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Introduction

In recent years the development of the theory of
x-ray scattering from macromolecules and of the assocl-
ated experimental tecnnigues has providea a userul metn-
od for stuaying propercties of protein molecules., X-ray
diffraction by sub-microscopic particles 1s somewhat
analogous to lignt diffraction oy opague objects with
dimensions one or two orders of magnitude greater than
the wave length, The angular width of the x-ray diffrac-
tion pattern is similarly proportional to the ratio of
the radiation wave lensth to tne particle dimensions,
Since proteins are large compared to the monochromatic
x-ray wave lengths which are practicable to use, most
of the diffracted or scattered x-rays from such particles
are confined to a small angular range of five degrees or
less, thus the expression, "small-angle x-ray scattering."
Interpretation of the scattered radiation intensity dis~-
tribution yields information about the size ana shape of
the particle,

The usual procedure for determining the small-angle
x-ray scattering from a particle 1s to present to a beam
of x-rays a large number of such particles in as near ran-
dom arrangement as possible in order 1o keep interparticle
interference to a minimum, A dilute solution of the par-
ticles is usually used as an approximation to random

arrangement, The intensity of the x-rays scattered at a
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given angle from the central peam by any irradiated point of
the sample will pe constant around the circular intersection
of these x-rays with any plane perpendicular to the central
peam, The ideal system would involve a perfectly collimated
incoming beam, thus giving a well defined scattering geo=-
metry. However, most previous workers have been obliged,
because of intensity requirements, to use slit geometry,

The resulting pattern is then the sum of those from every
element of the slit and must be corrected using appropriate
calculations, In this thesis a collimating system will be
described which has been successfully designed to use pin-
hole geometry. It approaches the ideal much more closely
than do slit systems,

The theory of the scattering of x-rays from solutions
of three-dimensional partigles is necessarily more compli=-
cated tnan that for a simple optical case for visipole lignt
and a single opaque object, A discussion of this theory in-
cluding the derivation of formulae to be used will be pre-
sented,

The properties of proteins are of particular interest
because proteins play an essential role in the processes of
all living organisms, The experiments to ve aescribed here
include an extensive investigation or the protein, bovine
serum albumin, and the study of some size and shape chare-
acteristics of rat and bovine hemoglobin and bovine fibrin-

ogen,



I. The Pinhole Collimating System

A, Geometry

Figure 1 is a scnematic drawing of the pinhole colll-
mating system, X-rays from the focal spot at f enter the
system through the first pinhole, Pl, or diameter, d, The
beam 1s furtner definea by pinnhole Pp, also of alameter, 4,
and then strikes the sample which 1is directly in front of
the guard ring, G. Scattered raaiation from the sample
then passes tnrough an annular slit, A, of width, t, and
diameter, D.. A detector is mounteda directly benind A, For
intinitely swall t ana 4 the paths or all scattered raaia-
tion detected for a given D and L will describe the sur-
face of a rignt circular cone with 1ts axls along the path
of the central beam, Tnus, all the raaiacion scattered at
any given angle can be detected by properly choosing D ana
.. In practice, D is kept constant ana L 1is varied,

fhe term, resolution, will be used here to describe the
angular renge of the x-ray scattering which is detected for
a given angular setting, Its gquantitative definition will
be taken as A® for the absolute angular resolution and 48/6
for the relative angular resolution, where © is the nominal
angle of detection and @ - A8 to & + A8 1is the range of
angle actually detected, A resolution of O is perfect and
would exactly reproduce the scattering pattern, Using these
definitions a comparison of resolution will be made for slit
and pinhole collimating systems, The conventional rectangu-

lar slit system employs a detector slit, at a fixed distance



Figure 1

A schematic drawing of the pinhole collima=-
ting system, X=-rays from the focus at f pass
through pinholes P, and Py and guard ring, G,and
are scattered by the sample, immediately before
G, toward the annular slit, A, The diameter of
the pinholes is 4, of the guard ring, 34, and of
the annular slit, D, The width of the annular

slit 1is t,
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from the sample, which is swung along an arc about the sam=-
ple position as center to measure the scattered radliation
intensity distribution, For such an arrangement the solid
angle intercepted by the slit, and the absolute resolution,
AS, remain constant, Thus the relative rosolution,-ﬁya o
varies inversely with scattering angle, 8, The measured
intensity drops at the same rate as the diffration pattern
intensity, The intensity in the diffraction pattern drops
off rapidly with increasing angle and may be quite small at
larzer angles where, however, it is still important to get.
zood data, This has proved to be a serious disadvantage
when working with low scattering power dilute solutions,
The sliding annular slit detector intercepts a solid angle
which increases as 1/L° and thus as 82, As the angle of
detection increases, the gain in solid angle tends to com=-
pensate for the decrease in scattered intensity., This ad~-
vantage is gained by a sacrifice of relative resolution at
large angles, As will be shown in the next section, the
relative resclution is nearly constant for all &, However,
theoretical and experimental evidence to be discussed in
later sections shows that this is not a serious disadvan=-
tage and 1s certainly outweighed by the gain in statistical
accuracy.

Since 4 is finite, the central beam is not perfectly
collimated, Its limiting rays are drawn in Figure 1, but

its actual effective extent may be determined by the size
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of the focal spot as well as by d, if the focal spot 1is too
small, If the focal spot does not fill the target area cut
out by the extension and rotation of these lines, only scat-
tered radiation from the first pinhole edges wlll occupy the
limiting angle in Figure 1, Such radiation is too weak com=-
pared to the direct x-rays to make an effective contribution
to the sample illumination,

The results of an experimental study of the angular in-
tensity distribution for the central beam of a slit collima-
ting system are shown in Figure 2, This curve was obtained
by scanning the slit collimated central beam with an angular
sweep of the two slit analyzer of the slit system, The
measurement was made about the sample position in the con-
ventional plane, which is perpendicular to the slits., No
scattering sample was used, The curve i1s analogous to the
angular intensity distribution obtainable in any plane con-
taining the axis of the central beam of a pinhole system,
The line focus for this slit system did not fill the area
viewed by the slits, Analysis of the geometry used places
the edge of the beam due to direct radiation from the focus
at A, to scattered radiation from the first slit edges at B,
and to scattered radlation from the second slit edges at C,
B and C correspond to angles d/a and 2d/a in the pinhole
system,

It is often desirable to measure sample scattering as

low as 2 or 3 counts per second, In order to keep the



Flgure 2

The angular intensity distribution for the
central beam of a slit collimating system, Anal-
ysis of the geometry used places the edge of the
beam due to direct radiation from the focus at A,
to scattered radiation from the first slit edges
at B, and to scattered radiation from the second

81it edges at C, © 1s measured in radians,
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background scattering low it 1is essentlal that once-scate
tered radiation from pinhole edges be kept to a minimum,
For this reason the guard ring, G, in Figure 1 1s employed
at the sample position to block from the detector once=-
scattered x-rays from the second pinhole edges, It 1is
actually made slightly greater than 3d, the size of the
central beam at this point, so it is not itself illuminated
by the central beam, It will be illuminated by the once=-
scattered radiation from the second pinhole edges, but this
would have to be scattered once more to reach tne detector,
and twice scattered radiation can be neglected, The small-
est angle at wnich measurements can be takxen will be deter-
mined by the maximum angle at wnich radiation 1s scattered
from the second pinhole, From Figures 1 and 3, 1t 1s seen
that tnis 1s equal to 194/8a when measured from the sample
position,

The vertical dotted line in Figure 1 indicates the

optimum position of a central beam stop to be discussed

in paragraph C 5,

B. Resolution

Since 4 and t are finite and the central beam is not
parallel, radiation scattered at more than one angle will
reach the detector for any single setting of L. It is seen
from Figure 2 that the intensity of the scattered radiation
reacning tne sample is 10™2 opr less of the direct raalation,

Thus, it can be ignored in caiculating the resolution, The



Figure 3

A ray diagram indicating the limits of res-
olution of the collimating system, Pinhole, Pos
guard ring, G, and tne annular slit, A, of width,
t, are snown, The angle, d/a, includes the part
of the central beam defined by pinholes, Py (not
shown) and P,. Angle 2d/a indicates the limiting
angles of scattering reaching the sample from the
edges of Pp., The measured scattering angle is @
and the limiting angles of the radiation recelived

from the scattering sample are 6, and ©p.
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limiting angles actually receilved oy the detector for a
given L are indicated as ©; and ©, in Figure 3. For the
small angles involved we can take & = D/2L. Then ©,%0 - 46,
o = © +A48, It can easily be shown that

AB t 2
T',—n‘*zg—*'%‘

where the first term is due to the finite width of tne annu-
lar slit, the second to the width of the scattering portion
of the sample, and the third to the angular spread of the
central beam, The values of a, d, D ana t are chosen in a
compromise between intensity and resolution. The size of
the particles to be examined must be taken into account in
determining the limiting resolution necessary. As stated
previously, the soread of the diffraction pattern is pro-
portional to ))’d, where d 18 the effective diameter of the
particle, Thus it is seen that the absolute resolution, &6,
necessary to detect similar detall in the scattering from
particles differing only in linear dimensions 1is 1inversely
oroportional to d,

The resolution of tne system used in these experiments

and 1ts effect on the data will be discussed in Section II,

C. Description of the Apparatus

A perspective drawing of the collimating system and
x-ray tube 1s shown in Figure 4, The essential elements
for obtaining pinhole geometry are contained in the first
and second pinhole diaphragms, E, the guard ring support, H,
and the annular slit diaphragm, N. The guard ring support



Figure 4

A perspective drawing of thne collimating

system and x-ray tube, The parts are labeled

as follows:

A - Vertical Cathode Assembly

B
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Electron Gun

Rotating Anode

X=ray winaow

Ad justaple Pinhole Diapnragms
connecting Tube

Vacuum Extension

Sample Holder and Guard Ring Support
Ad justable Vacuum Chamber
Helium Bellows

Beam Stop

Pre-Amplifier

Annular S81it Diephragm
Proportional Counter Detector
Slide

Steel Way

I-beam

Qutlet to Diffusion Pump

11
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is bolted to the I-beam and contains the only fixed aperture,
Its center is used as reference point for alignment, The
whole apparatus is supported by two concrete plers, not

shown, A detaliled description of each component follows,

1, X=ray Tube and Cathode Assembly

A drawing of the x-ray tuoe is shown in Figure 5,
Except for the vertical cathode assembly, B, which has been
added for use with the pinhole system, the design and con-
struction of the tube has been discussed in detall elsewhere.l
Its essential feature is the 4" diameter, rotating, water-
cooled, copper anode, A, The horizontal cathode provides 2
vertical line focus on the periphery of the anode for a
8lit collimating system, The top surface of the anode 1is
inclined from the center at an angle of l degrees so that
a line focus formed on & radius of its surface by the ver-
tical cathode will appear as a sguare in geometric perspec-
tive when viewed end-on by the pinhole collimating system,
The x-rays leave the evacuated tube through a beryllium win-
dow shown at D in Figure 4,

In the vertical cathode assembly an electron gun, Fp,
is suspended at the end of a 1" diameter steel tube which
is silver soldered to the brass flange that fits over the
top of the 6" ceramic insulator, B, The bottom of the in-
sulator fits into tne top flange of the brass sylphon, The
bottom flange is bolted to tne top of the x-ray tube over a

hole with center located above a point 3" from the edge of



FPigure 5

A section drawing of the x-ray tuve, The
essential parts discussed in this thesis are the
rotating anode, A, the vertical cathode assembly,

B, and the electron gun, Fz.

