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On-Line Learning for Active Pattern Recognition

Jong-Min Park, Student Member, IEEE, and Yu Hen Hu, Senior Member, IEEE

Abstract—An adaptive on-line learning method is presented to
facilitate pattern classification using active sampling to identify
the optimal decision boundary for a stochastic oracle with a
minimum number of training samples. The strategy of sampling
at the current estimate of the decision boundary is shown to
be optimal compared to random sampling in the sense that the
probability of convergence toward the true decision boundary at
each step is maximized, offering theoretical justification on the
popular strategy of category boundary sampling used by many
query learning algorithms.

I. INTRODUCTION

ATTERN recognition via active sampling can trace its

roots to statistical experiment design where performing
an experiment (acquiring one training sample) may incur
significant cost.

A number of active learning strategies, based on the con-
cept of optimal experimental design, as well as importance
sampling have been reported [1]-[5]. References [1] and [2]
focused on active learning for pattern classification applica-
tions, with a common heuristic to sample at or near the present
estimate of the category boundary, using a justification that [1]
and [2] the function approximation of the posterior probability
is most uncertain near the category boundary.

In this letter, we examine the validity of this argument using
a two-class pattern classification problem as an example. We
show that the variance of the approximation error reaches its
maximum at the frue category boundary. However, the present
estimate of the category boundary may not coincide with the
true boundary unless convergence is reached.

Based on a stochastic oracle model, we show that the strat-
egy of sampling at the present estimate of category boundary
is optimal by using a perceptron-like learning algorithm. This
result offers a direct theoretical justification of the “sample-at-
current-boundary” strategy. Preliminary simulation results are
consistent with what the algorithm predicts.

II. PROBLEM FORMULATION

In a two-class pattern recognition problem, the feature vec-
tor z € R and the class label C € {0, 1} are random variables
with conditional probability density function f,c(2|C = i) =
fi(z), and prior probability P(C = i) = m;, where ¢ = {0, 1}.
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We also denote the posterior probability that C' = ¢ given z is

qi(z) = P{C = i|z}
_ i fi(z)
mofo(z) + w1 fi(x)’

1=0, 1.

Since qo(z) = 1 — q1(z), for simplicity we shall denote
q1(x) by g(z) in the rest of this letter.

A maximum a posteriori probability (MAP) classifier is a
decision rule that determines that x is drawn from class C' =1
if ¢(x) > 0.5 and from class C' = 0 if ¢(z) < 0.5.

The set of points B = {z|go(z) = qi(z) = 1/2} is
called the decision boundary. In general, B may contain more
than one point. In this work, we are mainly interested in
applications where I contains exactly one point. This will be
the case if, say, ¢(x) is a monotonically increasing function
of x, as we will assume in the sequel.

In conventional pattern recognition problem, a set of “train-
ing samples” are given so that the decision boundary w* where
g(w*) = 0.5 can be estimated from these samples. In an
active learning (also known as query learning [6]) problem
formulation, the set of training samples are not given. Instead,
a “learner” (the classification algorithm) will sample a feature
vector = and present to an oracle (by performing an experiment
or running a simulation) to learn the corresponding class
label of z. In a two-class pattern recognition problem, this
is equivalent to the evaluation of a function y(z) at a specific
value of z. The oracle will return y(z) = 1 or y(z) = 0
as the class label associated with = according to the posterior
probability P{C = 1|z} = ¢(z) and P{C = 0|z} = 1 —q(z).

For z > w* (w* is unknown to the learner) ¢(z) — 1
and the oracle will most likely return y(z) = 1, while for
x < w*, it will most likely return y(z) = 0. For z = w*, it is
equally likely for the oracle to return y(z) = 0 or y(z) = 1. In
other words, y(z) is an oracle whose answer is probabilistic
in nature. This property is quite distinct from previous works
where an oracle is assumed to be deterministic [2], [5].

The goal of active learning in the pattern recognition prob-
lem setting is to find w* with minimum number of queries to
the oracle. Minimizing the number of queries not only reduces
the cost associated with each experiment (query), but also
expedites the convergence of the algorithm.

