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PRACTICAL SIGNIFICANCE

Building quality into products during the design stages is an approach to
guality improvement that has been practiced widely in Japan and has recently
received great attention in North America. Use of experimental design methods
for studying the effects of different parameters on a product's gquality
characteristics is central to this concept of moving quality upstream.
Designing and running the experiments are relatively straightforward tasks;
analysis of the results, however, is a matter of controversy. If analyzed
correctly, the data can point to ways to optimize parameter values to the
advantage of the product as a whole, e.g., by making it more robust to
environmental variation or minimizing error transmission from components to
assembled products. A method of analysis for choosing these optimal parameter
values, proposed by Taguchi, is based on a technigue called analysis of
marginal means. Unfortunately, this technique has many deficiencies and often
gives poor results, as discussed in this paper. An alternative methed of
analysis is based on sequential elimination of levels (SEL). WNumerical and
simulation studies on the design of a heat exchanger and two circuits show
that SFL has several advantages, including the ability to search for optimal
results over a wide range of parameter values.
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AN INVESITGATION OF OA—-BASED METHCDS
FOR PARAMETER DESIGN OPTIMIZATION

C.F.J. Wa, S.S. Mao and F.5. Ma

1. Introduction

An effective and economic approach to guality improvement is to "build-
in™ quality at the design stage. Central to this is the use of experimental
design to efficiently search for desirable parameter settings for quality,
productivity and other objectives. Planning of experiments usually consists
of the following steps: (i) understanding of the problem, (ii) identification
of important factors and choice of factor levels, (iii) choice of an
experimental plan (e.g., fractional factorial design) and implementation of
the experiment according to the plan, (iv) analysis of data and, based on it,
choice of new factor levels for confirmation. These steps may be repeated
until satisfactory results are obtained. Especially important is step (iv),

the confirmatory stage. A method for {(iv), advocated by Taguchi (1976,1986)

and commonly used in certain sectors, is to determine the "optimum" level for
each factor based on the marginal means (detail in Sections 2 and 3). A
primary purpose of this paper is to point out some deficiencies of this

method, which we call analysis of marginal means, and to propose a general

class of methods for conducting confirmation experiments.

Comparisons of these methods are made on three examples invelving the
robust design of a heat exchanger, an OTL circuit and a voltage stabilizer

circuit. The objective of robust product design, an original concept due to

Taguchi (1976,1986), is to select the levels of the control factors so that
the product at the chosen setting performs satisfactorily and stably over a
wide range of conditions of the noise factors. 1In designing an electric
circuit, the control factors may be the nominal values of the components

(e.g., resistance, capacitance, gain) of the circuit and the noise factors may
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be the deviations of the components from their nominal values. In designing a
steering wheel, the control factors may include the steering geometry and the
hardness of spring, while the noise factors are environmental factors such a
driving speed and road conditions. For robust product design, Taguchi
advocates the use of an orthogonal array (0OA) for the control factors and an
orthogonal array for the noise factors. The former array is called control
array (or inner array), the latter noise array (or outer array). Details of

this approach can be found in Section 2.

Two common features of the three illustrative examples are the presence
of noise factors and the existence of an explicit mathematical model (i.e., a
transfer Function) that relates the response to the control and noise
factors. The relevance of our study is not limited to these situations. The
proposed methods and the results of our study are also applicable to design
problems in which no noise factors are explicitly stated and no noise arrays
are used. Mathematical models are chosen only to facilitate objective
comparisons of the various methods. Our findings alsc apply to physical
experiments. For a given model it is possible to devise a more efficient
design strategy than those considered in the paper by exploiting the special
features of the model. 1In practice this situation-dependent strategy may be a

useful supplement to good general strategies.

The paper is organized as follows. Deficiencies of the "analysis of
marginal means" are studied in Sections 2 and 3. A new method, SEL
{sequential elimination of levels), which includes the analysis of marginal
means and the pick-the-winner rule as special cases, is proposed in Section
4. A careful study of its performance for two examples is given. The
relative merits of two versions of SEL, SEL{mean) and SEL{mini), are compared
in Section 5. When searching over a large space of factors, these methods can
be more effective if applied iteratively to different regions of the factor
space as determined by the results of the previous experiments. In section &
several such iterative schemes are compared. Some concluding remarks are

given in Section 7.



2. An example of the use of orthogonal arrays for parameter

design optimization.

We will use the design of a heat exchanger from Cui, Fan and Zhang (1983)
to illustrate the use of orthogonal arrays for obtaining better parameter
designs.

Example A.

In the heat exchanger under consideratioh, the inlet temperature T,

fluctuates in the range 670°C = 30°C, and the flow rate V fluctuates in the

T
range (42000 x 2000) x E%-x (1 + ==—). The three control factors are 4

273

{outside diameter of pipe), D (diameter of heat exchanger) and L/D,
where L is the length of pipe. The objective of design is to select the
levels of control factors so that the outlet temperature T, does not deviate
from the target temperature 360°¢ by more than 15°C for values of Ty and
vV in their respective ranges.

According to the derivations in Cui, Fan and Zhang (1983), the ocutlet
temperature T, ig related to the other factors by the following equation

= - -A = ¢
Ty, = (T Tg)e + T Tg 222.7 ¢C ,

gl

and 3 (a)

7. . . .

57.1(L/D)D"A_ o3 440 v g 2]0-8]C 0.4
A= > 1.53 x 10 — () 3 '
va<o ¢ Me p¢ % t
t pm

where d; = inside diameter of pipe (m), p, = gaseous density (Kg/m3), Hy =

gaseous viscosity, lt = thermal conductivity (K Cal/s-mo°C) =
3.335 x 107>, Cpp = SPecific heat (K Cal/Kg+°C).

