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Abstract—The dramatic linear increase in ergodic capacity narrow-band multiple-input multiple-output (MIMO) systems
with the number of antennas promised by multiple-input mul-  with the number of antennas (see [1], [2]). However, these
tiple-output (MIMO) wireless communication systems is based on gy gjies are based on an idealized channel model, representing
idealized channel models representing a rich scattering environ- . - . L
ment. Is such scaling sustainable in realistic scattering scenarios’?f'jl nch scatt(.arln.g enV|rc.)r1ment, that. assumles independent and
Existing physical models, although realistic, are intractable for identically distributed (i.i.d.) Gaussian entries for the channel
addressing this problem analytically due to their complicated matrix. Such idealized channels seldom, if ever, occur in
nonlinear dependence on propagation path parameters, such practice, particularly with practically feasible antenna spacings.
as the angles of arrival and delays. In this paper, we leverage a geyara| experimental and analytical studies have shown that

recently introduced virtual representationof physical models that . L L
is essentially a Fourier series representation of wide-band MIMO the capacity of realistic MIMO channels can be significantly

channels in terms of fixed virtual angles and delays. Motivated €SS than that of i.i.d. models (see [3]-[6]).

by physical considerations, we propose @-connected model for Idealized statistical models, such as those used in [1], [2],
correlated channels defined by a virtual spatial channel matrix represent one extreme in existing modeling approaches. On the
consisting of D nonvanishing diagonals with independent and e extreme are detailed physical (ray-tracing) models that de-

identically distributed (i.i.d.) Gaussian entries. The parameter . o . .
D provides a meaningful and tractable measure of the richness scribe the channel via signal propagation over multiple paths,

of scattering. We derive general bounds for the coherent ergodic €ach path associated with an angle of departure (AoD), an angle
capacity and investigate capacity scaling with the number of of arrival (AoA), a delay and a path gain (see, e.g., [7]-]9],
antennas and bandwidth. In the large antenna regime, we show [4], [10]). While quite accurate, such models depend on phys-
that linear capacity scaling is possible ifD scales linearly with ical AoAs, AoDs, and delays in a nonlinear fashion making it

the number of antennas. This, in turn, is possible if the number of ther difficult to i te th . ¢ desi vt
resolvable paths grows quadratically with the number of antennas. rather dincult 1o Incorporate them In Sysieém design or analyt-

The capacity saturates for linear growth in the number of paths ?Ca| calculations. |nqeed, most C?DaCi_ty stuQies based on phys-
(fixed D). The ergodic capacity does not depend on frequency ical models have relied on numerical simulation for capacity as-
selectivity of the channel in the wide-band case. Increasing sessment (see, e.g., [4], [7], [8]).
bandwidth tightens the bounds and hastens the convergence of e gog| of this paper is to investigate capacity scaling in real-
scaling behavior. For large bandwidth, the capacity scales linearly . fi lated MIMO ch Is. Wi ider both band
with the signal-to-noise ratio (SNR) as well. We also provide an Istic cqrre ate channeis. vwe con5|_ erbo n_arrow- an ;
explicit characterization of the wide-band slope recently proposed and W|.de'band Cha.nne|5 and explore scaling behavior of ergodic
by Verdi. Numerical results are presented to illustrate the key capacity as a function of both the number of antennas and band-
theoretical results. width in a Rayleigh-fading environment. There are three main
Index Terms—Beamforming, empirical eigenvalue distribution, Objectives of our work: 1) to provide a characterization of phys-
ergodic capacity, Fourier series, frequency selectivity, ray tracing, ical MIMO channel models that is analytically tractable, 2) to
scattering, spectral efficiency. obtain rigorous mathematical results that characterize capacity
scaling behavior, and 3) to relate the scaling results to the phys-
ical characteristics of realistic MIMO channels. Our focus is on
. systems that use uniform linear arrays (ULAs\ofintennas at
HE use of multiple-element antenna arrays has emergggkn the transmitter and receiver. We assume that the channel is
as a promising technology for dramatically increasingnknown at the transmitter but perfectly known at the receiver.
the spectral efficiency of wireless communication systems.The workhorse of our analysis is a recently introdugée
Initial studies have indicated linear increase in the capacity @fy| representatiorof narrow-band [6] and wide-band MIMO
channels [11], [12] that provides an intuitive and tractable char-
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characterized by the number of antenmég(for a given an- for a large bandwidth, we get linear capacity growth with
tenna spacing) and bandwidifi. The virtual representation is transmit power as well. We also investigate spectral efficiency
a Fourier series for the channel frequency response matrix tbatwide-band MIMO channels and provide explicit character-
corresponds to sampling the angle-delay spadixed virtual izations of the minimum energy per bit (required for reliable
Ao0As, AoDs, and delays. In particular, it induces a virtual pacommunication) and the wide-band slope recently proposed by
titioning of propagation paths in angle-delay space that expodé&sdi [16].
their contribution to channel capacity, and plays a key role in The rest of this paper is organized as follows. In the next sec-
relating the scaling results to physical scattering characteristition, we present a general physical model for wide-band MIMO

Our capacity scaling analysis is based omaconnected channels, review the virtual representation and its relation to the
model for the narrow-band virtual matrix that consists ophysical model. We also discuss channel statistics and virtual
D nonvanishing diagonals with i.i.d. Gaussian entries. Thmath partitioning to motivate thB-connected channel model. In
D-connected model is motivated by physical consider&ection I, we formally define thé-connected model and ob-
tions—it represents a scattering environment in which eatdin lower and upper bounds for its capacity. Section IV presents
virtual transmit angle couples with virtual receive angles and our capacity scaling results for narrow-band MIMO channels.
vice versaWe call D the channel connectivitgs it provides a Section V contains a parallel set of results for wide-band chan-
meaningful and tractable measure of the richness of scatteringls. Section VI investigates spectral efficiency issues. In Sec-
For example,D = 1 corresponds to a loosely connectedion VII, we provide a physical interpretation of the scaling re-
(highly correlated) channel, whereds= N represents a rich sults and also provide illustrative numerical results. Section VIII
scattering environment. In effect, tlig-connected model pro- closes the paper with concluding remarks. Several of the proofs
vides a mathematical construct that greatly facilitates capacitse relegated to the Appendixes.
analysis of correlated channels, analogous to the role of i.i.d.
channel matrix in the idealized model. Il. WIDE-BAND MIMO CHANNEL MODELING

To our knowledge, the most recent work addressing the issu% . . . . .
of capacity scaling in correlated channels is [13]. The channel n this section, we review the virtual representation for both
model used in [13] is a generalization of the i.i.d. model and st[fgrrow-band [6] and wide-band MIMO channels [11], [12] that
predicts linear capacity growth with the number of antennas, gll_ays a key role in connecting the scaling results in this paper

beit with a smaller slope compared to i.i.d. channels. In Sectifh the structure. of physical MIM.O channels. W? focus on the
VII, we interpret the channel model in [13] in the context of oufiSpects of the virtual representation that are particularly relevant
' i[%this paper. The reader is referred to [6], [11], [12] for details.

framework. In particular, the results in this paper make a dire . . X

connection with physical models and precisely identify the sit- roughout this paper, we con5|dgr MIMO systgms with ULAS

uations in which capacity scaling can or cannot occur. of N ant_ennas at.b_oth the transmitter and receiver and assume
Summary of ResultsWe investigate capacity scaling inthat far-field conditions apply.

both the low-power and large antenn&)(regimes for both ) i

narrow-band and wide-band channels. Most of our analyéls A General Physical Model for Wide-Band MIMO Channels

is based on general lower and upper bounds on the ergodi&Ve are interested in representing the MIMO channel over a

capacity of the D-connected model. First, consider thawo-sided bandwidtii . Inthe absence of noise, the transmitted

narrow-band case. In the low-power regime, we show thand received signals are related as

C/ P scales precisely aB whereC' denotes the capacity and

P t_he t(_)tal transmit_power. The ana_lysis in the Ia_rge antenna z(t) = /HQ imp(7)8(t — 7) dT 1)
regime is greatly facilitated by a fortuitous connection between
the D-connected model and some earlier work of Grenander X (f) =H.(f)S(f), -W/2< f<W/2 (2

and Silverstein [14] on the limiting empirical eigenvalue

distribution of a class of random matrices. We show that fayheres(t) is the/N-dimensional transmitted signal in time(z)
large N, C exhibits linear growth withV if D grows linearly is the N-dimensional received signal in time, a®{f) and
with N as well. This, in turn, implies that linear capacityX (f) are Fourier transforms af¢) andz(t), respectively
growth is sustainable in physical channels if the number of

resolvable paths grows quadratically wif¥i. For fixed D, S(f) = / s(t)e 32Tt g 3)
which corresponds to linear growth in the number of paths, the

capacity saturates. For a finite number of paths, there is no g%'n NxN SH hi |
in increasingNV beyond the number of paths. eN x N matrix He, imp(7) represents thimpulse response

In the wide-band case, we show that frequency selectiv@atr!x and H.(f ) is the correspondindrequency response
does not affeatrgodiccapacity, which is consistent with known atrix _(the Fourier t_ransform OfH”’imP(T)). cogplln_g the
results in the single-antenna case [15]. In fact, wide-band ég_msmltter and receiver elemen_ts. We wil prlmarlly .work
pacity is solely governed by spatial channel characteristics \y}'éth H.(f) and we index the entries d.(f) asH (i, k; f):
appropriate scaling with¥. The most conspicuous effect of’ ~ 0,1,...,N-1,k=01...,N-1s

increasing bandwidth is that it tightgns the C?‘paCity bolundsiThe subscripté” denotes the actual channel matrix, as opposed to the virtual
and hastens the convergence of scaling behavior. In particutdgnnel matrix.
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{scm-rsnens A narrow-band MIMO system correspondsiio = 0 in which
case (5) reduces to
<1 Npath
H.=H.(0)= Z anaR(eRm)aib“{(gT,n)' (6)
q n=1
. Define
_<] 0r- = minfg ,, 0r+ = maxfg ,
RECEIVER " "
T“ﬁ;‘ﬁﬂm“ SPATIAL MULTIPATH CHANNEL ARRAY br_ = min 01, n, Or4 = max O, n- (7)

@ ThenRus = [r—, Or+] andTas = [0, 07 ] represent the
SCATTERERS angular spreadsseen by the receiver and transmitter, respec-
tively. Thedelay spreads denoted by

T S h
e Q Tps = IaX T, — Min7,. (8)
» . N n n

Without loss of generality, we assumein, 7, = 0 so that
Tn € [0, TDS]-

A continuous version of (5), corresponding to a continuum of
propagation paths, is insightful in relating the channel matrix to

