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ABSTRACT
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by

Kimberly Harry

The University of Wisconsin-Milwaukee, 2020
Under the Supervision of Professor Kevin McLeod

Abstract

The Maxwell-Dirac equations are a model for the interaction of a relativistic electron with
an electromagnetic field. It is to be expected that the initial value problem will have an
unique solution which exists for all time ¢ > 0, for all appropriate initial conditions. This is
not yet known, but in 1966, Leonard Gross proved a local existence theorem. In this thesis,

we will present an overview of Leonard Gross’s proof.
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Introduction

I.1 The Maxwell-Dirac Equations

The Maxwell-Dirac equations are a model for the interaction of a relativistic electron with
an electromagnetic field. This arise from using the Dirac’s wave function of the electron as
the source term in the Maxwell equation. This gives a nonlinear system of partial differential
equations (PDE’s). The (coupled) Maxwell-Dirac equations, in units in which ¢ = A = 1,

are

OA* = gy = s* (1.1)

(i7" (O + iqAy) +m]p = 0 (1.2)

where [J is the d’Alembertian (wave operator) such that 00 = 92 — A,, A* : R? — R?
(p = 0,1,2,3) is the electromagnetic 4-potential operator, ¢ : R* — C* is the Dirac wave
function for a relativistic electron for mass (m) and charge of a single electron (¢), and the
v*’s are 4 x 4 matrices.

Notice that if we fix ¥ in equation 1.1, we get a linear equation for A#. On the other
hand if we fix A" in equation 1.2, we get a linear equation for . If we know either ¢ or A*,
we have a linear equation. These two parts interact with each other. However if we do not
know either, it is a nonlinear system of equations.

The Maxwell equations describe the behavior of the electromagnetic fields £ and B. They

imply that existence of potential functions ¢ and A= (A1) A% A3), such that B = V, A and



E=-Vyp-— %%—’f where (¢ = 1). In terms of the 4-potential, A* = (A, ) the Maxwell

equations become

OA* = s# (1.3)

(where s* is the change current density) with the auxiliary Lorenz gauge condition
0, A" = 0. (1.4)

The Maxwell equations describe the electromagnetic fields produced by a source s*.
The Dirac equation for the wave function ©» = (11,19, 13,1,) of a relativistic electron
moving in a 4-potential A* in (1.2) where 4" (1 = 0,1,2,3) are 4 x 4 matrices. The charge-

current 4-vector of the electron is taken to be

st = qytp. (1.5)

The Maxwell equations tell how the electron will move in a given field.

The Maxwell-Dirac equations are the result of using s* from (1.5) as the source term in
the Maxwell equations.

Mainly, our goal in this paper is to show that the Maxwell-Dirac equations have a local

solution for all appropriate initial conditions.

1.2 Description of Equations and Spaces

Before stating our main theory, we need to define a few equations and spaces.

First we are going to define the Sobolev Space based on L?. Let s € R. Then

H'RY = {fes&: A+ P):fel? (2.1)

s—

HENRY = {fesS:(1+]- 7| |fel?. (2.2)



These are spaces that have s derivatives in the L? spaces and are defined in terms of the

Fourier Transform. Also, I would like to point out that &’ is the space of tempered distribu-

tion on R", HY = L?, and H*(R";C") = (H*(R"))".

Second, we want to define the Banach Spaces (actually Hilber spaces)

X=Xp®Xu

where
Xp=H'R%CY, Xy =HZR:RY @ H :(R;RY);
and
Y =Yp &Yy
where

Yp = H'(R*CY, Yy =HE(RYRY @ H2(R%RY).

(2.3)

(2.5)

(2.6)

We are setting up the X, and Yj, to carry the complete A* (the electromagnetic potential,

hence the M for Maxwell) and the Xp and Yp for those of ¢ (the Dirac wave equation).

1.3 Statement of Gross’s Theorem

In a fixed reference frame, writing ¢ = xy and introducing a new variable A* =

write A* = (A, ¢): the Maxwell-Dirac equations become

0A* .
T AF =
ot !
O0AH —
— AA* = ©
5 quyy
op(x,t)

In (3.3), the a’s are 4 x 4 matrices related to the 7’s.

= (@-V + Bm)(z,t) +i(a@ - APz, t) + ©)U(x,t).

0AH
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Considering equations 3.1, 3.2, and 3.3 as the initial value problem and these suitable

initial conditions

Po(x) = (x,0) (3.4)
Al(z) = A¥(x,0) (3.5)
Ag(x) = %A“(x, 0); (3.6)

it is expected that the initial value problem will have an unique solution which exists for
all time, for all appropriate initial conditions. The goal to show that the existence of global
solutions to the Maxwell-Dirac equations is still out of reach. However in Gross’s paper [G],

he proved the following local existence theorem.

Theorem 3.7. Let 1y be in Yp = H'(R*C*) and let the pair (Ag, Ag) be in Yy =
H{%}(RS;R) @ H%(R?’;R). Then there exists a number T' > 0 and unique continuous func-
tions ¥(t), (A(t), At)), from [0,T] into Yp and Yar, respectively, such that 1(0) = g
and (A(0), A(0)) = (Ao, Ay) and such that as functions into Xp = L*(R* C*) and X) =

H{%}(R?’;R‘*) &) H’%(R3;R4), respectively, they are strongly continuously differentiable and

satisfy
d
i =i(H + Ay (3.8)
dt
d A 0 1 A 0 (3.9)
dt A A0 A A qihyHap . .

