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ABSTRACT

CONVERGENCE OF A NUMERICAL SCHEME FOR OPTIMAL STOPPING OVER A
FINITE TIME-HORIZON OF A DIFFUSION WITH SINGULAR BEHAVIOR

by

Steffen Domke

The University of Wisconsin–Milwaukee, 2025
Under the Supervision of Professor Richard H. Stockbridge

This dissertation establishes an approximation scheme for finite time-horizon stopping prob-

lems involving a singular stochastic process on a compact state space, characterized by a

singular martingale problem. The stopping problem is converted to a linear program (LP)

with infinitely many constraints and variables having infinite degrees of freedom.

To obtain a numerical solution, the infinite-dimensional LP is converted into a finite LP.

The original LP is approximated by a sequence of finite LPs, limiting to both a finite set

of constraints and a finite-dimensional solution space. The value of an optimal approximate

solution is shown to be arbitrarily close to the optimal value of original LP, and hence

of the stopping probem, with increasing refinement of the approximation. Feasibility of the

approximate solutions is guaranteed due weak convergence of measures, but only in the limit.

The problem of pricing an American floating strike lookback call option can be reformulated

to fit the models covered by this dissertation. The price and the stopping boundary can

therefore be approximated using this scheme.
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1 INTRODUCTION

Many processes of interest in applications (see, for example, the survey paper by Shreve

(1988)) can be modelled as solutions to a stochastic differential equation of the form

dX(t) = b(X(t))dt+ σ(X(t))dW (t) +m(X(t−))dξ(t) (1.1)

where X is the state process with E = Rd, ξ is a nondecreasing process arising from the

boundary behavior of X (e.g., the local time on the boundary for a reflecting diffusion),

and W is a Brownian motion. Processes in which the set of times of increase of ξ has

Lebesgue measure 0 are called singular stochastic processes. This dissertation considers

optimal stopping problems involving singular processes.

The purpose of the dissertation is to develop approximate numerical solution to these opti-

mal stopping problems over a finite time horizon. It builds upon the formulation and results

in Kurtz and Stockbridge (2001), in which the singular stochastic process is characterized

by a singular martingale problem for its generators and is equivalently characterized by a

system of linear equations over spaces of measures.

The use of occupation measures to solve optimization problems began with Young (1933) in

the context of calculus of variations. The present work is an outgrowth of linear programming

formulations for stochastic control that was initiated by Manne (1960) in discrete time and

which has been developed for Markov decision problems (see e.g. Hernandez-Lerma and

Lasserre (1996), Hernández-Lerma and Lasserre (1998), and Hernandez-Lerma and Lasserre

(1999)). Linear programming for the optimal stopping of stochastic processes in continuous

time has been established under very general conditions in Cho and Stockbridge (2002)

for processes only having abolutely continuous behavior in time, and for processes having

singular behavior in Helmes and Stockbridge (2007).

The resulting linear programs are typically infinite-dimensional whose variables are the oc-

cupation measures of the processes according to both regular time and singular time and the
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distribution of the state at the stopping time. This dissertation establishes the convergence

of the solutions of a sequence of approximate finite-dimensional LPs to the optimal solution

of the infinite-dimensional problem.

This dissertation considers an optimal stopping problem of the form

E
[
e−λτ (X(τ)− Y (τ))

]
(1.2)

in which the state process X denotes the price of an asset, Y denotes the running minimum

process of the asset price, λ > 0 gives the discount rate and τ denotes the option holder’s

exercise time. The quantity used for illustration is an American lookback call option. This

problem is very similar to the Russian option studied by Shepp and Shiryaev (1995), Gra-

versen and Peskir (1998) and Peskir (2005). Chapter 3 shows how this specific stopping

problem can be adapted to the form required for the scheme discussed in this dissertation.

The next section formulates the singular martingale problem and highlights the equivalence

of the linear programming formulation with the original stochastic process formulation for

the optimal stopping problem. This will be followed by a section giving an introduction

to weak convergence of finite measures, the mode of convergence that will be necessary in

Chapter 2 to show convergence of solutions. This chapter concludes with a description of the

approximation techniques that are applied in this dissertation, introducing the grid of points

and the finite-dimensional function spaces employed to reduce the number of constraint

equations and the dimensionality of the solution spaces of measures.

The main body of the dissertation is in Chapter 2, in which we present proofs of conver-

gence for the solutions of the finite-dimensional linear program to solutions of the infinite-

dimensional linear program, modifying the approach that Vieten (2018) devised for optimal

control problems. We first introduce a semi-infinite linear program and discuss convergence

of values and solutions to the corresponding quantities for the infinite LP. Then we ap-

proximate the semi-infinite linear program by the finite-dimensional LP and, again, discuss

convergence of values and solutions to the quantities for the semi-infinite LP.

In Chapter 3, we introduce a formulation for the American floating strike lookback option
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that matches numerical scheme can be applied to it. A similar option, called the “Russian

option”, was first devised by Shepp and Shiryaev (1993) for an infinite horizon and translated

to finite time horizon by Peskir (2005). Lutz (2007) provided a first, similar numerical

appproach to American floating strike lookback options without a proof of convergence.

Numerical solutions are not presented in this dissertation, but are part of future work.

Finally, Chapter 4 lists a number of directions the presented research offers for future work,

including numerical results for the example introduced previously in several ways.

1.1 Stochastic Formulation and LP Reformulation

We utilize the formulation and results of Helmes and Stockbridge (2007), which we will

now present. Note that, in addition to the inherited assumptions, our approximation results

require the state space E to be compact.

1.1.1 Formulation of the Martingale Problem

For a complete, separable, metric space S, we define M(S) to be the space of Borel mea-

surable functions on S, B(S) to be the space of bounded, measurable functions on S, C(S)

to be the space of continuous functions on S, C(S) to be the space of bounded, continuous

functions on S, M(S) to be the space of finite Borel measures on S, and P(S) to be the

space of probability measures on S. M(S) and P(S) are topologized by weak convergence.

Let Lt(S) = M(S × [0, t]). We define L(S) to be the space of measures ξ on S × [0,∞)

such that ξ(S × [0, t]) < ∞, for each t, and topologized so that ξn → ξ if and only if∫
fdξn →

∫
fdξ, for every f ∈ C(S × [0,∞)) with supp(f) ⊂ S × [0, tf ] for some tf < ∞.

Let ξt ∈ Lt(S) denote the restriction of ξ to S × [0, t]. Note that a sequence {ξn} ⊂ L(S)

converges to a ξ ∈ L(S) if and only if there exists a sequence {tk}, with tk → ∞, such that,

for each tk, ξntk converges weakly to ξtk , which in turn implies ξnt converges weakly to ξt for

each t satisfying ξ(S × {t}) = 0. Finally, we define L(m)(S) ⊂ L(S) to be the set of ξ such
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that ξ(S × [0, t]) = t for each t > 0. Throughout, we will assume that the state space E is a

complete, separable, metric space.

Let A,B : D ⊂ C(E) → C(E) and ν0 ∈ P(E). Let X be an E-valued process and Γ

be an L(E)-valued random variable. Let Γt denote the L(E)-random variable which, for

each realization, is defined by restricting Γ to E × [0, t]. Then (X,Γ) is a solution of the

singular martingale problem for (A,B, ν0) if there exists a filtration {Ft} such that (X,Γt)

is {Ft}-progressive, X(0) has distribution ν0, and for every f ∈ D,

f(X(t))− f(X(0))−
∫ t

0

Af(X(s)) ds−
∫
E×[0,t]

Bf(x)Γ(dx× ds) (1.3)

is an {Ft}-martingale.

Note we refer to A as being the absolutely continuous generator of X and B as the singular

generator. This is an intuitive labelling. Strictly speaking, the random measure Γ may have

an absolutely continuous part.

1.1.2 Conditions on A and B

We assume that the absolutely continuous generator A and the singular generator B have

the following properties.

Condition 1.1.

i) A,B : D ⊂ C(E) → C(E), 1 ∈ D, and A1 = 0, B1 = 0.

ii) Defining (A0, B0) = {(f, Af,Bf) : f ∈ D}, (A0, B0) is separable in the sense that there

exists a countable collection {gk} ⊂ D such that (A0, B0) is contained in the bounded,

pointwise closure of the linear span of {(gk, Agk, Bgk)}.

iii) D is closed under multiplication and separates points.

Example 1.2. Reflecting diffusion processes.
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The most familiar class of processes of the kind we consider are reflecting diffusion processes

satisfying equations of the form

X(t) = X(0) +

∫ t

0

σ(X(s))dW (s) +

∫ t

0

b(X(s))ds+

∫ t

0

m(X(s))dξ(s),

where X is required to remain in the closure of a domain D (assumed smooth for the moment)

and ξ increases only when X is on the boundary of D. Then

Af(x) =
1

2

∑
i,j

aij(x)
∂2

∂xi∂xj

f(x) + b(x) · ∇f(x),

where a(x) = ((aij(x))) = σ(x)σ(x)T . In addition, under reasonable conditions ξ will be

continuous, so

Bf(x) = m(x) · ∇f(x).

Suppose that (X,Γ) is a solution of the singular martingale problem for (A,B, ν0) and let

τ be a stopping time satisfying the conditions of the optional sampling theorem (see Ethier

and Kurtz (1986, Theorem 2.2.13)). It follows from (X,Γ) satisfying (1.3) that when we

augment a time component to the state space by considering the process (t,X),

γ(t)f(X(t))− γ(0)f(X(0)) −
∫ t

0

[γ(s)Af(X(s)) + γ′(s)f(X(s))] ds (1.4)

−
∫
R+×E×[0,t]

γ(s)Bf(x)Γ(ds× dx× dr)

is also an {Ft}-martingale for γ ∈ Ĉ(R+) and f ∈ D. It then follows from the optional

sampling theorem that for each γ ∈ Ĉ(R+) and f ∈ D,

E
[
γ(τ)f(X(τ))− γ(0)f(X(0)) −

∫ τ

0

Ã[γf ](s,X(s)) ds (1.5)

−
∫
E×[0,τ ]

B̃[γf ](s, x) Γ(ds× dx× dr)

]
= 0,

where Ã[γf ] = γAf + γ′f and B̃[γf ] = γBf . Let ντ denote the distribution of (τ,X(τ))

and define the expected “occupation measures” on R+ × E by

µ0(G) = E
[∫ τ

0

IG(s,X(s)) ds

]
, ∀G ∈ B(R+ × E),

µ1(G) = E
[∫

R+×E×[0,τ ]

IG(s, x) Γ(ds× dx× dr)

]
, ∀G ∈ B(R+ × E).
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Notice that µ0 is the occupation measure of the process according to “regular” time (Lebesgue

measure on R+) and µ1 is the occupation measure of X according to the singular set of times

at which Γ increases. We refer to µ1 as the “singular” occupation measure. It then follows

immediately from (1.5) that the measures ντ , µ0 and µ1 satisfy

0 =

∫
γ(t)f(x) ντ (dx)− γ(0)

∫
f(x) ν0(dx) −

∫
Ã[γf ](r, x)µ0(dr × dx) (1.6)

−
∫

B̃[γf ](x)µ1(dr × dx), ∀f ∈ D.