TRANSMITTER RECEIVER the scattering environment

ARRAY SPATIAL MULTIPATH CHANNEL ARRAY

(b) Or+ [Or+ [pTDS
Fig. 1. A schematic illustratinghysical modelingrersusvirtual represen- H.(f) = /9 /9 /0 G(Or, O3 7)
tation in the spatial dimension. (&hysical ModelingEach scattering path is R - " 9
associated with a fading gai®,.) and a unique pair of transmit and receive ar(0r)at (0p)e 721 dhr dop dr  (9)
angles ¢+, ., 9r, »). (b) Virtual Representatioof the scattering environment
depicted in (a). The virtual angles are fixagpriori and their spacing defines \yhere G(@R. O ,r) denotes thangle-delay spreading func-

the spatial resolution. The channel is characterized by the virtual coefficients . ; . .
{Hy(q, ) = h,.,} that couple theV’ virtual transmit angleg»+ ,} with 10N that characterizes the scattering environment. For the dis-

the V virtual receive angle$§yr 4} crete model (5), it reduces to

Npath
Let d; anddr denote the antenna spacings at the transmitt@@R_ Op; 7) = Z nb(0r — Op. n)8(0r — 07.)8(T — T)
and receiver, respectively. The channel matrix for ULAs canbe ' ’

n=1

described via the array steering and response vectors (10)
. . where 6(f) denotes the Dirac delta function. For the
ar(07) = — |1, e=32m0r e mi2m(N=1)fr narrow-band case, (9) reduces to
(o) VN [ } 0 9
) ) T R+ T+
on(0m) = i [1 e, o]y Ho=HL(0) = / R / " Glbn. Dr)an(Om)al (0r) dor oy
. . . (11)

whered is related to the AoA/AoD variableé (measured with DS
respect to the horizontal axis—see Fig. 1yas dsin(¢)/A =  G(0r. 0r) = / G(Or, O0; 7)dr
asin(¢), A is the wavelength of propagation, aid= d/ X is the 'NO 1
normalized antenna spacing. We will primarily work with the R
spatial variablé. We restrict ourselves to critich /2) spacing: - Zl ond(0r = Or,n)8(0R — Or.n) (12)

ar = ar = 0.5. In this case, there is a one-to-one mapping
betweerd € [-0.5, 0.5] and¢ € [—n/2, w/2]. The effect of where the second equality in (12) corresponds to the discrete
larger antenna spacing on capacity and diversity is discussedriadel (6).
detail in [6].

The channel matrid .( f) can be generally modeled as B. A Virtual Representation for Wide-Band MIMO Channels

In (5), each propagation path is associated with an arbitrary
AoD, AoA, and delay distributed within the angular and delay
spreads. The virtual representation replaces the physical paths
with virtual ones corresponding fixed AoDs, AoAs, and de-
which corresponds to signal propagation alaNg..., paths, laysthatare determined by the spatial and temporal resolution of
where{0r,,} and{fg, ..} represent the AoDs and AoAs, re-the array. The notion of virtual angles is illustrated in Fig. 1(b).
spectively,{7,,} the delays, and, } the corresponding com- Without loss of generality, assume that is odd and define
plex path gains. The physical model is illustrated in Fig. 1(a = (N -1)/2.

Npath

H(’(f) = Z OénaR(aR,n)ag(HT,n)e_jQﬂ”"nf (5)

n=1
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Definition 1—Virtual Channel Representatioithe virtual In the narrow-band case, virtual representation reduces to
channel representation is defined by the Fourier series expan- -
sion [6], [11], [12] H.=H.(0) = ArRH(0)Ar

=ApHA7 = ) " H(q,p)ar(q/N)af (p/N)

S .
H(H=> > > (o N pe

q=—N p=—N 1=0 (22)
Hlg. p: lan(a/N)a (p/N)e > (A3) gy = [an(-N/N) ... an(N/N)]
corresponding tdixed virtual AoDs, AoAs, and delays Ar = [aT (_N/N) N Ve (N/N)} (23)

1., =p/N, Or,=q/N, 7 =I1/W. (14) whereAg andA; areN x N discrete Fourier transform (DFT)
(unitary) matrices. The elements of the narrow-band virtual ma-

The virtual (Fourier series) channel coefficiedtd [q, p; []}  trix H = H(0) are related to the discrete physical model as
characterize the virtual representation and can be computed

from H.(f) as H(q, p) = G(q¢/N, p/N) = Hlq, p; []
1 w2 . ol Npatn l
Hq,p:l] = W/W2aR(q/N)Hc(f)aT(p/N)e] I . =" anfnOra—a/N)fy(0r.a—p/N). (24)
(15) n=1

We note that the virtual representation is a unitary transforma-
tion of the actual channel matrix and, thus, all capacity-related

Combining (15) and (9) we get . . ) . . ; ;
g (15) (©)we g issues can be equivalently investigated in the virtual domain.

Hig, p: 1] =G(q/N, p/N: 1/W) C. Virtual Path Partitioning

Npatn

= Z o fn O n — q/N)f5 (01 — p/N) The virtual representation induces a partitioning of paths that
= o o is very insightful in relating physical scattering characteristics
-sine(, W — 1) (16) o channel statistics.

) ) Definition 2—Virtual Path Partitioning: Define the fol-
where the second equality corresponds to the discrete model ﬂﬂ%‘ng subsets of propagation paths:

Or Or ™s
G(Og, b7; 7) = / . / ’ / St,p ={n: =1/2N < (61, —p/N) < 1/2N} (25)
SR ,6"‘7, (/J / / Sk,q={n: —1/2N < (8r,» —q/N) < 1/2N} (26)
~G(Or", 07" 7") fN(OR" — Or) fN (07" — O7) Se={n:—1/2W < (1, — /W) < 1/2W}  (27)
-sinc(W(r" — 7)) dfg’" dor" dr’ (17) _ _ _
N1 ) corresponding to the spatial and delay resolutions. The above
Fn(0) = 1 Z o—i2mbi _ 1 o—i2m6N Sm(“NH). sets form a partition
N —~ N sin(mrd) ’
sinc(z) = sin(mz)/(rz).  (18) Usra=Usrr=USm={1, - Ny} (28)
q P 1
Note thatfn (#) andsinc(W ) get peaky around the origin with U [SrR,q N ST, NS 1] ={1,..., Npatn}. (29)
increasingV andW. Thus, (16) states that the virtual channel a,p1

coefficients are samples of a smoothed version of the delay-
angle spreading function, and that the smoothing kernel getsWith the path partitioning, the virtual coefficients in (16) and

narrower with increasingv andW'. (24) can be approximated as

The spacing between the transmit/receive virtual angles in
(14) represents the spatial resolution of the arrAyr = Hlg,p;ll~ > an, H(gp)x Y an (30)
Afr = 1/N. Similarly, the spacing between the virtual delays n€8q,p,1 7€8q,p
corresponds to the temporal resolutiohr = 1/W. For whereS, , 1 = Sg.q N S7., NSy andS, , = Sk 4N St

sufficiently large N' and W, most of the channel power isthys, in the narrow-band case, the paths are distributed in the
carried by a subset of the coefficients. The size of this subset gy a| representation according to the spatial resolution. In the
dominant{ H[q, p; ]} is determined by the angular and delayyjge-band case, this distribution is further refined by the delay

spreads [6], [11], [12] resolution.
P_<p<Py: P.=|0r_N|, P =[0ryN] (19) D. Statistics of Wide-Band Correlated MIMO Channels

Q-<q<Q4: Q-=19r_NJ, Q4 =[0r N] (20)  |n this paper, we are interested in modeling the channel over
0<I<L:L=[Wmg]. (21) time scales over which the locations of scatterers, and hence
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{0r...}, {0r, »}, and{r,}, do not change significantly relative Equations (38) and (34) state that the elemen{dhf( f)} form

to the transmitter and receiver. This is equivalent to consideriaghree-dimensional stationary random field and the virtual co-
time scales over which the chanmsghtisticsdo not change ap- efficients{ H[q, p; I]} are samples of a smoothed version of its
preciably. However, the channel realizations do vary over sughderlying spectral representation and are hence approximately

time scales due to the phase variations in path gains. uncorrelated. The scattering functidfi(6r, 61; 7) can be in-
We make the following (Rayleigh fading) assumption oterpreted as the power spectral dertsétgsociated witt ..( f),
physical scattering. and the dominant virtual coefficients

Assumption 1—Independent Physical Scatterifige phys- Hia. »: 1] : <a< P <p<P., 0<I<I
ical channel parametef¥r ..}, {fr. .}, and{r,} are fixed { [qf pll:Q-<q __QJ”, -sps P 0sisl)
over the time scales of interest. The path gding} are inde- approxmately characterize tivedependent degrees of freedom

pendent zero-mean complex circular Gaussian random variadiz¥/ide-band MIMO channels. o
with variances{s2} The following observation will be useful in wide-band ca-

pacity results.

— * 1 _ 2 /
Elagaw] =0, Elanay] = 0pbnn, Vo, o' (31) Proposition 1: Atany given frequency, the spatial statistics

whereé,, denotes the Kronecker delta function. of H.(f) are independent of.