The H+ A, in (3.8) is a selfadjoint operator with domain Yp and (A(t)Y)(z) = A(x, t)y(x),
while the square matriz in equation (3.9) represents a skewadjoint operator on X, with

domain Y.

The proof of this theorem will be done as a fixed point argument after working out

a few needed details. We will show that give a suitable ¢ € X = C([0,T];Yp), we can



define A* as the solution of the Maxwell equation (1.1) which is a linear system for fixed 1.
Then we will define Ri) as the solution of the Dirac equation (1.2) with this A* and show
that R : C([0,T);Yp) — C([0,T];Yp) and is a contraction for sufficiently small 7. With
this unique fixed point, we can get the solution to the full Maxwell-Dirac equation. A key
component of this strategy is that we have to solve A* with suitable space. In the next

section, we will analyze this.



Kato’s Theorem

II.1 The Main Tool: Kato’s Theorem

To work through Gross’s Theorem 1.3.7, we are mainly going to work with Kato’s Theorem
on linear evolution equations in Banach Space. An operator A in a Banach space X is said

to have property S if
e Ais a closed linear operator with domain D(A) dense in X; and

e the resolvent set p(A) contains all positive reals, and

11— M) <1, VA>o0. (1.1)

Before we get into Kato’s Theorem, let’s first state it. Note that in his paper [K], Kato
states the theorem with seemingly different hypothesis. We prove the equivalence of the
two versions of Kato’s Theorem in the Appendix (A.2) following [SG]. A proof of Kato’s
Theorem as stated here can also be found in Theorem (5.3) from Pazy paper, [P]. Note that

if A is a self-adjoint operator, then iA has the property of S.

Theorem 1.2. Suppose that A(t) has property S for each t € |a,b], and that the domain

D = D(A(t)) is independent of t. Moreover, suppose that for every x € D,

t — A(t)x is continuously differentiable (1.3)



in the norm of X. Then, if v, € D and if f : (a,b) — D has the property that (A(r)—1)f(t)

1s strongly continuous in t for some fixed r, the differential equation

WA+ 0), a<i<h (1.4)

has a unique solution x = x(t) with x(t) € D for all t, which is strongly differentiable in

t and satisfies the initial condition x(a) = xo. Moreover, t — % and t — A(t)z(t) are

strongly continuous.

Moreover, there is a family of evolution operators U(t, s) such that 0 < s < ¢, depending

only on A(t), such that the solution of the Dirac equation is given by

z(t) = U(t,0)z, + /Ot Ult,s)f(s)ds. (1.5)

The solution of (1.5) is also unique and the operators U(t, s) have the following properties:

1. U(t,s) is an unitary operator in L? that maps X — X for 0 < s <t < T'. This implies

U, s)lx-x =1

2. Strongly continuous in (¢, s) jointly and U(t,t) = I (identity). Thus, (¢,s) — U(t, s)z

is continuous for all x € X (pointwise continuity)
3. U(t,s)|,:D—D
4. U(t,s)| 1, is strongly continuous in D

The Dirac Operator is the constant-coefficient differential operator

where «;, j = 1,2,3 and 3 are anti-commuting 4 x 4 hermitian matrices satisfying on2- =

g2 =1



Here Hy is a combination of derivatives. Let Xp = L?(R3;C*), with scalar product

0= [ S @) (1.7)

and recall that Yp = H'(R3; C*). Tt is clear that Hyt) can be defined for all v € Y. We will
show that this is in fact the “right” domain for this operator (these results on the free Dirac
hamiltonian are taken from [T]). This is saying that Hy, as an operator in Xy, is self-adjoint
in this domain.

In the actual Maxwell-Dirac equation, Hy is not the operation. It is

dy
— = i(Hy+ Ay, (1.8)

A is the evolution generator in Kato’s Theorem. In order to make things easier, we
are going to split A into two parts by notating them as A% and A%*. Then our equation
becomes

dip

EZ:%%+AWw+uﬁﬂw (1.9)

Making sure our spaces are comparable for out work, we let X = Xp and D = Yp. Now we

can see this equation, (1.9), looks like (1.4) in Kato theorem where
At) = i(Ho+ AY(t)) and f(t) = iA>"(t)y(t) (1.10)

and where (Hy + AY*) and A?#(t)(t) satisfy the following conditions.

(
OAb =0
ALH(0) = AHg (1.11)
) .
—AbH(0) = Ar
\ Ot (> 0

In the application to the Maxwell-Dirac equation, A(t) is not Hy + A*(t), but Hy + AY*



when it satisfies these conditions. Thus, Hy + A" represents A(t) in Kato’s Theorem. The
conditions for A%#(t)i(t) are
(

DA™ = qys)

0 2,u _
O (0)=0

And A*# represents f(t) in Kato’s Theorem.




Analysis of A(t)

In this sections we are going to talk about the Dirac Operator.