Since T4 and V cannot be fixed at the design stage but may vary
during operation of the exchanger, they are the noise factors. Unlike other
examples in the paper, the levels of noise factors here do not form a

rectanqular grid, i.e., the level of V increases as that of T4

increases. The layouts of control factors and noise factors are given in

~3-



Tables A.1 and A.2. The parameter d; in equation {A) 1is a deterministic
function of 4 (Table A.3}; Py CPm and By in equation (A} are

deterministic functions of T1 {Table A.4).

Tahle A.1: Levels of Control Factors

PFactor
level d D L/D
1 .025 .8
2 L.032 1.0 4
3 .038 1.2 5

Table A.2: Levels of Noise Factors

Factor
level T1 \'
1 640 49000 « (1 +-§-;-3)
2 670 42000 (4 1,
3 700 20 s %)

Table A.3: di as Punction of d

d s
.025 .019
.032 .025
.038 .031




Table A.4: Per Cpm and y; as Function of T4
Ty Pt Cpm He
640 5.286 1.024 2.83 x 10°°
670 5,185 1.029 2.89 x 1075
700 5,089 1.031 2.93 x 1072

The levels of the control factors are chosen according to the orthogonal
array L9(33) given in Table A.5. This orthogonal array is called the

control array. For each setting (i.e. combination of levels} of the control

factors, the T, value given in formula (A) is computed for the nine
combinations of the T4 and V values in Table A.2. These nine combinations
form the noise array. Let Ai = 360 - Ty denote the difference between the

target 360°C, and the cutlet temperature T, for the ith

combination of T4
and V. One such set of Ay values is given in Table A.6. Then the
performancé measure for the given combination of control factor levels is
defined as

A = max |Ai|
€19
Note that A is not a smooth function of the control factors. The objective
of design is to make A less than 15. From the A values given in Table
A.5, only the ninth run satisfies the requirement 4 < 15.

Based on the A values of the nine runs in Table A.5, 1s it possible to
find a better setting of the control factors? One method propeosed and favored
by Taguchi (1986) is described as follows. Compute the average of the A
values, denoted by E, at each level of a control factor. Fer each control

factor, select the level with the smallest A value. Taguchi calls the

resulting combination of levels "optimum." One more experiment is then



conducted at the "optimum" setting of the contrel factors. We call this

method the analysis of marginal means (AM). The word "optimum" is misleading:;

as shown later, it often gives less than desirable results.

Let us now examine its performance on the heat exchanger example. The
E. value for the three levels of factors d, D, L/D are given in their
respective columns in Table A.5. For example, the value 79.57 is the
average of A values for d = 1. The levels selected by the 2M method are
d=3,D=1 and L/D = 1, which gives A = 107.71 (see Table A.7) and is
much worse than most runs in the Lg array (Table A.5). On the other hand,
the best A wvalue from the nine runs is 14.97. This selection rule is called

pick-the-winner rule {PW) since it picks the winner from among the existing

runs. The PW method is a convenient benchmark for comparing methods for
parameter design optimization.

In the next section we will examine the AM method more closely.

Table A.5: Layout of Control Factors and A Values

run d D L/D A
1 1 1 2 54,90
2 1 2 1 58.18
3 1 3 3 125.64
4 2 1 1 67.03
5 2 2 3 g1.71
6 2 3 2 85,25
7 3 1 3 19.78
8 3 2 2 19.82
9 3 3 1 14.97
level mean A
79.57 47.23 46.72
2 78.00 53.24 53.32
3 18. 19 75.28 75.71
level minimum A
1 54.90 19.78 14.97
2 67.03 19.82 19.82
3 14,97 14.97 19.78




Table A.6: Layout of Noise Factors and A; Values
(for run ne. 1 in Table A.D)

run T, v A

i
1 640 6370.14 54.920
2 670 6579.45 46.97
3 700 6788.77 39.49
4 640 6688.65 53.59
5 870 6908.42 45.56
6 700 7128.21 37.97
7 640 7007.15 52.34
8 670 7237.40 44.20
9 700 7467.64 36,52

3.. Does "analysis of marginal means" give better designs?

The above comparison of the analysis of marginal means (AM) and the pick-
the-winner rule (PW) is based on results from the particular Ly array given
in Table A.5. There are altogether twelve distinct orthogomal arrays with
nine runs and three factors. The best A values selected by AM and PW are
summarized in Table A.7. It is obvious that PW is superior to AM.
Disappointingly, AM never gives a design with A < 15.

Our finding that the analysis of marginal means is much worse than the
straight pick-the~winner rule is further supported by a collection of studies
reported in the monograph "Three-Stage Design of Experiments with Known
Transfer Functions” (in Chinese) edited by the Committee on Three-Stage
Design, Chinese Applied Statistics Society. Direct comparisons of AM and PW
are made for the nine experiments (with known transfer functions) reported in
the monograph. ©Only four out of the nine experiments make use of noise
arrays. The other five do not have noise factors. In experiments using
sequential designs, a comparison is made for each stage of the experimenta-

tion. Altogether we have found twenty-two such comparisons. In each
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Table A.7: Summary of Results Using the Analysis of Marginal
Means and the Pick-the-Winner Rule

design chosen neo. of times A
(3 1 1} 5 107.71
{2 2 2) 4 54.11
AM (2 1 1) 1 67.03
{3 1 2) 1 58.88
(3 2 1) 1 54.56
(2 2 1) 4 12.80
(1 1 1) 2 13.69
(3 3 1) 2 14.97
oW (2 1 2) 1 16.69
(3 1 3} 1 19.78
{2 1 3) 1 41.83
(3 2 1) 1 54.56

comparison, we compute the ratio of performance measures of the two
combinations of factor levels given by AM and PW. Performance measures vary
from problem to problem. A smaller performance measure means a better
combination. The results as reported in Table 1 lend further support to our
previous finding that AM is much poorer than PW. Our study in the remaining

part of the paper alsc supports this.