13
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the anode, The sylphon permits adjustment of the filament
to anode distance,

The details of construction of the electron gun are
shown in Figure 6, All parts are steel, The filaments
are made of 12 mil tungsten wire wound in a tight 50 turn
epiral on a2 20 mil mandril and then pulled to a length of
3/4", 8Single strand tungsten of various dlameters, thor=
lated tungsten, and smaller dliameter spiral tungsten flla-
ments were tested pefore the above cholce was made as the
most satisfactory. After installation, all filaments are
flashed in helium to remove strains and facilitate outgas-
sing, The adjustable focussing element, E, is made by weid=-
ing a block of steel to the end of a tube and then milling
out the requirea slot width, The present slot is 5Smm wide,
The electron gun is operated with the end of the focussing
element flush with the surface of the snielaing cap, C. This
places the filament at a depth of 4mm in the slot and lem
apove the anode, The focussing element 18 in electrical
contact with the top plate of the cathode through the verti-
cal supvnort tube, Bias is therefore applied directly to
this plate, A bias of =400 volts gives a line focus on the
anode approximately .>mm wide when the tube is operated at
30 kv and 80 ma, The filament current required under these
conditions is 7.0 amperes in an operating vacuum of 3 x 10'°
mm of Hg. Eignty per cent of the radiation from the focal

spot at 30 kv is Cu K-alpha of wave length 1,539 R. Tnis



Figure ©

A section drawing of the electron gun,
The detaill section shows how the rilament support
posts are insulated from the base, The parts are
labeled as follows:

A - Insulating Ceramic Tubing over Filament

Leads

- Base
- Cap
Support Posts for Filament

n P O ™
]

Focussing Element

i
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makes tne monochromatization problem less critical,

It was convenlent to use the same power supply for both
the horizontal and vertical cathodes, Since it has Dbeen
found that keeping & filament heated increases 1its lifetime,
a separate transformer was provided for the vertical cathode
filament and a switching arrangewent permits changing high
voltage leads without disturoing tue filament current, The
bias voltage is taken frow the low side of a resistor in

geries with the high voltage line,

2, Supprort Memper (See Figure 4)

The system of supoorts includes the concrete plers, the
channel iron framework, the I-beam, R, the steel way, Q, and
the angle-block precision support for the plnhole sectlons,
Since structural rigidity is obviocusly of paramount impor-
tance, consideration was given to the elastic problems in=-
volved., Mathematical solutions of these problems were used
to determine the size, shape, and materials of the various
members and in locating the positions of optimum support,.
For example, with the I-beam supported 2 feet from each end,
the maximum deviation from linearity is calculated as ,06
mils., If the beam were supported at each end the calculated
sag at the center would be 2 mils, The maximum sag of the
channel iron framework as presently supported is 1,5 mils,

a, Channel Iron Framework

This frame consists of two 3" channel iron beams 6%’

long held 10" apart by 4 accurate lengths of 2-3/8" pipe,
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Five-eighth inch bolts pass through the pipes to hold the
frame together, Rectangular steel bars are bolted laterally
across the bottom of the frame at the two support positions,
Bolts, 3" x 20, screw vertically throusgh the ends of these
bars, At the rear support these bolts bear on a steel plate
which rests directly on the concrete pier, The steel sup=-
port bar is clamped to this plate at its center. At the
front support the end bolts set into indentations in the
steel plate which slides on a second steel plate that rests
on the concrete pier, This provision for vertical and hori-
zontal adjustment of tne framework is made for alming the
aligned pinhole system at the x-ray tube focus,

b, I-beam

This 18 a steel 4" x 8" x 9' I-ceam with opposite sur-
faces planed parallel, Steel axles are attached to the un-
der side of the beam at the support positions, Tapered
steel wheels with guide lips and bronze bushings are accu-
rately machined and fitted to the ends of the axles to pro-
vide smooth and parallel motion of the I-beam over a 2'
longitudinal range, This permits the use of alternate
length pinhole sections and the access of other equipment
to the x=ray tube window,

c, Steel Way

The steel way, obtained from the Gisholt Machine Co.,
is a 3" x 13" x 80" lathe bed way accurately ground over its
length to 21 mil, It is bolted to five steel blocks which
are bolted to the I-beam in the positions shown in Figure 4,
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The alignment of the way willl be discussed in a later sec=-
tion,

d, Precision Pinhole Section Support

This support, shown mounted on the front end of the
I-beam in Figure 4, consists of a 4" x 1" x 19#" machined
and ground steel base on which are mounted 3 pair of preci-
sion 45° angle blocks to form a cradle support, The bases
of the two interchangeable pinhole sections are accordingly
bevelled and ground to fit precisely into the blocks, which
were accurately positioned with a pinhole section base in
place, The support is bolted securely to the I-beam and
shimmed to be the correct height relative to the reference

point on the guard ring support,

3. Pinhole Sections

The pinhole tube consists of two adjustable dlaphragms,
E, 3" in diameter, connected by a 2" diameter brass tube,F,
and with a 1" diameter vacuum extension, G, as shown in
Figure 4, The extension is capped on the end except for a
3" center hole., The pinhole tube is bolted to a support at
the second dlaphragm and clamped to a support at a point on
the large brass tube, These supports are bolted to the sec~
tion base of 2" x 4" aluminum which is bevelled on its lower
edges as described in 2 4, The pinhole section in use at
the present time 1s of the necessary longitudinal dimensions
to provide a distance, "a" (Figure 1) of 30 em, A longer

base 1s avallable for attaching a2 tube with "a" equal to
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60 em., A detall drawing of the second pinhole dliaphragm 1is
shown in Figure 7. The first diaphragm is the same except
that the pinhole is on the opposite end of the central cone
and the vacuum extension i1s replaced by a 1/8" center hole,
The pinhole aperture, corresponding to 4 in Figure 1, is
drilled in 2 20 mil tantalum dise, This disc is secured
with cement in an inset on the end of a brass cone section
with 10° included angle, This forms a replaceable unit so
that pinhole diameters may be changed, It 1s secured by
friction in a steel ring with an identical conical inside
bevel, Three set screws with steel balls cemented to their
tips bear against an annular V-groove on the periphery of
the steel ring to hold the ring in place and provide adjust-
ment, The set screw holes are sealed with vacuum clay after
ad justment is completed., Each conical pinhole 1lnsert con-
tains threaded holes on its base to receive a speclal tool
for inserting and removing the inserts, Inserts have been
prepared with precisely centered pinholes of diameters, 2mm,
1mm, .5mm and ,25mm, All inserts were machined under iden-
tical conditions to make them interchangeable once align-
ment 1s obtained, To prevent absorption of the relatively
soft x-rays used, the entire pinhole tube is evacuated
through an outlet on the large brass tube by a continuously
operating mechanical fore-pump. The 1/8" front hole is
sealed with scotch tape and the 2" rear hole 1s sealed with
a .6 mil low scattering mica window, The combined trans=

mission of these windows is .81 for Cu K-alpha radiation,



Figure 7

A detall drawing of the second pinhole diaphragnm,
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4, Sample Holder and Guard Ring Support

The sample holder and the guard ring are supported by
the heavy L-shaped steel plece shown at H in Figure 4, A
conically bevelled hole through it determines the center
line of the system at about 5" above the I-beam, Brass plug
inserts for this hole contain the guard ring apertures of
dlameter slightly more than 3d, A flat L-shaped piece of
brass with clips 1s attached to the front face of the sup=-
port and just below the opening to provide a means of
accurately and reproduciply positioning the sample holders

in front of the guard ring aperture,

5. Detector Assembly

Referring to Figure 4, the detector assembly can be
divided into the helium bellows, X, the beam stop and sup=-
port, L, the annular slit diaphragm, N, the proportional
counter detector, 0, with attendant circuitry, and the slide,
P. The helium bellows and beam stop are replaced by the
vacuum chamber, J, at large angles,

a, Hellum Bellows

A major problem in constructing the detector assembly
lay in obtaining a low absorption and low scattering path
between the sample and the proportional counter, An ideal
system would employ a vacuum path in this region, but the
proolems associated with providing a vacuum path of variable
length were postponed for the present by using a bellows

filled with helium, The bellows was formed by heat-sealing
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2 mil polyethylene over a "Slinky Toy" which 1s soldered to
brass end plates, The front end plate seals to the rear
face of the guard ring support and the rear end plate is
attached to the front face of the annular slit diaphragm,
O-rings set into grooves in the guard ring support and dla-
phragm provide an air-tight seal, The bellows has an ex-
pansion range from 15 em to 200 em, Helium is blown into
the bellows through a channel drilled in the guard ring sup-
port, An outlet valve is provided on the annular slit dia-
phragm, The bellows is supported by two parallel telescop-
ing rods which fit into supporte in the end plates,

b, Beam Stop

Though the helium absorbs a negligible fraction of the
sample-scattered intensity, the scattering of the central
beam by the entire helium path is serious, Referring to the

diagram below, an analysis of this scattering can be madé as

follows: - b e
4
t
1r
I, r &
i

-
x
il

Assume that the central beam produces scattered inten-

8ity in the forward direction of I, per unit length, The
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amount of this which reaches the detector from an elementof
the beam at point, P, a distance, x, from the annular slit
depends upon the following factors:

1, The scattering angle of the radiation which enters
the slit from point P, From the atomic structure fac-

tor for helium this dependence can be approximated by

I~ 1, (1-228)

2. The solid angle subtended by the annular slit:

I~ I,sin® e
3. The effective slit width, This decreases for in-
creasing angle because of the finite slit depth, Call=-
ing the depth of the annular slit b, and its width t,
the dependence on effective slit width is

I~3I,(1=~ % tan @) cos ©
Combining all these,

~ - - g8in © 2
Bl (1 ftan e) (1 -—5—-) cos @ sin“ @

To find the total intensity contributed between some
arbitrary point, x, and the limiting point where tan 903 t/b,
this expression must be integrated over the range, Letting
X = ro cot ®, r, = D/2

e,
I, ~ Iogr, (1 - % tan ©) (cos © - % sin © cos ©) de

)
This integration 1s easily made, Then, since © is small,
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the following approximations hold: sin @ S tan © = @,

cos © 21. Then

1,~(§'-o+n) , K= %(%-1)-»[1_:.—(?)'-*

Neglecting 02/4 compared to ©;