II1.1 H; is Self-adjoint

For the Dirac Operator, we will show that Hj is self-adjoint on Yp by showing that it is
unitarily equivalent to a multiplication operator. In order to do this, we need the definition

of a multiplication operator.
Definition 1.1. Let (X, p) be a measure space, and let f : X — R be finite almost every-

where. The multiplication operator My in L* = L*(X, ) is defined by

D(My) = {geL”|fge L%}
Myg = fg. (1.2)
Now that we have defined what a multiplication operator is, we can state this theorem.
Theorem 1.3. If i1 is a o-finite measure, the multiplication operator My is self-adjoint.

Because this theorem is well known, we are omitting the proof. However, one thing that
we want to take away is that immediately following the proof an operator which is unitarily

equivalent to a multiplication operator must be self-adjoint.

10



Theorem 1.4. The operator Hy in L?(R3;C*) defined by

D(H,) = H'(R%CY) (1.5)

Hyp = (—id@-V + Bm)i (1.6)

18 self-adjoint.

Proof. Under the Fourier transform (operating unitarily on Xp), Hy transforms to a multi-

plication operator: FHyF~* = M, where

h(€) = : (1.7)

and when a and (3 are chosen a certain way we can arrange it that & = (01, 09,03) is the

matrix-valued vector whose components are the (hermitian) Pauli matrices,

01 0 —2 1 0
g1 = s 09 = s 03 = ’ (18)
10 i 0 0 —1
which satisfy
(aj)2 =1, oo = —00j, (J#k;j,k=1,2,3). (1.9)

The 4 x 4 matrix h(€) is therefore hermition for each ¢ € R3, with eigenvalues

AL(E) = A2(§) = —A3(§) = —Ma(§) = Vm® + & = A(§). (1.10)

For each &, let U(€) : C* — C* be the unitary transformation which diagonalizes h(€), so
that U(&)(E)U (€)™ is diagonal. (U(€) can be computed explicitly, if desired.) Then the

unitary transformation UF converts Hy into multiplication by the diagonal matrix function

A(E) = diag(A(£), A(E), =A(£), =A(€))- (1.11)

11



Now, since the unitary operator U(¢) does not change the domain of any multiplication
operator,
D(Hy) = F'U 'D(Mp) = F'D(Ma) = H'(R% CY), (1.12)
for any m # 0. (If m = 0, the domain is H'(R?;C*) = H{}H(R3; C*).)
The statements about o(Hy) now follow easily from the corresponding statements about

O’(MA). ]

I11.2 Hy+ AY¥(t) is Self-adjoint

We are going to treat Hy + A'* as a perturbation of Hy using the Kato-Rellich Theorem.

The proof of the Kato-Rellich Theorem in turn depends on this definition and theorems.

Definition 2.1. Let A and B be operators in a Hilbert space H. We say that B is relatively
bounded with respect to A, or A-bounded, if D(B) 2 D(A) and there are positive constants

a and [ such that
B¢l < af|A¢|| + Bl¢ll Vo € D(A). (2.2)
The infimum of possible constants a for which there is such a 8 is called the A-bound of B.

Theorem 2.3. (The Fundamental Criterion for Self-Adjointness) Let A be a sym-
metric, densely-defined, operator in a Hilbert space H. Then the following three statements

are equivalent:
1. A is self-adjoint;
2. Ais closed, and Ker(A* £1i) = {0};
3. Ran(A +1i) = H.

Theorem 2.4. Let A be self-adjoint, and X € R. Then (A £i\)™' and A(A £+ i\~ are
bounded, and

[(A£iN) Y| < A and [JA(A £\ Y| < 1. (2.5)

12



Theorems 2.3 and 2.4 are taken from [RS] where the proofs to each can be found.

Theorem 2.6. (Kato-Rellich) Suppose that A is self-adjoint, B is symmetric, and B is

A-bounded with A-bound less than 1. Then A+ B is self-adjoint on D(A).

Proof. We will show that Ran(A + B +iu) = H for some p > 0. Since A is self-adjoint, we

can use (2.5) to estimate ||B(A +iu)~'z| for x € H, leading to
N B
1504 i) el < (a2 ) . 27)

Since @ < 1, the estimate (2.7) shows that C' := B(A 4 iu)~! has norm less than 1
for u sufficiently large, so I 4+ C' is invertible. In particular, Ran(/ + C) = H. Since A is

self-adjoint, Ran(A +iu) = H also. Now the equation
(I+C)A+tipu)r=(A+ B+xip)x, Vo € D(A) (2.8)

shows that Ran(A+B=+iu) = H. Thus A+ B is self-adjoint by the fundamental criterion. [

In the application to the Maxwell-Dirac equations, we wish to consider the operator
Hy + AY¥(t), where for each t € R and A" (¢) represents the operator of multiplication by

the function A (z,t) whose Fourier transform is

%%wz%@mmmh%ﬁﬂﬁx

(2.9)

Here this equation is obtained from the the definition of AM*. To show that Hy + AY#(t) is
also self-adjoint on D(Hj), it suffices by the Kato-Rellich Theorem to show that A'M*(t) is

Hy-bounded, with Hy-bound less than 1. In fact, we will show the Hy-bound is equal to 0.