Table 1. Performance Measure of AM/Performance Measure of PW
{based on 22 cases)

0.32 0.28-1.2 1.7-2.0 4.0-8.2 10-65.8

no. of cases 1 6 3 4 8




In oply one out of twenty-two cases does AM outperform PW, with the ratio
equal to 0.32. This case turns out to be the often-quoted Wheatstone bridge
example (Taguchi and Wu, 1982). In this example an additive model with main
effects only is quite adequate. According to the analysis in (4) and (3),
this explains why AM performs particularly well here. An analysis of this
example by Box and Fung {1986) also supports this.

The severe limitations of the AM method may be better understood through
the following analysis. Consider the problem of minimizing K(x), x =

(XqrevesXy), over aj < x4 < by. Instead of solving the p-dimensional

1 1

minimization problem

Min{K(ﬁ) : ai < Xy < bl.’ i= 1,-..,P} ¢ (1)

the following p one~dimensional minimization problems are considered,

Mln{Kl(Xi) H ai < Xy < bl}' i=1,0usp (2)
where Ki(xi) is the ith marginal function of K(E)’
Ri(x;) = [ K(x) T dxy (3)
J#1

and the integral is taken over the intervals {aj,bjl, j #i. 1If the =x; in

(1} and (2) can take only a finite number of values (discrete x;), the

be a solution to the

(A

integral in (3) is replaced by a finite sum. Let x

*

.th ; : . * *
i problem in (2). The combination X = (Xq,.+:,X%

P) may be proposed as an

*

approximate solution to (1). For discrete x;, X is what one would get from

lf
*
the AM method. So a key issue regarding the adequacy of AM is whether X

golves (1). A sufficient condition for 5* to be a solution of (1} is that
K(x) can be represented as

R(x) = w{Kq(xq9)se0 0 K5005)) (4)
and

¥ is nondecreasing in each K; .



A special case of (4}, which may be of interest to statisticians, is
X(x) = ] o;K;(x3) + Z Ai5Ki (2)K5(9),  ag 2 0, A34 2 0 . (5)
1 i,7
Although (4) is not a necessary condition for 5* to bhe a solution of (1),
its rather restrictive nature suggests that 5* does not often give a good
result for (1), i.e., K(E*) can be much larger than min K(x). This.may
explain why AM does not give improvement over PW.

The AM method is based on optimizing an additive linear model with main
effect terms or a slightly more complicated model such as (5). Its failure
might be due to the simplicity of the model. An improvement of AM can be made
by including interactions in the analysis. If, for example, the interaction
of factor A and factor B is considered, the additional step consists of
computing the mean of the response values for each level combination of
A x B, and selecting the c¢ombination with the best mean. The confounding
pattern of A x B should also be noted. This will work well if the resulting -
model provides a good approximation to the true response surface. However, if
the surface is too rugged to permit a good approximation, even a more
sophisticated model will not give good results as illustrated by the
following.

A regression model based on the nine A values (in Table A.5) is
selected by applying stepwise regression to the sixteen variables
{xi, X{®q xixjxk}, i3,k =1,2,3 and xq,%X5,%Xg are the three control
factors properly standardized. The constant for F-to-enter and for F-to-
remove is 2.3. The resulting model is
¢ = 73.7 = 21.5 xq + 14.0 x5 + 14.5 x3 = 21.7 x3 = 18:4 x,%5 , (6) .

y = 4, R® = .974 .

The fitted model will be judged by its ability in predicting the other low
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A values not in the nine runs. There are indeed two more A values smaller

than 15 {see Table A.7). The model (6) however misses both of them, i.e.,

A = 57.38 while A = 12.8

i

13.69 .

=2
It

63.29 while A
We also transform A to ¢ninA in order to get a model with a better fit.
2pplying the above procedure to y = ingnA with constant 2.8 for F-to-
enter and for F-to-remove, the following model is obtained

9 = 1.5 = 0.15 x4 = 0.25 x3

- 0.08 x4x, + 0.04 xzxg - 0.06 x1x§ | (N
y = fngna, r2 = .998 .

Again it misses the two low A values, i.e.,

12.8

A = explexp 9¢) = 82.73 while A

13.69 .

B>
]

46.36 while A

Models obtained by using y = ZnA and/or other constants for entering and
removing variables lead to essentially the same conclusion.

When the response surface is too rugged or the levels chosen for the
array are too wide apart, an empirical model that fits well the observed data
may not be a good approximation to the true response surface. Prediction
bagsed on the fitted model may not be trustworthy. In this situation design
optimization should be based on empirical models as well as the ranking of
parameter settings given by the experimental data. This is enbodied in the
SEL method proposed in the next section.

The A values of the heat exchanger model (A) provide an example of a
rugged surface. Applying ANOVA to the 27 observations in the full 33-design
{data in Tables A.5, A.7-2.10), we find the percent contributions of the main=-
effect terms, the two-factor interaction terms, and the three~factor

interaction to be respectively 40%, 40% and 20%. A large three-factor

interaction may explain why the previous guadratic models do not predict well.

-11=



Another problem with the AM method is that, for widely spaced levels, the
use of the mean as the criterion for comparison of different factor levels may

be inappropriate. This will be further discussed in Section 4.

4. Seguential Elimination of Levels (SEL): a seguential method for

parameter design optimization.

A general method, which includes the analysis of marginal means {AM} and
the pick=-the-winner (PW) rule as special cases, is proposed as follows:
(i) for each factor eliminate those level(s) with the worst mean value(s)
computed from the current array,
(ii) choose an orthogonal array (typically of a smaller size} for the
remaining levels, and replace the array in (i} by the new array,
(iii) conduct anocther experiment on the new array,
{iv) repeat (i)=-(iii) if necessary.