Under the above assumption, the element$Bt(f)} are ' Proof: IThe proof directly follows from (38) by substi-
jointly complex circular Gaussian, and, consequently, so are fiding F=1r. =
virtual coefficients{ H([q, p; I]}. Assumption 1 implies uncor-  Thus, thespatial statistics ofH.(f) are determined by the
related statistics for the spreading function in (10) [6], [11] statistics of the narrow-band matrE, = H.(0) (or, equiva-

lently, H = H(0)). The total channel power is distributed as

E[G(0r, 01; T)G™ (0, 02" 7")] [11], [12]
=M(0r, Or; 7)6(0r—0r")6(0r—01")6(T — 7') (32) 1 (W2

N b= / ]E[tr (Hf (f)H.( f))} df:]E[tr (Hf H)]
M(Or, 07 7)=Y . 026(0r—0r, 2)0(07 —07,,)6(T— 7). J=wr2 N

n=1 path

(33) :///M(HR,HT;T) dfgr dfp dr = 2:1 02:2037177[.
n= q,p,

The nonnegative functiod! (6, 67; 7) in (32) is called the (39)

angle-delay scattering functiofor angle-delay power profile
and reflects the distribution of channel powerinthq, 6r; 7) E. 4-Diagonal Virtual Model for Narrow-Band MIMO
space; it is given by (33) for the discrete model. Channels

An important property of the virtual representation is that
{H|q, p; l]} are approximately uncorrelated (and, hence, ap:
proximately independent) under Assumption 1 [6], [11], [12]

We now motivate a simple model—thé&diagonal virtual
odel—for correlated narrow-band MIMO channels that plays
a key role in the scaling results. As we will see, the ergodic ca-
E[H]q, p; |H* [ p'; ] pacity of wide-band MIMO channels depends only on spatial
statistics of the narrow-band virtual matdk. Spectral statistics
~ U;p, Baeat Sy S1— = Z 02 | S0y b1t Flnlli Tig},ﬂbme to diversity and hence affect the outage capacity
S Consider a single scattering cluster with maximum an-
(34) gular spreads at the transmitter and receilléys = Ras =
oy 1 =E[H[q, p;1]]?] [-1/2, 1/2]. One source of correlation is limited angular
Ort (074 TDS ) spreads. However, the effective angular spread (inftlu®-
= /9 /eT /0 M(Or,07;7)|fn(0r — q/N)| main) can be maximized (and the channel decorrelated) in such
- cases by increasing the antenna spacing [6]. For maximum

angular spreads, the nature of coupling between the scatterers

R—

fx(07 — p/N)|*sinc®>(Wr — 1) dfg dfr dr (35)

= M(q/N,p/N;1/W) (36) within the cluster determines the channel correlation. On one
. extreme is “diagonal scatteringH( diagonal), in which each
and (using (4), (5), (13)) virtual transmit angle couples with only a single corresponding

virtual receive angle. This corresponds to a scattering environ-

5 L. )00 10, £l
BH (i, ks HIH: (7, K5 )] ment consisting of a single line of scatterers (see [6, Fig. 7(a)]).

0 -0 "TDS . .
_ 1 / L RS A M (B, O 7)e—i270n(=) In this caseg? , is nonzero only for; = p and the channel
N2 Jo_ Jor_ Jo T exhibits significant correlation since only out of N2 degrees
. pd2mb7 (k—k') j—j2nT(f—f") A5 dbr dr (37) qf freedom_arti excited. On the other extreme is maximally
Npasn rich scattering” (all elements o nonzero) in which each
_ L Z o2 ¢ =320 (i=i") 2707 0 (k=k') )= 27T, (f=F) virtual transmit angle couples with all virtual receive angles,
= 3 2 )
n=1 2The angular spreads represent the bandwidths associated with the stationary

(38) field in the spatial dimensions.
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| The scaling results presented in subsequent sections are based

L _._ - _._ 4 _'_ S on a D-connectednodel which corresponds to the following
o .0 0 0 Lo circulant definition of d-diagonal model:
o 0 0 0 0 for —N<gq<N | (42)
R R Gt nonzerg forp = (¢+4) mod N,
o 0. 0 0. 0 H(q,p) = wherei = —d,....d (43)
1 o 0 0 0 0 0, otherwise.
i Sl i el R R The circulant modification is made for a technical reason—to
o 0000 0 make the number of nonvanishing elements in each column and
I :ﬁ 0 e e e e 1 Y each row to be the same—and does not affect the essential con-
777777 S i Eh Sh A clusions of our results. It can be shown that tireulant struc-
| A B N B ) ture in (43) actually occurs in systems which employ larger than
e Fem et oo A/2 antenna spacing due to notionsgfatial aliasing[6].2 The
! ! ‘ ! o 0 0 difference betweenr-diagonal and circulani-diagonal models
@ is illustrated in Fig. 2. For th&-diagonal model in Fig. 2(a),
notice the truncation near the corners of the matrix. In the cir-
culantd-diagonal model in Fig. 2(b), the truncated parts in Fig.
0 2(a) are wrapped around (aliased) and included in the matrix as
> olele e 1] Y depicted by the dark grey circles.
olele e Yo T We assumedV to be odd in the above discussion. We will
. ,.,.:,.,41,.,,;,;77 ; _relax this assumption in th_e foIIowmg_secﬂons. Furthermore,
B SR R TR T e in the D-connected model introduced in Section I}, corre-
90000 sponds to the total number of diagondls:= 2d + 1 for D odd
e e e 0 0 andD = 2d for D even.
T e e 00 0 | 1) Alternative Interpretations for th®-Connected Model:
1- . . o ol Let p(6x, 6) denote the joint density of path angles; the
e B BE R RELREE R angular spreads correspond to supports of the marginal den-
S 1801000 sities. Consider maximum angular spreaflss = Ras =
! 1 0 0 00 O [-1/2, 1/2]. The path angle$(fr, », 6.»)} can be thought
o 0 of as drawn independently accordingi@g, 61). The D-con-
nected model corresponds to the following structure on the con-
) ditional density ofdr givenfr:
Fig. 2. A schematic illustrating the-diagonal and circulant/-diagonal nonzerq if max(fr — 66, —1/2)
. . i) * .
T e ot e = 2y L5 Al (9[0r) = < 0 < min(fr +80, 1/2) (44)
d-diagonal model consisting @f nonvanishing diagonals above and below the 0 otherwise

7

main diagonal. Notice the truncation near the corners. (b) Circdlaliagonal

model. The truncated parts in (a) are wrapped around (aliased) and inclugglere 5§ < [0, 1/2]. Thus, even though the marginal&r)

in the matrix as the dark grey circles. andp(f7) span the entire angular spreads, the conditional den-
sity exhibits a limited spread?as(61) = [0 — 60, 61 + 66)].

andvice versaThis corresponds to multiple lines of scatterergote thatp(6r, f7) is a normalized version of power spectral

(see [6, Fig. 7(b)]) and the channel will exhibit minimal cordensity

relation since alb? , are nonzero. In particulag? , = o? o

corresponds to the i.i.d. model. Thus, we can capture a rich M(0g, 07) :/ ‘ M (0, 07;7)dr

class of scattering environments, depicting varying levels of 0

correlation, by imposing the followind-diagonal structure on

i and may be estimated in practice from measurements (see, e.g.,

[4]). Finally, since the sampling resolutiondsd = 1/N, D =
for —N<q<N (40) 266N in (44).

nonzerg for max(—N7 q— d) SFor larger tharh/2 antenna spacing, the principarange([—1/2, 1/2])
maps into a subset of the physical anglenge([—7 /2, 7/2]) (e.g., the black
H((L P) = < p < min (N7 q+ d) (41) dots_in Fig. 2(b)). Howe\{er, due to Fhe periodicity of steering f_:lnq response vec-
tors in#, scatterers outside the limitedrange wrap into the principdl range
0, otherwise (the grey dots in Fig. 2(b)). This is the notion of spatial aliasing.
N 4Note that only two light-grey colored truncated parts are included in the cir-
where0 < d < N — 1 represents the number of honvanishingulantd-diagonal matrix. In general, all four truncated parts may be aliased to

diagonals above and below the main diagonal (see Fig. 2(%)§Id the dark-grey parts. This would result in the dark-grey parts having twice

Di | tteri dsd 0 d . v rich ‘much power as the black parts. However, such a situation is less likely in
lagonal scattering correspondsdo= 0 and maximailly rch  yractice and is not critical to the essence of our scaling results. Thus, this tech-

scattering corresponds tb= N — 1. nical point is ignored in the definition of thB-connected model.
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10 s
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0 1 2 3 4 5 6 7 8 9 10
Np x 10
Fig. 3. Plot of N,..n/Np as a function ofVp for p,., = 0.99.
2) Number of Paths Needed to PopulateDaConnected Ill. D-CONNECTEDCHANNEL MODEL AND CAPACITY BOUNDS

Channel: For given N and D, a natural question (that will

This applies taesolvable pathghat lie in distinct virtual spatial y=Hz 2z (47)

bins of sizeAfr x A8y = 1/N x 1/N, as depicted in Fig. 2.

However, since the path angles are randomly distributed, m@jfierez, y, and z are the N-dimensional transmitted signal
than Np paths will be needed to ensure with high probabilityector, receive signal vector, and complex Gaussian noise
that there is at least one path in each spatial bin. Assume tj@ktor, respectively. The noise vector is assumed to be white
{0R,n, 0r,,} are uniformly distributed over théfr, ) in space as well as over time. We assume thiat zero-mean
region in (44). Then, each path can land, with equal probabiligpmplex Gaussian with unit variance entries. The entries of
in any of the Np spatial bins and it can be shown that thghe N x N narrow-band virtual matrixi are uncorrelated
probability that theD-connected model is fully populatedzero-mean complex Gaussian random variables whose variance

satisfies may vary depending on the physical environment. In particular,
N many entries may be zero if the scattering is not rich enough to
Ppop = 1 = Np(1 —1/Np)~e=r couple all the transmit and receive dimensions.

log((1 = ppop)/Np) (45) Aconciseway todescribe such a patterdis via the notion
log(1 —1/Np) of the Hadamard product. Led = (a;;) andB = (b;;) be

) ) N x N matrices. The entries of the Hadamard product (written
Fig. 3 plots the values aN,..,/Np as a function ofNp for  a50 = 4 B) are given by

Ppop = 0.99. Even thougHimy,, oo Npatn/Np = o0, it is

evident thatV,..n/Np is bounded by a constant on the order cij = aijbij, V1<i,j<N. (48)
of 10 for values of N1, of interest. Thus, we conclude that

the number of paths needed to populafe-aonnected channel Let M = (o) whereafj is the variance of thé&i, j)th entry in
with high probability satisfies H. The virtual channel matrix can then be expressed as

<~ Npath >

Npatn > ¢cNp =cDN (¢~ 10). (46) H=MoH (49)
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whereH' consists of i.i.d. standard complex Gaussian random Tx1 . Rxl
variables. Therefore, one can describe channel structure by
specifying M, which we call thechannel pattern maskWe
assume that the nonvanishing elementskbthave identical

i Tx2 Rx2
variance.
Definition 3: A D-connected channel with dimensiadW,
1 <D < N,isanN x N MIMO channel whose channel Tx3 Rx3
pattern maslG = (gi;)nxn iS given by
1, fj=i+lmod N . .
—(D=1)/2, ..., (D=1)/2, T R
if Disodd
gij = wherel = ‘
-D/2+1,...,D/2, N O
if D is even x5 Rxs

0, otherwise.
’ (50) Fig. 4. A schematic illustrating?-connected channels. The dimensiorbis

and the connectivity i8. Observe each transmit dimension is coupled with three
Note that the pattern mask matrix Hf-connected channels eceive dimensions andce versa
is acirculant matrix with equal numbe¢D) of nonzero (unit)
entries in each row and each column. The paramtircalled denoted = HU andB = (E|a;;|*) v« v. Then,B is a scaled
the channel connectivitylt models the degree of coupling be-doubly stochastic matrix with scale, that is,

tween transmit-receive antenna pairs. Wheg: 1, the antenna N
array is loosely coupled (strongly correlated), while= N Z]E|aij|2 =D, Vi=1,...,N (52)
represents a densely coupled rich scattering environment (com- j=1
pletely uncorrelated). Fig. 4 illustrateSaonnected channel of N
dimension5. Its channel pattern mask is given by ZIE|aij|2 =D, Vj=1,...,N. (53)
1100 1 - . .
1110 0 Proof: SinceU is a unitary matrix, (52) holds by noticing
M=|0 1110 N N
00 1 1 1 Z|“ii|2:z|hii|27 Vi=1,..., N. (54)
1 0 0 1 1 Jj=1 j=1