Lemma 2.10. Let s > 0, and suppose (fo, g0) € Z := H¥H(R3) @ H*(R3). Define f(z,v)

by
Sin(lélt).

F(&:8) = fo(&) cos([€]t) + go(€) €]

(2.11)

13



Then (f(-,t),0cf(-,t)) € Z for allt € R, and its Z-norms is independent of t.

Proof. Since | f|2 = (Re(f))2 + (Im(f))?, we can assume that f is real-valued. In this case,

the norm in question is

IV 7O + 107 Do (2.12)

- / (1+ €2y eI F(e. e + / (1+ €)1 0, (€. 1)de (2.13)

- / (L4 6P (1€ Fo(©)? + dol€))de (2.14)

using (2.11). This is clearly independent of ¢ and is finite if (fy, go) € Z. O

Applying this result to the definition of AY*, we see that if (AO,AO) € Xy, then

QALM(.7 t)) c

(Ab#(- 1), L AV#(- 1)) € Xy for all time. Also, if (Ag, Ag) € Yay, then (AV#(-, 1), 5

' ot
Yy, for all time. Even though we are looking at (A, AO) and want to know what happens

for both parts, we are more interested in Ay than in Ay (the time derivative).

Lemma 2.15. Let f € H¥R"™) for some s > 0. Then f is a function (defined almost
everywhere on R"), and in fact f € Co(R") + H*(R™).

Proof. From the definition of H{s}

o > / (1+ €2 €PIF(€) e (2.16)
C 21 F 2d 2\s| £ 2d )

> ( /g LR+ /g L+ KPYIf©) 5) (2.17)

~ C ( / €121 £1(€)[2de + / (1+ |£|2>S\f2<£)r2d£) . (2.18)

Let f = fi + f» where f € HU} and f; and f» can be defined by fl(ﬁ) = )\Bf(ﬁ) and

~

F2(8) = (1 = Ag() £ (&)

Now, fo € H®* C L? since s > 0. So then looking at f;, for » > 0 and %—1— % =1,

/ F©de = ﬁﬂ—"lgﬁ(&)mg < ( / (f)\él‘”’dé)p ( ﬁ§f1<£>|”qd§>q < oo (2.19)

14



If rp < n and rq = 2, which implies
+ -, (2.20)

orr < n2—f2 In particular, fl € L', and so f; € C,. O

Using Calderon’s Theorem A.1.1 in the appendix, we see that A (t) € H: C L®+H? <
L* 4 L3. Tt is clear from the definition that f; € L* is Hy-bounded with Hy-bound 0, and

so our proof is complete if we show that f, € L? is also Hy-bounded with Hy-bound 0.
Theorem 2.21. If V € L3(R3R*), then V is Hy-bounded with Hy-bound 0.

Proof. We will show that given any € > 0, there is a constant K, > 0 such that
IV fllee < ellHoflzz + Kl f]] 22 (2.22)

for all f € D(H,).
For any K >0, let T = {z € R? | V(z) > K}. Then [, |[V(2)]’dz — 0 as K — o0, s0

we may choose K, so that

/T V()] da < €. (2.23)

Let Vi(z) = X T, ()V(x) and Va(x) = V(x) — Vi(x). Then ||[Va(x)|p~ < K, while ||Vi|zs <

€. Hence,
WVl < AIVifllze + [IVafllze (2.24)
< Vallzs [[fllze + Kellfl 2 (2.25)
< el[Hofl[r> + K[|V fllz2, (2.26)
as required. N

So we have AV#(-,t) € L>°+L3. After this proof, we can now say that A is Hy-bounded

with Hy bounded 0, and thus the multiplication operator AY*(t) is Hy-bounded.

15



We will now show that Hy + AY#(t) satisfies the final condition for the operator family

A(t) in Kato’s Theorem.

Lemma 2.27. Let (Ag, Ay) € Yoy = HB2H R, RY) @ HY2(R3; RY), and define AV*(t) by

A4(6,1) = Ao cosllle) + o) . (228)
Then, for all z € Yp = H'(R3;C?),
t— (Ho+ A (t)z (2.29)

is continuously differentiable in the norm of Xp = L*(R3; C*).

Proof. Tt is clearly enough to show that, for all x € Xp, t — AY(t)z is strongly C'.
Moreover, since H, ' : L? — H' is bijective, this last statement is equivalent to the statement
that ¢t — AW (t)H, " is strongly C' on L.

There is an obvious candidate for the derivative of t — A“*(t)Hy ', namely ¢ — A (t)Hy*,
where A#(t) is the function on R?® whose Fourier transform is obtained by differentiating

(2.28) with respect to t:

AV(E 1) = —[¢] Ag(€) sin(|€]t) + Ao(€) cos([&t]). (2.30)

From (Ao, Ag) € Yas, we conclude that 12117M(t) € H2 for all ¢; moreover, it is clearly a
continuous function of ¢ into H2 and hence (by Sobolev imbedding by Case 2 in Appendix
A.1) into L3.