This method is called the sequential elimination of levels (SEL}). 1In

step (i), if the mean is replaced by another descriptive statistic x, we
call the method SEL(x). We consider x = mean and mini(minimam)} in this
paper. Aanother choice of x 1is the mean of the few smallest values.
Comparison of SEL(mean) and SEL{mini) will be taken up in the next section.
Mote thét more than one level may be eliminated each time.

SEL is a very general method as it includes hoth AM and PW as extreme
cases. If in step (i) all but one level are eliminated, it 1s easy to see
that SEL(mean) reduces toc AM and SEL(mini) reduces to FW. Typically there is
no need to retain more than three levels. If one level is distinctly better
than the rest, only one is retained. If the best two or three levels are not
significantly different, they are retained. The new array in step (ii) is of

the type 2™3% and typically does not exceed 18 runs, since L18(21 x 37)

~12-



can accommodate a fair number of 2-level and 3-level factors. SEL can also
handle interactions. If the interaction of A and B is desired, factors
A and B will be replaced by the new "factor™ A x B in the procedure,

We now illustrate the SEL method on the heat-exchanger example. The mean
and minimimum A wvalues for each level of the factors d, D and L/D are
given in the bottom part of Table A.5. According to SEL{mean), 4 = 1,

D=3, and L/D =3 are eliminated (step {i)). Each factor now has two
levels. Select the full factorial L8(23) for the remaining levels (step
(ii)). The second array has two combinaticons already in the first array
{compare Tables A.5 and A.8). Conduct six additionql runs {step (iii)) with
the results given in Table A.8, which include the smallest A wvalue 12.8.
Similar results from using SEL{(mini) are given in Table A.9. A better A
value 13.69 is found, although the best value 12.8 is missed. For the
convenience of the readers we include in Table A.10 the A values of runs not

given in the previous tables.

Table A.8: Second-round Design Using SEL{mean)

run 4 D L/D A
1* 2 1 1 67.03
2 2 1 2 16.69
3 2 2 1 12.80
4 2 2 2 54.11
5 3 1 1 107.71
6 3 1 2 58.88
7 3 2 1 54.356
g* 3 2 2 19.82

*Runs alrezady in the first-round design (see Table A.5).

=13~



Table A.9: Second~round Design Using SEL (minimum)

run a D L/D A
1 1 1 1 13.69
2 1 1 3 82.37
3 1 3 1 . 85.51
a* 1 3 3 125.64
5 3 1 1 107.71
G* 3 1 3 19.78
7* 3 3 1 14.97
8 3 3 3 83.32

*Runs already in the first-round design

Table A.10: A Values of Other Runs

d D L/D A

1 2 2 91.84
1 2 3 111.19
1 3 2 113.44
2 3 1 49.72
2 3 3 106.37
3 2 3 51.72
3 3 2 56.04

The performance of SEL is tested on all the twelve distinct Lg
orthogonal arrays (obtained by changing the L/D column in Table A.5). 1In
all the eight cases in which the first-round design does not include the
smallest value 12.8, SEL(mean) captures it in the second-round design.
SEL(mini) does not do as well. In five cases, 12.8 is not captured. But in
two of these five cases, it results in improvement. However, for more

complicated problems studied later, SEL(mini) outperforms SEL(mean).
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SEL can be applied to more complex situations such as the following
example, which has more factors and levels than Example A.
Example B (from Chen et al., 1983).

In designing an OTL (ocutput transformerless) pull-push circuit (see
Figure 1), an objective is to make the midpoint voltage Vy stakle around
6V in the presence of variations of the components of the circuit.

The midpcint voltage V

m 1S related to the other factors by the eguation

BR R A R_BR
f be2 £7°0
V. = (V + V y wem——— + (E_ =~V ) +
m b1 be1 '
BR0+Rf c be3 BR0+Rf (3R0+Rf)Rc1

(B)

E b2 R
r R0
c Rb1+Rb2

where Vb1 = = Rcz + Ry, Ry = o0, E, = 12v ,

Vpel = Vpe3 = 065V, Vpep = 0.74V,

Ry1s Rpor Rey Ra1 and R, are resistances and 8 is the current gain. The
ranges of these six factors are

Rp5:25K ~ 70K, Ryq:50K ~ 150K, Rg:0.5K ~ 3K,

R.5:0.25K ~ 1.2K, R q:1.2K ~ 2.5K, 42:50 ~ 300 . @
In the original treatment by Chen et al. (1983), the six factors in (8) are
used as control factors and alsoc as noise factors. By examining equation (B8)
more closely, it is found that V, depends on Ryq and Ryp through
RbZ/Rb1' Therefore in our approach, we will use the following five factors

A = Ryy/Ryq, B=Rg, C =Ry, D =Ry, E=38 .

The levels of A to E as control factors are given in Table B.1. The
levels of B to E are the same as in Chen et al. (1983). The levels of
A are chosen to be close to the levels of Ryq and Rys in Chen et al.
(1983, Table 1}. The resistors, being of first grade, have 3% variations.

The transistor 8, being of third grade, has a 50% variation. This determines

the choice of the levels of the noise factoxrs & to E (Table B.2).