I, ~ (K - 8)
For the reasonable range of b/t, 0 £ b/t £ 1, it is found
that ,75 2 X 2 .4, Since 90 per cent of the total intensity
is received from points where © 2 ,1K 2 50 x 10™° padians,
most of the scattered intensity detected comes from the hel-
ium closest to the annular slit, where © is large, Thils
fact suggests that a stop placed somewhere in the path to cut
off the central beam but not the scattered x-rays would be
practical, The optimum position and diameter of the stop
would be determined by the intersection of the central beam
and the limiting edge of the scattered radiation as indlcated
by the dotted line in Figure 1, In practice the position
has been chosen slightly closer to the annular slit in order
to make the diameter of the stop and its alignment less criti-
cal, In any case, it is impractical to use different sized
stops for each position of the detector, so the fit 1s made
for the minimum angle at which the detector will be placed,
and then the same ratio of stop to annular slit distance 1is
maintained over the whole range of angles, This keeps the
stop at the same relative cut-off position with respect to
the scattered radiation, It has been found convenient to

keep the stop half way between the sample and the detector,
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Thus it must be moved each time the angle of detection 1is
changed, Using the previously derived formula, it can be
shown that this results in an average reduction of the helium
scattering background of about 96 per cent,

A drawing of the actual stop and its adjustable support
is shown in Figure 8, The stop is made of lead, molded and
tamped into a steel form of the correct diameter and 1/10"
thick, It is mounted on a steel needle which is soldered
into a 1/8" rod to make a replaceable unit that is attached
to the support as shown, The support adjusting screws per-
mit vertical and horizontal adjustment of the stop position,
The support clamps to the way under the bellows and is kept
accurately positioned by the various ball contacts shown,
The stop extends vertically into the bellows through a
sleeve which is sealed around the cylinder that holds the
replaceable stop unit, The stop is aligned in the beam to
the position of minimum scattering with helium in the bel=-
lows, Its position is set using the wire pointer shown in
the diagram, A 2 meter stick 1s clamped along one edge of
the way as a reference scale,

¢, Adjustable Vacuum Chamber

When the detector is less than 25 cm from the sample
the beam stop method of eliminating helium scattering back-
ground is inadequate, Therefore, an adjustaocle vacuum cham=-
ber has been constructed to replace the helium bellows in

this range, A drawing of the chamber is shown in Figure 9,



Figure 8

The ad justable beam stop support.

support is clamped on the steel way,.

This
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Figure 9

The adjustable vacuum chamber, This chamber
replaces the helium bellows when large angles are
measured, It attaches to the front of the annular

slit diaphragm,
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It consists of two concentric brass tubes, the inner one be-
ing threaded on the outside except for the short length which
contains an O-ring seal, A knurled keeping ring screws over:
this tube to hold it at the desired extension, The end plate
1s fitted to attach to the front of the annular slit dia-
phragm, The 4" front hole is covered with an .8 mil mica
window, The 1" rear opening has a 3" central support disc
and 1g covered with 5 mil polyethylene, The combined trans-
mission of the windows is ,77 for Cu K-alpha radiation, The
chamber is evacuated through the side tube in the end plate
by a mechanical fore-pump, It is necessary to break the
vacuum for each re-setting of the chamber length, The space
between the front end of the vacuum chamber and the sample,
occupied by the guard ring plug, i1s filled with helium by
attaching a small polyethylene bag between the front face of
the chamber and a brass plate which seals agalinst the guard
ring support,

d. The Slide

The slide on which the annular slit diaphragm and pro-
portional counter are mounted is a 4" x 8" x #" plece of
brass with two vertical extensions at the ends of one side
and one centered longer one (not visible in Figure 4) on the
other side. The bottom of the slide was ground and then
milled to make contact with the way on %" wide by 2" long
surfaces at each corner, The two vertlcal side pleces are
2" long and are ground and fitted to the side of the way., A

spring housed in the central extension on the opposite side
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keeps these side pleces in contact with the way. A block of
brass secured laterally to the front of the top face of the
slide acts as a support to which the annular slit dlaphragm
is screwed and also as the front plece of a cradle in which
the proportional counter is strapped. An index at the front
edge of the slide 1s set at the desired scale reading,

e, Annular S1it Diaphragm

The annular slit diaphragm is constructed in the same
way as the pinhole diaphragm shown in Figure 7. It 1is 43"
in diameter and its adjustable steel ring contalns a large
conically bevelled hole to take the annular slit brass con=-
ical inserts, These inserts are about 1-3/4" in diameter
and have a 1" center hole, The annular slits are made of
1/16" thick steel, An outer ring and an inner disc are made
to fit concentrically and provide the desired slit diameter
and width, A 1/16" center hole is bored in the disc for
later use in aligning the system, The disc 1is accurately
positioned inside the ring with the ald of a special Jig,
The two are then bridged with scotch tape and mounted on the
end of their brass insert., The mounting holes are drilled
with the aid of 2 jig to assure central alignment of the an-
nular slit, The opening at the rear of the dlaphragm is
covered with 2 mil polyethylene which has a transmission of
about ,97 for Cu K-alpha radiation,

f. Proportional Counter Detector

The proportional oounterz, replaces the usual Gelger

counter tube and Ross filters for detection and monochroma-
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tization of the scattered radiation, Its advantages are the
larger diameter windows obtainable and the elimination of
the double count required with Ross filters, The counter
was constructed by R. H., Neynaber, It is 3" in diameter, 9"
long and has a window of ,3 mll nickel foil 1" in diameter,
The pre-amplifier3, M in Pigure 4, 1s attached directly to
the detector, The output of the pre-amplifier is directed
to an amplifiof“, and then to 2 single channel differentilal
discriminator.? The output pulses of the discriminator are
recorded by a conventional scalar after being inverted,

The operating characteristics of the proportional counter
will be discussed in paragraph D 3,

The .3 mil nickel window differentially attenuates
Cu ¥-beta over Cu K-alpha radiation so that only about & per
cent of the transmitted radiation 1s Cu K-beta,

6. Alignment Procedure

The steel way was bolted in place on the I-beam and 1ts
alignment checked and corrected as follows, To check for
horizontal deviation from linearity a 1.5 mil moybdenum
wire was stretched the length of the way and a few inches
apove it., A travelling microscope was then secured to the
slide in a position to measure horizontal displacement from
the wire, The slide was moved over the length of the way and
readings of the relative positions of the wire were taken
every 5 em, This was repeated and the results plotted,
The horizontal deviation was found to be less than 1 mil,

8o no corrective measures were taken, To check vertical
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alignment two methods were used, 1In the first, the same
wire used above was viewed from the side and readings were
takxen as pefore, The resulting curves were compared to
the theoretical catenary for the wire, which was under a
known tension, to determine deviations of the way alignment,
The second method employed a telescope with a Gaussian eye=~
plece, The telescope was mounted a few feet from the end
of the way with its axis parallel to the way. A plane miprror
was fixed to the slide with its face perpendicular to the
line of motion of the slide on the way. With the slide at
an extreme end of the way, the ielescOpe, focused on infin-
ity, was accurately pointed at the mirror to bring the cross-
hairs and their reflected image into alignment, The dis-
placement of the horizontal cross-hair image then gave a
relative measure of the slope of tne way for different posi-
tions of the slide, A curve plotted from these readings was
integrated graphically to give the displacement curve, The
results for the two methods were in good agreement, The
maximum deviation Tfound was 5 mils, Shims were then intro-
duced under the appropriate supports to neutralize the devi-
ations and a re-check of the alignment indicated that the
way was then straight to witnin less than 1 mil,

To align the pinholes and annular slit, a telescope,
focused on infinity, was pointed toward the rear of the sys-
tem from a position in front of the pinhole tube (see Fig-

ure 4) and the hole in the center of the annular slit was
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11luminated with a sufficlently diffuse source of monochroma-
tic light placed behind it, A guard ring aperture was then
inserted in tne guard ring support and the annular slit was
positioned near its maximum distance from the guard ring,

The point source of light from the center of the annular

glit was diffracted by the guard ring aperture and the tele-
scope was aligned to center the observed Fraunhofer diffrac=-
tion pattern on the cross-hairs, This placed the axis of

the telescope parallel to the center line through the an=-
nular slit and guard ring, The annular slit was then moved
forward to nearly the minimum distance and the observed shift
in the diffraction pattern used to correct the lateral posi-
tion of the annular slit and telescope., The annular slit was
then moved back to its former position and the process re-
peated until the pattern remained centered over the whole
range of the annular slit positions, The axis of the tele~-
scope was then on a line through the center of the guard ring
and parallel to the motion of the slide on the steel way,
With the telescope still in place, the guard ring was removed
and the .25 mm diameter second pinhole was inserted and ad=-
justed until its diffraction pattern was centered, Thls was
repeated with the first pinhole., It was observed that dis-
placement of the pinhole due to less than 1/20th of a turn

of the #28 set screws could be detected, This indicates an

accuracy of alignment better than ¥ 2 mils,
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7. Sample Holders

Sample holders required for x-ray scattering from solu-
tions must have maximum transmission, maximum sample scat-
tering, minimum background scattering and be leakproof,

The intensity of the transmitted scattered radiation
from a samnle will be proportional to the product of tne
thickness of the sample, t, snd the absorption factor, e"Mb,
where g 1s the absorption coefficlent for the sample, The
optimum thickness of the sample holders is quickly found
from the derivative of te™ % to be 1/u, For protein solu-
tions in water this is very nearly 1 mm and small deviations
from this are not critical, Sample holders have been con=
structed from 3" x 3/4" x 1/10" Lucite strips, A 3/8" hole
18 bored through the center of the strip and counter oored
on each side with a 9/16" bore to give a 1 mm thickness,
Dises 9/16" in diameter are cut from low scattering, high
transmission mica ,015> mm thick and cemented in the insets
to form the chamber windows, A hole is drilled into the
champer from one side of the strip using a #73 drill, The
holders are filled with a hypodermic with a #25 needle
through this hole, The holders are thoroughly flushed with
distilled water between fillings, The transmission of the
empty sample holder is 0,75 for Cu K-alpha radiation,

It was only after a considerable amount of testing of
16 different cements that a cold-hardening, truly waterproof

cement was found for cementing the mica dises in place, The
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only satisfactory cement found was Goodyear Pliooond, though
cold=-hardening Araldite 101 may be adaptable for use, No
cellulose base cements are waterproof and the heat-hardened
cements could not be used because of the tendency to warp the
mica or damage the relatively low melting point Lucite,

Attempts to use glass holders were generally unsatisfactory.