Remark 1.3. For later reference, we observe that for any optimal stopping problem with

finite horizon T , µ0([0, T ]× E) ≤ T since τ ≤ T .

Thus given any solution (X,Γ) to the singular martingale problem for (A,B) and any

sufficiently nice τ , the measures ντ , µ0 and µ1 will satisfy (1.6).

Let c0, c1, c2 ∈ M(R+ × E) be measurable and bounded below, and represent the time-

dependent running cost of the process according to regular time, the running cost according

to the singular time and the stopping cost, respectively. The goal of the decision maker is

to select a stopping rule τ so as to minimize the expect cost of the process up to time τ :

E
[∫ τ

0

c0(s,X(s)) ds+

∫
R+×E×[0,τ)

c1(s, x) Γ(ds× dx× dv) + c2(τ,X(τ))

]
. (1.7)

The following theorem from Helmes and Stockbridge (2007) establishes the equivalence of

the optimal stopping problem with the linear program.

Theorem 1.4. The optimal stopping problem of selecting a stopping time τ ∗ so as to mini-

mize

E
[∫ τ

0

c0(s,X(s)) ds+

∫
R+×E×[0,τ)

c1(s, x) Γ(dx× ds× dv) + c2(τ,X(τ))

]
subject to (X,Γ) being a solution of the singular martingale problem for (A,B, ν0) is equiv-
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alent to the infinite dimensional linear program

Minimize
∫

c0 dµ0 +

∫
c1 dµ1 +

∫
c2 dντ

Subject to 0 =

∫
γf dντ − γ(0)

∫
f dν0 −

∫
Ã[γf ] dµ0 −

∫
B̃[γf ] dµ1, ∀γf ∈ D1

ντ ∈ P(R+ × E),

µ0, µ1 ∈ M(R+ × E).

Remark 1.5. We make the following adjustments to this problem in order to guarantee

convergence for our approximations:

1. We consider finite horizon optimal stopping problems with time horizon T , and so we

require τ ≤ T

2. We require the state space E to be compact, and hence the product space [0, T ] × E

is also compact.

3. We require that c0, c1, c2 ∈ C([0, T ]× E).

4. We assume that the collection of local time measures {µ1} from feasible solutions

(µ0, µ1, ντ ) are uniformly bounded. This is a condition for weak convergence. See

Section 1.2.

5. For the construction of a feasible solution to the finite linear program, we additionally

require all three measures to have densities with respect to some Lebesgue measure,

and the density of the of the stopping measure ντ to be almost surely strictly positive.

This last assumption will aid in the construction of a feasible solution to the finite-

dimensional linear program.

Remark 1.6. Since the underlying space [0, T ] × E is compact, a sufficient condition for

uniform boundedness of the collection {µ1} mentioned above is that there exists an f ∈
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C([0, T ]× E) satisfying Bf ≡ 1. To see this, take γ ≡ 1. Then, feasibility implies

µ1([0, T ]× E) =

∫
fdντ −

∫
fdν0 −

∫
Afdµ0.

Each integrand and each measure on the right-hand side of the equality is uniformly bounded,

and therefore we can find a uniform upper bound for µ1([0, T ]× E).

We are interested in maximizing the optimal payoff. So, we consider c0, c1, c2 as reward func-

tions. Those same functions and the test functions γf , being continuous on a compact space,

are bounded and uniformly continuous. As a consequence, C([0, T ]×E) = C([0, T ]×E). We

take advantage of this structure to use weak convergence of measures. As a result, by mini-

mizing the negative of the objective function, the Theorem 3.2 also applies for maximization

problems, of which our example is one.

1.2 Weak Convergence of Measures

In order to show convergence of the solutions of the linear programs and their value func-

tions, we will to employ the concept of weak convergence of measures. An introduction into

the topic is provided by Billingsley (1999). In particular, we will work with weak convergence

of finite Borel measures over metric spaces as discussed by Bogachev (2007). In this section,

let (S, d) be a metric space with Borel σ-algebra F , giving us the measurable space (S,F)

and M(S) the space of all finite measure on (S,F). In addition, let Cb(S) be the space

of bounded, continuous functions from S to R and Cu
b (S) ⊂ Cb(S) subspace of bounded,

uniformly continuous functions. First, let us define the concept of weak convergence.

Definition 1.7. Let {µn}n∈N a sequence of finite measures in M(S) and µ ∈ M(S). We

say that µn converges weakly to µ, or µn ⇒ µ as n → ∞, if for all bounded, continuous

functions f ∈ Cb(S)

lim
n→∞

∫
S

f(x)µn(dx) =

∫
S

f(x)µ(dx)
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In order to utilize weak convergence for solutions of linear programs, we will use the fol-

lowing theorem which connects tightness to weak convergence, in a similar manner to com-

pactness for sequences in topological spaces. In words, a tight measure has most of its mass

is concentrated on a compact set. For an in depth discussion see Bogachev (2007).

Definition 1.8. A measure µ on the measurable space (S,F) is called tight on F if for every

ε > 0 there exists a compact set Kε ⊂ S such that

µ(Kc
ε) < ε.

We will need to extend this concept to families of measures.

Definition 1.9. A family of measures {µα}α∈A on (S,F) is called uniformly tight if for every

ε > 0 there is a compact set Kε ⊂ S such that for all measures of the family

µα(K
c
ε) < ε.

For the central Theorem of this section we will also need the families of measures to be

uniformly bounded.

Definition 1.10. A family of finite measures {µα}α∈A on (S,F) is called uniformly bounded

if there is a l ≥ 0 such that

µα(S) ≤ l ∀α ∈ A.

The following is the central theorem we will use to show weak convergence later on.

Theorem 1.11. Let {µn}n∈N be a sequence of finite measures on (S,F). Then the following

two statements are equivalent.

1. {µn}n∈N contains a weakly converging subsequence.

2. {µn}n∈N is uniformly tight and uniformly bounded.

For a proof see Bogachev (2007, Theorem 8.6.2). Note that this, in particular holds for a

sequence of probability measures.
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1.3 Discretization

In this section, we will discuss the steps and assumptions to approximate the infinite-

dimensional linear program resulting from an optimal stopping problem to a finite-dimensional

LP that can be solved numerically.

Let the time space be the closed bounded interval [0, T ] ⊂ R and the state space be the

closed bounded interval E = [el, er] ⊂ R. The domain of the augmented time-space-process

is then [0, T ]×E. We will denote the set of finite measures on [0, T ]×E as M([0, T ]×E),

and the set of probability measures as P([0, T ]×E). The objective function depends on the

three non-negative continuous payoff functions c0, c1, c2 : [0, T ] × E → R+
0 , which describe

the continuous payoff, the singular payoff, and the payoff at the final time τ , respectively.

For the example of the American floating strike lookback call option described in Chapter

3, we will only have a payoff at final time, i.e. c0 ≡ 0 and c1 ≡ 0. For generality purposes,

we will keep those functions in the following treatment.

Recall that the general linear program, that we seek to solve is

Maximize
∫

[0,T ]×E

c0(t, x)µ0(dt× dx) +

∫
[0,T ]×E

c1(t, x)µ1(dt× dx) +

∫
[0,T ]×E

c2(t, x) ντ (dt× dx)

Subject to Rf =

∫
[0,T ]×E

f(t, x) ντ (dt× dx)−
∫

[0,T ]×E

Ãf(t, x)µ0(dt× dx)

−
∫

[0,T ]×E

B̃f(t, x)µ1(dt× dx) ∀f ∈ D̃

ντ ∈ P([0, T ]× E), µ0, µ1 ∈ M([0, T ]× E),

where D∞ ⊂ C(1,2)([0, T ]× E) is the domain of the augmented operators Ã and B̃.

Since µ1 and B̃ govern the singular behavior, we can set both to zero in case of a problem

without singular points. If the problem includes singular behavior, the singular time measure

µ1 is concentrated on the set of singular behavior. We will assume there to be a time-

independent and finite number of singular points {si} ⊂ E in state space. In general, this
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will be a subset of the boundary points of the state space, {el, er}, and in our specific example

of an American floating strike lookback option, just the upper boundary, er = 1. Thus, the

set of singular behavior is represented by [0, T ]× {si}. For the general infinite-dimensional

linear program, we can now define the feasible set

M∞ =

{
(µ0, µ1, ντ ) ∈ M([0, T ]× E)×M([0, T ]× E)× P([0, T ]× E)

∣∣
Rf =

∫
fdντ −

∫
Afdµ0 −

∫
Bfdµ1 ∀f ∈ D∞,

µ0([0, T ]× E) ≤ T,

µ1([0, T ]× E) ≤ l

}
.

Recall that we showed in Remark 1.6 based on the structure of the optimal stopping problems

we are discussing, that we can find an upper bound l ∈ R+ of the singular time measure.

The objective function J : M([0, T ]× E)×M([0, T ]× E)×P([0, T ]× E) → R+
0 is defined

by

J (µ0, µ1, ντ ) =

∫
[0,T ]×E

c0dµ0 +

∫
[0,T ]×E

c1dµ1 +

∫
[0,T ]×E

c2dντ .

Using these definitions, we can set up the infinite-dimensional linear program.

Definition 1.12. The infinite-dimensional linear program:

Find

max
{
J (µ0, µ1, ντ )

∣∣ (µ0, µ1, ντ ) ∈ M∞
}
.

We will not be able to solve this linear program numerically, since both the number of

constraints and the dimension of the space of variable, i.e. the space of measures we optimize

over, are infinite. In this section, we will describe a number of approximations, that will

eventually yield a finite-dimensional problem, that is solvable numerically.

In two separate steps, one for the space of test function and the other for the solution space

of measures, we will use the existence of a countable basis, which we will then truncate to

construct a finite-dimensional space. In Chapter 2, we will then use the finite-dimensional
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spaces to approximate the original infinite-dimensional linear program by a finite-dimensional

linear program, and later show that optimal solutions are sufficiently close.

First, we will limit for the number of constraints, which is governed by the number of

dimensions of the space of test functions. And in the second step, we will construct a

finite-dimensional space of measures, which we can then use to introduce a finite number

of parameters. In this step of the process, we will not specify the bases being used since

the choice does not affect the general contruction of the approximations. In the following

subsections the specific choices will be introduced.

Consider the infinite-dimensional space of test functions D∞ ⊂ C(1,2)([0, T ] × E). Recall

that D∞ is separable, i.e. we can find a countable basis. Let {fk}k∈N be such a countable

basis of D∞. A possible example is the set of B-spline basis functions.