=15-
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Figure 1. An OTL Circuit
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Table B.1: Levels of Control Factors

Factor
level A B C D E
1 215 649.38 237.14 1271.1 73
2 316 865.96 316.23 1467.8 102
3 464 1154.8 421.70 1695.90 143
4 .681 1539.9 562,34 1957.3 200
5 1.00 2053.5 749.89 2260.3 280
Tabhle B.2: Levels of Noise Factors
Factor
level A to D E
1 0.95 of level 2 0.5 of level 2
2 from control array from control array
3 1.05 of level 2 1.5 of level 2

The purpose of parameter design is to choose the (nominal) values of A
to E such that the variation of V (as A to E vary from their nominal
values) is small. Since the total number of combinations of controel factor
levels is too large (55 = 3125), we select 25 combinations according to the
array L25(56) given in Table B.5. This is the control array. For each
combination in the control array, the levels of the factors A to E can vary
by 5% or 50% of the nominal values (Table B.2). The total number of
possibilities 35 = 243 1is too large. Instead we use the first five columns
of the array L18(36) {see Appendix 1) to represent the variations of factors
around the nominal wvalue chosen in the control array. Here L18 is the noise
array. For each combination of levels in the noise array L18(35), vV, can be

determined from equation {B). The mean squared error of the 18 V, values
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J__1

V=18

2
(Vy, - 6)

e I ¢]

is used as a stability measure of the setting of the control factors. Cne such
set of v values are given in Table B.5. Both arrays Lyg and L4g are
chogen in accordance with Chen et al. (1983).

Since each factor has five levels, SEL may be applied to eliminate one
level at a time or, for reducing the number of iterations, to eliminate several
levels at a time. Both SEL(mean) and SEL{mini) are considered. For each

version, three sequential schemes are considered. See Table B.3.

Table B.3. Sequential Schemes Using SEL

cumulative cumulative cumilative
round scheme 1 sample size scheme 2 sample size scheme 3 sample size

st Log(5%) 25 Lyg(5°) 25 Lys (5°) 25
2nd Lyg(4°) 41 Lig(3°) 43 ' Lyg(2°) 41
3rd L1g(3>) 59 Lig(2%) 59

4th Lyg(2°) 75

The six schemes are compared in a simulation study. The array L25(55) is
obtained from randomly selecting 5 columns from the array L25(56) in Table
B.5; L16(45) from randomly selecting (i.e. permuting) 3 columns from the array
in Table B.&5; L18(35) from randomly selecting 5 columns from the array
L18(36) in Appendix 1; and L16{25) from randomly permuting columns 1, 2, 4,
8, 15 of the array L16(215) in Taguchi and Wu (1982, Appendix). 1In each
round, the best (smallest} v value among the runs in the control array is

recorded. The freguencies of the best v values (based on 500 simulations) are

summarized in Table B.4.
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Summary of Table B.4

1. Except for L16(45} (2nd round), sEL(mini) outperforms SEL{mean). The
difference is more significant when there are fewer levels (i.e. in later
rounds). Comparison of SEL(mean) and SEL(mini) will be addressed in the
next section.

2. When SEL(mean) is used, for approximately the same cumulative sample size,
scheme 1 is better than scheme 2, which is better than scheme 3. That is,
schemes that eliminate fewer levels in each round perform better.

3. When SEL(mini) is used, the situation in 2 is reversed.

4. Design schemes with larger cumulative sample sizes do better.

5. From 1 to 3, sequential schemes that use SEL(mini) and eliminate more than
one level in the early rounds are recommended. In addition to producing
goed results for the same gample size, they require fewer iterations. (In
practice the l%tter may be as important a consideration as sample size
reduction.)

A limited study on the sensitivity of v to the choice of columns in the
noise array L18(35) was conducted. It appears that there is little change in
the v values and their relative order in the contrel array.

A more efficient way for choosing the control factor levels 1s to use an
L25(54) for the levels of four factors, say A& to D, and, for each level
‘combination of A to D, to choose the level of E so that V.(A,B,C,D,E) as
given in equation (3) equals the target &. The resulting v values are much
smaller than those in Table B.5. This improvement of Taguchi's apprcach to
parameter design will be addressed elsewhere.

In this section we only consider the use of SEL on a fixed grid determined
by a small number of levels. Better results can be cobtained by combining the
use of $EL, adaptive cheice of grid, and search over a broader range of factor

levels. This will be addressed in Section &.
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5. SEL(mean) or SEL{mini)?

In order to understand why SEL(mini) does substantially better than
SFL(mean) in the simulation study for Example B, we will study one of the
simalations more closely. Its control array is given by the A-E columns of
Table B.5. The mean and minimm v values for the five levels of each factor
are given at the bottom of the table. Using the analysis of marginal means
{BM), the levels (4,5,1,1,5) or (4,53,1,2,5) are chosen for factors A to E
with their respective v wvalues 0.7805 and 0.5341, both much bigger than
the smallest v value 0.066 from the array Lpg 1n Table B.5. Again AM is
worse than PW.

The application of SEL{(mini) results in the elimination of the levels
{(1,4,5,1,3). The second-round design using an L16(4S) is given in Table
B.6. 1Its best v wvalue is .018. On the other hand, SEL(mean) eliminates the
levels (1,2,2,5,2). The second-round design using the same L16(45) is given
in Table B.7 and has a bigger best v value .042. Applying SEL(mean) to the
second-round design results in the elimination of level 3 of factor B. It
turns out from a more extensive study that all combinations with low v values
have levels 2 or 3 for factor B. Therefore SEL{mean) cannot give good
rasults in this case.