Now, since Hy' : L? — H' is continuous, and H' imbeds in L% (by Sobolev imbedding

by Case 1 in A.1), the operator norm of A% (t)H; ' in £(L?) is bounded by

LAY () Hy 1212

IN

JAM ()] ps s r2 | Hy M| po s

IN

Cl[AY ()| 1o L2 (2.31)

16



Since A“(t) € L? and 5+ 3 = 3, we have for any f € LS that AV (t)f € L? and

[A (@) flI72 < A (@)lls | flls. Hence

LAM () Ho [l 122

IA

Ol A ()]s

< CIAY (B[l g2 < ClI( Ao, Ao)lvay- (2.32)
Similarly, from Ab#(t) € H3/2 ¢ L + H3/2 it follows that
|AY () Hy || oo 2 < Cll(Ao, Ao)llva, - (2.33)

The proof of the Lemma is completed by showing that Al’“(t)HO_ ! is indeed the time deriva-
tive of AM*(t)Hy ! in the norm of £(L?). This is equivalent to saying that
Al,u(g’ t+ h) B A17u(§7 t) J 4

(1+ €23 - -~ EAL“(t) ~0 (2.34)

in L? as h — 0, which follows easily from the definition of A'*(¢) and dominated convergence.

]

We know for every (Ao, Ag) € Yas the equation 4 — (Ho + AY(t))z + f(t) has a unique

solution t — x(t) € Yi, for every f(t) satisfying Kato’s conditions.

17



Analysis of f(t)

IV.1 Gross’s First Lemma

In Lemma 1.1 of [G], Gross’s states a formula for a function he calls A, (z,t). He gives no
motivation for the formula. However, it comes from the method of Spherical means and
Duhamel’s Principal. Gross’s A in his lemma is in part our A%*#* where we recall is the

solution of

DAH = <%¢1,¢2>

A, (z,0) = 0;A,(x,0) = 0.

(1.1)

By Duhamel’s Principle A,(x,0) = fg Ul(x,t,s)ds where U(x,t,s) for each fixed s > 0 is
the solution of

(

QU (z,t,s) =0

U(z,s,s)=0 (1.2)

Uiz, s,5) = (o1, ¥2) ().

\

By using the method of Spherical Means, (note that U(x,t,s) = U(z,t — s,0))

1

Uz,t,s) = m/y_xlCt_sl<au¢1(y)a¢2(y)>d5y~ (1.3)

18



We will use change of variables by y = z + c|z — s|€ (so dS, = 2|t — s|*dS¢). After changing

the variables we get

Uz, t,s) = m A|_1<a#wl(x + |t — s[&, 8),a(x + |t — 8|, 5)) P (t — 5)?dSe (1.4)
-~ /K:l(a#wl(:c ot — sE, 8), o (x + clt — s|E, 5))dSe. (1.5)

So then,
A, (z,t) = i t;rs /Kl:l(ozuﬂ)l(x + |t — s|€, s), Yo(x + |t — s|€, s))dSeds. (1.6)

Now let’s use the change of variables again and let s =t — s.

(o) = [ ot e (6= i)t + e = = )l ST

N /0 e /g|1<cw1 ( + es€, 8), Ya(a + cs, 5))dSeds, (1.8)

which is Gross’s formula. This solution of the wave equation carries the right hand side of the
Maxwell equation. This function that is being integrated is the kind of function appearing
as the Dirac source term on the right hand side of the wave equation for A*. From this point

on, we are going to call Gross's A, (z,t) our A*#(x,t).

IV.2 Gross’s Remaining Lemmas

Remember that we need to prove that A% (t)i(t) is a continuous function of ¢ into H'(R3; C*).

We will accomplish this by a series of lemmas Gross provides in his work.
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Lemma 2.1. Let T > 0 and let ¥i(t), k = 1,2, be continuous functions from [0,T] into the

Hilbert space H'(R3,C*).

A2 (5 f) = /O z /|»: (6,8, Ul 6,9l (2.2)

where ay = 1. Then, for 0 <t < T,

ess sup | A% (z, )] < a / 1061(5) L1 1) e s, (2.3)

z€R3

where a is a constant. Moreover for p = 1,...,4, the maps t — A**(x,t) from [0,T] into

L>(R3) are continuous.

Proof. Let u € C}(R?) be a continuous differentiable function on R? with compact support.

Taking

w(z + s€) = — / N %:p%p, (2.4)

and putting y = y/|y|, we get

= Qu(z + pg)
dé = — dpd .
s/|£:1u<x+sf> ¢ /ﬂ/ o dpa (2.5)
- _ > ¢ Vu(z + pf) 200d
s /5 N . pdt (2.6)
o g - Vu(x + y)d o7
S/y|>s |y|2 ( )

Using Holder’s inequality we get

5 /|£ :1u<x+sg>df] < s /| >8Wzy)éx( / |>S|VU(2x+y)|gdy)3 (23)
s<383> </ Vu(z +y)|2 dy) (2.9)

47 3
(?) HVuHL% (2.10)

IA
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Let B = {f € LYR3)|Vf € L2} be the Banach space and ||ulz = |[ul.1 + [Vul| 5. The

functions of u with compact support are dense in B. Then let the map u — v,

v(z)=s /§|_1 u(x + s&)d€. (2.11)

Since C! is dense in B, this map has a continuous function. Let a map T : u — v where

B+ L and T is continuous. Thus

[vllz < Cllulls (2.12)
< Clluller + [[Vull,3) (2.13)
< C|vul (2.14)
< ClHonll2 + [[Howol|2 (2.15)
< Clléllm. (2.16)

1
This also gives us |[v| < ()3 [Vull, 3. When integrating v(z) against a continuous function
with compact support, the extension is given almost everywhere.