Let n ∈ N and {fk}k∈N be a countable basis of D∞. Now, let Dn be the n-dimensional

subspace we get by truncating the basis at n

Dn = (span(f1, . . . , fn), ∥·∥D),

and define the feasible set for the (n,∞)-dimensional linear problem

M(n,∞) =

{
(µ0, µ1, ντ ) ∈ M([0, T ]× E)×M([0, T ]× E)× P([0, T ]× E)

∣∣
Rf =

∫
fdντ −

∫
Afdµ0 −

∫
Bfdµ1 ∀f ∈ Dn,

µ0([0, T ]× E) ≤ T,

µ1([0, T ]× E) ≤ l

}
.

Note that the number of constraints is still infinite in this formulation. However, we can

rewrite the definition using the linearity of the integral and the operators, thus limiting the
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number of constraints to n, one for each basis function

M(n,∞) =

{
(µ0, µ1, ντ ) ∈ M([0, T ]× E)×M([0, T ]× E)× P([0, T ]× E)

∣∣
Rfk =

∫
fkdντ −

∫
Afkdµ0 −

∫
Bfkdµ1 k = 1, . . . , n,

µ0([0, T ]× E) ≤ T,

µ1([0, T ]× E) ≤ l

}
.

The corresponding linear program is then

Definition 1.13. The semi-infinite (n,∞)-dimensional linear program is to find

max
{
J (µ0, µ1, ντ )

∣∣ (µ0, µ1, ντ ) ∈ M(n,∞)

}
.

We will use this definition to show in Chapter 2, that an ε-optimal solution is still close

enough for the original infinite-dimensional linear program.

In the second step, we will now approximate the space of measures in order to find a finite set

of optimization parameters. As we already stated in Remark 1.5, we assume that all three

measures µ0, µ1, and ντ are absolutely continuous with respect to the Lebesgue measure

on the appropriate space. Thus, we can define L1-densities for each, p0 ∈ L1([0, T ] × E),

p1 ∈ L1(S), and pτ ∈ L1(l), where l ⊂ [0, T ]× E is the stopping boundary and S is the set

of singular behavior.

In order to find suitable finite-dimensional subspaces, we will now construct a common grid

which can be used to define finite-dimensional subspaces of these L1-spaces. Let m ∈ N be

a fixed number. For m, construct a dyadic set of grid points.

T (m) = {ti = 0 +
T − 0

2m
· i, i = 0, . . . , 2m},

E(m) = {ej = el +
er − el
2m

· j, j = 0, . . . , 2m},

G(m) = {(ti, ej), i, j = 0, . . . , 2m}.

Note that |G(m)| = (2m + 1)2, for m′ < m′′, G(m′) ⊂ G(m′′) and the union over all m is a

dense subset of [0, T ]× E.
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The approximations of the measures will then be linear combinations of basis functions

defined on this grid

p̃α(t, x) =
4m−1∑
i=0

γα,ipi(t, x), α = 0, τ,

where P = {pi}i∈N is the countable basis for L1([0, T ]×E) and P(m) = {pi}i=0,...,4m−1 is the

truncated set of basis basis functions. Let us call the sets of all measures with such densities

M(m)
0 ([0, T ]× E) =

{
µ ∈ M([0, T ]× E)

∣∣µ(dt× dx) = p̃0(t, x)λ(dt× dx), µ([0, T ]× E) ≤ T
}

M(m)
1 ([0, T ]× E) =

{
µ ∈ M([0, T ]× E)

∣∣µ(dt× dx) = p̃1(t, x)λ(dt× dx), µ([0, T ]× E) ≤ l
}

M(m)
τ ([0, T ]× E) =

{
ν ∈ M([0, T ]× E)

∣∣ν(dt× dx) = p̃τ (t, x)λ(dt× dx), ν([0, T ]× E) = 1
}
.

To account for the simple strategy of "Stop immediately", we add the point mass at (0, x0) to

the set of measures M(m)
τ . This also guarantees that there exists at least one feasible element.

Based on this method of approximation, a straight forward definition of the feasible set for

the (n,m)-dimensional linear program is

M′
(n,m) =

{
(µ0, µ1, ντ ) ∈ M(m)

0 ([0, T ]× E)×M(m)
1 ([0, T ]× E)×M(m)

τ ([0, T ]× E)
∣∣

Rfk =

∫
fkdντ −

∫
Afkdµ0 −

∫
Bfkdµ1, k = 1, . . . , n

}
.

However, in order to construct a feasible approximation for an arbitrary triple (µ0,n, µ1,n, ντ,n),

we need to modify the constraint equations. Let fk be any basis test function corresponding

to one of the constraint equations of the semi-infinite LP and G(m) be the grid of points

(ti, ej) at refinement level m. Let Πm = {Ri} be the partition of rectangle using these grid

points. Then define

f
(m)
k,i = inf

(t,x)∈Ri

{fk(t, x)}, k = 1, . . . , n, i = 0, . . . , 4m − 1,

f̂
(m)
k =

4m−1∑
i=0

f
(m)
k,i 1Ri

, k = 1, . . . , n, (1.8)

and use this piecewise constant approximation of the test functions to define the modified
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set of feasible solutions to the (n,m)-dimensional linear program

M(n,m) =

{
(µ0, µ1, ντ ) ∈ M(m)

0 ([0, T ]× E)×M(m)
1 ([0, T ]× E)×M(m)

τ ([0, T ]× E)
∣∣

Rfk =

∫
f̂
(m)
k dντ −

∫
Afkdµ0 −

∫
Bfkdµ1, k = 1, . . . , n

}
.

Since, for any sequence of solutions {(µ0,m, µ1,m, ντ,m)}m∈N with (µ0,m, µ1,m, ντ,m) ∈ M(n,m),

the sequence of functions {f̂ (m)
k }m∈N is uniformly bounded and therefore uniformly {ντ,m}-

integrable, we can apply Theorem 3.5 in Serfozo (1982) to prove that if the sequence

{(µ0,m, µ1,m, ντ,m)}m∈N converges weakly, the weak limits are solutions to the semi-infinite

linear program. The detailed proof can be found in Section 2.2.

Note that the upper bound on the approximated measures will give us restrictions on the

parameters for the linear program in the form of upper bounds on their values.

We have thus constructed a finite-dimensional feasible set. The exact number of parameters

will be calculated in the following subsections. The corresponding (n,m)-dimensional linear

program is then

Definition 1.14. The (n,m)-dimensional linear program:

Find

max
{
J (µ0, µ1, ντ )

∣∣ (µ0, µ1, ντ ) ∈ M(n,m)

}
.

The strategy of stopping immediately gives us a feasible solution in µ0 ≡ 0, µ1 ≡ 0, and

ντ = δ(0,x0). Since we assumed a compact space, hence ensuring that the continuous payoff

functions are bounded, the (n,m)-dimensional linear program is therefore bounded. And

thus, by the theory of finite-dimensional linear programming, a solution exists. An overview

can be found in Vanderbei (2014).

In Section 2.2, we will show that for large enough m, an optimal solution for the (n,m)-

dimensional, now finite stopping problem is ε-optimal for the (n,∞)-dimensional linear op-

timal stopping problem.

At this point, we can calculate the coefficients of the finite-dimensional linear program,

determine the dependence of the solution on the parameters, and figure out if we need any
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additional restrictions on the parameter values to ensure that the resulting measures are

non-negative and bounded.

1.3.1 B-Splines as Test Functions

Combining the methods of Vieten (2018) and Lutz (2007), we will use a finite set of cubic

B-Spline basis functions to contruct a finite-dimensional subspace of C2([0, T ]×E). In con-

trast to Vieten’s treatment of optimal control problems, for finite horizon optimal stopping

problem, we will have to use test functions that are defined on time and state space dimen-

sions, but also at least C1,2([0, T ] × E) in order for them to be elements of the domain of

the extended generators of the augmented time-space-process Ã and B̃ that are discussed in

Section 1.1.

Let the state space E = [el, er] ⊂ R be a closed interval, and similarly [0, T ] ⊂ R. We

now define a grid, i.e. a finite set of points {ei}i=0,...,nE
in [el, er] where ei+1 > ei for all

i and similarly on T , {tj}j=0,...,nT
, as well as a corresponding set of values of the target

function f : [0, T ] × E → R × R, {fi,j}i=0,...,nE ,j=0,...,nT
= {f(ei, tj)}i=0,...,nE ,j=0,...,nT

, giving

us N = nT · nE grid points. In order to approximate or interpolate a function that hits

all the points (tj, ei, fi,j), i = 0, . . . , nE, j = 0, . . . , nT there is a wealth of theory to draw

from, most of which use a finite basis of functions to generate a linear combination that

best approximates the original function, i.e. we are projecting the original function into the

finite-dimensional subspace spanned by the given basis. We will use specifically a basis of

cubic B-spline functions as described by De Boor (1978).

Note that De Boor (1978, Theorem XVII.9) provides the groundwork for products of B-

splines being bases. Note also, that here, we are deviating from Lutz’s choice of test functions

(as well as base functions for the densities, which we will discuss in the next section). Lutz,

in both instances, used hat functions, i.e. linear B-splines, in the space dimension with a

discontinuous discretization in the time dimension, accepting the fact that the regularity is
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not enough for either dimension, which led him to having to apply the methods of integration

by parts and finite differences in order to arrive at workable computations.

Instead, we want to guarantee enough regularity in all derivatives involved, which leads us

0 1 2 3 4
0

0.5

1
B0,0 B1,0 B2,0 B3,0 B4,0B−1,1 B0,1 B1,1 B2,1 B3,1 B4,1

B−1,2 B0,2 B1,2 B2,2 B3,2

B4,2

B−2,3 B−1,3 B0,3 B1,3 B2,3

Figure 1: B-splines basis functions order 0 (constant) through 3 (cubic)

to using tensor products of B-splines as described in De Boor (1978, Theorem XVII.9).

As Vieten did, we will take cubic B-spline in space direction, but in contrast, we will

need continuously differentiable behavior in time direction to satisfy conditions imposed

by the augmented continuous generator Ã. Therefore, our choice of B-spline basis will be

B(nT ,nE) = B
(nT )
3 ⊗B

(nE)
3 where B

(nT )
3 = {B(nT )

i,3 ; i = −3, . . . , nT −1} and B
(nE)
3 = {B(nE)

j,3 ; j =

−3, . . . , nE − 1}, and

B
(m)
j,3 (x) = (ej+4 − ej)

j+4∑
i=j

[(ei − x)3]+

Ψ′
j,3(ei)

, j = −3, . . . ,m− 1

where

Ψj,3(x) =

j+4∏
i=j

(x− ei),

and therefore

Ψ′
j,3(ei) =

j+4∑
k=j

j+4∏
l=j,l ̸=k

(ei − el) =

j+4∏
l=j,l ̸=i

(ei − el).
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A basis element in Bi,j ∈ B(nT ,nE) will therefore be of the form Bi,j(t, x) = B
(nT )
3,i (t)·B(nE)

3,j (x).