D. Operation and Performance of the Apparatus

In genersl, the pinhole collimating system performs with
all the advantages that were expected from the design. In
comparisons of data taken with it to data taken with a slit
collimating system, the same information could be obtained
in less time or with better statisticecs with the pinhole sys-
tem., There is excellent agreement between direct pinhole
data and slit corrected data, Furthermore, some experiments
with relatively large spherical particles indicate that the
peak resolution is better tnan that obtained with slits of
comparable width resolution, The following discussion will

provide more specific operational information,

1. Cathode Assembly (see B in Figure 5)

It was found that the heat from the filament conducted
up the steel cathode support tube raised the temperature of
the top brass plate considerably, To protect the O-ring seal,
therefore, an arrangement has been provided which directs a
continual stream of air on this plate,

The top of the anode in the annular region exposed to
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the electron beam becomes slightly etched after a few hun=
dred hours exposure, So far this has been easily removed
with light polishing, but it indicates that at 2400 watts

the tube is operating near its power limlt,

2, Intensity

The alignment and transmitted radiation flux have been
well established for the slit collimating system which uses
the vertical foeal line (see Figure 5), Tnerefore, it was
useful to compare the intensities obtained with tne pinhole
collimating system to those of the slit collimating system,
The expected ratio of these intensities can be calculated
from the geometries of the two systems, Assume tnat the
total radiation entering the system is the same in both
cases, 1.e., that both see the same proportion of the foecal
spot at the same values of tube voltage and current, Tnen,
the following factors must be considered: the ratlio of the
solid angles intercepted by the sample in the pinhole and
slit systems, wy/w , the ratio of the solid angles inter-
cepted by the detector slits, wy/we, and the ratio of de-
tector sensitivities, B. The final ratio, W— , can
be ealculated from tne geometry ana experimental deterulna=

tion of B, It can be expressed as
L . ﬂota_.,"(aena.s' 3

where a, and h, are the 8lit width and height, respectively,

and tne otner terms are as defined previously, The experi-
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mental ratio was determined from carbon scattering reference
intensities for the two systems, Each system has a separate
standard scatterer adaptable to its sample holder, However,
since reference readings are taken at 12 x 10”2 padians on
the slit system and at © x ].0'3 radians on the pinhole sys-
tem, a conversion factor nad to be experimentally determined
to compare references, It was found that standard pinhole
scatterer values multiplied by 37.5 were equivalent to stan-
dard slit scatterer values, An intensity comparison was made
under conditions for which the geometries established the
calculated ratio as 29,4 to 1. The reference intensity ob=-
tained under these conditions on the pinhole system was
75 e/s. The slit system gave 100 ¢/s, Therefore, the actual
experimental intensity ratio was 37.5 x 75/100 or 28.1. This

compares very favorably with the calculated ratlo of 29,4,

3. Proportional Counter

Thevproportional counter prepared by the original de-
s1gner§2 was operated at 1500 to 2100 volts with a circuit
amplification factor of from 107 to 105. They obtained a
relative mean pulse height difference for Cu K-alpha and Fe
K-alpha radiation of 20,7 per cent and a relative standard
deviation of 7.5 per cent for the spread of the Cu K-alpha
pulse height distribution, The counter used in these experi-
ments was operated at 1800 to 2100 volts with an amplifica-
tion factor of about 104. The response of the discriminator

eircuit to the Cu X-alpha onulse height distribution for
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different counter voltages and amplifier settings is shown
in Figure 10, A point on any one curve indicates the rela-
tive number of pulses received with an amplitude equal to
that channel setting, D, The width of the channel used in
obtaining these curves was 1,2 volts, In practige, the
counter voltage and amplifier setting were adjusted to place
the maximum somewhere between 12 and 16 on the differential
bias abscissa, and a channel width of 4,0 volts was used, .
The small peaks at lower D values than the Cu K-alpha peaks
are in the correct position to indicate the presence of a
small amount of Fe flourescence, The resolution of the in=-
strument was 2poroximated from individual peak determinations
under normal operating conditions for Fe flourescence and
Cu ¥X-alpha scattering, The relative pulse helight difference
for Cu =-Fe was about 22 per cent, Assuming that pulse
height i1s a linear function of A in this region, the dis-
persion 1s about 0,11 R ver volt change in bias setting,
Thus, the normal channel width used was .44 R wide. The
theoretical band width obtainable with balanced Ross fllters
1s ,11 R, However, the additional spread introduced by the
proportional counter statistics requires the use of the
larger effective channel width to obtain comparable intensity.
Because of the high intensity ratio of Cu K-alpha radliation to
other wave lengths received, this has not been serious, The
proportional counter output has been checked agalnst Ross

filters for various channel widths to verify this, The ratio



Figure 10

Curves showing the response of the discrim-
inator circuit to the Cu K-alpha pulse height
distribution for different combinations of counter
voltage and amplifier setting, The total amplifi-
cation for which each curve was obtailned increases

to the right,
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of intensities measured with and without filters remalined
constant to within 3 per cent for channel widths varying
from 1.2 to 6,7 volts, indicating that the widest channel
could be used without much loss of monochromatization, Ther
statistical spread of the impulses by the lonization processes
in the counter can be estimated from the averaze number of
ion pairs produced per photon, Assuming 33 ion palrs per kv,
this is 264 ion pairs per Cu K-alpha photon, The relatlve
standard deviation, 9/N is then m- , where M 1s a factor
introduced to account for the effect of gas multiplication,
¥ is not known very well but lies between 1 and 2, Thus,

9/N = 6,2 per cent to 8,7 per cent, The experimental devia-
tion for the counter is found, from half-widths at ,007 maxi-
mum intensity, to be about 11 per cent, This is outside

the range expected and greater than the value obtalned by

the designers, This may be explained by the fact that a
larger window i1s used on this counter than specified, Thils
could cause field distortions which affect the linearity
enough to give the observed increase 1n spread,

When the proportional counter is operated as an in-
tegral counter using the total integrated output with Ross
filters, it is about 10 per cent less efficlent than a
Phillips Geiger tube., At the normal operating channel width
of 4.0 volts, with maximum channel setting at 14,0 volts and
without Ross filters, the proportional counter was only about
7 per cent more effecient than the Gelger counter because of

the statistical spread, The use of a channel width of 6.7



volts increases the advantage to 55 per cent, 8Since the
transmission of the Ross filters is about ,5 for Cu K-alpha
radiation, a theoretical advantage of 90 per cent 1s obtain-

able,

4, Helium Bellows

Despite the precautions taken to make the helium bellows
a leak-proof system it was found necessary to keep helium
flowing into the bellows at a constant rate of about a liter
per minute, This rate was determined experimentally by ob-
serving the intensity loss rate for various flow rates, As
a further precaution the bellows was flushed out periodically

when in use,

5. Background

The room background depended upon the discriminator
channel width used, For the normal 4,0 volt channel this
background was 0,40 ¢/s compared to 0,36 ¢/s for a Phillips
Gelger counter, The background due to pinhole edge scatter-
ing and helium scattering from in front of the stop depended
upon the sizes of the components used,. For .5 mm pinholes
and a2 2 em diameter annular slit with 2 mm slit width this
background increased from about 1 ¢/s8 to 2 c¢/8 over the range
of the helium pellows from maximum to minimum extension, 1In
the vacuum chamber the background was larger, going from
about 2 ¢/8 to 4 ¢/s over its range. However, when the 1/r2
factor is taken into account, the pinhole system backgrounds

are of about the same magnitude or smaller than those for the
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slit system under equivalent conditions, It can be expected
that the background will be significantly reduced with the
incorporation of a vacuum chamber extending the full distance

from sample holder to annular slit for all angles,
II. Theory of X-ray Scattering from Macromolecules

A, General Theory

In this section a general theory will be developed for
the intensity distribution of x-ray scattering from par-
ticles with rotational symmetry and uniform electron density,
Only the coherent scattering will be considered since the
inconerent Compton scattering is important only for higher
energy radiation or larger scattering angles,

Consider a particle of matter of arbitrary shape which
contains n electrons, If it is placed at a given orlentation
to 2 collimated beam of x-rays it can be shown® that the in=-
tensity distribution of the coherent scattering is given oy

I.n2f2 (1)
In this expression I, is the Thompson scattering distribu-

tion for a single electron and f is thne electronlic structure

1
£ = %%;lo 4 (2)

where SJ is the phase difference between scattering from an

factor defined by

electron at the origin and the jth electron,. Also, f can be

put in integral form by introducing the probabllity, P4V,
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that an electron be found in volume 4V, where enP is Jjust the

charge density and e the electronic charge, Then f 1s gliven

£ = Svolsrdv (3)

In this application, x-rays will be assumed scattered

oy

from 2 large number of identical particles randomly oriented
with respect to the beam., In this case the total scattered
intensity i1s found by averaging the intensity for an arbi-
trary orientation over all possible orientations of the
particle and multiplying by the number of particles, Since
only rotationally symmetric varticles will be considered,
only two angles are necessary to describe the particle ori-
entation, In addition, by choosing the Z axis of the lab-
oratory system as the bisector of the supplement to the scat-
tering angle, the phases of the scattering‘from the electrons
in any given plane perpendicular to this axlis are equal,

This makes the scattering from the particle independent of
the particle orientation about the laboratory Z axis, There-
fore, it is only necessary to average tne intensity over the
angle between the axis of symmetry of the particle and the
laboratory Z axis, Since for any increment of this angle,
d¥, an increment of solid angle of 2mwsin¥d¥ is subtended, the

welghted average of the intensity becomes

3
T = I.Nneirzainld! (4)
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The tigure to the left
represents a particle of

arbitrary shape in a beam

of x=-rays, All vectors
with the subsecript "1" are

unit vectors, The vector fi

is the direction of the in-
cident x-rays, fi defines
the Z axis oif the particle
coordinate system, Hi is
the direction of radiation
scattered at an angle, ©, For convenlence, ﬁl is chosen to
bisect the supplement of the scattering angle,®, Alao,'ﬁi
will be taken as the Z direction of the reference or labora=-
tory coordinate system, As a result of this cholce for the
direction of'ﬁi, scattering at the same angle wlll be 1in
phase from 211 the electrons in any plane perpendicular to
3&. The vectors Ei, fi, and !i are in the same plane, 'ﬁh

is the position vector of the jth electron in the laboratory
coordinate system, The phase of the radiation scattered from

the jth electron relative to the origin is given by

4 = k(ﬁh'ﬁa) where k = %g.ﬁi'ii s 4“52%?,9/2

Let‘§ be the radius vector of any point in the particle

coordinate system, then

= &fik[)!] ?.ﬁlrdv (5)



[M] 1s the necessary matrix to make the transformation

R = M3
It is given oy

b - [},{ 3

ny ng n

where the 1, m, n are the aporopriate direction cosines of
each P axis (1,2,3) with respect to the x,y,z (1,m,n,) axes
of the laboratory coordinate system,
Referring to the dlagram to the
left, the laboratory coordinate

system 18 represented by ﬁl and

the unlabeled axes perpendicular

]

to it, The particle system of

coordinates 1is represented by
fl, 1‘1, 31. The direction of tl in the plane perpendicular
to ?‘1 is arbitrary, so take it such that

& = [6, x 7
Expanding [M-H,

28, = B [‘é’,‘] By = (B B@ ¢ (B0F)E + (B B)E,
Z

Introducing the angle of rotation of the fl coordinate sys-
tems about fl, §, this becomes

'ﬁ-ﬁl = Cgsin¥cos¥ + (’y sin ¥ sinf + @, cos¥
Now introduce cylindrical coordinates (r,«, z) into the par=-
ticle coordinate system

G = rcos, @ =rsinx, @ =z (r = @sineé ).