The verification of (53) requires the circular property of the
Proposition 2: Let H be the channel matrix of #)-con- D-connected channel. For givgn
nected channel of dimensia¥. Then N N
Hy  worgrH g > Elai? =Y Jukl? (55)
E[HH"|=E[H H]| = DIy. (51) — P e
Proof: It trivially follows from the definition of D-con- whereu,; is the(k, j)th entry inU andZ; is the set of column
nected channels. [0 indexes ofH corresponding to nonzero entries in thlk row
The ch | tvitd h anificant effect h of the channel pattern mask matrix. Note that freonnected
e channel connectivity) has a significant effect on echannelstructureimpliesthateveryrowindex of fiirecolumn

statistics OH.I' Thelspec.lal case dp-connected chqqnel Wher]o U is covered exactlyD times, and hence the above sum is
D = N precisely gives rise to the commonly used i.i.d. channg ual toD, which proves the lemma 0

model. As pointed out in [2], [17]H in this case igsotrop-
ically distributed, that isH and HU have the same distribu- Assuming perfect knowledge & at the receiver, the ergodic
tion for any unitary matrix/. The exploitation of the isotropic capacity of anV x N Gaussian MIMO channel is given by [2]

property of i.i.d. H has been the key to many elegant results o
regarding capacity and coding for i.i.d. channels (see, e.g., [2], ¢ = H}S‘X]E[log det (IN +HQH )] (nats/s)  (56)

[L7]). However, ifD # N, H is no longer isotropically dis- where the maximization is over a set of positive semidefinite

_trlbuted. In other words, isotropic property Hfis rather a rarity Hermitian matrice® satisfying the power constraiftQ < P,
in correlated channels, such2sconnected channels. However, R .
nd the expectation is with respect to random channel mHtrix

a weaker form of channel statistics turns out to be preserveda a% : L
. o Inthe following, the base is implicitly assumed fotog unless
D scales. The following lemma connects the statistids-afon- ecified otherwise

nected channels to a (scaled) doubly stochastic matrix (DS'\ﬁ 'An obstacle in analyzing capacity of realistic MIMO channels

:Ir\wlh||(|:2| pé?]ésnierze analogous to that of the isotropic dlstr|but|olg the optimal input distributio® in (56). Except for diagonal

channelg§ D = 1), i.i.d. channel§ D = N), and a few other
Lemma 1—Scaled Doubly Stochastic Matrixet H repre- correlated cases [18]-[20], the optin@lis unknown, which
sent aD-connected channel. For an arbitrary unitary malfix limits the strength of capacity results for these channels. The
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doubly stochastic structure in Lemma 1 greatly facilitates ca- V. CAPACITY SCALING IN NARROW-BAND CHANNELS
pacity analysis ofD-connected channels. The following uppen
bound plays a vital role in our capacity analysidbionnected ) ) ) ) )
channels. Although it can be alternatively proved by exploiting Ve first study capacity saturation and scaling behavior when
the DSM property (Lemma 1) as in Appendix |, we present € channel connectivity) is finite.

. Finite Connectivity

simpler proof 1) Large-Dimensional Asymptotics:
Lemma 2—General Upper Bound:he capacity of )-con- Theorem 1—Capacity SaturatiorChannel capacity of an
nected channel of dimensia¥ is upper-bounded by N x N MIMO channel with fixed connectivityD at a given
transmit powerP is asymptotically bounded betwedn and
O < Nlog(l + BP) (57) DP asN approaches infinity.
- N Proof: We write C(N) to emphasize capacity as a func-

whereP is the total transmit power. tion of array dimension. The upper bound is an immed_iate corol-
Proof: The key is the fact thatet(4) < (tr(4)/N)N lary of the general upper bound lemma (Lemma 2) since

for an N x N positive semidefinite matrixd, which is a dis- D
guised form of geometric mean arithmetic mean. The lemma  C(V) < Nlog(l t¥ P) — DP, asN — oo. (61)

is proved by the following chain of inequalities: ] o
In view of Lemma 4, channel capacity is lower-bounded by

w(HQH™Y) "
N

E [log det (I + HQHH)} <E|log (1 + C(N)> (N - D+ 1E [mg(l + %xé)} (62)

< Nloel 1 E[tr(HQH™)] wherey3 is a unit variance chi-square random variable with two
s Nlog| 1+ N degrees of freedom. Note
tr(QE[H™ H]) P, o
=Nlog(1+ ——2— -~ NlOg(l ty Xz) — Px3 pointwise
N
D Since
§N10g<1—|— NP) . (58)

P
N log (1 + —x%) < Px;
n N
We next give two lower bounds for capacity bFconnected | log(1 + =) < z andE[Px3] = P < oo, the dominated

channels. The first (Lemma 3) follows from a quick observa: h —_—
. L . DCT) [21 I h
tion that channel capacity is lower-bounded by the mutual mpnvergencet eorem (DCT) [21] implies that

formation corresponding to the uniform power input distribu- . P,
tion, that is,Q = (P/N)Iy in (56). The key to the secondAlgnw(N —D+1E 10g(1 TN X2)
(Lemma 4) is to construct a suboptimal channel from the orig- N-D+1 P
inal MIMO channel and then to evaluate the capacity of the =~ = lim ———— IE{N 10g(1 + NX%)} =P (63)
suboptimal channel, thus obtaining a looser but more tractable
lower bound. Therefore,
Lemma 3—Uniform Povyer Lower Boundiven total P < liminf C(N) < limsup C(N) < DP (64)
transmit powerP, the capacity of aD-connected channel of N—oo N—oo
dimensionN is lower-bounded by which completes the proof. O
C > E|logdet (IN + r HHHH (59) 2) Low-Power RegimeWe write C(P) to emphasize ca-
N pacity as a function of transmit powét.
whereP is the total transmit power. Theorem 2—Capacity Scalingzor fixed N and D (1 <

D < N), the capacity of ab-connected channel scales like

Lemma 4—Rayleigh Subchannel Lower Boulven total )
ylelgh su W LRy DP asP becomes small. More precisely

transmit powerP, the capacity of aD-connected channel of

dimensionN is lower-bounded b
Y 11,11110 C}P) =D. (65)
P e
> . 2
Cz(N-D+ I)E{log(l + N X2)} (60) Moreover, any Gaussian input satisfying) = P achieves

) ) ) . ) ) capacity asymptotically in the low-power regime. In particular,
wherex? is a unit variance chi-square random variable with twgniform power distribution, i.eQ = LI is asymptotically op-
degrees of freedom. timal.

Proof: See Appendix II.

6A series{x,, } is said to be asymptotically bounded betwegrand B iff
5Thanks to the input of an anonymous reviewer. A <liminf, o x, <limsup,_ =, < B.
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Proof: Again, an application of the general upper bountbr everye > 0, there is a neighborhooll, of z such that

reads |fn(y)— fn(z)] < eforally € U, and allN. Suppose thafy
_ c(P) N D converges tg’ pointwise and that the ESO$x (\)} converge
IIIP}ljlolp < Im — 108(1 + 5 P) D (66) pointwise asN — oo to a deterministicF(\) almost surely,

written asFy — F a.s. Then

For the other direction, denote by for 1 < 7 < N the un-

ordered eigenvalues dIQH", whereQ is the input power liminf S(N /f YdF (A (70)

distribution satisfying the power constraiftt The unordered N—=eo

eigenvalues are obtained by random permutation of all eigen- Proof: See Appendix IlI O

values of HQH" . Note that all unordered eigenvalues have
the same marginal distribution. It follows from(HQH") =
YN, Nandtr@Q = P thatEA = 2P. Let I(P) denote the
mutual information correspondmg to power. Similar to the
proof of Theorem 1, the DCT can justify passing the limitin th

2) Large Dimension AsymptoticsConsider a series ab-
connected channelsH } with increasing dimensiodv. We
study its capacity behavior when channel connectivity grows
groperly with V. More precisely

following: im 2 _ ¢ 0,1] and D(N)—oo  (71)
lim inf op) > lim @ = lim w =D - i ;
o PP P P = - where we writeD(N) to emphasize the dependency of connec-
(67) tivity on dimension and is called thegrowth ratioof connec-
O tivity.
o o A similar model has been considered in [14] when partially
B. Infinite Connectivity connected neural networks exhitiiniting ESD (LESD). Al-

A particularly interesting scenario is when the scattering ethough the random network in [14] consists{ef1, 1}-valued
vironment is rich enough to sustain a growth in channel conngandom variables, its adaptation to our case is essentially
tivity with antenna dimension. We study the asymptotic (larggraightforward. We state the following theorem and relegate
N) capacity scaling behavior in such infinite connectivity envits proof to Appendix IV.
ronments.

1) Empirical Spectral Distribution of Large-Dimensional
Random Matrices:The essential mathematical tool we will b
using in studying the infinite connectivity case is the so-call

Theorem 4—Grenander and Silverstein’7&ssume

D(N)—o0asN —oo. Let Fiy(\) be the ESD of5 s HH™.

sl'dh J{Fn(A\)} converges pointwise in probab|I|ty to

spectral analysis of random matricebiterested readers are 0, forA <0
referred to [22] for an excellent review on this subject. In A
the following, we make a brief introduction and clarify some F(A) = /0 g(u)du, for0<A<4 (72)
common misconceptions in applying the random matrix theory. 1, for A > 4
Definition 4: Let A be anN x N Hermitian matrix and de- here
note by\; < -.. < Ay its eigenvalues. Thempirical spectral
distribution (ESD) of A is defined b u(d —u
( ) y g(u) = % (73)

#{k <N, A <A}
N

where#t{-} denotes the number of elements in the setindicated.The ESDs of randomD-connected channel matrices are
t.shown in Fig. 5. As seen from the figure, the ESDsfoe> 20
are quite close to the limiting Méenko—Pastur law.
With the aid of the above results, we come to the main the-
em of this section.

FAQ) = (68)

is the so-called M&enko—-Pastur law.