For a regular grid of step size in time δ and a step size in state space of h, this gives us the

formula

B
(m)
l,3 (x) =

1

6h3

4∑
k=0

(−1)k
(
4

k

)
(x− (l + k)h)31[(l+k)h,∞)(x)

Images of the one-dimensional B-spline basis functions are shown in Figure 1, while a two-

dimensional B-spline basis function is shown in Figure 2. Hall and Meyer (1976, p.1-2)

discuss uniform convergence of B-spline approximations in C2.

0 1 2 3 4 0

2

4
0

0.2

0.4

x
y

z

Figure 2: Two-dimensional cubic B-spline base function B(0,0)(x, y) with step on regular grid with
step size h = 1 on its domain[0; 4]× [0, 4]

1.3.2 Approximating Measures

As discussed in Section 1.1, we will need to approximate three measures: the expected occu-

pation measure µ0, the local time measure for singular behavior µ1, and finally the stopping

measure ντ , i.e. the distribution of the process at the stopping time. By construction, ντ is

a probability measure, while the other two are just assumed to be finite. We are treating

all three as measures on [0, T ] × E, although they are concentrated in different subsets. In

contrast to the control case, we will not go the route of regular conditional distributions

in order to separate the approximation of the different dimensions. There is no equivalent
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to feedback controls to justify this step. Therefore, we will approximate two-dimensional

measures. To keep the complexity of the linear programs low, we will approximate all three

measures on the same mesh, which will be defined below.

As in the previous section, we start by defining a grid of discrete points that will be the basis

for the approximation of the measures. Note that the different grids for test functions and

measures are independent from each other, since they will be approximated in different steps.

Once more, the state space E = [el, er] ⊂ R be a closed interval, and similarly T = [0, T ] ⊂ R.

We now define a grid, i.e. a finite set of points {ei}i=0,...,mE
in [el, er] where ei+1 > ei for

all i and similarly on T , {tj}j=0,...,mT
, as well as a corresponding set of values of the target

function f : [0, T ]× E → R× R, {fi,j}i=0,...,mE ,j=0,...,mT
= {f(ei, tj)}i=0,...,mE ,j=0,...,mT

, giving

us M = mT ·mE grid points.

We assume that the local time measure µ1 is concentrated on the finite and constant set of

singular points in state space {s1}, or in our example with only one point of reflection s1 = 1.

Thus, the measure is concentrated on a union of straight lines [0, T ]× {si} ⊂ [0, T ]× E.

The expected occupation measure µ0 is concentrated on the continuation region C ⊂ [0, T ]×

E, i.e. for any set A ⊂ Cc µ0(A) = 0.

We will approximate the three measures µ0, µ1, and ντ by piecewise constants on the

rectangles {Ri} spanned by the grid points {(ti, ej) : i = 0, . . . ,mT , j = 0, . . . ,mE}. The

major focus will be put on the approximation of the stopping measure ντ since it has a

non-trivial support and will need special consideration, as described in Section 2.2. Thus,

the approximating densities will be of the form

p̃0 =
M∑
i=0

w0,ipi, p̃1 =
M∑
i=0

w1,ipi, p̃τ =
M∑
i=0

wτ,ipi,

where pi = 1Ri
are the function of the chosen basis based on the rectangles Ri, and the

weight vectors are the variables to be optimized in the linear program. The approximating

measures are then defined as

dµ̃0 = p̃0dλ, dµ̃1 = p̃1dλ, dν̃τ = p̃τdλ.
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2 CONVERGENCE

Note that, for the set of problems we are considering, both of the expected occupation

measures µ0 and µ1 are uniformly bounded, a key condition for the following proofs. For

any optimal stopping problem that cannot guarantee uniform bounds in that way, we refer

to the additional approximation step imposing an upper bound l for the singular occupa-

tion measure µ1 in Vieten (2018, Section III.2). A similar treatment for the regular time

occupation measure is not part of this disseration.

The proof of the convergence of the sequence of optimal values and solutions of the finite-

dimensional LPs to an optimal value and solution of the original infinite-dimensional LP is

broken into several parts. The first part establishes this convergence for the semi-infinite

(n,∞)-dimensional LPs to the infinite-dimensional LP. This convergence is established using

the following steps:

1. The limit of a weakly convergent sequence of M(n,∞)-feasible measures is M∞-feasible.

2. The limit of a weakly convergent sequence of ε-optimal M(n,∞)-feasible measures is

M∞-feasible.

3. For a sequence of ε-optimal M(n,∞)-feasible measures the value for any element from

the tail of that sequence will eventually be contained in a small enough neighborhood.

4. For any δ > 0 and large enough n, the value of an ε-optimal M(n,∞)-feasible solution

is at most 2ε+ δ away from the optimal value of the infinite-dimensional problem.

The second part uses a similar structure to prove convergence of the sequence of optimal val-

ues and solutions of the finite (n,m)-dimensional LP to the semi-infinite (n,∞)-dimensional

LP.
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2.1 Convergence of the Semi-Infinite LP Values and Solutions

We will first outline the path to proving that the value of an ε-optimal solution to the

(n,∞)-dimensional problem is ε′-close to the optimal value for the infinite-dimensional prob-

lem. Recall that we cannot guarantee that the approximating solutions for a specific n are

feasible for the infinite-dimensional LP. The first proposition shows that limiting measures

of a sequence of feasible measures for the (n,∞)-dimensional LP, as n → ∞, exist and are

feasible for the infinite-dimensional LP.

Proposition 2.1. Let {(µ0,n, µ1,n, ντ,n)}n∈N be a sequence with (µ0,n, µ1,n, ντ,n) ∈ M(n,∞) for

all n ∈ N. Then there exist ντ ∈ P([0, T ]×E), µ0 ∈ M([0, T ]×E), and µ1 ∈ M([0, T ]×E)

such that ντ,n ⇒ ντ , µ0,n ⇒ µ0, and µ1,n ⇒ µ1 along a subsequence and (µ0, µ1, ντ ) ∈ M∞.

Proof. For any n > m ∈ N and gm ∈ Dm we have∫
gmdντ,n −

∫
Agmdµ0,n −

∫
Bgmdµ1,n = Rgm

Observe that gm, Agm, and Bgm are bounded and uniformly continuous, since they are

continuous and the domain [0, T ] × E is compact. Furthermore, compactness of [0, T ] × E

along with uniform boundedness implies that the sequence (µ0,n, µ1,n, ντ,n) is tight. Thus,

there exists a weakly convergent subsequence. Without loss of generality, we assume the

entire sequence is weakly convergent. In other words, there are measures ντ , µ0, and µ1

satisfying ντ,n ⇒ ντ , µ0,n ⇒ µ0, and µ1,n ⇒ µ1. Hence,

Rgm = lim
n→∞

Rgm = lim
n→∞

(∫
gmdντ,n −

∫
Agmdµ0,n −

∫
Bgmdµ1,n

)
=

∫
gmdντ −

∫
Agmdµ0 −

∫
Bgmdµ1.

Now, let g ∈ D∞ and pick gm ∈ Dm for all m ∈ N such that gm → g as m → ∞. By

continuity

lim
m→∞

Agm = Ag, lim
m→∞

Bgm = Bg, and lim
m→∞

Rgm = Rg
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In addition, since those sequences are convergent in C(1,2)([0, T ] × E, ∥·∥∞) they are uni-

formly bounded (see Vieten (2018, Prop. II.1.18)). Therefore, we can apply the dominated

convergence theorem:∫
gdντ −

∫
Agdµ0 −

∫
Bgdµ1 = lim

m→∞

(∫
gmdντ −

∫
Agmdµ0 −

∫
Bgmdµ1

)
This gives us∫

gdντ −
∫

Agdµ0 −
∫

Bgdµ1 = lim
m→∞

(∫
gmdντ −

∫
Agmdµ0 −

∫
Bgmdµ1

)
= lim

m→∞
Rgm = Rg

proving that the limit measures are feasible for the infinite-dimensional problem.

Let l denote the uniform bound on all µ1,n([0, T ]×E) over all n. Using the constant function

1, weak convergence implies

µ1([0, T ]× E) =

∫
1 dµ1 = lim

n→∞

∫
1 dµ1,n = lim

n→∞
µ1,n([0, T ]× E) ≤ l

This establishes that (µ0, µ1, ντ ) ∈ M∞.

The next lemma shows that the weak limits of ε-optimal solutions of the (n,∞)-dimensional

LPs comprise an ε-optimal solution to the infinite-dimensional LP.

Lemma 2.2. Let ε > 0 and suppose that, for each n ∈ N, (µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈ M(n,∞) is an

ε-optimal solution. Let (µε
0, µ

ε
1, ν

ε
τ ) be a weak limit of (µε

0,n, µ
ε
1,n, ν

ε
τ,n). Then (µε

0, µ
ε
1, ν

ε
τ ) is an

ε-optimal solution for the infinite-dimensional LP.

Proof. By the proof of the previous proposition, we know that there exists a weak limit

(µε
0, µ

ε
1, ν

ε
τ ) and it is feasible for M∞.

Now, assume that it is not ε-optimal. Then there is a feasible solution (µ′
0, µ

′
1, ν

′
τ ) ∈ M∞

with

J(µ′
0, µ

′
1, ν

′
τ ) > J(µε

0, µ
ε
1, ν

ε
τ ) + ε.
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Let δ = J(µ′
0, µ

′
1, ν

′
τ ) − J(µε

0, µ
ε
1, ν

ε
τ ) − ε > 0. Using the definition of the objective function

J , we get ∫
c2dν

′
τ +

∫
c0dµ

′
0 +

∫
c1dµ

′
1 >

∫
c2dν

ε
τ +

∫
c0dµ

ε
0 +

∫
c1dµ

ε
1 + ε

However, since c0, c1, and c2 are continuous functions on a compact support, weak conver-

gence implies∫
c2dν

ε
τ,n →

∫
c2dν

ε
τ ,

∫
c0dµ

ε
0,n →

∫
c0dµ

ε
0, and

∫
c1dµ

ε
1,n →

∫
c1dµ

ε
1

as n → ∞. Hence, we can find an N ∈ N such that for all n ≥ N

|J(µε
0, µ

ε
1, ν

ε
τ )− J(µε

0,n, µ
ε
1,n, ν

ε
τ,n)| <

δ

2
.

So we can calculate the difference between J(µ′
0, µ

′
1, ν

′
τ ) and J(µε

0,n, µ
ε
1,n, ν

ε
τ,n)

J(µ′
0, µ

′
1, ν

′
τ ) = δ + ε+ J(µε

0, µ
ε
1, ν

ε
τ )

= δ + ε+ J(µε
0, µ

ε
1, ν

ε
τ )− J(µε

0,n, µ
ε
1,n, ν

ε
τ,n) + J(µε

0,n, µ
ε
1,n, ν

ε
τ,n)

> δ + ε+ J(µε
0,n, µ

ε
1,n, ν

ε
τ,n)−

δ

2

= J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) + ε+

δ

2

> J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) + ε

Recall that M∞ ⊂ M(n,∞) due to the restriction of the constraint space. Thus, the above

inequality contradicts the ε-optimality of (µε
0,n, µ

ε
1,n, ν

ε
τ,n). Therefore, we have

J(µε
0, µ

ε
1, ν

ε
τ ) ≤ J(µ′

0, µ
′
1, ν

′
τ ) + ε ∀(µ′

0, µ
′
1, ν

′
τ ) ∈ M∞,

giving us ε-optimality for the weak limit.