Let

w(x) = (a1 (x + s, s), Yo (z + ¢S, 5)). (2.17)

Take the gradient of both sides and use Sobolev’s embedding, we will get

[¥lle < [[Howl2- (2.18)

Then use the triangle inequality, Calderon’s Theorem A.1.1, and Holder’s inequality to get

IValls < 1193nllellls + Nl V4 (2.19)
< [Vorlallalls + e lls I Vsl (2.20)
< CllHot(t - 5)|l2 + | Hoa(t — )l (2.21)
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where C is a constant.

Based off of this, the inequality (2.3) follows and the asserted continuity of A**(z,¢). When

t>t', we get
HWWQ—-ﬁWﬂMSCAH%WﬂWmWﬁ—@Mm; (2.22)
+ CAHW&—$—¢ﬁ“ﬂWmMMPﬂNm (2.23)
+ Nt = s llba(t = s) — ot — 5)||t]ds (2.24)
where C is a constant. O

Lemma 2.25. Under the same hypotheses as Lemma (2.1), A**(x,t) defined there, with

Wi (t) = Po(t) = U(t), defines an element of Yy = HEHR3R) & H2 (R%:R) and

I(A(2), 0A/9t) Iy, < C/O 1% (s) |7 s (2.26)

Moreover, the map t — (A(t),dA/0t) from [0, T] into H2} (R3: R)®Hz= (R3; R) is continuous.

Proof. Let J,(z,t) = (o, (z,t), ¢ (x,t)) where (t) € H'(R?* C*) for each ¢t and for the

three-dimensional Fourier transform of ju(k, t) it is

t .
Au(k,t) = 4r / SZT]LT‘TjM(k,t —r)dr. (2.27)
0

The first partial spatial derivatives of J,(s) are in L3 (R?). For example

%Ju(ﬂf, s) = <%aw§;’ S>>¢(x>5)> + <au¢(x,s), 8wa(;cl, S)> : (2.28)

These partial derivatives of J,(s) are a sum of products of an L? function with an L’ function
by Sobolev’s inequality.
Now we want to know what space the product of L? and L° is in. By Holder’s Inequality,

if f € L? and g € L? such that %%—% = 1 then fg € L'. Therefore, if f € LP and g € L4 then
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fg € L" such that % + %1 = % (g + g = 1). Assume that f and g are nonnegative. Then

[trar = [usmt T | z
(fam) ( foar ﬁ) (fur) (ful) < @3

3

) (2.29)

IN

Thus f € L? and g € LS implies that fg € L2, since 1 14 & =1 implies r =

Therefore, .J, € L2(R?). So, .J,(s) is in everything between L' and L? since t(s) is in L2
and LS. Then by Calderon Theorem A.1.3, (1 4 |k|?)2.J,(k, s) is the Fourier transform of a
function in L2 (R®). Then by using Calderon’s Theorem A.1.1, we get that (1-+|k|2)3.J (K, 5)
is the Fourier transform of a function in L?(R). These statements of location of functions

are accompanied by inequalities and for each s we get
1L+ [E]2) Tk, 9) 122 < Cllwo(s) . (2.31)

Thus (k| 4 |k|2)A,(k,t) is in L*(R3). Now replace 7 by t — 7 in (2.27) to get
DA, ¢ 5
v (k,t) = 47r/ cos|k|(t — 7)J,(k, T)dr. (2.32)
0
By both 2.31 and 2.32 and the definition of H{2}(R3; R)&Hz(R3; R), the map t — (A(t), dA/t)

from [0, 7] into H{2}(R3;R) & H2(R3; R) is continuous. O

Lemma 2.33. Let F' be the Banach space of continuous functions on [0,T] with values in
HY(R3;C*). For in F, define A*" as in equation (2.2) with 1y = 1y = 1. Then the map
U(x,t) — Zizl a, A (z, ) (x,t) is continuous from F into F and is Lipschitz on bounded

sets in F.