Note thatF4 itself is arandomvariable as it depends on ou
comes of random matrid. A common practice is to regafd4
simply as the distribution of eigenvalues4f In most applica-
tions, the quantities in interest, such as channel capacity, ca
expressed as Theorem 5—Normalized Capacity Scalingor fixed trans-

mit power P, if the channel connectivity grows properly with
=E / FN(A) dFZN (X) (69) dimensionN, that is, (71) is satisfied, then the capacity per di-
] mension is asymptotically bounded as

where the expectation is with respect to random madrix of i
dimensionN. For some type of random matrices, their ESDs log(1 +~vPX) dF()\) < C(N)
tend to converge in a certain sense as the dimension gets large.
A prevailing practice in engineering is to tre8t/V') as conver- whereF(\) is the Matenko—Pastur law given in (72) ands
gent. However, the next theorem demonstrates the crucial diffgie growth ratio.
ence between ESD and distribution of Eigenvalues, which sets a Proof: App|y|ng Jensen’s inequa“ty and Carrying out in-

rigorous ground for our channel capacity investigation. tegration, one can verify, indeed, that

Theorem 3:Let S(N) be as in (69). Assume the set of non-
negative functionq fy(z)} is equicontinuoug23], that is, if

<log(l++P) (74)

/log(l +yPX)dF()) < log(l+ +P).
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Fig. 5. The empirical spectral distributions of randémconnected channel matrices. The growth rati is 0.5. The Maenko—Pastur law is also plotted.

The upper bound in (74) is again obtained from Lemma 2 bg Theorem 4, the convergence of ESD is only in probability.

noting that However, there exists a subsequefidg. } — oo such that the
corresponding ESD converges almost surely [21]. For the inves-
C(N) < log(l n D(N) P) — log(1 + 7P). tigatiop on capacity of a large antenna array, this seems to pose
N N no serious constraint. So, we neglect this difficulty hefiden,

We resort to Theorem 3 for the lower bound. The key is to eva'“_follows from Theorem 3 that

uate the mutual information for uniform power input. One has i inf C(N) > liminf Tini(N)
N —oo N N—oo
Limi(N) 1 PD(N) /
—TF — . > [ log(1 +yPAN)dF()). 78
L ]EN;log(l—l— = ,\z) > [ log(1 +yPA)dF()) (78)
Thus, the proof is complete. O

R / tog (14 - D]éN ) X)dEN(Y)  (75)
. Fig. 6 shows plots of normalized capacity (upper and lower

bounds) as a function d@¥ for v = 0.5. The asymptotic limits

of the bounds are also plotted. It can be seen that the “capacity”

corresponding to the uniform power distribution (lower bound)

seems to converge exactly to the lower limit calculated from the

Marcenko—Pastur law. We would like to leave it as a conjecture

where )\;’s are the unordered eigenvaluesg{mHHH and
Fx () is the corresponding ESD. Far z, y > 0

|log(1 + ax) — log(1 + ay)|

= % log(1 + at)‘ |z — 9| although we have shown a weaker result in Theorem 5.
13
a
= —_ < —_
1+ aé v =yl < alv =] (76) V. CAPACITY SCALING IN WIDE-BAND MIMO CHANNELS

In this section, we discuss the ergodic capacity of the wide-
band MIMO channel characterized by the transfer function
matrix H(f) in the virtual spatial domain. Assuming perfect

: L D(N
for some¢ € [min(z, y), max(z, y)]. Slnce% <1

- log(l N D(N) Pw) 3 log(l N D(N) Py) < Plz—y| knowledge ofH (f) at the receiver, the ergodic capacity of the
N N N wide-band channel is given by
(77)
D(N) . . "W /2
and, hence{log(1 + == P\)} are equicontinuous. Also, for Cwp = max / Eflog det(I + H(H)Q(/)\H (1)) df
each\ {QINY J—wy2

) (79)
10%(1 + N P/\) — log(1+~PA). It seems from [22] that the convergence is almost surely.
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Fig. 6. Normalized narrow-band capacif{ V') /N as a function ofV in an infinite connectivity channel. The growth ratjo= 0.5 andP = 20 dB.

where the maximization is over a family of input Gaussian céent with Theorem 8.Recent experimental measurements sup-
variance matrice$Q(f), —W/2 < f < W/2} that satisfy the port the conclusions of Theorem 6 as well.

total power constraint Remark 1: Note that (81) is identical to the expression for

w2 narrow-band capacity (56) except for the linear capacity scaling
/ tr(Q(f)) df < P. (80) due to bandwidth and the replacement@fby @/W. With
-w/2 the above connection between narrow-band and wide-band

The above definition of wide-band ergodic capacity is consisteﬁtlps::?gurlg(:siﬁef g_ionnﬂ;%\;\le—ga:%égﬁg? ?ﬁrsc::zrf:vcﬁr\:gr'

with that obtained in [24] for single-antenna frequency selecti\f\ﬁlMo channel can be used in the wide-band case as well since

additive white Gaussian noise (AWGN) channels. di o db ial o f th
Since the integrand in (79) in nonnegative, finding the optimgi'e ergodic capac_:lty 'S governed by spatla_ statistics of the
' narrow-band matrix. Thus, in all the following results, we

family {Q(f)} is equivalent to finding the optim#)( ) at each i X
f. Furthermore, at any, the optimalQ( f) only depends on the assume &)-connected spatial structure féf.

spatial statistics off ( f). From Proposition 1, we know thatthe Theorem 7—General Wide-Band Capacity Boun#sr any
spatial statistics oH (f) are independent of. Thus, the same fixed D andW, the wide-band ergodic capacity can be bounded
Q(f) is optimal for all f and the expression (79) for wide-bands

ergodic capacity reduces to WE [log det <IV N P HHHH

NW
HQH" D
Cwp = tg%asxp WE |}0g det <I + T) (81) < Cwp < NWlog (1 + N P) . (82)
Proof: The result directly follows from Lemmas 2 and 3.
whereH = H(f)|s=o denotes the narrow-band MIMO channel O

matrix and@ = Q(f)/W. Since the wide-band ergodic ca- From Lemma 4, we also have the following looser but more
pacity does not depend on channel correlation over frequengctable lower bound foN > D — 1:

i i i . P
we immediately have the following result Cws > W(N - D+ DE [log (1 N > X%)] (83
Theorem 6: Frequency selectivity does not affect the ergodic
capacity of wide-band MIMO channels. 8The numerical results in [25] show an increase in ergodic capacity with in-

creased delay spread. However, under the modeling assumptions in [25], an in-
Thus, whether we have a small or large delay spread dagesse in delay spread is associated with a corresponding increase in angular

not affect the ergodic capacity just asin the single-antenna c8Rigad. Thus, the increase in capacity is actually due to the increase in angular

. ead, which is a well-understood effect (see, e.g., [6]). If the delay spread is
[15]. Note that some recent results suggested otherwise [23]ged, while keeping the angular spread constant, there is no change in er-

However, a correct interpretation of the results in [25] is consigedic capacity [11], [12], as in Theorem 6.
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Note that both the lower and upper bounds above increddew we have

with W. N
o s (1)
WE |logdet| I+ = WE|log| 1+ —
A. Finite Connectivity Channels [ 5 ( w )] ; s w
Theorem 1 holds true for the wide-band channel as well. (88)

Theorem 8—Asymptotic Wide-Band Capacity for Finitelyhere); are the eigenvalues #QH" . By DCT we have
Connected ChannelsChannel capacity of anV x N

N
Wide-bf_;md MIMO_channeI With fixed connectivily at a given lim Z WIE [log <1 + ﬁ)]
transmit powerP is asymptotically bounded betwedn and W—o0 w
DP as N approaches infinity. N
H
Theorem 2 for the low-power regime also carries over un- - Z]E[/\i] =k [tr (HQH )]
changed. =1

_ H _
Theorem 9—Wide-Band Capacity Scaling in the Low-Power =t (Q]E [H HD =D(N) (@) (89)
Regime: Forfixed V, W, andD (1 < D < N), the capacity of here the last equality follows from Proposition 2. Combining
aD-connected wide-band channel scales k€ asP becomes (g7) and (89) completes the proof. O

small. More precisel
P Y If D(N) scales linearly withV then the infinite bandwidth

=D. (84) capacity also scales linearly witN. Moreover, in the infinite

] i ) o bandwidth case, the capacity also scales linearly with the
Moreover, any Gaussian input which satisfies the powggngmit power or the signal-to-noise ratio (SNR). The most

constraint achieves capacity asymptotically in the low-powgpngpicuous effect of large bandwidth is that capacity ap-
regime. In particula® = Iy is asymptotically optimal. proaches the upper bound in the finite connectivity case and the

o . upper and lower bounds converge in the infinite connectivity
B. Infinite Connectivity Channels case.

The capacity scaling result (Theorem 5) for infinitely con- Fig. 7 shows the upper and lower bounds@gys (N)/N as a
nected narrow-band channels also carries over, except for apiction of W for N = 6 andD = 3. We note that both bounds
propriate bandwidth scaling. increase with and are converging t® P log,(e)/N as pre-

dicted by Theorem 11. We have also plotted the ld¥geounds
for v = 0.5 for comparison. It is worth noting that the plots for
large N are nearly identical to those fo¥ = 6, demonstrating
nﬂi]se relatively fast convergence wifk.

Theorem 10—Normalized Wide-Band Capacity ScaliRrgr
fixed transmit power and bandwidtiV, if the spatial channel
connectivity grows properly with dimensiaM, that is, (71) is
satisfied, then the wide-band capacity per spatial dimensio

asymptotically bounded as
VI. SPECTRALEFFICIENCY IN WIDE-BAND MIMO CHANNELS

" P Cws(N P
W/log <1+’YW) dF(X) < %() <Wlog <1+Ww) The tradeoff of spectral efficiency versus energy per infor-
(85) mation bit is the key measure of channel capacity in wide-band
MIMO channels. Following [16], we investigate such a funda-
whereF'()) is the Matenko—Pastur law given in (72) ands  mental tradeoff for correlated MIMO channel via the virtual

the growth ratio. channel representation. Our results reveal an intrinsic link
- _ between channel structure and characteristics of the band-
C. Infinite Bandwidth Channels width—power tradeoff. We shall begin with an exposition that is

It can be shown that & increases, both the lower and uppetailored to our setup. Readers should consult the original work
bounds in Theorem 7 converge to the same limit. The proof[i6] for an elaborated treatment of spectral efficiency in the
similar to the more direct proof provided below. wide-band regime.