At this point, we veer away from the treatment of weak limits, instead focusing on the

behavior for large n. With the next few lemmata and the closing theorem of this section, we

aim to show, that the value of ε-optimal solutions to the (n,∞)-dimensional LP is eventually

close enough to the optimal value of the infinite-dimensional LP.
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Lemma 2.3. For each n ∈ N, let (µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈ M(n,∞) be an ε-optimal solution.

Then, for δ > 0, there are a z ∈ R and an N(δ) ∈ N such that for the values of the objective

function we have

J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈

(
z − ε

2
− δ; z +

ε

2
+ δ

)
∀n ≥ N(δ)

Proof. Pick an arbitrary δ > 0. Since [0, T ] × E is compact, all three sequences of mea-

sures are tight. Furthermore, by assumption, they are uniformly bounded. As as result,

this sequence has weak limits. Now, consider two sets of weakly convergent subsequences

(µε
0,nm

, µε
1,nm

, νε
τ,nm

) and (µε
0,nm′ , µ

ε
1,nm′ , ν

ε
τ,nm′ ), and assume that they have different limits:

νε
τ,nm

⇒ ν̃τ , µε
0,nm

⇒ µ̃0, µε
1,nm

⇒ µ̃1

and

νε
τ,nm′ ⇒ ν̂τ , µε

0,nm′ ⇒ µ̂0, µε
1,nm′ ⇒ µ̂1

Now, let us assume that∫
c2dν̃τ +

∫
c0dµ̃0 +

∫
c1dµ̃1 <

∫
c2dν̂τ +

∫
c0dµ̂0 +

∫
c1dµ̂1 − ε

Using the same convergence argument as in the previous proof, choose N large so that for

any m ≥ N∫
c2dν

ε
τ,nm

+

∫
c0dµ

ε
0,nm

+

∫
c1dµ

ε
1,nm

<

∫
c2dν̂τ +

∫
c0dµ̂0 +

∫
c1dµ̂1 − ε

However, since (µ̂0, µ̂1, ν̂τ ) ∈ M∞ ⊂ M(nm,∞), this contradicts the supposition of ε-optimality

of (µε
0,nm

, µε
1,nm

, νε
τ,nm

). Therefore, we have∫
c2dν̃τ +

∫
c0dµ̃0 +

∫
c1dµ̃1 ≥

∫
c2dν̂τ +

∫
c0dµ̂0 +

∫
c1dµ̂1 − ε.

And since we can similarly show that∫
c2dν̂τ +

∫
c0dµ̂0 +

∫
c1dµ̂1 ≥

∫
c2dν̃τ +

∫
c0dµ̃0 +

∫
c1dµ̃1 − ε,
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we get ∣∣∣∣∫ dν̃τ −
∫

c0dµ̃0 −
∫

c1dµ̃1 −
(∫

dν̂τ −
∫

c0dµ̂0 −
∫

c1dµ̂1

)∣∣∣∣ ≤ ε.

To summarize, the limits of any two convergent subsequences of {(µε
0,n, µ

ε
1,n, ν

ε
τ,n)}n∈N are at

most ε apart. So we can find a number z ∈ R such that

J(µ̃0, µ̃1, ν̃τ ) ∈
[
z − ε

2
; z +

ε

2

]
for any weak limit of a convergent subsequence of {(µε

0,n, µ
ε
1,n, ν

ε
τ,n)}n∈N. Thus, if the sequence

{(µε
0,n, µ

ε
1,n, ν

ε
τ,n)}n∈N converges weakly, we can per definitionem find an N(δ) for any δ > 0

such that

J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈

(
z − ε

2
− δ; z +

ε

2
+ δ

)
.

Now, assume {(µε
0,n, µ

ε
1,n, ν

ε
τ,n)}n∈N does not converge, and that for any N ∈ N there is a

k ≥ N such that

J(µε
0,k, µ

ε
1,k, ν

ε
τ,k) /∈

(
z − ε

2
− δ; z +

ε

2
+ δ

)
. (2.1)

Thus, we can construct a subsequence {(µε
0,nk

, µε
1,nk

, νε
τ,nk

)}k∈N for which the value of every

element is outside of the interval. Since this sequence is still tight and uniformly bounded, we

can find a convergent sub-subsequence {(µε
0,nkl

, µε
1,nkl

, νε
τ,nkl

)}l∈N with weak limits (µ0, µ1, ντ ).

However, since this is a subsequence of the original sequence, the value of the weak limits

satisfies

J(µ0, µ1, ντ ) ∈
[
z − ε

2
; z +

ε

2

]
.

Consequently, there is a large N(δ) such that for any l ≥ N(δ) we have

J(µε
0,nkl

, µε
1,nkl

, νε
τ,nkl

) ∈
(
z − ε

2
− δ; z +

ε

2
+ δ

)
This, however, contradicts the construction of the subsequence, and therefore the assumption

(2.1). I.e., if the original sequence does not converge, we can have at most finitely many
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elements whose value is outside of
(
z − ε

2
− δ; z + ε

2
+ δ

)
. In other words, there is an N(δ)

such that for any n ≥ N(δ)

J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈

(
z − ε

2
− δ; z +

ε

2
+ δ

)
.

We have now shown the conclusion whether or not the original sequence converges. Thus,

we are done.

Now that the value of ε-optimal solutions for large enough n is confined in a bounded

interval, we show that the optimal value for the infinite-dimensional LP is also bounded in

a related interval. We will then combine the intervals in the result of this section’s theorem.

Proposition 2.4. Let z, ε be as in the previous lemma and define the optimal value for the

infinite-dimensional problem

J∗ = sup {J(µ0, µ1, ντ ) : (µ0, µ1, ντ ) ∈ M∞} .

Then

z − ε

2
≤ J∗ ≤ z +

3ε

2
.

Proof. Again, consider a sequence {(µε
0,n, µ

ε
1,n, ν

ε
τ,n)}n∈N of ε-optimal solutions in M(n,∞)

and an arbitrary convergent subsequence {(µε
0,nk

, µε
1,nk

, νε
τ,nk

)}k∈N with limits (νε
τ , µ

ε
0, µ

ε
1). We

know from Lemma 2.2 and Lemma 2.3 that the limit is ϵ-optimal and its value contained

in the closed interval
[
z − ε

2
; z + ε

2

]
. Therefore, for the optimal value J∗, we can find the

following bounds

J∗ ≥ J(µε
0, µ

ε
1, ν

ε
τ ) ≥ z − ε

2

and

J∗ − ε ≤ J(µε
0, µ

ε
1, ν

ε
τ ) ≤ z +

ε

2

Showing the upper bound J∗ ≤ z + 3ε
2
.
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The next theorem shows that the values of a sequence of ε-optimal solutions to the semi-

infinite LP will eventually be ε-close to the optimal value of the infinite-dimensional LP.

Theorem 2.5. Assume that, for each n ∈ N, (µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈ M(n,∞) is an ε-optimal

solution. Then, for δ > 0, there is an N(δ) ∈ N such that for all n ≥ N(δ)

|J(µε
0,n, µ

ε
1,n, ν

ε
τ,n)− J∗| ≤ 2ε+ δ.

Proof. By Lemma 2.3, choose N large enough that for any n ≥ N

J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) ∈

(
z − ε

2
− δ; z +

ε

2
+ δ

)
.

By Proposition 2.4, we get the following bounds

J(µε
0,n, µ

ε
1,n, ν

ε
τ,n)− J∗ < z +

ε

2
+ δ −

(
z − ε

2

)
= ε+ δ

and

J∗ − J(µε
0,n, µ

ε
1,n, ν

ε
τ,n) < z +

3ε

2
−
(
z − ε

2
− δ

)
= 2ε+ δ

This proves the conclusion.

2.2 Convergence of the Finite LP Values and Solutions

In this section, we will let n ∈ N be fixed and Mn,∞ be the set of feasible solutions to the

semi-infinite linear program for constraint refinement level n. Recall that the set of feasible

solutions to the (n,m)-dimensional linear program is

M(n,m) =

{
(µ0, µ1, ντ ) ∈ M(m)

0 ([0, T ]× E)×M(m)
1 ([0, T ]× E)×M(m)

τ ([0, T ]× E)
∣∣

Rfk =

∫
f̂
(m)
k dντ −

∫
Afkdµ0 −

∫
Bfkdµ1, k = 1, . . . , n

}
,

where f̂
(m)
k is the piecewise constant approximation from below of the k-th test function as

defined in (1.8)

f
(m)
k,i = inf

(t,x)∈Ri

{fk(t, x)}, k = 1, . . . , n, i = 0, . . . , 4m − 1,

f̂
(m)
k =

4m−1∑
i=0

f
(m)
k,i 1Ri

, k = 1, . . . , n.
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The goal of this section is to relate the solutions of the finite LP to solutions of the semi-

infinite LP. In the first half, we will solely focus on arbitrarily close approximations of given

densities, while in the second half, we will loosely follow the structure of the previous section,

showing that, for large enough m, optimal solutions of the finite LP are ε-optimal for the

semi-infinite LP. Recall that we require several assumptions on the measures in the feasible

set of the semi-infinite LP:

1. All three sets of measures in M(n,∞) need to be uniformly bounded. In fact, we can

guarantee this as long as we are dealing with finite horizon optimal stopping problems.

In that case, any feasible regular time occupation measure µ0 is bounded above by the

time horizon T , and any feasible local time occupation measure µ1 is bounded above

by a constant l > 0, as described in Remarks 1.3 and 1.6, respectively.

2. All three measures are absolutely continuous with respect to some Lebesgue measure,

and thus have L1-density functions.

3. We also require the density pτ of the stopping measure ντ to be Lebesgue-almost surely

strictly positive. This will be needed to construct a feasible solution to the finite linear

program.

The first lemma shows that we can approximate any measure with density by a measure

having piecewise constant Radon-Nikodym derivative over a finite partition. This lemma will

be applied to all three measures µ0, µ1, and with adjustments, that are described hereafter,

to ντ .

Lemma 2.6. Let (S,F , λ, d) be a measure space with metric d, σ-algebra F . Let µ ≪ λ

be a finite measure on S with Radon-Nikodym derivative p, i.e. µ(dx) = p(x)λ(dx). Let

f : S → R be a uniformly continuous and bounded function. Then for any ε > 0 there is a δ

such that for any finite partition Π = {Ri} which satisfies max
i

{diam(Ri)} < δ, the piecewise
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constant approximation p̃Π : S → R+
0 of p given by

p̃Π(x) =
∑
i

ess inf {p(x)|x ∈ Ri}1Ri
(x)

satisfies

∥p− p̃Π∥L1(S) < ε and
∣∣∣∣∫

S

f(x)p(x)λ(dx)−
∫
S

f(x)p̃Π(x)λ(dx)

∣∣∣∣ < ε.