So, where does SEL(mean) go wrong? Let us find out how level 2 of factor
B is eliminated. The five values for B = 2 are

.066, 1.085, 1.464, 4.189, 8.00 ,
including the smallest value 0.066 of the first-round design. The mean
2.96 of the five values is influenced by the two large values 4.789 and
8,00. The small values play little role in pulling down the mean. The same
reason explains why level 3 of 3 is eliminated after ﬁhe second round. The
hehavior of SEL(mini) is quite different. Level 2 of 3 1is Xept because its

minimum value 0.066 4is small.
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Table B.5. Layout of Contreol Factors and v Values

run A B c D E _ v

1 4 2 1 3 1 2 066

2 5 4 2 5 1 5 2.153

3 1 1 3 4 1 4 7.704

4 3 3 4 1 1 1 <471

5 2 5 S 2 1 3 1.326

6 3 4 1 4 2 3 +326

7 2 1 2 1 2 2 3.885

8 4 3 3 2 2 S .085

9 5 5 4 3 2 4 2.917
10 1 2 5 5 2 1 8.005
11 5 1 1 2 3 1 1.164
12 3 3 2 3 3 3 6.177
13 3 5 3 S 3 2 423
14 2 2 4 4 3 5 4.189
15 4 4 5 1 3 4 . 260
16 2 3 1 ) 4 4 3.560
17 4 5 2 4 4 1 «248
18 5 2 3 1 4 3 1.464
12 1 4 4 2 4 2 5.391
20 3 1 5 3 4 5 1.522
21 1 5 1 1 5 5 3.150
22 3 2 2 2 5 4 1.085
23 2 4 3 3 ] 1 2.850
24 4 1 4 5 5 3 .076
25 5 3 5 4 5 2 1.254

level mean v

1 6.085% 2.830 1.654 1.806 2.344

2 3.122 2.962 2.670 1.811 3.003

3 . 765 2.310 2.50% 2.706 2.443

4 . 147 2.196 2.610 2.744 2.437

5 1.791 1.613 2.473 2.843 1.683

level ’ minimum v

1 3.150 .076 066 .260 066

2 1.326 . 068 .248 .085 .085

3 326 .085 .085 .066 260

4 066 +260 .076 « 248 . 248

5 1.165 .248 . 260 076 .076
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Table B.6: Second-round Design Using SEL {minimum)
run A B c D E v
1 2 1 1 2 1 3.35¢%
2 3 1 2 3 2 1.246
3 4 1 3 4 4 .051
4 5 1 4 5 5 . 794
5 3 2 1 4 3 1.268
<) 2 2 2 5 4 4.269
7 5 2 3 2 2 1.421
8 4 2 4 3 1 .018
9 4 3 1 5 2 .060
10 5 3 2 4 1 1.772
11 2 3 3 3 5 3.538
12 3 3 4 2 4 .800
13 5 5 1 3 4 3.011
14 4 5 2 2 5 +477
15 3 5 3 5 1 +226
16 2 5 4 4 2 1.990
Table B.7: Second-round Design Using SEL (mean)
run A B c o E v
1 2 1 1 1 1 3.184
2 3 1 3 2 3 1.303
3 4 1 4 3 4 042
4 5 1 5 4 5 +843
5 3 3 1 3 5 .851
6 2 3 3 4 4 3.666
7 3 3 4 1 3 1.947
8 4 3 5 2 1 .068
9 4 4 1 4 3 -156
10 5 4 3 3 1 2.416
11 2 4 4 2 5 2.598
12 3 4 5 1 4 +346
13 5 5 1 2 4 3.486
14 4 5 3 1 5 +664
15 3 5 4 4 1 .216
16 2 5 5 3 3 2.015
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Example B should not lead the readers to believe that SEL{mini) is always
better than SEL(mean). Their comparison will be discussed below using typical
but hypothetical situations.

The sequential design problem may be viewed as a problem of predicting
factor levels with low v values from the observed data. If a low (observed)
value is a clue to where lower values can be found, SEL{(mini) is a good method
since the levels of this low value will be retained. Similarly, if a low mean
{observed) wvalue is 2 clue £o where lower values can be found, SEL(mean) is
good. One such situation, in which hoth SEL(mean) and SEL{(mini} correctly
gselect level 2, is described in Table 2. Here the values in the "low"

category are not observed.

Table 2. SEL(mean)} and SEL{mini) both do well.

lavel low medium high
(unobserved) value
1 X X X
2 X X X

Table 3 typifies situations in which SEL(mini) outperforms SEL(mean).
Sased on the cbserved values in the "medium" and "high" categeories, the level
containing the lower low walue is to be predicted. (Tor Table 3 it is level
2.) SEL(mini) correctly selects level 2, hecause the cobserved minimum value
(in the "medium" category) at level 1 is higher. On the other nand, SEL(mean)
incorrectly selects level 1 because the mean value at level 2, being

influenced by the value in the "high" category, is larger. 1In Table 3, the

B
ot
¥
]

data pattern i category is similar to that in the "medium" cata-

gory, but not t¢ thas in the "igh" category. SEL(mini) basges its prediction

on values in "madium," while SEZl{mean) bases its prediczicn on mean values.



Table 3. SEL(mini) better than SEL{mean).

level low meriium high
(unobserved) value
1 X X X
2 X X X

Let us aow goc back to Example A :tn see why SEL(mean) outperforms
SEL{mini} theres. The data patterns for Example A may be described as in Table
4. Tn this situation, SEL(mean) ccrractly selects level 2, while SEL(mini)
incorrectly eliminates level 2. The reason is that the data pattern in "low"

is similar to that in "high" and to the average of "medium" and "high," but

not to that in "medium.™

Table 4. SEL(mean) better than SEL(mini).

level - low medium high
{unobservead) value
1 X X X
2 b4 X X

For the comparison of SEL(mean) and SEL(mini), 2ne censral gues:tion 2

b
th

which of the scenarios in Tables 2 to 4 is more likely to occur. This needs
further investigation. From our limited experience includi-g a simulaticn
study of a more complex problem reported in Section £, 1% appears that
SEL(mini) is guita effective for situations in which suhstantially bettar

values are yet toc te found.
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6. Iterative search using orthogonal arravs.