45
If the orizin is chosen at the center of mass of the
particle and it is rotationally symmetric about ?1’ then
all orientations of the particle can be represented by ¥
and either &« or §, Choose § = O, Then
Rehy = r sin¥ cose + z cos¥

PAV is obviously

rdrdetdz
v
80
am (r)
1kr sin¥cos 1kz cos¥
f= % dug‘mro 3 dz (6)
o ° F(r)

where z = F(r) is the ecuation of the curve which is rotated
to give the symmetric partical form,

Since
mw
Jo(x) - % ielx °°°‘dp

f can be written

£ = _An S:r sin[k cos ¥ l"(r)] J (kr sin¥) dr (7)
Vk cos¥ o

This, then,.is an expression for the electronic structure
factor of a particle of rotational symmetry whose axis of
rotation makes an angle of ¥ with a fixed laboratory axis,
It is expressed as an integral over the particle coordinate
system,

This integration will now be performed and the final
expression for the intensity distribution will be obtained
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for a few speclal cases, In most cases the final integra-

tion over ¥ cannot be performed.

F(r) = Iaa - pr2

There 1is no need to average over ¥ so

1, Spheres

I = nn21 £°
and taking ¥ =0, J,(0) = 1, so

£z &S:p sin [ka j:2___,.2] dr (8)

The proper transformations make this

(ka)
o - - =8in(ka)~- cos (ka
f s Q(k&) o T 3&‘ x 8in xdx = ica) (9)
and
an'-‘x.,f"(ka) (10)

Note that @(u) = 3!; —ll&'-‘l

2. Cylinders
F(r) =H, (0£rfa), P(r) =0, (r>a)
where the length of the eylinder is 2H, its radius a,

Then
a

£ = %M&Hﬂﬂlg ry (kr siny)ar (11)
ka<H cos¥

o)

Using

a
SorJo(r)dr 2 aJl(a)

and substituting in (4), the scattered intensity from cylin-

ders is given as



z =
s I Nn2 48 2 cOo8 . 2 ka sin dx (12)
e o ikHcosY5; (ka)esiny¥
3. Ellipsoids of Revolution

F(r):v’aa-rz, (O €r €a)

let r = a sin@®, dr = a cos@d4@, F(r) = va cos@
Then

o k_a;lsmjosin@cosgsin(kav cos¥cos()J, (ka einXsinp) %?3)

Jo (ka sin@sin¥) = Z.‘v_p_‘__).z.!(ainoeinl)zj
(3#1)2
— 2141
sin(kav cos¥cos@®) = %g:o.‘:g;%— (003‘0039)2101

Now

¢ kB 1)1 0y 2(1%3) 20, 2y oe ‘.smajﬂ(wosau
13 22) ("2 (341) \"(2142) (14)
(o)

Since

T
2 g‘l ) S:é 0;(2)
sinzjﬂ(. cosai’%d(l - ‘}fh 4

o)

and

‘-1 w 24 42
A 4 22i+*1T¥141)
then

14} 2(1+))_..2) 21
7 (=1)1*9 (xa) sin” 'Y (v cos¥) (15)
. 4:%% 22(1+) [T(1e3a5/2) T (241) TT(341)




Noting that
(:1+J = rx;ifii%%——y
1 or ) L +l
and letting

X3 sinat, ¥y = vecos?y, A(1+ ) . (-1)1*J(ka)2(1’3)
3 2215 14 345/2)((214391)

then

T 53 T s s

The terms of this serles can be represented by an array
of ordered vpalrs:
(0,0) (1,0) (2,0) (3,0) (4,0) . . .
0a) Q3. 88 s .
a0 Bm . '

0.y a3 . ’
il . ;

It can be shown that this repeated series is absolutely
convergent, Therefore the order of the summation may be
cnanged, It is apparent that all che terms of this series
are available by rearranging the summation to add the terms
diagonally

rz 3 e “(1?J)C“J xly! (7)

14120 lerjeo ior)

Fori ¢ J=n
n

& — = n-1 1
3 S [ata €Y -



where the terms in the bracket are just those for the nth

diagonal, Then, since

n i =
Eoclx vz (xep)?,
-
n
f:ﬁn-oAn(x-ry)

or
f:zf{f’-'f -1)" (a) " (E T 7)"
n20 220 (" (ne5/2) [7 (nel)
Since
=3[0 Jeg(u) - 3w 1) u2r
B BE a2 ; 2 (31)%().45/2)
Then
4 }(ka]’:‘:—’_?) 3 &(ka Jsinax + v2 cos?y)
and
3 , .
I s I.Nn2 §°§2(ka J—;nai’ + v2 cos?Y) sinvay

Equations (10), (12), and (21) are all in agreement

with expressions derived previously by different methods,

B. Approximate Theory

49

(19)

(20)

(21)

7

1. Gulniere has shown that in the central region of the

scattering curve a good approximation to the exact function

is provided by

¥ | Nn21.e'-¢

where k = A% ‘1\ 8/2 , R equals the radius of gyration of
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the particle about its center of mass, and © is the scatter-
ing angle, The angular range of usefulness of this approxi-
mation depends upon the particle shape, It is generally
more limited for very asymmetric particles, but is most ex=-
tensive for slightly asymmetric vnarticles rather than for
spheres, For spheres the approximation is accurate to an
error of less than five per cent out to angles where the in-
tensity is 0,45 of the central maximum, Since © 1s generally
very small, sin /2 ¥ /2 and

T = I.Nn2¢;‘5a5§§RS‘2
evaluating for the Cu K=-alpha line, The radius of gyration
ean easlily be determined from a plot of log of intensity

versus angle squared, .

g-d-ég-L o - 5.556 Ra

2, A method has been developed for using 1nfv-. 9°
plots in regions where the exact function deviates from the
Guinier approximation by not more than a few per cent,
Accuracy is thus gained by using a more extended range of
the experimental data, The actual theoretical curve on a
In I vs, 02 plot over this extended range deviates slightly
from a straight line, The statistical spread of the experi-
mental pointes exceeds this variation, however, so the ex-
perimental curve is easily approximated by a straight line,
But the slope in this rezion may deviate slightly from the

slope at zero angle oy an amount which depends on the shape
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of the particle, From the complete scattering curve an esti-
mate of shape is obtained and from the theoretical scattering
curve for this shape is calculated a correction to the ex=
perimental radius of gyration, The observed slope must be
corrected first for certain systematic errors in the method
of measurement,. For serum albumin the correction 1s acclden=-
tally negligible, but for hemoglobin it amounts to about 3

per cent,

3. .An approximation with any desired accuracy can be
ootained by expanding the perfectly general Debye relation-
ship, The Debye relationship gives the scattering averaged
over all orientations of a particle consisting of a group of
electrons arranged at fixed distances from each other, Thils

expression is

"
I'%Zt“nk!?' , ks4relne/2
mel 100 -

where |Fj | = the distance from the 1th to the mth electron,
© = the scattering angle, and
n = the number of electrons,

Substituting

sin k\B_| — = J 23

KR & re DT (IR
rewriting in terms of distances from an origin at the center
of mass

this becomes



52

cor 3 EE G a0
l.l =l 8 J f 1 4 (l'l - 22.1 Pn * I‘n)
Expanding and dropping sums which are zero because of

symmetry or from choosing the origin at the center of mass,

and multiplying by N, the number of particles,

4 6
o il 1 I X B . 8
I=Nn"I [1-3(m2)%-w(34+a2+2'r)- 55+50 (Rgt3RR, + 12u)+ ..]
where (for particles with reflection symmetry in each of the
coordinate planes)
J . 3 A B W 2 2.2 2 2

R:: = (radius of gyration about X axls)a, ete,

Ree  Resys  Ryag)
BRE"Rxx) (Re Byy’ (Re zz)] Rx‘yl Ry4 Rya.;
Rxagt Ryaza Raa |

NRya ya 3 Fl xiy1 , ete, Rg 2 i(nsxi- a;,», sz)

Since it is difficult to expand this sufficiently to
aoproach the accuracy of the Guinier approximation, the first
few terms can be used to determine correction coefficlents

for the Guinier approximation
—_—— -x;t‘[ 4 6 'J
I =NmI,C 10c1n + oM 4 ...

This has peen done through s for spheres and c,y for ellip~-
soids. Defining new parameters u = ka or u' = kR, (a =

radius of symmetry at origin) one gets
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I (spheres) = Nu2I° e'*“"[l- 5}'.' ut - 1‘75—7_ ub+ ]

I (ensposas) 2wz, @ CFIY 14 g eteganten) o, ]
I (ellipsoids) = n2Iy @~ % [1+ viogluded
o < winy e % [+ (Yo

where v 1s the axial ratio,

The following table gives a few comparative values:

Spheres EiLlipsoids v = 2 b
Guinier I Exact u' Guinier I Exact
.819 .817 .816 1 JIT 038 I3
J449 JA426 427 2 264 270 ,274

L] 165 - 117 Y 119
5 D86 032 ,042
oo"l -0003 - 008

 F LW W N = 8

These values give some idea of the ranges of validity of the
Guinier approximation and of the more exact approximation
just developed, It 1s seen that these ranges are quite de-

pendent on the particle shape,

C. Interparticle Intertrerence Effect

Since the theories derived apove all assume Infinite
dilution or separation of the particles, the actual experi-
mental curves for finite concentrations would be expected to
differ from the predicted ones,. This matter has been
treated by Fournier for apheres.? The expression which he

gives for the intensity is

1
I = NnPlef T+ Ko §lks) (&)
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™21 12 = infinite dilution intensity s I,

k= V8%

Vs parx‘;tiole volume

@, = density of solvent

M = molecular welght of particle

¢ = concentration of particles, gms/cc,

f(ka) = f, the square root of the scattering function,

for spheres with radius s, The radius appearing here is

the effective collision radius of the molecules and may
be much greater than their diameter,

It is seen from this expression that for angles where
i(kl) becomes very small, interparticle interference effects
are negligible, Thus it is expected that the positions of
minima and maxima will be unaffected for reasonable values
of Ke.