Proof. First note, that the construction of p̃Π can be applied to any partition Π of S, and

that we have almost sure pointwise convergence with increasing refinement:

lim
δ→0

p(x)− p̃Π(x) = 0 for λ-a.e. x ∈ S.

By the dominated convergence theorem, we get L1-convergence, proving the first inequality

for some δ1.

In this first part, we assume that f is non-negative. By uniform continuity of f , we can

now choose a δ2 such that |f(x)− f(y)| < ε
4µ(X)

for d(x, y) < δ2. Due to the construction

and the L1-convergence of p̃Π, we can choose a δ3 such that
∫
S
p(x)− p̃Π(x)λ(dx) <

ε
4F

where

F = max
x∈S

{f(x)} < ∞ whenever max
i

{diam(Ri)} < δ3. Define δ = min{δ1, δ2, δ3} and let

Π = {Ri} be a partition with max
i

{diam(Ri)} < δ.

First, note that p ≥ p̃Π implies the difference of the two integrals is non-negative. Recalling

the definition of the lower Riemann integral approximation, we can now calculate an upper

bound for the error of the approximated integral over the uniformly continuous function f .
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Define for each i, fi = ess inf
x∈Ri

{f(x)} ≥ 0 on each set Ri of the partition Π.∫
S

f(x) µ(dx)−
∫
S

f(x) p̃Π(x)λ(dx)

=
∑
i

∫
Ri

f(x) p(x)λ(dx)−
∑
i

∫
Ri

f(x) p̃Π(x)λ(dx)

=
∑
i

{[∫
Ri

f(x) p(x)λ(dx)−
∫
Ri

f(x) p̃Π(x)λ(dx)

]
+

[∫
Ri

fi p(x)λ(dx)−
∫
Ri

fi p(x)λ(dx)

]
+

[∫
Ri

fi p̃Π(x)λ(dx)−
∫
Ri

fi p̃Π(x)λ(dx)

]}
=
∑
i

{[∫
Ri

(f(x)− fi) p(x)λ(dx)

]
+

[∫
Ri

(fi − f(x)) p̃Π(x)λ(dx)

]
+

[∫
Ri

fi (p(x)− p̃Π(x))λ(dx)

]}
Note that the first and third integral are non-negative and the second integral is non-positive

due to our choices of fi and our construction of p̃Π.

We can now show the bounds of the above expression.

0 ≤
∫
S

f(x) µ(dx)−
∫
S

f(x) p̃Π(x)λ(dx)

=
∑
i

{[∫
Ri

(f(x)− fi) p(x)λ(dx)

]
+

[∫
Ri

(fi − f(x)) p̃Π(x)λ(dx)

]
+

[∫
Ri

fi (p(x)− p̃Π(x))λ(dx)

]}
<

∑
i

{[∫
Ri

ε

µ(S)
p(x)λ(dx)

]
+ 0 + fi ·

[∫
Ri

p(x)− p̃Π(x)λ(dx)

]}
≤ ε

4µ(S)
µ(S) + F ∥p− p̃Π∥L1(S)

<
ε

4µ(S)
µ(S) + F

ε

4F

≤ ε

4
+

ε

4
=

ε

2
,

Since the expression is non-negative, we now have∣∣∣∣∫
S

f(x) µ(dx)−
∫
S

f(x) p̃Π(x)λ(dx)

∣∣∣∣ < ε

2
,

thus completing the proof for non-negative functions f .

30



To get the full result for an arbitrary continuous function f , we split f up into the positive

part f+ = max(f, 0) and the negative part f− = max(−f, 0), apply the above to find m+ ∈ N

and m− ∈ N, and take the larger of the two m = max(m+,m−) to get∣∣∣∣∫
S

f(x) µ(dx)−
∫
S

f(x) p̃Π(x)λ(dx)

∣∣∣∣
=

∣∣∣∣∫
S

(f+(x)− f−(x)) p(x)λ(dx)−
∫
S

(f+(x)− f−(x))p̃Π(x)λ(dx)

∣∣∣∣
=

∣∣∣∣∫
S

f+(x) p(x)λ(dx)−
∫
S

f−(x) p(x)λ(dx)−
∫
S

f+(x)p̃Π(x)λ(dx) +

∫
S

f−(x)p̃Π(x)λ(dx)

∣∣∣∣
≤
∣∣∣∣∫

S

f+(x) p(x)λ(dx)−
∫
S

f+(x)p̃Π(x)λ(dx)

∣∣∣∣− ∣∣∣∣∫
S

f−(x) p(x)λ(dx)−
∫
S

f−(x)p̃Π(x)λ(dx)

∣∣∣∣
<
ε

2
+

ε

2
= ε,

completing the proof.

Remark 2.7. Lemma 2.6 was kept general but can be applied to the set of partitions and

the truncated basis described in Section 1.3. The δ provided by the lemma gives us a lower

bound for the level of refinement m of the mesh. Recall that for a given m, the diameter

of each rectangle Ri of the partition is diam(Ri) =

√
T 2+(er−el)2

2m
. Therefore, if we require

diam(Ri) < δ, then m > log2

(√
T 2+(er−el)2

δ

)
.

The next two lemmas establish a more specific approximation for the stopping measure

ντ . We will first use Lemma 2.6 to find a sufficiently close approximation on the stopping

boundary l ⊂ [0, T ] × E, and then define a corresponding density approximation that is

piecewise constant on the usual rectangular dyadic partition Πm = {Ri} as defined in Section

1.3. This extended density will be the basis for constructing an approximate feasible solution

in M(n,m).

Lemma 2.8. Let ε > 0, D > 0, and ντ be a stopping measure on [0, T ] × E as described

above with λl({pτ = 0}) = 0. Let f : [0, T ]×E → R be a uniformly continuous and bounded

function. Then there exists an 0 < ε̂ < ε, m0 ∈ N such that for every m ≥ m0 there is

δ > 0 such that for any finite partition Πl = {Li} of the stopping boundary l satisfying

31



max
i

{diam(Li)} < δ the piecewise constant approximation p̃Πl
: l → R+

0 given by

p̃Πl
(x) =

∑
i

ess inf {pτ (x)|x ∈ Li}1Li
(x)

satisfies p̃Πl
≥ ε̂ as well as

∥pτ − p̃Πl
∥L1(l) <

ε̂

D
and

∣∣∣∣∫
l

f(x)pτ (x)λl(dx)−
∫
l

f(x)p̃Πl
(x)λl(dx)

∣∣∣∣ < ε̂

D
. (2.2)

Proof. Let ε > 0, D > 0, f be a uniformly continuous and bounded function, and ντ and pτ

be given such that dντ = pτdλl. Define F = max(1, ∥f∥∞) < ∞.

As a first step, using continuity from above for measures, we can find an 0 < ε̂ < ε such that

λl({pτ ≤ ε̂}) < 1
4DF

. Define p ∈ L1(l) as

p(t, x) =


pτ (t, x) pτ (t, x) ≥ ε̂

ε̂ pτ (t, x) < ε̂.

Thus, ∥pτ − p∥L1 ≤ ε̂ · λl({pτ ≤ ε̂}) < ε̂
4DF

. Now, apply Lemma 2.6 on the subspace (l, λl)

of [0, T ]× E with the lifted density p and ε = ε̂
4DF

< ε̂
D

. The resulting approximation p̃τ,Πl

satisifes

∥pτ − p̃τ,Πl
∥L1(l) ≤ ∥pτ − p∥L1(l) + ∥p− p̃τ,Πl

∥L1(l) <
ε̂

4DF
+

ε̂

4DF
=

ε̂

2DF
<

ε̂

D
.

Finally, we show that the integrals are equally close.∣∣∣∣∫
l

f(x) pτ (x)λl(dx)−
∫
l

f(x) p̃τ,Πl
(x)λl(dx)

∣∣∣∣
≤
∣∣∣∣∫

l

f(x) pτ (x)λl(dx)−
∫
l

f(x) p(x)λl(dx)

∣∣∣∣+ ∣∣∣∣∫
l

f(x) p(x)λl(dx)−
∫
l

f(x) p̃τ,Πl
(x)λl(dx)

∣∣∣∣
<

ε̂

4DF
+ ∥f∥∞ ∥p− p̃τ,Πl

∥L1(l) =
ε̂

4DF
+

ε̂

2D
<

ε̂

D
,

finishing the proof.

Remark 2.9. Using the usual rectangular dyadic partitions Πm = {Ri}, we now define a

partition on the stopping boundary

Πl,m = {Li|Li = Ri ∩ l, Ri ∈ Πm, Li ̸= ∅},
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which satisfies max
i

{diam(Li)} < δ for m large enough. Note that the index set changes.

However, for the sake of consistency and to emphasize the relationship with the original

partition, we will keep the index i. As in Remark 2.7, the δ provided by Lemma 2.8 will give

us a refinement level m for the rectangular partition Πm, that is fine enough. Thus, using

Lemma 2.8 we can find an m and a corresponding approximation

p̃τ,m =
∑
i

wτ,ip
(l)
i . (2.3)

where p
(l)
i = 1Li

are the constant basis functions on l and consequently p̃τ,m satisifies the

conclusions of Lemma 2.8.

Note that, by using a sufficiently fine partition, we can guarantee that there are as many

sets Li of the with positive mass with respect to λl partition as we wish.

Remark 2.10. Having constructed this approximation p̃τ,m on the stopping boundary l with

weights wτ,i, we will now in a sense extend the approximated density p̃τ,m : l → R+
0 to a

piecewise constant function pτ,m : [0, T ] × E → R+
0 using the set of basis functions P(m)

based on the rectangular partition Πm = {Ri}. Recall that Li = Ri ∩ l, the intersection of

each rectangle of the partition Ri with the stopping boundary l. Now, define

pτ,m(t, x) =
∑

Ri∈Πm

wτ,i
λl(Li)

λ2(Ri)
1Ri

. (2.4)

Note that the weight wτ,i
λl(Li)
λ2(Ri)

is positive on the rectangle Ri given that λl(Li) > 0.

The following lemma shows that the approximation on the rectangles is still close enough.

Lemma 2.11. Let ντ and f be as in Lemma 2.8. Then for ε > 0 and D > 0 there exists an

ε̂ < ε and an m0 ∈ N such that for every m ≥ m0 there are functions p̃τ,m and pτ,m given by

(2.3) and (2.4), respectively, with

∥∥p̃τ,m∥∥L1(l)
=

∥∥pτ,m∥∥L1([0,T ]×E)
,∣∣∣∣∫

l

f(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε̂

D
.