For this proof, it is sufficient enough to show the scalar case that if F'is X = C([0,T]; H')

then the map ¢ (x,t) — A**(x,t)y(x,t) is continuous from F to F'.
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Proof. Since
(9A2
A (@ ()7 = m? | A** (0w (1) 2 + Z I >||L2' (2.34)

By Lemma 2.1 , A>#(t) is bounded and A%#*(t)y(t) is in H'(R3; C*) for each ¢ if

D(AZH(t)p(t)) _ DAP(¢)
633'j 391:]-

ov(t)

ole) + A ()

(2.35)

is in L*(R?) for j = 1,2,3. 8;’ W) ¢ L*(R?) and the second term of the equation is square
integrable. However, the first term is the product of =—= 8A ) with 1(t) € LS(R) by Sobolev’s
inequality. It is enough to show that M—:(t) € L3(R3). By Lemma 2.25 and the definition
of HE}(R3: R) @ Hz (R R), the components of Aa MORP= L}, Thus dA ”() € L3(R?) by
Sobolev’s inequality for fractional derivatives (Calderon Theorem A.1.1). When taking a

combination of 2.3, 2.26, and 2.34 we get the inequality

A (@) ()] < C/O () [z ds [ (t) | - (2.36)

This inequality is from the fact that A%#(¢) € L and A2“(t) € H{2}(R%:R) @ H2(R3; R)
and ¢ (t) € H'(R? C*). By both previous lemmas, these functions of ¢ are continuous into
the respective spaces. Thus A%#(t)y(t) is a continuous function of ¢ into H'(R3; C*). Fur-
thermore, A%#(-)9(+) is a trilinear function of ¢(-). By the polarization of (2.36), A%*(-)¢(+)

is a Lipschitz function of ¢(-) on bounded sets in F. O

With these lemmas, we can see that we can use A*#(t) as the f(¢) in Kato’s Theorem.
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Completion of the Proof

With all of the information leading up to this point, we have all that we need to complete
Gross’s proof. Remember that the proof of Gross’s Theorem is going to use the fixed point

argument.

Proof. Let hy € Yp, (Ag, Ag) € Yar. We know Hy + AV#(t) is self-adjoint. We can take A(t)
in Kato’s Theorem to be i(Hy + A"*(t)) and get the evolution operator U(t,s). For a > 0,
T > 0, define B, = {¢ € C([0,t];Yp)|la > 0 and T > 0}. If ¢ € B, . Define Sip = A** by
Gross’s IV.2.2. Define Ry by

(R$)(t) = U(t,0)0 + / U(t, $)(59) ()i (s)ds (2.37)

= U(t,0)1po + /Ot Ul(t,s) A% (s)ib(s)ds. (2.38)

Note that A** = S for some fixed operator S.
In the proof, we will be using C to denote various constants which may depend on 1y and a
but are independent of T'.

Step 1: For all a > 0, there exists a 7" such that R : B, — Bar

I(RY) () = ollyp, < [I(U(E,0) = Dbollv, +/0 1U(t, 5)A**(s)2(5) v, s (2.39)
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So we want to pick 7" small enough so that the map can take B, r into itself. Then

(RO~ = V(00 -+ [ Ut A% (5)ols)ds — (2.40)
— [U0) - I + /O Ut 5) A (5)0(s)ds (2.41)
I(Re) =l = 000~ o+ [ U426 (242)
< W0 -000]1+ [ U Gelds (249

We know that |U(t,0)—U(0,0)|| — 0 ast — 0. Now we want to show that integral part does
the same. By Kato’s Property 4 stated in II.1, the operators U(t, s) are strongly continous
from Yp — Yp. Thus for each z € Yp, U(t, s)x is bounded in Yp, for 0 < s <t < T. By the
Uniform Boundedness Principle, the U(t, s) are norm-bounded as operators from Yy — Yp.

Thus we get,

AWW&M”@WM%ﬁSCAHﬁWQMMm%- (2.44)

Using Gross’s Lemma IV.2.33, we use the Lipschitz continuity to bound the norm of A%#(t)(t)

in terms of ¥ () to get

/nﬁ“ n%@<oy/W¢nm% (2.45)

where L stands for the Lipschitz constant. Just in case ||¢(s)|]y, = 0, we will write

<MAnwwmw=og/<+wumg (2.46)

From Lemma IV.2.33 if ¢ € B, r, then |[¢(t)|lv, < [[¥0(t)]]y, +a. So 9(t) lies in a bounded

subset. This means |[1(s)]]y, is in the ball B, r. Thus we get

CL/O (1+ [[0(s)]ly,)ds < Ct. (2.47)
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This is bounded by a multiple of t. Therefore, fg |U(t, s)A%#(s)(s)]ly,ds — 0 as t — 0.
Step 2: We want to show that for all a > 0, there exists 7' > 0 such that R : B, — Bar

1s a contraction.

Given ¥, € By, it is enough to show ||(RY) () — (RY)(t)||y, < Al[v(t) —1(t)]]y, for A < 1.

So

I(RE)(H) = (RY)(#)lvs S/O [Tt )| A (s)8b(s) = A*#(5)9(5)lv ds. (2.48)

Similar to Step 1, we will use Lemma 1V.2.33 and Kato’s Property 4 to get

< [ Liuts) = Slv,ds (2.9
0
< L [ o= laads (250)
O ~
< Ctll(t) = v(@)l s, - (2.51)
Since t < T we get

< CT[p(t) = P(t)l| 5, - (2.52)

Then take the supremum over t:
sup [|Ry(t) = RY(t)|[s, » < CT[[(t) = ¥ (1) 3, - (2.53)

te[0,7

Because C' depends on 1y and a and does not depend on T, let T < % and our condition is
satisfied. Thus R : B, — B, is a contraction.
Therefore R is a contraction and has a fixed point, and this fixed point is the solution to the
Maxwell-Dirac Equation.