So far we have only considered the use of orthogonal array (OA) and SEL
over a fixed grid of factor levels. The technique can he made more powerful
if applied iteratively to different regions of the factor space as determined
by the results of the previous experiments. This will be illustrated with the
following example taken from Zhang and Zheng (1983). It is closely related to
the TV power circuit example of Taguchi and Wa (1982, Secticn 5.3). We do not
consider the latter example since some of the figures reported there are not
reproducible. |
Example C.

The function of a stabilizer circuit in a color TV is to convert a 100V
AC input into a 115V DC output. The output voltage E, 1is determined by
equation (C). The layout of the circuit can be found in Zhang and Zheng
{1983) and closely resembles the one in Taguchi and Wu (1982, Figure 5.5}.
There are 13 factors that can influence Ep,

zqy to z4 ard zg to ;10 = registances ,
z44 = Zener voltage, 243 = hpg of TRy ,

=h of TR

= h 10 Zq7 FE 2"

of TR

Z45 FE

The equation is
136.67(a + b/zg) + d(c + e)g/f - 1.2

"0 T A ¥ (de}/f + b(0.006 + 1.08202/29) + 0.08202 x a

']
[§]

where
Z Z.Z
1
@ = ;__:Z__ P 3 1 e i *z3) * 240 s
17 %2 15217 % 2
_ 1 I b 1

C—25+§'Z7, d-z +22213r & = 2Zg T zZ9
£ =(c+ )1 + z43)zg + ce, g=2zqq %t d.6 .

(In Zhang and Zheng, 1983, the formula for & has a typcgraphical error.)
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The objective of design is to choose the nominal wvalues of zy ({treated
as control factors) so that the output E, is stable around the target 115V
in the presence of the variations of z3 (treated as noise factors) around
their nominal values. It is known that the nine resistors {zq to =z3, zZg
te z,5) Thave 10% wvariations and the four rectifier tubes
(211,213,z15,z17) have 50% variations. For the noise array, we choose three
levels for each noise factor, with the mid-level coming from the control
array, and the high and low levels equal to 1.1 and 0.9 of the mid-level
For z4 to 2qps and egqual to 1.5 and 0.5 of the mid=level for
Z4qs%93:Z15,2¢7+ We use L27(313) {in Appendix 2) for the noise array. This
choice of the noise array is the same as in Zhang and Zheng (1983). For each
setting of the control Ffactors (i.e. nominal values of 2z;), 27 combinations
of noise factor levels are determined by L27(313). For each of the 27

combinations, the Ej value is computed by egquation (C). We then use the

mean sgquared error
1 27 5
v =7 ; (Eg = 115)

as a measure of stability of the given setting of the control factors.
We rewrite the factors as

A

24, B =25, C =23, D =2z2g, E=2g4, F =29, G = zg,

[
I

H Zgs I Z4gs J = 299, K = Zqy3s L = Z95, M= Zqq s

The layout of the control factor levels is given in Table C.1. We choose the
three levels given in Table C.2 for the initial design in any iterative
scheme. Before describing the simulation study, we study two itevrative

schemes more closely. 1In scheme I of Table C.3, the L27(313) array

(Appendix 2) is used for the control array at the initial stage. For the
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Table C.1: Layout of Factor Levels

incremental*
level number constant

factor 51 52 53 54 55 56 c

A 162 237 348 511 750 1100 10

B 147 215 316 464 681 1000 10

c same as B 10

D 562 825 1210 1780 2610 3830 10

E same as D 10

¥ same as B 10

G same as D 10

H same as D 10

I 1 1.1 1. 21 1.33 1.47 1.62 1.78

J 12 12.455 12.927 13.416 13.925 14.452 1.25

X 110 114. 168 118.494 122.984 127.644 132,480 1.25

L 45 46,705 48.475 50.312 52.218 54,196 1.25

M same as X 1.25

*The next six higher (lower) levels are obtained from multiplying (dividing)
the six levels displaged in the table hy <¢. Other levels are obtained by
using the constant ¢~ e® and so forth.

Table C.2: Factor Levels of Initial Design

leval

factor low medium high
A 57 63 69
B 64 70 76
c 50 56 52
D 57 a3 69
E 51 57 63
F 53 59 65
G 39 45 51
H 41 47 53
I 45 51 57

J, %, L,M game as I
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second and subseguent stages, the two combinations with the best v values

among all the previous runs are selected. Two control arrays both using

L27(313) are chosen for the above two combinations. The mid-~levels of each

array, denoted by m in Table C.3, are equal to the lewvels of the

corresponding combination. The low and high levels are chosen to be m - i

and m + 1 for the (7 - i)th stage (see Table C.3}. The gap between levels

is smaller for the later stages. The only change for scheme V is that, at
each stage, after the experiment with L27(313), SEL(mean) is used to

eliminate one level of each factor, and then for the remaining two levels, 16

more runs are conducted according to the array L16(213) {the first 13

columns of the L16(215) array in Taguchi and Wu, 1982). The best two v

values for each stage are given in Table C.3. They are consistently better

than the v value given by the analysis of marginal means. For each w

value we note the control array it belongs to. If the mid~levels of this

parental array give the best (resp. second best) v value among the previocus

runs, we say that this v value has “paréﬁt index"-T (resp. 2).

Three points are observed from Table C.3.

1. Use of SEL in scheme V is effectivel This is coﬁfirmed by the simulations
reported later.

2. As v Dbecomes smaller, some factor levels become more extreme. Consider,
for example, the history of runs (Table C.4) that lead to the smallest
value .684 in scheme V. The levels of factors a,B,C move down while
those of E,F,G,I,K move up.

