suppressed magnetic island 
unstable,’ which, in general, requires a phase tracking for 
successful realization of feedback stabilization. It is worth 
noting that the fast evolution of the phase of the magnetic 
island on the ideal MHD time scale does not mean the mag- 
netic reconnection on the same time scale; the evolution of 
the magnetic island width occurs on the much slower resis- 
tive time scale. 

VI. DISCUSSION AND SUMMARY 

We have addressed in this work the problem of the dy- 
namic behaviour of nonlinear tearing modes in a rotating 
tokamak plasma. Our main goal was to derive fully time- 
dependent nonlinear equations, which can be used for theo- 
retical modeling of the island dynamics both in the feedback 
stabilization experiments* and in the study of error-field- 
induced instabilities.‘” We have derived such equations (3 1) 

and (25), which govern the evolution of the magnetic island 
in the presence of an applied resonant magnetic perturbation. 

We have taken into our consideration an effect of the ion 
FIR. As has been shown in Ref. 11, in a slab model ion FLR 
leads to a modification of the inertia term in the equation 
(17) for the island width growth, (w--w~)~--+(w--~~) 
X( o- wE- o*,). (The effect of the constant radial electric 
field is easily introduced by transforming to the moving re- 
frence frame. w--i w’ = o- wE .) This modification is ex- 
actly the same as for the linear drift-Alfven waves26 in a slab 
plasma. For the toroidal case [see Eq. (25)], the inertial term 
is modified as follows: (o- o~}*-+( w- wE)( w- wr), 
where wr is the frequency of the toroidal plasma rotation 
determined by the neoclassical poloidal flow damping ef- 
fects. The FLR correction to the inertial term in Eq. (25) 
could change its sign, so that the effect of inertia becomes 
destabilizing instead of stabilizing for frequencies in the 
range O<w’<e~,~+ko,r. Typically, for nonrotating 
modes induced by static error field perturbations, the effect 
of plasma inertia is stabilizing. Nonrotating magnetic islands 
can be destabilized by ion FLR effects by inverting the pro- 
file of the radial electric field, so that the diamagnetic flow 
due to the gradients in the plasma density and temperature is 
almost compensated by the EXB flow. The corresponding 
condition for reversal of the sign of the inertial effect from 
stabilizing to destabilizing is @~(e*,SITi+J?~i/JTo; 
+ kZ’&lT,,,)<O. This situation might be relevant to the ob- 
served asymmetry in the amplitude of the critical magnetic 
field in tokamak discharges with “tangential” and/or “per- 
pendicular” neutral beams.‘” 

Our nonlinear model takes into account toroidal renor- 
malization of the effective plasma inertia, an effect that has 
been considered only phenomenologically in previous 
models.‘8*46 This renormalization comes from the coupling 
of the longitudinal and perpendicular plasma flows and neo- 
classical damping of the poloidal plasma velocity in toroidal 
geometry, and leads to an increase of the inertial term in Eq. 
(25) by the q2R2/r2 factor compared to the slab model (17). 
Accordingly, the magnitude of the critical error magnetic 
field leading to a nonlinear excitation of magnetic islands is 
also increased (see Section V B). Note that this enhancement 
is partially compensated by the destabilizing effect of per- 
turbed bootstrap current, which may result in the lower am- 
plitude of the critical magnetic field in the regimes with 
higher values of plasma pressure.14 

Our toroidal version of the current closure equation (32) 
is fully consistent with the heuristic momentum balance 
equation (28). As noted above, the slab equation (6) under- 
estimates the inertia and viscosity terms and is not consistent 
with the toroidal momentum balance given by Eq. (28). It 
must be noted that the renormalization of the perpendicular 
plasma inertia essentially is a result of damping of the poloi- 
da1 plasma rotation due to neoclassical parallel viscosity, so 
that expression (22) can be used for a stationary poloidal 
rotation, which is established on an ion-ion collision time 
(for the banana collisionality regime). In the regimes where 
the characteristic time scale for an island evolution is shorter 
or comparable to the ion-ion collision time, the time- 
dependent equation for the poloidal rotation has to be solved 
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and effects of the toroidal coupling of poloidal and toroidal 
flows and damping of polodal rotation are expected to be 
modified significantly. An external electromagnetic torque 
also could modify the poloidal momentum balance condi- 
tion. Consideration of all these effects requires new ap- 
proaches for calculation of the time-dependent unaveraged 
neoclassical viscosity,56 and is out of the scope of the present 
work. 