. . . . The wide-bandadditive white Gaussian nois€AWGN)

Theorem 11_—Inf|n|te Ban_dvylt_jth Capac_ltf:or any given channel is perhaps the best example to illustrate the tradeoff of
N and transmit poweP, the infinite bandwidth capacity of & g .14 efficiency and energy per information bit. The capacity
D(N)-connected MIMO channel is equal I(N) P of wide-band AWGN with bandwidth” (Hz) is given by

lim Cws(N)= max D(N)tr(Q)=D(N)P. (86) p
Consequently, any Gaussian input satisfying the power con- w
straint achieves capacity. where noise is assumed to have unit varianceansithe total
Proof. It follows from (81) that transmit power. Denote by = L the energy per dimension
wl’im Cws(N) (J/s/Hz). Normalized by total bandwidth, the spectral efficiency

or capacity per dimension (b/s/Hz) is

. HQH"
= t?g?agXP “hinoo WIE [log det (I—I— W )] . (87)

C
C= W log, (1 + s). (91)
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Fig. 7. Normalized wide-band capacifws (N)/N as a function of bandwidthV' = 6, D = 3, P = 20 dB. The largeV limits correspond toy =
D(N)/N = 0.5.

Since the energy required to supp@rbits iss per dimension, of the tradeoff curve with respectas quite convenient to com-

the energy per information bit (J/b) is simply given by pute (Ep)min andSy.
B, = P _ 5 _ 92 Theorem 12—See [16]:AssumeC(s) andC(s) exist on a
Wilog, (1+ &)  loga(1+s) neighborhood 0.2 Then
As the bandwidti? approaches infinity or, equivalently, as i s 1 9%
the energy per dimension approache®), spectral efficiency ( b)mm_sl_l,% C(s) (;(0) (96)
converges t0. However, the infinite bandwidth capacity is pos- ) 2
itive and o dC (Bs = (Boos) 2 [C (0)] 1 o7
= 5 b — b)min) — = .
(Eb)min =1 L 0 dEb —O(O) 10 10g10 e

iHl — 5
: P
W=oo Wlog, (1+ 77) Proof: We provide a proof based on (94) and (95). Apply

=lim ——— =log2=-159dB (93) LHospital's rule to get (96) as
s—0 logy(1 + ) L
. S
which is theminimum energy per information hiequired for (Eb)min = 11_1)% m = W
reliable communication [16]. ' (0)
Generally, letC(s) be the Shannon capacity per dimensiohote that

wheres is the energy per dimension. The spectral efficiency dc %
versus energy per information bit4{£;) tradeoff is a curve pa- v =g, (Eb = (Eb)min) = g5 (s =0).  (98)
rameterized by the energy per dimensior > 0 (see [16, egs. ] . ds
(15) and (16)]) as Now applying L'Hospital’s rule repeatedly on (94) and (95), one
has
C :C(ss) (b/s/Hz) (94) o G 5C(s)
E, = o) = 10log;g s — 10log;o C(s) (dB-J/b) (95) <0 =7, log, € e O(s) — s0(s)
2
The region ofC—E, curve nears = 0 is of great interest for : : 9 (')(0)
wide-band applications. Asapproaches zerdy, converges to = () lim (s) f.sc(s) = [ - } !
the minimum energy per information ki) i, required for 10logge s=0  —sC(s) —C(0) 10logyge
reliable communications. Although spectral efficiency diminwhich is (97). O

ishes as bandwidth increases, its decay rear0, that is, the _ o _ _
9Note that the units of (s) are in bits per dimension (as opposed to nats per

SIOpe‘?O O_f C=Ep _ats =0,isa lfey measure i.n .assessing S_yStPjHi}nension) which results in a constant offset compared with the corresponding
capacity in the wide-band regime. The explicit parameterizati@imula in [16].
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We next characterize the fundamentatF, tradeoff in whereP is the total transmit power. Then, the channel capacity
wide-band MIMO channels. We shall adopt the practice dbrmula can be rewritten as
normalizing capacity by antenna dimensions as in [16], that is,

the capacity unit is b/s/Hz/antenna, and correspondingly the (5 =W max ]E[logdet (I+ —HQHH)]

energy per dimension is given by tr(@)<P v
P H
_ =W max E|lo detI—l——HH ]
T NW (99) pepo L8 ( v HQ )
whereP is the total transmit powefy is the antenna dimension, ) z
andW is the bandwidth. Since itis hard to find the optimal input =NW PIEIE},?(Q]E Og( TN )‘)
distribution in general, we use the capacity bounds. T
Theorem 13—Minimum Energy Per Information Biiven =NW mSXE _log( T W /\)} (104)

a wide-bandD-connected channel of dimensidf, then
where the maximization is over all normalized input distribu-
(Ey)min = 1 log2 = —1.59 — 10log,, D dB.  (100) tions and) is the unordered eigenvalue HFQH" . Therefore,
D the optimalC—£;, tradeoff curve is given by (94) and (95) with

Proof: It follows from Theorem 7 that B
O(s) = max [logz (1 ¥ SA)} . (105)
Q

E[log,(1 + sA\)] < C(s) = i]‘;‘f < log,(1+sD) (101)
The proof of Theorem 13 shows that uniform power distribu-

where )\ is an unordered eigenvalue BFH" with EA — D. tion, thatis@ = I, asymptotically achieVesZ, )i, and is thus

Trivially first-order optimal in the wide-band reginie the terminology
of [16]. Actually, the result can be strengthened, following a

lm — % _ 1 log 2 similar argument as in Theorem 2, so that any normalés
s—0logy(1+sD) D first-order optimal. However, different signaling schemes may

result in different wide-band slope% . The task of finding the

Similar to th fof Th 2,the DCT tify the fol-
imriarto the proot ot Theorem © can justify the fo maximalS, is complicated by the maximization in (105). Little

lowing: is known about the optime@ for generalD-connected chan-
lim s nels. Furthermore, it is possible that the optiQainay depend
s—0 IE [logy (1 + sA)] ons as well. However, we have the following result whose proof
1 1 log 2 relies on Lemma 1.
IE [lim,—o(1/s)logy(1 +sA)] D ¢ Theorem 14—Maximal Wide-Band SlopBuppose that the
Then, (100) results from taking— 0 on both sides of nprmali;ed input distribution is k(_apt unc_hange@ as energy per
dimension scales. Then, uniform input distribution, thafis+
S < % < S ) I, gives the maximal wide-band slope for a given wide-band
logy(14+5) = C(s) ~ E[logy(1 + sA)] D-connected channel of dimensigv and its corresponding
slope is
The wide-band slop&, concerns local behavior @f-FE,
tradeoff for small values of energy per dimensianTo facil- So = b (b/s/Hz/dB/antenna)
itate exposition, we normalize the input (Gaussian) distribution. 101og;
=1 b/s/Hz/3 dB/antenna (106)

Definition 5—Normalized Input Distributionstet Q be the
setofallV x V semipositive-definite Hermitian matrices correyich is independent of connectivity of the channel.
sponding to the covariance matrices\dfdimensional complex Proof: See Appendix V. 0O
Gaussian input distributions. Given aQyec Q, write

Q.
N

Remark 2: It is consistent to see that connectivity has no ef-
fect on the maximal wide-band slope.lIf = 1, the D-con-
nected channel is essentially a parallel of Rayleigh-fading chan-

nels. Its slope is given via [16, Theorem 13] by setting—=
wheretr @ = N, thatis, write anyQ as a product of a scalar and,, — 1, which is 1 b/s/Hz/3-dB/antenna. Id = N, the same
anormalizedpositive-definite Hermitian matrix whose trace 'Stheorem specialized by, = n = N, says that the maximal

fixed at N. Denote byQ the set of such matricég. Note that slope is again 1 b/s/Hz/3 dB/antenna.

Q= (102)

anyQ € Q has a fixed trace equal . Fig. 8 illustrates the tradeoff between spectral efficiency and
Using the notion of normalized input distributions, we cagnergy per information bit in the wide-band regime frcon-
write the the power constraint as nected channels. Thé-FE, curves for different normalized

P a5 2 and the connectivityD is 5 in the simulation. As evident from

. input distributions are plotted. The channel dimensioiis 10
tr@Q < P, €Q}=<=@Q: PP, € Q; (103 '
{Q:ur@Q Q } {N Q @ } (103) the figure, all tradeoff curves approach the saffg)m,in as
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Fig. 8. Spectral efficiency as a function of energy per information bit in the wide-band regimé foomnected channel of dimensidf.

determined by Theorem 13, but the uniform distribution givas instructive to interpret the scaling results in tero@annel

the best slope&, as in Theorem 14. power per dimensioric?; , (N)). Under the assumption that
the power per path is constafit? = o?), the total channel
VIl. PHYSICAL INTERPRETATION OFSCALING RESULTS power is given by
In this section, we provide a physical interpretation of the oy = Etr(HH") = Nyamo?

scaling results, particularly in terms of the number and spatial

distribution of propagation paths. The most important scalifd from Proposition 273, = ¢ZD(N)N for a D-connected

results are due to Theorems 1 and 5. For infinite connectivirgan_”@, wherer? is the power in each nonvanishing virtual

with a nonvanishing growth rati9 € (0, 1], capacity scales Coefficient ¢ = 1 in the analysis). Then, we have

linearly with N for large N with the slope between the bounds 9 2 2 2

derived in the Theorem 5. For largé, D(N) ~ yN and thus ain(N) = 051 /N = Npaumo™ /N = o, D(N) (107)

connectivity must also scale linearly withi to sustain linear and the bounds in Theorem 5 show that for laNgéhe capacity

capacity growth. Sinceg = 1 corresponds to a fully populated;g given by

i.i.d. channel, the bounds in Theorem 5 show that the only ef-

fectofy < 1isto reduce the effective asymptotic received SNRC(N) ~ N log(1 + Po’;, (N)/N) = Nlog(1 + SNR(N))

(slope of capacity growth). This is consistent with the interpre- (108)

tation thaty = D(NN)/N reflects the fraction of virtual receive

angle that couple with each virtual transmit angle @ice versa where N reflects the number of parallel channels and

However, for fixed connectivityD, the capacity saturates to aSNR(N) = Po?2, (N)/N is the received SNR per parallel

value betweerD and D P because scattering is not rich enouglkhannel (dimension). For an infinite connectivity channel,

for D to scale withN. a3 (N) increases linearly wittV (from (107)) and SNRV)
Recall from (46) that we need on the order ofemains constant, leading to linear capacity scaling (from

Npatn = D(N)N resolvable paths to populate &-con- (108)). On the other hand, for fixed connectiviy, o3. (N)

nected channel with high probability. Thus, the number of pathsmains constant and SNIR) = Po2D/N, leading to

must scale adV,.., ~ vN? (quadratically) withNV to support capacity saturation.