Step 3: Now we want to show the Uniqueness. Notice that even though the fixed point
¥ or R is unique, this is not enough to give the uniqueness of the solution pair (¢, A*) for
the Maxwell-Dirac system.

Suppose (1, A), (1, A) are both solutions. Write A = A! + A2 with A' = A! (Since A' does
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not depend on ) and A2 = St). Since A* = A! has not changed, U(t, s) = U(t, s). Now we
want to show that 15 satisfies

Cfl—f = i(Ho + AN + (SY)0 (2.54)

and therefore satisfies the integral equation

Y(t) = U(t,0)th + /0 t U(t,s)(S9)(s)i(s)ds = (R)(t). (2.55)

These two equations are equivalent. So by such ibv of (2.55), {ﬁv is a fixed point of R. Therefore,
U =1 and A2 = Sth = Sip = A2, So A = A which satisfies the uniqueness.

Thus with all three steps, this completes the proof of Gross’s Theorem. O]
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Appendix

A.1 Sobolev Imbedding

In [C], Calderon proves the following versions of Sobolev imbedding. He works with a slightly
different notation for the L space. It is L? where u represents the number of derivatives in

the L space.

—1

Theorem 1.1. Letp > 1, u >wv and% ’

— =2 > 0; then LY C LI and the inclusion map
n
1s continuous. Let 1 > u — % > 0; then every function in LY coincides almost everywhere

with a function f in Lip(u — +). Furthermore
[Anfl = [F@+h) = F@)] < Coull fllpalt™%; [FI < Coullp,ull. (1.2)

— %=t > (0 implies L2 (R™) < LI(R").

1
P n

Mainly we want to know that % =

With this theorem, we get three cases.

Case 1: Let n =3, p =2, u =1, and v = 0; where H® = L2 So%:%—%:%>0thus
q = 6. Then H'(R3) — L5(R?).

Case2:Letn:3,p:2,u:%,andvzo. So%:%—%:%—%:%>0thusq:3.
Then Hz(R3) < L3(R3).

Case3:Letn:3,p:%,u:1,andv:(). So%zﬁ—%z%—%:%>0thusq:3.

3
Then L} — L3.

Theorem 1.3. Let u be a positive integer and 1 < p < oo. Then f € LP if and only if f has
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derivatives (in the sense of distributions) of orders < w in LP. There is a constant C = C,,

such that
_ 2\
Ml s X 1(52) £ < Ul (14)

0<]a|<u
Let u be a negative integer and 1 < p < oo. Then f € LE if and only if f = ZOQMSU(@/&IZ)O‘%,

9o € LP and there exists a constant C = C,,, and a choice of the functions g, such that

O_IHpr,u < Z 19allp < ClIf llpu- (1.5)

A.2 Connection to Kato’s Statement of His Theorem

In Kato’s 1953 paper [K], he does not include his theorem in the form in which we have
stated it. The form we are using can be found in Pazy’s book [P]. The equivalence of Kato’s
original statement and the form we use is well known; we will reproduce a quick proof of the
equivalence that can be found in a paper by Schmid and Griesemer [SG].

Kato made the following assumption:
1. B(t,s) = (1— A(t))(1 — A(s))~! is uniformly bounded on I x I

2. B(t,s) is of bounded variation in ¢ in the sense that there is an N > 0 such that

i
L

[1B(tj11,8) = B(t,8)| < N < o0 (2.1)

<.
Il
o

for every partition 0 = tp,t; < --- < t, =1 of I, at least for some s.

3. B(t,s) is weakly differentiable in ¢ and 0,B(t, s) is strongly continuous in ¢, at least

for some s € 1

Note that the statement (1) and (2) hold for all s € I, if there are satisfied for some s.
This follows from B(t,s) = B(t, s¢)B(so, ). In the proof of the Proposition 2.2, below, we

will see that conditions (1) and (2) follow from condition (3), and that (3) is equivalent to
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the C'-condition (II.1.3). In 1953, Kato did not seem to be aware of that. But from remarks

in later writings, it becomes clear that he know it by 1956.

Proposition 2.2. Suppose that for each t € I the linear operator A(t) : D C X — X is
closed and that 1 — A(t) has a bounded inverse. Then the above assumption is satisfied if

and only if the C'-contrition (II.1.3) holds.

Proof. From (3) its follows (first in the weak, then in the strong sense) that
t
B(t,s)x — B(t',s)x = / O, B(T, s)xdr. (2.3)
t/

This equation shows that ¢ — B(t, s)z is of class C*, which is equivalent to the C*-condition
(I1.1.3). Hence (3) is equivalent to the condition (II.1.3) and it remains to derive (1) and
(2) from (3). By the strong continuity of 7 +— 0,B(r,s) and by the principle of uniform
boundedness,

sup ||0; B(T, s)|| < oo. (2.4)

rel

Combining (2.3) with (2.4), we see that B(t,s) is of bounded variation as a function of t,
which is statement (2), and that ¢t — B(t, s) is continuous in norm. Therefore, the inverse
t — B(t,s)"! = B(s,t) is continuous as well as B(t, s) = B(t,0)B(0, s) is uniformly bounded

fort,s e I.
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