The effect on the slope of the lnlvs, 2 curve can be
found by taking the derivative of the corrected expression

for I, using the following substitutlions and approximations:

V= §-1r(«a)3. 8 = a = 2a for hard spheres,

5 555?25292
P(xs) = Plima) =€

3
K =8, B = *WEg"N,

Then

a & 2|1 = B&@E -1) §lrua) ,2
—;5—1 = =5,556R g Bcﬁ(kﬂa) = «5,556R
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This can be written

-1
)xa-az( -%) s 1f << 1

12 21 -
e [ l+x

where

x = 130!0«1&)4:&3
Thus, for small ¢ a plot of R' ve, ¢ will give a straight
line with slope,

3 géig- -»i!fi?ﬂ!!&l;;
and which extrapolates to R at ¢ = O, This provides a method
for getting the true R desplte interparticle interference
effects, However, practical considerations place a 1limit on
the lowest value of ¢ available, so for too large B and &
this particular method will be unsatisfactory, It 1is also
apparent that i1f there is much non-linearity in the ln I vs,
02 curves, and this 1s the case for concentrations and angles
of observation sometimes used, one must be careful to take

the slope at the same angle for any series of concentrations,
D. Inherent Experimental Errors

1, Misalignment of the Collimating System

Since perfect alignment 1s unobtainable in practice,
it is 'desirable to consider the effect of taking data with
the center of the annular detector slit
off the axis of the x-ray beam, Take
the center of the beam at 0 and the

center of the annular slit at a dis-

tance of Az from it, Using the Guinier
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I = Ioe
where © s% , and b = 5,556 evaluating for the Cu K=-alpha
line, Let

r

o

=88 , Az 4 ¢

then
Lz 2 2) 2
(ro” + 2r_Az cose + (az) ¥o, (1 + 2€ cosp)
L Q

The average intensity measured by the annular slit 1s

mw

™
I 2 I
I = __ﬁgge-bnao ap = _ée-baaé.a‘ge-o cose ae
o

h
where e 2ebR2°§
Since T
Tolty) = 3 ge" °0%f a
then
2
I = IoJo(io)e-mao'
InI=1nI, +1nJ,(le) - 23?
w.‘,l =-bR2(1 + 126 j:)g";) , for €#£(8,)
J.(1e)
<
AERIL 25 I e P
s :
° R22321-b2) , b % 2R%,2
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The error in measuring R 1s thus € -(bR%02)€2, For the
apparatus used in these experiments €<10"2 and the error
< ,005 per cent, Since this approximation was made for the
portion of the curve with rapidly changing I, 1t can be ex~
pected that the error in the peak region will be even less,

2., Effect of Imperfect Resolution

a, On Value of Radius of Gyration

The observed intensity at any nominal setting, ©, can
be calculated by integrating the product of the angular dis=-
tribution of radiation incident on the sample times the
Guinier scattering function, This integration cannot be
earried out for even the simplest distributions, However,
using tabulated values of the error function and assuming
constant effective incident intensity over the range, © - A8
to © + A®, 1t is easily shown that with the resolution and
samples used here the observed radius of gyration cannot be
in error by more than 0,5 per cent from imperfect resolution,

b. .On Positions of Minima and Maxima

An analytical solution of this problem for the general
case is very difficult even to approximate, However, a
fairly well known geometrical method 1is very simple to use,
Assuming constant effective incident intensity rover the
range, 240, the measured intensity at the angular setting,.
@, is the area under the scattering curve from @ - AG to
© + A6, No shift in the positions will result unless the

minima and maxima are asymmetric as shown in the dlagram
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to the left of a hypothetical
scattering curve, The experi=-
mentally measured minima and
maxima are found by bridging
the dips and peaks, as shown,
with horizontal lines of length
248, It 1s apparent that a

shift of these lines in elther
direction will measure more
intensity for the minimum and less for the maximum, The
error 1s then just the difference between the exact values on

the curve and the centers of the 246 lines,

E. Scattering from Particles in Solution

In studying bilological particles with x-ray scattering
it 1s usually necessary or desirable to use them in agueous
solution, The scattered intensity from a particle is then
proportional to the square of the electron density difference
between the particle and the solvent, .

The coeffeclent of the angular part of the scattering
funection is then given by

Nn°I, [1 - (&-32

where the ratios of mass density, electrons per molecule,
and molecular weight, of particle to solvent are given by,
respectively, «,@,.and ¥.. N 1s the number of particles
irradiated, n the number of electrons per particle, To get
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the total scattered intensity from the solution, the scat=-

tering from the solvent must be added to the differentlal
scattering from the particles, At the small angles used the
solvent scattering is generally small,

It is of interest to compare the zero angle scattering
intensities expected from particles of different molecular
welght,. For a given kind of particle the following para-
meters are needed;

N = number of particles irradiated

n = number of electrons per particle

1 8 number of electrons per unit volume

€ = mass per unit volume

M = molecular weight

¢ = concentration

v = irradiated volume

Then
Nna = 2Y . % M

If it is assumed that two different particles have equal
electron and mass density, then if equal oonoentratione of
them are similarly irradiated, the factor (%}) will be
the same for both, This also makes the 5% ratios equal, so
the ratlio of intensities will just be

Il )_11
I, M

The assumptions for this result are quite valid for protein

molecules,



III. Protein Experiments

A, Introduction
A protein is a polypeptide linkage of amino aclids, All
amino acids have the structure shown in the diagram below,
The R 18 a wvariable which defines the particular type of
amino acid and consists of various combinatlons of some: or
all of the elements, ¢, H, N, 0, 8,
Fe, and P, Some rare proteins con-

H R
\ / tain I and Cu, The structure at the
-

left is in a dipolar ionic form
//// \\\\ which is the form in which proteins
+H3N C00~  exist at the isoelectric point
rather than as non-polar isomers,
These amino acids combine by the affinity of the amino groups
(#H3N) for the carboxyl groups (c00”) and unite with the elime

ination of water to form chains as in the diagram below,.

e R -
L T
N N N
=% % i

The properties of a given protein are determined by its

characteristic sequence of amino acids, These chains then
take on various shapes, A suggestion by Pauling and COreylo
is that they are twisted in helices and that these in turn,

in fibrous molecules, are joined like strands of ropo.l1
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The helices coll up in some more complicated way in the glo=-
bular molecules, The presence of many lons at large dis~-
tances of separation gives all protein molecules a strong di-
polar moment of the order of 103 Debye units, This moment,
by producing high dielectric constants and other effects, can
appreciably influence the chemical reactions of cells,.

All living cells contain proteins, In the blood they
carry oxygen to the tissues and participate in immune reac-
tions, They are the elements of muscle fiber and form hor-
mones and viruses,

Specifically, bovine serum albumin acts to maintain the
plasma volume by increasing the osmotic pressure so the
liguid in the bloodstream is not forced through the walls by
the blood pressure, It also transports materials other than
fats, 8Since this protein is readily available, it has been
one of the most widely studied, The principal methods of
determining size and shape characteristics of proteins are
from dielectric dispersion measurements, double refraction
of flow, sedimentation and diffusion, viscosity, and x-ray
diffraction studles, The results of most of these methods
indicate a molecular weight for bovine serum albumin of about
69,000 and a shape approximated by a prolate ellipsold of
axial ratio between 3 and 4 to 1. Recently Andereggl® has
obtained evidence from small-angle x-ray scattering that it
may have the shape of an oblate ellipsoild with an axial ratio
of 1 to 3,5 at the isoelectric pH, and with lonlec strength,
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5 = ,05, The volume he obtains for the molecule would re-
quire an internal hydration of ,31 gms, of water per gram of
protein to bring the molecular weight into agreement with
previous results,. Scatchsrd13 has proposed that the shape
of bovine serum albumin may change with pH due to an internal
Donnan pressure from unequal distribution of diffusable ions
across the molecular surface, This would lead to swelling
and distortion of the molecular shape.,

Hemoglobin is the predominant component of red blood
cells,. It is thought to be slightly aspherical in shape,
Bragg and Perutzlk, using single crystal x-ray diffraction
methods, describe it as an approximate prolate ellipsold with
dimensions 54 x 54 x 70 fngstroms, The molecular weight of
hemoglobin is quite unambiguously known to be 67,000,

Fibrinogen is an important component in the process of
blood clotting, It is known to be quite asymmetric and 1is
rod-like in shape, Estimateé of 1ts axial ratio are in poor
agreement, varying from 2 to 1 to 20 to 1. Andarossls has
obtained a scattering curve for fibrinogen which suggests an
axial ratio of between 10 and 20 to 1, but the data were sub-
ject to large corrections for slit effects, The molecular
weight of fibrinogen is not too well known, but an average of
the estimates places 1t at 340,000,

The purpose of the experiments described here was to
study the size and shape of bovine serum albumin over a range
of pH's and ionic strengths and to obtain information about
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the size and shape of hemoglobin and fibrinogen at thelr iso=-
electric points, Where the data overlap, the present measure-
ments with pinhole collimation have served to confirm earlier

data taken with slit collimation,

B. Experimental Methods

The information on the radius of gyration and shape of
the oroteins under each gilven set of conditions was obtalned
in a series of runs, Except for some preliminary runs on
bovine serum albumin, these consisted of two runs each, at
four different concentrations in the angular range, 5 x 107
to 16 x 10~ padians, and one or more runs at higher concen-
tration in the extended range 6 x 10™> to 40 or 61 x 10~
radians, The short runs were averaged and used to obtaln
the radius of gyration from an extrapolated plot of R vs, ¢,
The extended runs gave information on the shape of the par=
ticles from comparison with theoretical curves,. Pinholes
.5 mm in diameter were used for all runs, For the extended
angular runs the maximum diameter (20 mm) annular slit was
used with a 6,7 mm diameter beam stop, For short runs 50 per
cent more intensity was obtained by using the 10 mm dlameter
annular slit with its 3.6 mm beam stop., Settings of the an-
nular slit and beam stop were made using tables of distance
opposite angle prepared for the two annular slits, The sta=-
bilized x-ray tube power supply was allowed to warm up for

about an hour before taking data, The discriminator allign-
ment, channel width, channel setting, and focal spot align=-
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ment were checked each day, The power supply was stabilized
to a fraction of a per cent against variations in the 220
volt supply, but the control circuits and counter circuits
were insufficiently stabllized against the abnormal variations
sometimes noticed in the 110 volt lines, The resultant in-
tensity variations, indicated by meters, were as high as

3 per cent at these times, but were manually corrected as
efficiently as possible, A check for intensity variation

in the x-ray beam was made by taking periodic carbon scat-
tering references, Usually, 6400 counts were taken for

each point, or averages were made to bring most of the data
to at least this statistical accuracy. Points were usually
taken every 10~2 padians for the extended runs and every

5= 10'4 radians for the short runs, All data were stand=-
ardized to the same intensity level, The background scatter-
ing from the collimating system, the sample holder, and the
solvent was determined from the averages of several runs with
the sample holder in place, containing only the solvent,

Thlis background was then subtracted from the protein runs to
obtain the net protein scattering, No correction for abe
sorption was necessary since only relative intensitles were
needed, The data were corrected for the 1/p° effect before
plotting, The necessary multiplying factor observed experi-
mentally for equating the data taken with one annular slit

to data taken with the other was in good agreement with the
calculated value, This permitted extrapolation of the ex=
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tended runs to low dilutions by fitting on the short run data,

The solution sampnles were kept in polyethylene bottles
at 5° ¢ when they could be used within a week after prepara=-
tion, They were frozen if it was necessary to use them later
than that, The solutions were introduced into the sample
holders with a hypodermic needle and allowed to come to room
temperature before use as a precaution against air bubble
formation, No one sample was used longer than eight hours,

8alt or other gegenions are usually added to proteln
solutions for x=-ray studies to reduce interparticle inter-
ference effects by electrically shielding the protein ions
from one another,

The bovine serum albumin was obtained in powder form
from the Armour Laboratories, Dipolar ions, such as pro=
teins, can be converted into ions carrying a net charge by
addition of acids or bases to the colloidal suspension, Thils
net charge varies with the pH and the lonic strength of the
material., At limiting high (about 12) and low (about 2)
values of pH the protein denatures, The charge on the pro-
teins is due to the neutralization of dipole ions by the ex-
cess OH or 'nf in solution which is present due to the usual
hydrolysis effects,

Solutions of bovine serum albumin for the preliminary
runs were prepared in acetate and glycine buffers to glve a
wide range of acid pH's and an ionlc strength of ,05, Ex=

tended runs were made at concentrations of 5 or 10 per cent,
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short runs at concentrations of 3 and 1 per cent,. All pH's
were measured on a Beckman Model G pH meter, standardized
against pH 4,00 or pH 7.00 standard buffers, .