linear growth in capacity (and connectivity). On the other hand, The preceding discussion leads to a general and intuitive

the number of paths must scale &s.., ~ DN (linearly) interpretation of the number and spatial distribution of paths

with NV to support a finite connectivity/§) and nonvanishing required for capacity scaling. For ai-dimensional channel,

but finite asymptotic capacity. In addition to the growth irO(N) resolvable paths, uniformly distributed in thé diag-

the number of resolvable paths, the spatial distribution of tlimal spatial bins off (see Fig. 2), are sufficient to creaié

paths is also critical from a scaling viewpoint. To see this, ffarallel channels. In order to keep SNWR) constant, we need
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Fig. 9. Narrow-band capacity scaling versus the number of antennas for a channel simulated via the physical model. Three different physicatessboann
fixed number of path§ V.., = 20), linear growth in the number of pathd/(..,, = 3.V; finite connectivityD = 3), and quadratic growth in the number of
paths (V,.cn = 0.30 * N2; infinite connectivityy = 0.3).

additional O(N) resolvable paths per parallel channel (diaghat. Thus,N =~ Ny represents the optimal number of
onal element ofH) to couple each virtual receive (transmitlantennas—distributing power over more antennas is inefficient.
angle with D(N) =~ ~N transmit (receive) angles, so that Figs. 9 and 10 illustrate narrow-band capacity scaling with
o3, (N) also increases linearly withV. Thus,O(N?) paths N in a channel simulated via the physical model (6). Three dif-
are needed overall and they should be distributed in a physitelent scattering environments are simulated: i) fixed number
scattering environment with aonvanishing conditional an- of propagation pathsNp.cn = 20), ii) linear growth in the
gular spread(associated with each transmit or receive angl&umber of pathéN,,...,, = DN = 3N ) depicting finite connec-

to yield D(N) = ~N. The scattering environment in (44)tivity, and iii) quadratic growth in the number of patf18,.¢, =

(corresponding to &-connected model) with yN? = 0.30N?2) depicting infinite connectivity. The SNR is
log 10(P) = 20 dB and the power per pattf = 1 in all cases.
Ras = Tas = [-0.5, 0.5] The channel was simulated according to a uniform conditional
and angular density of the form (44) withd = 0.15; the paths
Ras(07) = [0r — 66, 61 + 66], 660 > 0 angles were uniformly distributed over the support of the scat-

tering function:
would suffice(y = 260). However, a more realistic scattering

environment with nonuniform but nonvanishing conditional(fr, 67) : —0.5 < 6 < 0.5, 7 —0.15 < g < 67 +0.15}.
angular spread§Ras(07) = [0+ — 86(0r), Or + 66(67)],

infy,. 66(f7) > 0) would also suffice. A finite connectivity
channel essentially corresponds to a “diagonal” scattering

Channel capacity was approximated with the mutual informa-
tion for uniform input power distribution which corresponds to

vironment with avanishingconditional angular spreadf = 0 ?He lower pounds on capacrcy_. As eV|de_nt from F|gg capacity
is converging to zero for environment i), is exhibiting satura-

n (4.4));. it can be populated with(N) paths to yield linear tion for environment ii), and is showing linear growth for envi-
scaling in the number of parallel channels, but no matter how

many paths populate i, it cannot sustain a constant SR ronment iii). Note that the lower bound in Theorem 1 for ii) is
1any p bop ' . X 144 b/s/Hz. Fig. 10 plots the rati@(N)/N for the three envi-
since D does not scal®. For a given fixed number of paths

Nyt (fixed 02), we expect the capacity to increase Iinearlronments. As expected, the growth ratio is converging to zero

. . ; Yor both i) and ii), whereas it is stabilizing to a value near 4
With N up o V' ~ /Nparn, saturate to a maximum aroundb/s/Hz/antenna for iii). Furthermore, the capacity growth rate

N =~ N,.n, and then go to zero if we increaé beyond . ".. . . . .
path 9 y in iii) closely agrees with the lower bound in (5) which yields
a value of aboutt for vy = 0.3. It is also worth noting that
10This is related to the fact that/ (6, 6+ ) is concentrated onaone-dimen-the grOWth rate has_ stabilized to its asymptotic value around
sional curve in diagonal scattering. N = 20 corresponding tdV,,., = 0.3 * N2 = 120 paths.
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Fig. 10. Plots ofC'(N)/N as a function ofV for a channel simulated via the physical model. Three different scenarios are shown: fixed number of paths
(Npasn = 20), linear growth in the number of pathd’(..., = 3V; finite connectivityD = 3), and quadratic growth in the number of pathg,(.;, = 0.30N?2;
infinite connectivityy = 0.3).

We now briefly relate our results to the scaling results rengular spreads is a key determinant of whether linear capacity
ported by Chualet al.in [13]. The channel model assumed irscaling is possible or not. The product models will always pre-

[13] is one of the product type, that is, dict linear scaling, as in [13].
H. =0 wyl/? (109)

VIII. CONCLUSION
whereW has i.i.d. zero-mean complex circular Gaussian entriesWe have investiqated capacity scaling and spectral efficienc
with variancel. The matricesl r and¥ represent the spatial . 9 pacity 9 P y

. i : . in ,wide-band correlated MIMO channels using the virtual
correlation at the receiver and the transmitter, respectively, : . . .
. . . (Fourier) channel representation that provides an analytical
are assumed to possess a Toeplitz structure consistent with;the . - . )
framework for relating characteristics of physical (ray tracing)

stationary spatial statistics for ULAs identified in Section II-D. . . d
) ; . : . odels to channel statistics and capacity. In particular, for
It is well known that Toeplitz matrices are diagonalized by DF . . )

LAs, the virtual channel coefficients sample the physical

matrices asymptotically [26]. Thus, for largé . ; .
o . scattering environment, are approximately uncorrelated re-
VUp~ ArRDrAr and ¥r = ArDrAr (110) gardless of the correlation exhibited by the physical channel,

whereDy, and D are diagonal matrices consisting of the nor@nd characterize the degrees of freedom in correlated channels

negative eigenvalues & andW . Substituting (110) in (109) (which are fev_ver than i.i.d. channels). The key c_onstruct behind
we get our analysis is aD-connected model for the virtual channel

matrix that was motivated via physical considerations and
H, = ARD}%”WDIT”A;I (111) Provides a meaningful gnd tractable measure _of the richn(_ass
of scattering. Our scaling results show that linear capacity
whereW = AEWAT is also an i.i.d. matrix sincdz andA;  growth with the number of antenngsV) is possible if the
are unitary. Comparing (11) with (22), we can identify number of resolvable pathsV,.:.) grows quadratically with
1/2w5 ~1/2 N to sustain a rich scattering environment. For linear growth
H= DR/ WDT/ (112) in Npaen, the capacity eventually saturates. For a finite but
as the narrow-band virtual channel matrix corresponding to tlegge Ny.n, We expect the following approximate behavior:
model (109) used in [13]. However, the above matrix is a spg-inear growth forl < N < /Ny, i) saturation between
cial case of the class of virtual matrices which consists of alf Npatn < N < Npaen, and decay to zero faV > Npain-
matrices with independent Guassian entries with arbitrary vari-We showed that frequency selectivity does not affect the er-
ances. Furthermore, unlike tli&connected channel model, thegodic capacity of wide-band channels. Thus, the wide-band ca-
conditional and marginal angular spreads/bandwidths are pécity is essentially governed by the spatial structure of the
ways the same in product correlation models, as evident frorarrow-band MIMO channel. In particular, the infinite band-
(112). As we argued above, the ratio of conditional-to-marginadidth capacity scales linearly with transmit power. We studied
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the spectral efficiency of wide-bard-connected MIMO chan- X X2 X3 X4
nels and provided explicit characterizations of the minimum en- .- Jl, ______ ¢ .
ergy per bit and the wide-band slope. ! '

We emphasize that thB-connected channel is a model for Yi=<— |hy | E‘ i
correlated channels based on two assumptions: i) spatial scat- | !
tering function has a banded support (see (44)), and ii) uniform Yo <— |p : ho ! IZ‘
spatial power distributiof: However, it encompasses many ex- =Ly 23
isting models, including the product correlation model thathas ~ _ ~ """ °°°
been used in several analytical studies. Furthermore, as argued ¥3 @ h,
in Section VII, it captures the essence of scaling in more gen-
eral (and more realistic) scattering environments in which the
richness of coupling between transmit and receive spatial di- Ya @

mensions scales appropriately with Currently, we are inves-

tigating scaling behavior under less stringent assumptions on fife 11- A schematic illustrating Rayleigh subchannel construction from
a four-dimensional3-connected channelz;’'s and y;’s are input and

spatial scattering function. output signals, respectively. The arrow indicates actual signals involved in
In closing, we believe that the simple and intuitively apsonstruction. A two-dimensional subsystem is denoted by a dotted frame in the

pealing interpretation of physical scattering afforded by tHEU"e-
virtual representation can be fruitfully exploited in many other
aspects, including space—time code design [27], [28], chanels easy to see that the objective function is concave and the

estimation [29], and channel simulation. constraint domain is convex. The Lagrangian of the program is
given by
APPENDIX | N N n
ALTERNATIVE PROOF OFLEMMA 2 o\, ) = Zlog 1+ Z Ajbij | — Z A =P
Proof: Starting with arbitraryQ, the eigen-decomposition of i=1 i=1 i=1
Q is given by (117)
Setting partial derivatives to zero we get
Q = UAU" (113) P g
bi; )
whereU is a unitary matrix and\ is a diagonal matrix with Z N —n=0, VISj<N
nonnegative diagonal entries. Denotidg= HU = (a;;), one =1+ Z Ajbij
has ! :lN
det(I + HQH™) = det (1 + AAAH) Y A - P=0. (118)
N N i=1
< H 1+ \lag|? (114) ObserveA; = --- = Ay = P/N is a solution to (118). It is
i = also easy to check that this solution together with assocjated

nsda\tisfies the Kuhn—Tucker condition [31], and thus achieves the

where the last step follows from Hadamard'’s inequality [30] a S aximum which turns out to ba log(1 + %P). 0

A; is thejth diagonal entry im\.. Then it follows from Jensen’s

inequality that
quaiity APPENDIX I

N N Pr L 4
IE [logdet (I—l—HQI-IH)} Szlog H_Z A Bla;; 2 OOF OFLEMMA
i=1

= Proof: We illustrate the idea by an example shown in Fig. 11

) whereD = 3 andN = 4. If the information is only transmitted
B N 1 . N b 115 at the second and third transmit antenna, the received signal at
_Z 08 +Z ibii | (115)  ine first and second receive antenna can be written as
=1 7=1

whereB = (E|ai;|>)nxx = (bi;). ThenB is a scaled doubly [m} = [212 hO } [m} + [zl} ) (119)
stochastic matrix with scalB by Lemma 1. The general upper & 22 M2 LT3 =
bound then follows from the following nonlinear programmingNote that the effective two-dimensional MIMO channel
N N matrix is a lower triangular matrix with entries in the main
max Zlog 1+ Z)\jbij : diagonal being complex Gaussian distributed. Similar to
P = BLAST-type processing [32], [33], successive decoding and
interference cancellation can be used to construct two parallel
Rayleigh-fading subchannels. More specifically, the first
subchannel corresponding to the first received antenna has the
following channel equation:

1we have recently begun experimental studies in collaboration with Prof.
Ernst Bonek of FTW, Vienna, for experimental validation of the model. y1 = hioxo + 21.