There are several mechanisms of slowing down for the 
rotation of magnetic islands in a tokamak. In addition to 
effects of mode interaction with eddy currents in a resistive 
wall 10*46P51*s7 we have identified several other mechanisms of 
redulction in the mode rotation. Our equation (89) for the 
evolution of the rotation frequency shows that in the absence 
of an interaction with the wall the mode rotation slows down 
to the wr frequency due to viscous transfer of the toroidal 
momentum from the island region to the bulk plasma. Thus, 
for the magnetic islands that are in equilibrium with the ion 
component of a tokamak plasma (through the anomalous ion 
viscosity), wr is the “natural” frequency of mode rotation. 
The effects of plasma inertia, viscosity and bootstrap current 
drive become less important for magnetic islands as they 
grow in size. Such a situation is expected for naturally oc- 
curring magnetic islands such as those observed in the TEXT 
tokamak.20 In this case the inertial and viscous effects can be 
neglected, and the momentum of the rotating plasma is con- 
stant. Then, the island rotation slows down as the island 
grows and the rotation frequency decreases inversely with 
the island width [see Eq. (SS)]. Such an effect is probably 
most important for the magnetic islands in the Rutherford 
regime. There is also additional damping of the toroidal ro- 
tation of a magnetic island due to a neoclassical toroidal 
viscous force associated with destroyed axial symmetry of 
the magnetic configuration with the imposed helical mag- 
netic field (Section III B). This effect is probably negligible 
in present experiments, but could be important in larger tok- 
amaks. 

We have analyzed the structure of the magnetic flux per- 
turbation in the “linear” (or ideal MHD response) region, 
assuming an arbitrary time dependence for both the external 
field and the reconnected. flux, bearing in mind a possible 
application to the problem of feedback stabilization of tear- 
ing modes. The effect of finite current density between the 
rational surface and the plasma boundary has been included 
in this analysis. It has been shown that the magnetic pertur- 
bation in the outer region (and, in particular, that registered 
outside the plasma) consists of several different components 
[see Eq. (531. Th e main part of the magnetic flux in this 
region is directly related to the magnetic island and created 
by ,me finite value of the reconnected flux at the rational 
surface [the tirst term in Eq. (55)]. Another part, which ex- 
actly vanishes at the rational surface, is induced by the ex- 
ternal current [the second term in Eq. (55)]. Within the 
framework of linear theory these two components are inde- 
pendent and have arbitrary rotation frequencies. The third 
part of the magnetic perturbation in the linear region corre- 
sponds to the part of the magnetic tlux associated with the 
first two components reflected from the resistive wall [the 
last term in Eq. (55)]. The corresponding components of the 

magnetic flux have a finite phase shift, which is determined 
by the wall resistivity, with respect to their counterparts [see 
Eqs. (68), (69), (75) and (76)]. 