III. MINIMUM ERROR ACTIVE LEARNING

To devise a learning rule that learns the optimal decision
boundary w* using active learning, let us define a 0-1 loss
function Lly(z). f(w, )] = [y(z) = f(w, 2)]* = [y(z) -
u(x — w)]?, where u(z) = 1 if 2 > 0 and u(z) = 0if z < 0.
That is, if f(w, z) and y(z) have the same value for a given
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Fig. . Two-class problem, g(z) = P{Y = 1|z}.
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Fig. 2. |wn — w*|, average mean of active and random sampling.

x, then the loss is 0. Otherwise, the loss is 1. Then, a cost
function as the conditional risk given z can be defined as

Cost(x) = E{[y(x) - f(w, 2))*|a}
=P{y(z) =1z} [L - u(z — w))*
+ P{y(z) = Oz} [0 — u(z — w))?
=q(z)-[1 —u(z —w)|+ [1 —q(@)] vz - w)

_J1—q(z)
-{io g

Integrate C'ost(z) over z, and we have the expected risk

R:/Cost(x)p(x)dx:/w
o[

— P{z € Co) /Oo plale € Colp(x) do

T > w
r<w’

o0

P{z € Colz}p(z)dx

Plz € Ci|z}p(z) dx

+ P{z € C1} /:ﬂ p{zlz € Cilp(x)dx

=P{z € Co}P{z > w|z € Co}
+ Pz e C1}P{zr < wlz € Cy} 2)

This shows that the expected risk R is the probability of
misclassification. Thus, for any fixed x, minimizing Cost(x)
will minimize the probability of misclassification.

Since Cost(x) is not differentiable with respect to the
decision boundary w, we use an adaptive formula similar to
that of the classical perceptron learning algorithm

Wn+1 = Wn — {6[y(‘rn+1) - 05]} 3

where e is the learning rate, also called step-size, and the new
estimate of the boundary moves to the left or right by /2
depending on the sample output y(x,,+1) at the next sampling
of Z,,41. Note that Efy(w*)] = 0.5.
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From (3)
* * €
{wn+1—w|:|wn~—w|j:§. 4)
The algorithm will move toward convergence in the present
step if |wpp1 — w*| = |w, — w*| — €/2.

Theorem 1: Given the a posteriori probability ¢(z) of a
two-class problem, the probability of moving away from the
true boundary, P{|w,t+1 — w*| = |w, — w*| + (¢/2)|2ns1},
is minimized when z,4; — w,. Moreover

* * €
P{|wn+1 —w*| = |w, —w"| — Elxn“ = wn} > 0.5. (5)
Proof: Let

P. = P{lwnsr = 0] = fuwn — '] + 5}
= P{y(znt1) = Olwn > w*} - P{w, > w'}
+ P{y(zpq1) = lw, < w*} - P{w, <w*}. (6)
The event y(z,+1) = 0 given x,4; and the event w, > w*
are independent, hence

P{y(@ny1) = Olw, > w'} = Ply(enis) = 0}

=1—-q(@nt1) (7)
Ply(zni1) = Hw, <w'} = Ply(zny1) = 1}
=q(Tnt1) ®)

Thus, (6) becomes

Pe=[1-g(zn+1)] - Plwn > w'}
+ q(Zpi1)P{w, < w*}. ©)

If w, > w*, one would want to minimize 1 — ¢(zp41)
term by choosing z,y1 > wpy, since 1 — ¢(zn11) < 0.5
for w* < wy, < 2p41. If we chose 2,41 < w,, it may be
Zny1 < w*, in which case 1 — g(z,41) > 0.5, thus actually
increasing P, and not being optimal.

On the other hand, if w,, < w*, one would choose z,,41 <
wy, to minimize the term q(z,1), since q(z,41) < 0.5 for
Tnt1 < wp < w*. If we chose z,11 > wy, it may be
ZTp+1 > w", in which case ¢(z,41) > 0.5, again increasing
P..