N
DA <P A0 VISj<N,. (116)
7j=1
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Assuming that the signal has been correctly decoded (assumingroposition 3: Let{ f,, > 0} be equicontinuous anf}, — f
capacity-achieving codes are used), its interference toward fr@ntwise. If F;, = F' then

second receive antenna can be removed as
liminf/fn()\) dF,()\) > /f(/\) dF(\). (121)

n—oo

Yo = Y2 — hosxo = hosrs + 29, . .
Proof: By Theorem 15, there exist random variablés

which gives rise to the second Rayleigh-fading channel assg;qy- in some probability spacé?, B, v), with distribution,,
ciated with the second receive antenna. Note that this met F, respectively, antf, — Y a.’ s Ii is fairly straightforward

of constructing one-dimensional subchannels has been useg,iq.q that
many works to analyze system capacity (see, e.g., [1]).

Generally, consider alv-dimensionalD-connected channel. fa(Yn(w)) — f(Y(w)) (122)
Without loss of generality, one can assuimdo be an odd in-

teger. A transmit antenna with indes allowed to transmit if a# a;llw}forvr\:hichYn(w) — Y(w) by virtue of the equicontinuity
of {f,}. Then

Prlojen-221 o
2 hmlnf/fn()\) dF,(N\)

Hence, the number of effective transmit antenna$ is D + 1. e
After collecting signals from theth receive antenna with :liminf/fn(Yn(w))du(w)
1 <4 < N — D+ 1, the effective system has a lower triangular el
channel matrix with dimensio& — D + 1. Similar to the > / (Hrninf fn(Yn(w))) dv(w)
successive decoding and interference cancellation method nee
elaborated above, a total 8f — D + 1 parallel Rayleigh sub- - /f(y(w» dv(w) = /f()\) dF()\)  (123)
channels can be formed by successive interference cancellation.

The processing begins with the decoding of information sent lshere we have used Fatou’s lemma in passimgnf inside the
the (D + 1)/2th transmit antenna at the first receive antennategral. O

The corresponding first Rayleigh subchannel is given by We now give a proof of Theorem 3

y1="hy ppTop + 21 Proof: Denote by (€2, B, v) the probability space of

Assuming perfect decoding, the interference ofither 1)/2th  random ESD{Fy }. Let

transmit antenna toward the next transmit antenna can be sub- J = {w € Q: F&(\) converges taF(\)}.
tracted as
By hypothesisPr(J) = 1. Forallw € 7, it is obvious that
Y2=Yy2 = hy pe1Tpg = hy pyawpgs + 29 F{ = F and, hence, by Proposition 3
which gives rise to the second Rayleigh subchannel. This proce- liminf/fN()\) dFL(N) > /f(/\) dF(N). (124)
dure continues until the last receive antegRa p+1 has been N—oo -

processed. Therefore, the mutual information ofAhe D +1 Now we apply Fatou’s lemma to get

parallel Rayleigh subchannels is T
P 1}\1711 inf S(N) = lgn inf/ </ fn(\) dFR’(A)) dv(w)
(N-D+1E {log (1 + ¥ x%)]

> / <liminf / Fr () dFﬁ(A)) dv(w)
which provides the desired lower bound for channel capacity. . N—oo |
B > [ fovar) (125)
APPENDIX Il which completes the proof. O
PROOF OFTHEOREM 3
APPENDIX IV

th(\alxr ;eed some results from real analysis and probability PROOE OETHEOREM 4
Proof: We adapt Grenander and Silverstein’s proof. Please
refer to the original work [14] for notations. In our cader- 1
lhminf / Fodp > / (1im inf fn) dyi. (120) andP;; = 1, that is, no random connectivity and, hen€e=
n—oo n—oo D in our notation. We examine the LESD W = éVVH.
Reference [14, eq. (2, 2)] becomes

Lemma 5—Fatou’s Lemma, See [23F. f,, > 0 then

Definition 6—Weak Convergence of DistributionA:

sequence of distribution functiongF;,,} is said to converge ]E[i trW’} - 1 Z ]E[wlklv;f Ui R U ] )
weakly to a limitF (written F,, = F) if F,(A) — F () for all N NCT o~ o n

A that are continuity points of'. ki-ekr

(126)
Theorem 15—(See [21)DIf F, = F.., then there are The proof would be the same if one could show [14, Lemma

random variable¥’,, 1 < n < oo, with distributionF,, so that 1] holds for the complex case. The key is to break the sum in

Y, — Y, as. (126) into two parts: one part contributes in the limit and the
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other does not. Since all the moments of a complex Gaussiahereb;; is the (i, j)th entry of B. The matrixB looks like
random variable are finite, the noncontributing terms diminish.
Hence, only terms that exactly pair up.’s are relevant, which

is the content of Lemma 1. A similar argument can be used {o
showvar((1/N) tr W") — 0. Therefore, the desired conclu-

AMla >+ -+ Anlain ?

Aaniai; + -+ Avannaiy

ion holds. O
sion holds /\1&11@?\71 4+ 04 /\NalNa}kVN
APPENDIX V : (135)
PROOF OF THEOREM 14 Mlan1]? + - + Anlany]?
Proof: Since@ is fixed durings scaling, the capacity (mu- where generally
tual information) per dimension is given by
N
O(s) = E [log2 (1 + sx)] (127) bii = > Arainal. (136)
k=1

where) is an unordered eigenvalue BFQH* . The DCT can . . )
justify the interchange of expectation and derivatives to give Note thaty -, . I£|b;;|* is a quadratic polynomial ofy, ..., Ay .

y We take the first ron(i = 1), for example, to illustrate the
C0)=E [(d— log, (1 + sZ\)) (s = 0)} = log, eEA
S

(128)
G0) =E Kj—; log, (1 + sA)> (s = 0)} — log, cEAZ.
(129)
Applying Theorem 12,
) (1EX)2
%0 = 0Toge?  EX2
. 2
L (e(pfmer)))

~ 10log;p2 N tr <1E [(HQHH)QD

which is [16, Theorem 13] specialized to our case. Our task is

to evaluateS, for a D-connected channdf. R
LetQ = UAU" be the eigen-decomposition & and let
A = HU. One has

HQH" = ANA". (131)
Then
tr (]E [HQHHD =tr (]E [AAAH])
= XN: XN: AjE]ai;|
i=1 j=1
=D i \j = DN (132)
j=1

where we have used the scaled doubly stochastic matrix prop-

erty of (IE|a;;|*) (Lemma 1) and the fact that
N ~
> A =trQ=N. (133)
j=1

Let B = AAA™. We shall compute

fr (113 [(HQHH)QD — tr (]E [BQD - §1E|bij|2

(134)

computation for the coefficients of this polynomial.
First, consider the terms Iikle,% for1 < k < N. The coeffi-
cient of the\2 term due to the first row iB is

N

1 * sk
cp = g E [alkajkalkajk] .
i=1

(137)

By A = HU, different rows of4 are uncorrelated since entries

of H are uncorrelated. Thus, jf# 1, one has
E [alka’;ka’{kajk] = ]E|a1k|2]E|ajk|2.

Moreover, since the entries &, and, thusA, are from groper
complex Gaussian joint distribution, tBaussian moment-fac-
toring theorem(GMFT) [34] implies that

]E|a1k|4 = 2]E|a1k|2]E|a1k|2.
Therefore,

¢ = Blaw|' + ) Elai*Elaji |
j#1
N
= ]E|a1k|2]E|a1k|2 + ]E|a1k|2 Z 1E|ajk|2
j=1
=El|a1[*Elaix|* + DEay|® (138)
where Lemma 1 is used in the last step.
Next, consider the terms like. \; for1 < r <t < N. The
coefficient due to the first row iB is

N
c,1,7t = Z]E [a1raf,alraz] . (139)
j=1
Use GMFT to break the sum into two parts as
N
oy = Z(]E [a1ra3) E [a},.a;:] + E [a1,0},] E [a‘{ta]-t])
j=1
N N
=1 [a1,a],] Z E [a;Tajt] + Z E [alra;r] E [al,a;4] .
7=1 Jj=1
(140)
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Let w,. andu, be therth andtth column vectors oU, respec-
tively. The first sum in (140) vanishes because

(1]
N
> B [af,a] =F [ufHHHut} =u’E [HHH} u
—1 [2]
=Duflu, =0 (141)  [3]
where we have used Proposition 2 agfflu; = 0 for r # ¢.
Since different rows ofd are uncorrelated, the second term in n
(140) reduces tdE|a1r|2]E|a1t|2. Therefore,
¢} o = Blay, ["Elay*. (142) 5
Combining (138) and (142), the polynomial due to the first row
is 6]
N 2 N 7]
PO A > AElay | + DY NElay.
j=1 j=1
(143) 8]
Similar calculation can be done for other rows. Adding all the
polynomials, one has [9]
N
2 7
( [},?D:Zp(,\1 AN 20
=1
2
N N N N [11]
_Z Z)\j]E|al]| Z Z ]E|au|2
i=1 \j=1 i=1 j=1
N N N [12]
=Y (DA Elag —|—D2 ZV (144)
i=1 \ j=1
where we again used Lemma 1. [13]
Since tr(E[HQH"]) = DN is constant, it follows
from (130) that maximizingS, is equivalent to minimizing [14]
tr(IE[B?]), which is (144) over the constraint set
(15]
(AL, oy A ZAJ_ >0 VI<j<N
(16]
(145) [17]
Similar to the alternative proof in Lemma 2 (Appendix I), the
scaled doubly stochastic property df|a;;|?) critically estab-  [18]
lishes that the uniform power distribution, thatlg, = --- =
An = 1, achieves the minimum and the corresponding min-
imum value is [19]
(tr (IE[BQ])) = 2D2N. (146)
min [20]
Therefore, the maximal slope is 21]
1 2D2N? 1
(So)max = 101053 NoDEIN ~ T0logg2’ 40 2
0 [23]
[24]
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