The solutions for the regular runs on bovine serum al=
bumin were prepared in 10 or 20 per cent concentration (by
weight) in distilled water and then thoroughly electrodi=-
alyged in an apparatus designed and constructed by Prof,

R. M. Bock of the Blochemistry Department.l® The desired
concentrations, pH's and ionic strengths were obtained by
proper dilution with solutions of the necessary molarity in
HC1l or NaOH and NaCl, The molarity of HCl or NaOH required
for the desired pH's was predicted from titration curves for

16, 17 Most of the extended runs were made at

serum albumin,
concentrations of 5 per cent and the short runs were made at
concentrations of 3, 2.2, 1,4 and 0,6 per cent, The dilu-
tions were made by adding only salt solution of the necessary
ionic strength (usually ,05) to keep the same ratio of moles
of aclid or base to grams of protein, This maintained a falr-
ly constant pH over the range of concentrations, All solu=-
tions added to the original electrodialyzed solution were
prepared using conductance water, The usual precautions were
taken to rinse burettes, pipettes, bottles, etec., in conduc~
tance water before use,

The rat hemoglobin sample was prepared by Professor
H. F. Deutsch of the Physiological Chemistry Department and
the bovine hemoglobin was prepared under his direction, The

rat hemoglobin was obtained as a twice crystallized, 2,2
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per cent solution in ,3M potassium phosphate buffer, 1Its pH
was 7,90, Extended runs were made at this concentration and
short runs at 2,2, 1,4, and 0,6 per cent, Dilutions were
made with buffer solution, The bovine hemoglobin was pre-
pared from beef blood, The whole blood was centrifuged to
separate the plasma into the supernatant which was removed
and discarded, The red cells were then rinsed three times
with a hypertonic 1,2 per cent NaCl solution, centrifuging
each time, Distilled water was added in a ratio of about
3 to 1 to burst the cells, and the cell walls were centri=-
fuged off, The supernatant remaining was estimated to be
99 per cent pure oxyhemoglobin and had a concentration of
7.1 per cent, The conecentrations of the hemoglobin solu=-
tions were measured by Dr. Deutsch on a spectrophotometer
using the pyridine hemochromagen method, Extended runs were
made at 7.l per cent and 3 per cent and short runs at 4, 3,
2, and 1 per cent, The runs were made at the isoelectric pH
and at an ionic strength of 0,05,

The bovine fibrinogen was obtained from I, Billick of
the Department of Chemistry as a 2,64 per cent solution in
0,45 M sodium phosphate buffer with pH 6,2, Extended runs
only were made at 2,64 and 1,32 per cent,

C. Resultes of Experiments

1, Bovine Serum Albumin
Fourteen preliminary runs were made in a survey of the

approximate effects to be found at various acid.pH's, From
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near the isoelectric point at about pH 4.8 down to nearly pH-
2 most of the H* 1on added to a protein solution of the con-
centrations used is bound by the protein, This results in a
net charge per molecule which, e,g., 18 about ¢ 70 electron
charges at pH 3.0, Thus, interparticle interference would
be expected to increase with increasingly acid or basic pH's,
This would tend to lower the intensity at small angles ac=
cording to equation (A) in section II C, This is supported
very graphically by Figure 11 which 1s a composite of the
curves obtained at the five different pH's listed, All of
these protein solutions had an ionic strength of ,05 which
actually shielded out a large part of the interference, The
curves were taken from 5 per eent solutions, The effects de~-
crease for lower concentrations, but they were still found to
introduce considerable non-linearity in the 1n I vs, 82
curves even at the lowest concentrations, for the lower pH's,
For this reason, and also because no large changes in ex=
trapolated radii of gyration were apparent, it was declded
to 1imit careful study to pH's between 4,0 and 6,0,

a, The Radius of Gyration

Series of runs were made under the following five con=

ditions:

1. B on &S 72 = ,05

A 2 = Ak 72 € ,005 (minimum-due to acid only)
3. I s 5.4, /2 = 0 (1soionic)

4, pH « 5.0 72 = ,05 (NaCl only)

5. p# = 6,0 Ve = .05
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Figure 11

A composite of the relative intensity vs,
scattering angle curves obtained at five differe
ent pH's for bovine serum albumin with an ionic
strength of ,05 in 5 per cent solution, The
lower-angle portions of the curves are depressed
at pH's away from the isoelectric point because

of interparticle interference effects, .
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A representative set of 1lnlvs, 82 curves is shown in
Figure 12 for series 4, At the extreme pH's interparticle
interference made the first part of the curve turn down and,
at the pH 5,0 isoionic point, what are interpreted as aggre=
zation effects made the curves turn up, Examples of these
are shown in Figure 13,

The extrapolation curves of R vs, ¢ for the five series
are shown in Figure 14, Each of these extrapolated values
is the uncorrected experimental value, Taking into account.
the previously described corrections, 0.5 per cent should be
added to each value, The total error in R estimated from a
consideration of intensity fluctuations, statistics, and com=
parisons of reproducibility is % 0,4 R, It will be noticed
that the spread in R for different series 1s definitely cor-
related with pH., However, since the differences are of the
same order of magnitude as the error, no definite conclusions
can be made on the basis of this information alone, In Fig-
ure 15 a plot is given of R vs, pH for different concentra-
tions of protein, The less dependable values from the pre=
liminary runs are included and lines are drawn which appear
to approximate the variations, The line for the extrapolated
values of R is drawn on the basis of the values from Figure 14
only, but vertical extrapolations using the values at the in-
tersections with the 5, 3, and 1 per cent lines produce val=-
ues which are in very good agreement with this line, This
result seems to lend further support to the i1dea that the



Figure 12

A representative set of 1n I vs, 02 curves
for bovine serum albumin, Straight lines have
been drawn through the points, The slope of
each line is proportional to the square of the
apparent radius of gyration at that particular

concentration,
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Figure 13

™o 1n I vs, ©2 curves for bovine serum
albumin showing deviations from linearity. The
upper curve is depressed at lower angles because
of interparticle interference effects, The
lower curve 1is raised because of aggregatlion

effects,
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Figure 14

The extrapolation curves of radius of gyra=-
tion vs, concentration for the five series of
runs made with bovine serum albumin, Each ex=-
trapolation is labeled with the pH and ionle
strength used for the seriles,
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Figure 15

A plot of radius of gyration vs, pH for
bovine serum albumin at different concentra=
tions, The straight lines are drawn as an
aporoximation of the positions of the points

for one concentration,

T4



%0 B
y - L 9¢
xE: o
%G e
NOILVHLINI3IONOD



75
molecule swells at pH's away from the isoelectric point,.
Though the effect would appear to be small, the relative vol=-
ume increase goes as the cube of the relative radiil of gyra=-
tion and woulu result in an increase in volume of 13 per cent
between pH 5 and pH 3 on the basis of this curve, The fact
that the values for series 4 fall lower than one might exe
pect may indicate some small effect due to the presence of
salt alone or a different behavior at the basic pH's, but no
definite conclusions can be made, Taking the best value for
R as the average of the values at the two 1solonic points
(with and without NacCl), and making the required corrections,,
glves

R = 30,3 ¥ 0,4 Rngstroms

b, The Axial Ratlo

The scattering curve had no maxima or minima in the
range of angles used, This indicates elither that 1t is a
much smaller particle than would be consistent with its redi-
us of gyration, or more reasonably, that it is quite aspheri=-
cal, Theoretical curves for spheroids of axial ratlios from
1/10 to 10 are available,'® and ean be compared with the ex=
perimental curves, It is found that the only reasonably good
fit 1s for an oblate ellipsoid with axial ratio of about 1
to 3,5, This fit 1s shown in Figure 16, A careful study of
the average positions of the points shows that the fit 1is not
precise along the whole curve, Thils could be due to experi-
mental error or the presence of impurities, It 1s gulte

probable, of course, that the particle is not exactly an



Figure 16

A comparison of the experimental polnts
obtained for bovine serum albumin with the
theoretical curves for oblate ellipsoids with
different axial ratlios,
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oblate ellipsoid, but of a shape which 1s closely approximated
by one,

¢c. Internal Hydration
The partial specific volume for most proteins in solu-

9 Using & molecular welght of

tion is about 0,75 am3/gm.;
69,000 this gives a volume of 8,6 x 102 on’ for the dry
bovine serum albumin molecule, . From the values found in
these experiments for R and the axial ratlio, v, the volume
of the molecule in solution becomes that of an oblate ellip-
s01d with dimensions 94 x 94 x 27 R, or about 12,4 x 1020
cm3. This 1s considerably greater than the value found
apove. Following Anderegg, it can be assumed that the ex-
cess volume is due to internal hydration, The amount neces-
sary to give agreement would be 0,33 gms of water per gm of
protein,

All of the above results for the size and shape of bo=
vine serum albumin are in good agreement with those of
Anderegg, An alternative to assuming internal hydration to
explain the larger volume found by small angle x=-ray scat-
tering 1s that the particle does not fit the assumptions of
the theory, such as the requirement of uniform electron den=
sity., This alternative does not seem very probable,

d, Effects Near Isocelectric Polint

Curves at 10, 5 and 2 per cent adjusted to the same
equivalent intensity scale, and with average pH 4,8 are

shown in Figure 17 for electrodialyzed bovine serum albumin



Figure 17

Scattering curves for bovine serum albumin
obtained at the isoceleetric point, Electrodlalyzed
bovine serum albumin was used at three different
concentrations to get the curves for an lonic
strength of zero, The other curve is for a ,05

molar salt solution,
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with no salt added, as compared with a curve taken at pH 4,7
with[/2 = ,05. It is apparent that the pure electrodialyzed
BSA ‘contains quantities of large molecular weight particles
that increase the average radius of gyration, 8Since this
state 18 a most unstable one, it 1s quite probable that the
effect is due to aggregation of the protein molecules, It
was not noticed for any solutions which had a small ionic
strength, even as low as ,0006,. The fact that the curves
extrapolate to higher slopes for lower dilutions rules out
the possibility of an attractive interparticle interaction,
since such an effect would decrease with concentration,
Light scattering experiments have indlcated a strong ten-