3. For iterative search, it is good to keep two best combinations, not Just
one. Consider again the situation in Table C.4. The first and the fifth
generations that lead to the smallest value v = .884 ares the second best

in their respective generations. This practice is especially beneficial

at the beginning stages when optimum values are yet to be found.
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Table C.3: Best v Values from Designs at Different Stages

cumulative best parent
stage design sample size levels two values index
1st L,5(313) 27 (m-6,m,m+6)  133.023, 179.074
2nd 2 x same g1 {(m=5,m,m+5) 2.622, 5.954 2,1
3rd 2 x same 135 (ra=4 ,m, m+4) 1.843, 1.890 1.1
4th ' 2 x same 189 (m=3,m,m+3) 1.037, 1.340 2,1
5th 2 x same 243 (m=2,m,m+2) .857,  1.019 1,1
6th 2 x same 297 (m=1,m,m+1) | 833, . 347 1,1
1st Lyo(3'3) + 150273 43 (m=6,m,m+6) 133.023, 179.074
2nd 2 x game 129 {(m=~5,m,m+5) 1.751, 2.622 2,2
3rd 2 x same 215 (m=4,m,m+4) .845, 1.270 1,1
4th 2 x game 301 {m=3,m,m+3) .759, .776 1.1
Sth 2 x same 387 (m=2,m,m+2) .736, . 749 2,1
oth 2 x same 473 (m=1,m,m+1) .684, .690 2,2

Five design schemes (see Table C.5) are compared in the simulation study.
Schemes I and V were described before. In Table C.5, "L27 + L16" means that
"L27(313) followed by L16(213) with the latter's levels chosen by SEL"; the
multiplier 2 dencotes the two best combinations chosen at each stage. Both
SEL(mean) and SEL(mini) are considered. 1In the simulations, the columns of
L27(313) (resp. L16(213)) are generated from random permutations of the 13

columns of the L27{313) array in Appendix 2 (resp. the first 13 coclumns cf the

array L,.(2'3) ia Taguchi and Wu, 1982, Zppendix).
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Table C.4: History of Runs Leading to v = .684

generation . factor level v parent
index

1st 57 64 56 69 63 53 39 47 51 51 51 57 453 179.074

2nd 52 S9 56 74 68 53 44 52 56 56 51 52 40 1.751 2
3xd ’ 43 55 52 70 68 57 48 48 60 58 55 56 40 -845 1
4th 45 52 49 67 88 60 51 45 63 56 38 59 40 .759 1
5th 47 54 47 62 68 58 31 45 65 54 56 61 42 . 749 1
6th 48 53 46 68 €8 59 52 44 66 54 57 62 42 .684 2

Based on 100 simulations, the percentiles of the 100 values of v are given
in Table C.6 for each design scheme. In the original treatment by Zhang and
Zheng (1983), two iterative schemes are considered. One requires 676 runs and
yields the best v value 1.54. The other requires 648 runs and yields the
best v value 1.34. The percentages of simulations with v < 1.34 are also

reported in the table.

Summary of Table C.6&

1. The greatest gain comes from the use of SEL at the initial stage. See the
improvement of scheme II over I. Use of SEL at later stages (e.g., in

schemes III to V) continue to give improvement, though of a smaller

magnitude.

2. SEL(mini) outperforms SEL(mean). The difference is more significant at the

beginning stages.
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Designg using SEL such as schemes II to V are superior to the schemes
considered by Zhang and Zheng (1983). For SEL{mini), it takes 183 runs
{scheme IIXII)} to 215 runs {schemes IV and V} to have at least 50% of v € 1.34
in the simulations. For SEL(mean), it takes 205 runs {scheme II) to 301 runs
{scheme V) to have at least 50% of v < 1.34 in the simulations. Recall
that 1.34 is the best v value out of 648 runs in their study.

Cur overall recommendation is schemes IT and III with SEL{(mini).

A more limited study of an iterative search procedure for Example B also

confirms the above conclusions. To save space, the results are not given.
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7. Concluding remarks.

SEL (seguential elimination of levels) is a method that enables the
expérimenters to quickly focus on regions of promise by eliminating factor
levels with poor results. Its general utility is supported by our study of
the three examples. When the current guess is far from optimum and search
over a wide grid is desired, SEL(mini) is especially effective in accelerating
the convergence to optimum. It is usually used at the beginning stages of the
experimentation. To reduce the number of iterations and the size of arrays at
subsequent stages, several levels may be eliminated at one time. SEL(x) with
the descriptive statistic x other than mean or minimum may be promising and
deserves further study.

Our study does not mean to suggest that the “analysis of marginal means”
(AM) method should be totally rejected. Its simplicity appeals to users
especially when presented graphically (see, for example, the many case studies
reported at the Supplier Symposiums on "Taguchi Method" organizeg by the
American Supplier Institute). However, the method should be used with
prudence. Interactions should be considered and confounding patterns noted.
The setting determined by the AM method is often inapprobriate as shown by our
study. Further experimentation may be conducted in its neighborhood in the
hope of getting better settings. Its strategy is based on information from
the analysis of experimental data as well as engineering judgement. SEL
provides a convenient way of doing this by retaining only one to three levels
(for each factor) around the setting chosen by AM.

Perhaps the most striking feature of SEL is its deviation from
traditional design strategies based on the concept of averaging (e.g., main
affects and interactions) and on empirical model building (e.g., response

surface methodology, Box and Draper, 1986). When the response surface is too
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rugged or search over a wide grid is desired, an empirical model that fits the
data well may not be usgeful for predicting where better settings can be

found. SEL works by eliminating poor factor levels and focusing in the
neighborhood of the best current settings for iterations. Comparisons of -
these strategies deserve further investigatioen.

Other possibilities should also be considered. For example, all the
iterative échemes in Section 6 select the best two combinations for the next
iteration. Other methods for iterations such as directional search and the
simplex method (Nelder and Mead, 1964) may be compared or incorperated. For
mathematical models there are bettar ways for choosing the control factor
levels than the strict use of orthogonal arrays. See, for example, the

discussion at the end of Section 4. This will be reported elsewhere.
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