33



Proof. An application of Lemma 2.8 with ε and D′ = 5D shows the existence of an m0 such

that for each m ≥ m0 there is a p̃τ,m of the form (2.3) satisfying the conclusions (2.2). Define

ε′ = min(1, ε̂
D′ ) and, if necessary, increase m0 such that uniform continuity of f implies

sup
(t,x)∈Ri

f(t, x)− inf
(t,x)∈Ri

f(t, x) < ε′ on each rectangle Ri. Fix m ≥ m0. Define pτ,m as in (2.4)

using p̃τ,m. Then

∥∥pτ,m∥∥L1([0,T ]×E)
=

∫
[0,T ]×E

pτ,m(t, x)λ2(dt× dx)

=

∫
[0,T ]×E

∑
i:Ri∈Πm

wτ,i
λl(Li)

λ2(Ri)
1Ri

(t, x)λ2(dt× dx)

=
∑

i:Ri∈Πm

wτ,i
λl(Li)

λ2(Ri)

∫
Ri

λ2(dt× dx)

=
∑

i:Ri∈Πm

wτ,iλl(Li) (2.5)

=

∫
l

∑
i:Ri∈Πm

wτ,ip
(l)
i (t, x)λl(dt× dx) = ∥p̃τ,m∥L1(l) .

In addition∣∣∣∣∫
l

f(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
≤

∣∣∣∣∫
l

f(t, x)pτ (t, x)λl(dt× dx)−
∫
l

f(t, x)p̃τ,m(t, x)λl(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
l

f(t, x)p̃τ,m(t, x)λl(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ .
Observe that the first term is less than ε̂

5D
due to Lemma 2.8.
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We examine the second term. Define the function f̂ (m) as in (1.8). Then we have∣∣∣∣∫
l

f(t, x)p̃τ,m(t, x)λl(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
≤

∣∣∣∣∫
l

f(t, x)p̃τ,m(t, x)λl(dt× dx)−
∫
l

f̂ (m)(t, x)p̃τ,m(t, x)λl(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
l

f̂ (m)(t, x)p̃τ,m(t, x)λl(dt× dx)−
∫
[0,T ]×E

f̂ (m)(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
[0,T ]×E

f̂ (m)(t, x)pτ,m(t, x)λ2(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
≤

∫
l

∣∣∣f(t, x)− f̂ (m)(t, x)
∣∣∣ p̃τ,m(t, x)λl(dt× dx)

+

∣∣∣∣∫
l

f̂ (m)(t, x)p̃τ,m(t, x)λl(dt× dx)−
∫
[0,T ]×E

f̂ (m)(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
+

∫
[0,T ]×E

∣∣∣f̂ (m)(t, x)− f(t, x)
∣∣∣ pτ,m(t, x)λ2(dt× dx).

The sum of the first and third term is bounded above by ε̂
2D

· ∥p̃τ,m∥L1(l). Since f̂ (m), p̃τ,m,

and pτ,m are constant on each of the rectangles Ri, a similar argument as in (2.5) gives that

the second term is equal to zero. Combining all the terms establishes that∣∣∣∣∫
l

f(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε̂

D
,

finishing the proof.

Remark 2.12. A careful analysis of the proof of Lemma 2.11 also establishes that∣∣∣∣∫
l

f(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f̂ (m)(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε̂

D
.

Note that the choice of f̂ (m) is not unique. In each rectangle Ri, any evaluation of the function

inside the rectangle is a valid choice for the constant f (m)
i . We chose the infimum for clarity

of presentation. Thus, this flexibility in choice of f̂ (m) simplifies the implementation of the

numerical scheme since it is not necessary to find the infimum over each rectangle.

We now turn to the convergence of optimal solutions of the finite LP to optimal solutions of

the semi-infinite LP. The structure of the proof involves showing the existence of arbitrarily
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close approximations of the density functions with m large enough. Then, establishing the

existence of such approximations that are feasible. Next, we prove the weak convergence of

optimal solutions in M(n,m) to an optimal solution in M(n,∞), as m → ∞. Finally, we will

show ε-optimality in M(n,∞) for the optimal solutions of M(n,m) for large enough m.

In order to show the existence of a feasible approximation to a given density, we will need

to define the constraint matrix and constraint error. We are now restricting our choice of

partitions to the dyadic partition Πm = {Rj, j = 0, . . . , 4m − 1} (m ∈ N) for the measures

and the truncated test function space Dn = span ({fk}nk=1). Recall that λl and λ2 are

the Lebesgue measures on the stopping boundary l and the underlying space [0, T ] × E,

respectively. In accordance with the constraint equations for the (n,m)-dimensional linear

program

Rfk =

∫
f̂
(m)
k dντ −

∫
Afkdµ0 −

∫
Bfkdµ1, k = 1, . . . , n,

where f̂
(m)
k is the piecewise constant approximation from below of the k-th test function

f
(m)
k,i = inf

(t,x)∈Ri

{fk(t, x)}, k = 1, . . . , n, i = 0, . . . , 4m − 1,

f̂
(m)
k =

4m−1∑
i=0

f
(m)
k,i 1Ri

, k = 1, . . . , n,

we now define the constraint matrix C(m) using integrals on the stopping boundary l and

the constraint error d using integrals on [0, T ]× E.

Definition 2.13. For n,m ∈ N, define the constraint matrix for an optimal stopping problem

C(m) ∈ Rn+1,4m by

C
(m)
k,j =

∫
l

f̂
(m)
k (t, x)p

(l)
j (t, x)λl(dt× dx), for j = 0, 1, . . . , 4m − 1, for k = 1, 2, . . . , n,

C
(m)
n+1,j =

∫
l

p
(l)
j (t, x)λl(dt× dx) = λl(Lj), for j = 0, 1, . . . , 4m − 1,

where p
(l)
j (t, x) = 1Lj

(t, x) is the j-th piecewise constant basis element for the chosen grid.
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Definition 2.14. For m ∈ N, and given piecewise constant densities p̃0,m, p̃1,m, and pτ,m on

[T, 0] × E, where pτ,m is the approximation of pτ as described in Remark 2.10. Define the

constraint error d(p̃0,m, p̃1,m, pτ,m) =: d
(m) ∈ Rn+1

d
(m)
k = Rfk −

∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx) +

∫
[0,T ]×E

Afk(t, x)p̃0,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Bfk(t, x)p̃1,m(t, x)λ1(dt× dx) for k = 1, . . . , n

d
(m)
n+1 = 1−

∫
[0,T ]×E

pτ,m(t, x)λ2(dt× dx) = 1−
∥∥pτ,m∥∥L1([0,T ]×E)

.

Note that in both definitions the integrals with respect to the stopping measure can be

simplifed. For k = 1, . . . , n, we have

C
(m)
k,j =

∫
l

f̂
(m)
k (t, x)p

(l)
j (t, x)λl(dt× dx) =

∫
l

4m−1∑
i=0

f
(m)
k,i 1Ri

(t, x)p
(l)
j (t, x)λl(dt× dx)

=

∫
l

f
(m)
k,j p

(l)
j (t, x)λl(dt× dx)

= f
(m)
k,j

∫
l

p
(l)
j (t, x)λl(dt× dx)

= f
(m)
k,j

∫
l

1Lj
(t, x)λl(dt× dx)

= f
(m)
k,j λl(Lj).

Recall the density p̃τ,m defined on the stopping boundary l has the representation

p̃τ,m(t, x) =
4m−1∑
j=0

wτ,jp
(l)
j (t, x),

and the density pτ,m defined on the entire space [0, T ]×E using pj = 1Rj
(j = 0, . . . , 4m−1)

is

pτ,m(t, x) =
4m−1∑
j=0

wτ,j
λl(Lj)

λ2(Rj)
pj(t, x).
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Hence, we can rewrite∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx) =

4m−1∑
j=0

∫
Rj

f
(m)
k,j wτ,j

λl(Lj)

λ2(Rj)
pj(t, x)λ2(dt× dx)

=
4m−1∑
j=0

wτ,jf
(m)
k,j

λl(Lj)

λ2(Rj)

∫
Rj

pj(t, x)λ2(dt× dx)

=
4m−1∑
j=0

wτ,jf
(m)
k,j λl(Lj)

= (C(m)wτ )k,

where wτ = (wτ,0, . . . , wτ,4m−1)
T is the weight vector for p̃τ,m. And finally, according to

Lemma 2.11,

d
(m)
n+1 = 1−

∫
[0,T ]×E

pτ,m(t, x)λ2(dt× dx)

= 1−
∥∥pτ,m∥∥L1([0,T ]×E)

= 1− ∥p̃τ,m∥L1(l) = 1− (C(m)wτ )n+1.

Remark 2.15. Note that for a given m ∈ N, a triple of measures (µ̃0,m, µ̃1,m, ντ,m) is

feasible for the (n,m)-dimensional if for its corresponding densities (p̃0,m, p̃1,m, pτ,m) we have∥∥d(p̃0,m, p̃1,m, pτ,m)∥∥∞ = 0.

Now, let (µ0,n, µ1,n, ντ,n) ∈ M(n,∞). Since Dn has n basis functions {f1, . . . , fn}, we have

a finite number of integrals to approximate in the semi-infinite LP. We can therefore use

Lemmas 2.6 and 2.8 to find a large enough m such that the the approximations for each of

the three densities are good enough. For a given ε, and by picking an appropriate ε′ for each

integral, the lemmas establish the existence of a largest refinement level m, the corresponding

partition Πm, and approximating measures (µ̃0,m, µ̃1,m, ντ,m) such that ∥d(m)∥∞ < ε holds.

The next lemma proves this observation. To simplify notation, we will for the rest of the

section drop the index n from the notations for the measures in M(n,∞).

Lemma 2.16. Let (µ0, µ1, ντ ) ∈ M(n,∞) with densities p0, p1, and pτ . Then for any ε > 0

and D > 0 there is an 0 < ε < ε and m0 ∈ N such that for each m ≥ m0, there are piecewise
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constant densities p̃0,m, p̃1,m, and p̃τ,m as defined above satisfying p̃τ,m ≥ D · ε and

∥d(p̃0,m, p̃1,m, pτ,m)∥∞ < ε,

|J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)| < ε.

Proof. Apply Lemmas 2.8 and 2.11 with ε and D′ = 3D, the given ντ , the payoff function

at the final time c2, and the set of basis functions for Dn, {fk}nk=1, to find an 0 < ε̂ < ε

and an m1 ∈ N. Set ε = ε̂
D

. Hence, p̃τ,m ≥ D · ε. Next, apply Lemma 2.6 with ε
3
, once for

µ0 with the running payoff function c0 and the set of functions {Afk}nk=1, and second for µ1

with the singular payoff function c1 and the set of function {Bfk}nk=1 to find an m2 ≥ m1.