20

deney of serum albumin to aggregate with time™ and of an=-

other globular protein, ovalbumin, to aggregate in salt=-
free solutions near the isocelectric polnt.21
It is also noticed that both of these curves exhiblt

negative and positive curvature in the low intensity region,
This effect was noticed for these cases only, which were at
about the same pH near the isoelectric point, The wings of
the extended curves for all other runs agreed and lay along
a curve which smoothed out the hump shown here, It can be
shown that the curve of Figure 17 could be produced if a
small percentage of the scattering particles had an approxi-
mately spherical volume about twice that of the BSA., Since
all samples were equally pure, this could not be an impurity

effect, but could be due to the formation of a small percen=-
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tage of dimers, which became negligible at pH's away from
the isoelectric point where the molecules acquired charges
_ and tended to repel one another,

e, Effect of Denaturing Protein

A sample of the pH 6,05 protein was denatured by heat-
ing just to the boiling point, The pH rose to 6,18 and a
comparison of its curve with that of the normal curve for
pH 6,05 is shown in Figure 18, The rise in the curve elther
indicates aggregation or the presence of other large radlus
of gyration particles such as might be produced by “"unwind-
ing" of the globular protein,

f, Effect of Poor Wave Length Resolution

In Figure 19 two curves are compared which were taken
under different conditions of wave length resolution., The
normal curve was taken with the differential discriminator
set at the normal channel width, The integral counter curve
was taken using the entire integrated output of the propor-
tional counter except for pulses from photons with a wave
length longer than about 3 R.. Since at 30 kv most of the
continuous spectrum lies below the Cu K-alph2a wave length
of 1,54 %, 1t would be expected, from d ~ 8/\ , that for
the integrated output an effectively larger particle would
be indicated, This is just what occured, since the slope
of the small angle region increased, 28 shown,

g. Time Run

A check on the practice of running the same sample for

several hours was made by taking 16 points of a radius of



Figure 18

A comparison of curves obtained from a
5 per cent solution of bovine serum albumin at
pH 6,05 and ionic strength ,05 before and after

heat denaturation,
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Figure 19

A comparison of curves obtained from a
5 per cent solution of bovine serum albumin
at pH 6,05 and ionic strength ,05 with the
normal proportional counter wave length reso-
lution and using an integral counter which
counted nearly all the photons scattered by
the sample into the detector,
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gyration curve for BSA repeatedly for 12,5 hours,. The points
were gone through 12 times and an analysis of the deviations
indicated no continuous trend, It was therefore assumed that
the serum albumin could be safely used at room temperature

for perlods of time less than this,

2. Hemoglobin

A plot of the bovine hemoglobin experimental curves for
7.l per cent, 3 per cent, and 1 per cent are shown in Figure
20, The peak region is the average of four runs at 7,1 per
cent, The effect of interparticle interference as a functlion
of concentration is well displayed and, as shown previously,
it decreases markedly toward large angles, It was not poss-
ible to obtain the extended curve for rat hemoglobin beyond

3 radians because of the low concentration and the

33 x 10
high background from the buffer, The evaluation of the
theoretical function through the peak region for prolate
ellipsoids of revolution with axial ratio near one has been
performed by P, W. Schmidt.22 The best fit 1s obtained with
the curve for an axial ratio of 1,5 to 1, The experimental
points for rat and bovine hemoglobin are shown plotted with
the theoretical curve in Figure 21, The large angle portion
of the bovine hemoglobin curve is raised above the theoreti-
ecal curve by & nearly constant amount, This could not be a
resolution effect because the peak is raised, Since the
curve for the purer rat hemoglobin does not seem to exhibit

this difference over the range that it 1s available, 1t may



Figure 20

A composite of the intensity vs, scattering
angle curves obtained for bovine hemoglobin at

three different concentrations, .
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Figure 21

A comparison of the experimental points
obtained for rat and bovine hemoglobin and
the theoretical curve for prolate ellipsolds

with an axial ratio of 1.5,
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be assumed that the bovine hemoglobin contained a small
amount of low molecular welight impurity, This would have
1ittle effect on the positions of the minimum and maximum
and, since the curves for both hemoglobins coincide at low
angles, it 1s assumed that the radius of gyration is not
seriously affected,

The maximum and minimum are shown more clearly in Fig-
ure 22, A comparison of the angles at which they occur with
the theoretical curve permits the determination of the semi=-
minor axis, a, of the prolate ellipsoldal particle. This be-
comes 27.5 R from the minimum and 28,0 R from the maximum,
Since the maximum 1s likely to be less affected by any er-
rors, the weighted average 1s taken as 27,8 £ 0,3 R. This
makes the particle dimensions about 56 x 56 x 83 R. A fur-
ther check on the particle size is obtained from the radius
of gyration. A plot of the R vs, ¢ points for bovine and rat
hemoglobin is shown in Figure 23, Only the bovine hemoglobin
points are extrapolated since the strong tendency observed
of rat hemoglobin to erystallize introduced large aggrega=
tion effeets which made the data unreliable, The experimen-
tally observed radius of gyration, corrected for resolution
error and the deviation of the theoretlical curve from a
Gaussian, is then 25,9 . 0.3 K. The value of the radius of
gyration, which one calculates for ellipsolds on the basis of
a=z=27.8t03R v=1,5, 1s 25,6 £ 0,3 R, This gives quite
good agreement, though the mean R observed 1s slightly larger
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Figure 22

A plot of the curve obtained for bovine
hemoglobin in the angular range of the re-
solved minimum and maximum, The line 1s drawn

through the experimental points,
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Figure 23

A plot of radius of gyration vs, concentra-
tion for rat and bovine hemoglobin, The straight
line extrapolation is drawn through the polints
for bovine hemoglobin, .
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than that calculated from the pﬁrticle dimensions, This
could mean that the particle is not preclsely a prolate
ellipsoid but of a shape which distributes a little more mass
at the extremities, though not enough to appreciably alter
the theoretical curve, It should be mentlioned that there 1is
a possibility that the raised portion of the bovine hemo-
globin curve is not simply due to impuritles, but that it
is real and represents the curve for a non-ellipsoldal par-
ticle, For example, 2 cylinder with a smaller axial ratio
could have the same radius of gyration and the same radius,
a. Until theoretical curves through the peak region for
eylinders are avallable there must be some doubt as to the
exact shape, Also, for molecules of this slze the diameter
of the polypeptide chains in the protein is only one order
of magnitude less than the particle dimensions, This 1intro=-
duces variations in the internal elsctron density which will
give slightly different theoretlcal curves,

If the parameters obtalned are accepted, then the dimen=-
sions of the particle do not entirely agree with those pro=
posed by Bragg and Perutz,. The value for "a" is nearly in
agreement, but the major axls 1s longer by about 19 per cent,
This is assuming internal hydration of the protein, since
perutz's dimensions are for the hydrated molecule,. Using
Perutz's data on the form birefringence of hemoglobin mole-
cules, Bragg and Pippard have recently shown2’ that an axial
patio of 1,45 i1s indicated for the hemoglobin molecule,
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rather than 1,3 as found from the x-ray data of Bragg and
Perutz, . The axial ratio of 1,5 found here is in good agree=
ment with this result,

The volume of a 56 x 56 x 83 R prolate ellipsoid 1s
13.8 x 10"Cn?, on the basis of the accepted molecular
weight for hemoglobin and the specific volume of proteins,
this requires an internal hydration of 0,50 gms of water per

gram of protein for agreement,

3. Fibrinogen

Due to the nature of the constants for this particle,
the smallest angles obtainable with the pinhole collimating
system d1d not permit obtaining high enough relative inten=-
sities on the fibrinogen curve to make accurate comparisons
with theory, There was good agreement with most of the
equivalent part of Anderegg's slit corrected curve, though
a dip which appears in his curve starting Just below the
high intensity limit of these data did not appear to be re=
produced, However, the general acceptabllity of the slit
corrections, which are gquite large for very asymmetric par-
ticles, was confirmed, and an axial ratio of between 10 and
20 to 1 is indicated on the basis of uniform cylinder theory,

A comparison of the types of curves expected from par-
ticles of different shapes but with the same molecular welght
can be made by plotting the bovine serum albumin, bovine
hemoglobin, and bovine fibrinogen data adjusted for differ-
ences in molecular welght, This is done in Figure 24,. The



Figure 24

A comparison of the curves expected from
particles with different shapes and equal mole=-
cular weight, The curves have been shifted verti-
cally an amount determined by the relative mole=-
cular weilght of the particles to eliminate the

differences in zero angle intensity,.



——
— T Sy,

—

INTENSITY

e BOVINE HEMOGLORBIN
o BOVINE SERUM ALBUMIN
»# BOVINE FIBRINOGEN

PR T S I e O T B 1Y
2 4 6 10 320 40 60 100
e X I0



92
dotted lines are estimates of the extrapolations toward a

common value at zero angle,
Summary

A small angle x=-ray scattering collimating system has
been built incorporating pinhole geometry, Thls represents
an improvement over the slit geometry previously used for
such systems, since it makes corrections for slit helight
effects unnecessary, The scattered radiation 1s detected
with a fixed diameter annular slit, Its distance from the
sample is varied and determines the angle of detection,

The larger solid angle intercepted at the shorter distances
increases the effective intensity at the larger angles where
low scattering intensities are usually found, The system
has been used to measure the size and shape of protein mole-
cules in solution., The principal results of these experi-
ments are as follows:

There is evidence that the bovine serum albumin molecule
swells a small amount when in solution at pH's away from the
isoelectric point, This has been inferred from determina=-
tions of the radius of gyration at various pH's, The radius
of gyration of bovine serum albumin at the isoelectric point
has been determined as 30,3 ¥ 0.4 R, From comparison of the
data with theoretical curves, the shape of the molecule 1is
in agreement with that of an oblate ellipsoid with axial
ratio of 1 to 3,5, These results set the dimensions of the



93
particle at 94 x 94 x 27 R,

The radius of gyration of the hemoglobin molecule was
found to be 25.9 % 0,3 R, The full experimental curve re-
solved the first minimum and maximum of the diffraction
pattern and comparison with theoretical curves set the pare-
ticle shape approximately as that of a prolate ellipsoid
with axial ratio of 1,5 to 1 with minor axis equal to
55,6 * 0,6 £, The dimensions of the particle are then
given as about 56 x 56 x 83 R, :

The total volumes for both molecules are greater than
those predicted for dry molecules by gquite well known values
of molecular weights and protein densities, The difference
is attributed to internal hydration of the particles in
solution of .33 and .50 gms of water per gram of protein,
respectively, for the bovine serum albumin and the bovine

hemoglobin,
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