In the absence of the stabilizing effects of plasma inertia 
and quasilinear saturation,58 any external resonant magnetic 
perturbation would lead to excitation of magnetic islands 
with a finite amplitude in a stable plasma. The effect of 
plasma inertia in the island region stabilizes magnetic islands 
at small amplitude, thus establishing a critical value for the 
external magnetic field required to produce a nonlinear mag- 
netic island. In general, this critical magnetic field is a func- 
tion of plasma inertia (which can be parametrized by the 
characteristic poloidal Alfvdn time), and the plasma rotation 
damping rate due to anomalous plasma viscosity. In the limit 
of small viscosity, the critical amplitude of an external field 
is determined mainly by the inertial effect, while in the op- 
posite limit, both effects become comparable. The basic 
structure of our nonlinear evolution equations is similar to 
that obtained in Ref. 12 apart from the above mentioned 
toroidal (neoclassical) and ion FLR effects. The anomalous 
plasma viscosity enhances a critical magnetic field required 
to induce a magnetic island. It is worth noting that the in- 
crease of the critical magnetic field due to anomalous per- 
pendicular plasma viscosity is directly related to a finite 
phase shift (111) between the applied magnetic perturbation 
and the induced magnetic island. This phase shift is similar 
to that created by the resistive wall [see Eqs. (68) and (69)]. 
Note that a similar effect would be created by finite plasma 
resistivity in the outer region r,< r<a, e.g., by the cold 
plasma at the periphery of a plasma column. Comparison of 
the experimental data on the phase location of the locked 
mode with respect to the phase of an external current with 
predictions of the present model, as given by Eq. (ill), 
would help to determine whether visc~osity effects are impor- 
tant in the dynamics of locked modes. The relative impor- 
tance of the anomalous viscosity effect is difficult to predict 
with high reliability now, since only indirect measurements 
of the anomalous viscosity are available. The uncertainties 
are too large in’the existing experimental data on the nonlin- 
ear excitation of a magnetic island by an externally applied 
resonant magnetic perturbation to conclude whether the 
present tokamaks are in the inertial or viscosity dominated 
regime. It has been suggested in Ref. 14 that the critical 
magnetic field is determined by the viscous drag force, while 
in Refs. 6 and 7 it was assumed to be determined mainly by 
inertial effects, with a weak dependence on the anomalous 
plasma viscosity. Note that the scalings for the inertia and 
viscosity dominated regimes are quite different from each 
other6*7,‘4 [see also Eqs. (108) and (IlO)]. If we assume that 
the anomalous plasma viscosity coefficient is of the order of 
the gyro-Bohm diffusion coefficient, then the parameter 5 
characterizing viscosity effect can be approximated as 
5=(alpi)“3( e4/p) . u3 It is worth noting that the expression 
(110) for the critical magnetic field gives good approxima- 
tion to the exact form (1.07) only for significantly large val- 
ues of the anomalous plasma viscosity, as is illustrated in 
Fig. 3, where both the exact function P(g,, ,l) and approxi- 
mation (109) are shown. 

Although in the present paper we concentrated on the 
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mechanism of a nonlinear bifurcation into a state with a fi- 
nite island width from the initial equilibrium without mag- 
netic islands, our nonlinear equations (88) and (89) can be 
used as well for nonlinear modeling of mode locking for 
initially rotating magnetic islands with a finite island width. 
We presume here that magnetic islands, which are usually 
observed in tokamak experiments (in particular, those asso- 
ciated with locked modes), have a size larger than the linear 
inertial tearing layer width, so that they are in the nonlinear 
regime, and the Rutherford-type theory can be used to de- 
scribe of their dynamics.’ The interaction of an external field 
with magnetic perturbations in a suppressed state (before en- 
tering the nonlinear Rutherford regime) was discussed in 
Ref. 59. 

T, -V,@+ F &sin 5-t eplo V,p = 0. 

Inverting operator (11) with identity (12), we obtain 

6421 

where the function F( $) is the “constant” of integration. 
Separating the total electrostatic potential Cp into the equilib- 
rium and perturbed part, 

cp=~~x+~, 

one can rewrite Eq. (A2) in the form 

(A31 

In the present paper we have not discussed the further 
evolution after the appearance of locked modes. So far it is 
unclear what is the cause of the sudden growth of the mag- 
netic island that is usually observed after mode locking.” It 
has been suggested that it is related to the loss of the wall 
stabilization for nonrotating modes,50 which is associated 
with the change in the effective A’ parameter. Locking of the 
mode rotation into the reference frame of a static error field, 
and subsequent destabilization of the mode growth can be 
avoided by applying an external helical magnetic field rotat- 
ing with a constant frequency and an amplitude slightly 
larger than the level of error fields.34 Then, the induced mag- 
netic islands would have to lock into the rotating external 
field. Such locked rotating islands should have smaller am- 
plitude, because the resistive wall stabilization is still in ef- 
fect for them. Experiments with a rotating external helical 
field and comparison to similar ones with a nonrotating field 
would help to identify whether an additional destabilization 
mechanism such as the neoclassical bootstrap currents’ is 
required to explain the size of the magnetic islands observed 
in experiments. 