Since one has no prior knowledge of whether w,, > w* or
w, < w*, we opt to use the min-max criterion to minimize
the maximum probability value of P. regardless of whether
w, > w* or w, < w*. In particular, we note that when
wy, < w*, choosing z,411 < w, Will run into the risk of
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Zpp1 < w*, which implies P, = 1 — q(z,,4+1) > 0.5. Only for
Tpp1 > Wy 18 it guaranteed that P, < 0.5. Similarly, when
w, < w*,only for z,1 < w, does it guarantee that P, < 0.5.
Taking the intersection of the two sets, {z,r1 > w, fand
{#ny1 < wy}, one concludes that z,4+1 = w, is the only
solution that guarantees that P, < 0.5.

The (6) now becomes

P{|wn+1 —w*| = |w, —w*| + %}

=[1 - g(wn)] - P{w, > w*}
+ qlwy) - P{w, < w*}
<[t =q(w")]- Pw, > w"}

+ q(w*) - P{w, < w*} = 0.5. (10)

Since, for any fixed )41

P{{wnﬂ - =|w, - w"| - 5}

=1- P{(wn_H —w*| = |w, — W + %} > 0.5 (11)

this proves (5). ]

This theorem establishes that, with a min-max criterion,
the optimal active learning strategy for the two-class pattern
classification problem is to sample at the current estimate of
the category boundary w,,, and not the unknown theoretic
decision boundary w*.

Due to space limitation, the convergence of this proposed
learning algorithm will be discussed formally in a separate
paper. Briefly, we note that the update formula (3) is Markov-
ian in nature because the next state w,y; depends only on the
previous state w,, and current input z,, 1. Since the probability
of moving toward the decision boundary (see (7) and (8)) is a
function of 4 only, it is a time-invariant Markov chain with
a continuous state space of w. As the Markov chain converges
to its limiting distribution P, _(w) lim_,oo, Pr{W(t) < w},
so will the proposed algorithm. Furthermore, the correspond-
ing limiting density function will peak at w = w*.

IV. SIMULATION

We have conducted a simulation to validate the theorem
developed in this letter. We assume that the data sampled are
drawn from two Gaussian distribution with means equal to 1
(C0) and —1 (C1), respectively, and the variance equal to 1.
This yields a posterior probability (Fig. 1)

e~ (@=1)%/2
e—(@=12/2 4 o—(@+1)2/2"

q(z) =

For each z, a random variable 7, uniformly distributed over
[0, 1], is generated. If 7 < ¢(z), then y(z) = 1, otherwise
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y(0) = 0. The initial estimate of w*, wy, is chosen randomly
over the interval [—0.5, 0.5].

Two methods are compared. One chooses z,,+1 = Wy, the
sample-at-the-boundary method discussed in this letter. The
other, a random sampling method, draws z,,; randomly from
the interval [—0.5, 0.5]. The step-size is ¢ = 0.05 in both
methods.

One-hundred random initial estimates from [0.5, —0.5] have
been drawn. For each of them, 100 trial runs are performed,
with each trial lasting for 100 steps.

Figs. 2 and 3 show the average of the mean |w, — w*|
and the average of the variance of the boundary estimates
[w, — w*|? at each step.

Fig. 2 shows that the active sampling converges faster than
the random sampling with the same update step ¢.

However, when the estimate approaches near the true
boundary (the mean nears zero), the variance of the active
sampling becomes higher than that of the random sampling.
This is expected, since € now plays a crucial role of oscillation
when |w,41 — w*| < ¢; that is, the update step-size € is too
large for wy,; to fall at the true boundary exactly. This can
be seen in Fig. 2, where |w,, — w*| approaches zero near the
point where the variance becomes higher.

V. CONCLUSION

Active learning in a stochastic environment reflects the
method of estimating the learning model given existing sam-
ples, querying new samples that may optimize the estimation
process, and then iterating this process. ‘

It is theoretically shown that sampling near the boundary
is the optimal way for active learning in a stochastic environ-
ment. An example is shown to demonstrate the formulation for
a two-class problem with active querying near the boundary
points.
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