(w-- 6#4y 

kec 

(‘44) 
Here, the X( JI) function is introduced by the relation 

en0 BO 
F(4)= y--& (a- WE- w*,)X( $1, 

where wyee= - kecTo,n~/eBono is the electron diamagnetic 
frequency. 

The ion continuity equation gives, after integration,” 

(A@ 
Using the quasineutrality condition n i = n, , we -obtain the 
equation for the perturbed electrostatic potential Cp, 

ACKNOWLEDGMENTS (A71 
Helpful discussions with Dr. L. E. Zakharov and Dr. C. 

C. Hegna are acknowledged with gratitude. 
This work supported by the Natural Sciences and Engi- 

neering Research Council and National Fusion Program of 
Canada, Consiglio Nazionale delle Ricerche of Italy and 
United States Department of Energy Grant No. DE-FG02-86 
ER532 18. 

APPENDIX: THE PERTURBED PLASMA DENSITY 
AND ELECTROSTATIC POTENTIAL NEAR MAGNETIC 
ISLAND 

In the approximation of large magnetic island width, 
W4pj, the last term on the right of this equation can be 
neglected, and we obtain in the leading order Eq. (14) for the 
perturbed electrostatic potential. We have assumed equilib- 
rium boundary conditions in Eqs. (A2), (A6), and (A7), so 
that ni+n&. The boundary conditions for the density and 
electrostatic potential mean that for large x (%s>w) the per- 
turbation caused by the magnetic island decays, so that 
&--+O, and the equilibrium value of the plasma density is 
recovered, n --+ nhx. Then, the function A($) in (A5) 
asymptotically be given by 

The perturbation in the plasma density and electrostatic 
potential associated with the moving magnetic perturbation 
are determined from the equations of two-fluid magnetohy- 
drodynamics. The electron density is found from the parallel 
component of the electron momentum balance equation, and 
the ion density is determined from the continuity equation. 
The quasineutrality condition is used to find the electrostatic 
potential. In the steady-state approximation, the electron mo- 
mentum balance equation has the form 

Urlr) -+ x* 648) 

for large x4 W. The proper choice of the function A( $) 
assumes also that in the limit x9 W, the usual linear relation- 
ships between n, Jll, Q, and t?; can be recovered from the 
nonlinear expressions (A4), (A6), and (16). The simplest 
choice of the function A( rc/) that satisfies these conditions is 

A($)= W Jz i 
ICI 

,t i 
112 

-- 
5, -l (A91 
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As a matter of fact, the profile of the plasma density, 
temperature and electrostatic potential should be determined 
from the solution of the corresponding transport equations in 
the magnetic island geometry. For instance, in the limit of 
large heat flux across the magnetic surfaces, the plasma tem- 
perature can be found from the heat diffusivity equation.’ As 
was noted in Ref. 30, the different profiles of the plasma 
pressure in Eqs. (A4) and (A9) give quantitatively the same 
results with slightly different numerical coefficients. It is 
worth noting that the profiles of plasma parameters such as 
density, temperature, electrostatic potential and electric cur- 
rent are specified by the X( I$) function (A9), which is deter- 
mined only by linear boundary conditions at X% W. Such an 
A(.+) function is ill defined at the island separatrix, which 
causes some singularities in the longitudinal current density 
at the separatrix, although these singularities do not lead to 
singularites in the total current. The authors of Ref. 12 paid 
special attention to this problem and have removed the sin- 
gularities by means of a rather complicated procedure of as- 
ymptotic matching across the magnetic separatrix. Though 
this procedure is much more complicated than ours used in 
Refs. 11 and 19, it turns out that for the inertial term the only 
difference is in the numerical coefficient G,, which is 0.96 
in Ref. 12 and 1.06 in our work” (in the same notation). 
Thus, we assume that the simple form of the X( @) function 
given by ECq. (A9) provides reasonable estimates for the ef- 
fects considered in this work. In general, the profile functions 
for the density, temperature, etc. could be different, because 
of different physical phenomena involved in the transport 
processes. Since the physics of the transport in a tokamak is 
not very well determined at present, we will use the same 
function (A9) for the density, temperature and potential pro- 
files. 
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