Then set m0 = m2 and choose m ≥ m0 with the corresponding approximating measures

µ̃0,m, µ̃1,m, and ν̃τ,m, as well as the corresponding ντ,m having density pτ,m. Thus we have

for all k = 1, . . . , n∣∣∣∣∫
[0,T ]×E

Afk(t, x)p0(t, x)λ2(dt× dx)−
∫
[0,T ]×E

Afk(t, x)p̃0,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε

3
,∣∣∣∣∫

[0,T ]×E

Bfk(t, x)p1(t, x)λ1(dt× dx)−
∫
[0,T ]×E

Bfk(t, x)p̃1,m(t, x)λ1(dt× dx)

∣∣∣∣ < ε

3
, (2.6)∣∣∣∣∫

l

fk(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε

3
,

as well as∣∣∣∣∫
[0,T ]×E

c0(t, x)p0(t, x)λ2(dt× dx)−
∫
[0,T ]×E

c0(t, x)p̃0,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε

3
,∣∣∣∣∫

[0,T ]×E

c1(t, x)p1(t, x)λ1(dt× dx)−
∫
[0,T ]×E

c1(t, x)p̃1,m(t, x)λ1(dt× dx)

∣∣∣∣ < ε

3
, (2.7)∣∣∣∣∫

l

c2(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

c2(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣ < ε

3
.
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From (2.7), it follows directly, that

|J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)|

≤
∣∣∣∣∫

[0,T ]×E

c0(t, x)p0(t, x)λ2(dt× dx)−
∫
[0,T ]×E

c0(t, x)p̃0,m(t, x)λ2(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
[0,T ]×E

c1(t, x)p1(t, x)λ1(dt× dx)−
∫
[0,T ]×E

c1(t, x)p̃1,m(t, x)λ1(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
l

c2(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

c2(t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
<

ε

3
+

ε

3
+

ε

3
= ε.

It remains to show that the constraint error is small. Recall the definition of the constraint

error d(m) = d(p̃0,m, p̃1,m, pτ,m)

d
(m)
k = Rfk −

∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx) +

∫
[0,T ]×E

Afk(t, x)p̃0,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Bfk(t, x)p̃1,m(t, x)λ1(dt× dx) for k = 1, . . . , n

d
(m)
n+1 = 1−

∫
[0,T ]×E

pτ,m(t, x)λ2(dt× dx)

First, we show

d
(m)
n+1 = 1−

∥∥pτ,m∥∥L1([0,T ]×E)
= 1− ∥p̃τ,m∥L1(l) ≥ 1− ∥pτ∥L1(l) − ∥pτ − p̃τ,m∥L1(l) > −ε,

and using the reverse triangle inequality,

d
(m)
n+1 = 1− ∥p̃τ,m∥L1(l) ≤ 1− ∥pτ∥L1(l) + ∥pτ − p̃τ,m∥L1(l) < ε,

proving that
∣∣∣d(m)

n+1

∣∣∣ < ε. Since (µ0, µ1, ντ ) ∈ M(n,∞) for the semi-infinite linear program,

these measures satisfy the constraint equations for k = 1, . . . , n

Rfk =

∫
fkdντ −

∫
Afkdµ0 −

∫
Bfkdµ1.
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And hence, we have for the absolute value of k-th constraint error d
(m)
k (k = 1, . . . , n)∣∣∣d(m)

k

∣∣∣ = ∣∣∣∣Rfk −
∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Afk(t, x)p̃0,m(t, x)λ2(dt× dx) +

∫
[0,T ]×E

Bfk(t, x)p̃1,m(t, x)λ1(dt× dx)

∣∣∣∣
≤

∣∣∣∣∫
[0,T ]×E

fk(t, x)pτ (t, x)λl(dt× dx)−
∫
[0,T ]×E

f̂
(m)
k (t, x)pτ,m(t, x)λ2(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
[0,T ]×E

Afk(t, x)p0(t, x)λ2(dt× dx)−
∫
[0,T ]×E

Afk(t, x)p̃0,m(t, x)λ2(dt× dx)

∣∣∣∣
+

∣∣∣∣∫
[0,T ]×E

Bfk(t, x)p1(t, x)λ1(dt× dx)−
∫
[0,T ]×E

Bfk(t, x)p̃1,m(t, x)λ1(dt× dx)

∣∣∣∣ .
It follows by (2.6) for k = 1, . . . , n

∣∣dk(p̃0,m, p̃1,m, pτ,m)∣∣ < ε

3
+

ε

3
+

ε

3
= ε.

Thus we have shown that
∥∥d(m)

∥∥
∞ < ε, finishing the proof.

Now, we prove the existence of densities satisfying the conclusions of Lemma 2.16, which

also guarantee the existence of a solution to an important linear equation involving the

constraint matrix and constraint error. This will help us construct a feasible solution to the

finite-dimensional linear program from the set of ε-close approximations.

Lemma 2.17. For any ε > 0 we can find an 0 < ε̃ < ε and an m0 ∈ N large enough

such that for any m ≥ m0, there are densities p̃0,m, p̃1,m, pτ,m ∈ span{p0, p1, . . . , p4m−1} on

[T, 0] × E satisfying the conclusions of Lemma 2.16, as well as providing the existence of a

solution ỹ to the equation C(m)y = −d(p̃0,m, p̃1,m, pτ,m) satisfying ∥ỹ∥∞ < ε̃.

Proof. Recall that for any given n, we can find an m1 ∈ N large enough, that for all m ≥

m1 C(m) has full rank of n + 1, i.e. we can find n + 1 linearly independent columns. In

fact, we require a further restriction on the choice of columns. Recall that each column

of the constraint matrix C(m) corresponds to a rectangle of the grid. Thus, for the given

stopping boundary l, we require a choice of n+ 1 independent columns with corresponding

rectangles of the partition whose intersections with the stopping boundary Li have positive
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λl-Lebesgue measure. This guarantees that the corresponding n+1 weights wτ,i
λl(Li)
λ2(Ri)

of pτ,m

are greater than zero. Choose m1 and define C
(m1) ∈ Rn+1,n+1 to be the matrix comprised

of these n+ 1 independent columns. Apply Lemma 2.16 with εd =
ε

max

{
1,

∥∥∥∥(C(m1)
)−1

∥∥∥∥
∞

} and

D =

∥∥∥∥(C(m1)
)−1

∥∥∥∥
∞

to find m2 ≥ m1 and 0 < ε̃d < εd such that for all m ≥ m2 we can

find densities p̃0,m, p̃1,m ∈ span{p0, p1, . . . , p4m−1} and p̃τ,m ∈ span(p(l)0 , p
(l)
1 , p

(l)
4m−1) with the

corresponding pτ,m as described in (2.4) satisfying

∥d(p̃0,m, p̃1,m, pτ,m)∥∞ < ε̃d,∣∣J(µ0, µ1, ντ )− J(p̃0,m, p̃1,m, pτ,m)
∣∣ < ε̃d,

as well as p̃τ,m ≥ ε̃d. Set ε̃ =

∥∥∥∥(C(m1)
)−1

∥∥∥∥
∞

· ε̃d < ε and define the solution y(1) =

−
(
C

(m1)
)−1

· d(p̃0,m, p̃1,m, pτ,m). Define a larger vector y(2) ∈ R4m1 by filling up y(1) with

zeros for all the columns of C(m1) that are missing from C
(m1). Hence,

−d(p̃0,m, p̃1,m, pτ,m) = C
(m1)

y(1) = C(m1)y(2).

Those solutions y(1) and y(2) satisfy∥∥y(2)∥∥∞ =
∥∥y(1)∥∥∞ =

∥∥∥(C(m1)
)−1 · d(p̃0,m, p̃1,m, pτ,m)

∥∥∥
∞

≤
∥∥∥(C(m1)

)−1
∥∥∥
∞
·
∥∥d(p̃0,m, p̃1,m, pτ,m)∥∥∞

<
∥∥∥(C(m1)

)−1
∥∥∥
∞
· ε̃d = ε̃.

From this result, we now construct a solution ỹ ∈ R4m to the extended linear equation

C(m)y = −d(p̃0,m, p̃1,m, pτ,m) for any m ≥ m2 ≥ m1 satisfying ∥ỹ∥∞ < ε̃. Considering the

dyadic decomposition of a one-dimensional grid, the constraint matrix in that case satisfies

for any refinement level m

C
(m+1)
k,2i−1 + C

(m+1)
k,2i = C

(m)
k,i

for any k = 1, . . . , n+ 1 and i = 0, . . . , 2m − 1. Thus, if y is a solution to C(m)y = −d, then

the vector y′ ∈ R2m+1 whose entries are defined by

y′2i−1 = y′2i = yi
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for i = 0, . . . , 2m−1 satisifes C(m+1)y′ = −d, as well as ∥y′∥ = ∥y∥ < ε̃. With each increment

of m, we bisect the one-dimensional intervals, and thus quarter the rectangles of the two-

dimensional grid. Hence, in a similar manner, we can extend the solution from m to m+ 1

for the two-dimensional grid. Iterating this construction of solutions from m1 to the desired

m completes the proof.

The previous lemmas established approximations of the given solutions (µ0, µ1, ντ ) ∈ M(n,∞).

However, we have not yet discussed the feasibility of the approximations for the finite-

dimensional LP. The next lemma adjusts the ν̃τ,m measure and the corresponding ντ,m to

obtain a feasible solution to the finite-dimensional LP while essentially maintaining the ap-

proximation results. Similar to ν̃τ,m, ντ,m is defined by dντ,m = pτ,mdλ2.

Lemma 2.18. For any ε > 0 and a given element (µ0, µ1, ντ ) ∈ M(n,∞) we can find an

m0 ∈ N such that for each m ≥ m0 there is an element (µ̃0,m, µ̃1,m, ντ,m) ∈ M(n,m) satisfying

|J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)| < ε

Proof. Apply Lemma 2.17 with ε′ = min( ε
2
, ε
2∥c2∥∞λl(l)

) to find an ε̂ < ε′, an m ∈ N, and

measures µ̃0,m, µ̃1,m, ντ,m defined as

µ̃0,m(dt× dx) = p̃0,m(t, x)λ2(dt× dx),

µ̃1,m(dt× dx) = p̃1,m(t, x)λ1(dt× dx),

ντ,m(dt× dx) = pτ,m(t, x)λ2(dt× dx),

such that for all m ≥ m we have |J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)| < ε̂. and we have

a solution ỹ to the linear equation C(m)y = −d(p̃0,m, p̃1,m, pτ,m) such that ∥ỹ∥∞ < ε̂. It

remains to show that we can find a feasible solution whose value is ε-close to the value of

the given solution to the semi-finite LP. To achieve that, we will adjust the weights of pτ,m

such that the constraint error
∥∥d(m)

∥∥
∞ = 0. Recall that the approximating density p̃τ,m is

of the form

p̃τ,m =
∑
i

w̃τ,ipi,
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where pi = 1Ri
and each w̃τ,i ≥ ε̂. p̃0,m and p̃1,m have a similar form but need not be adjusted.

Note that at this point, we can not guarantee feasibility of the approximations pτ,m, p̃0,m,

and p̃1,m. Thus, we construct a modified set of densities p̃∗0,m, p̃
∗
1,m, p

∗
τ,m that is feasible and

whose value function is still ε-close with respect to the given measures µ0, µ1, ντ . It will be

enough to modify the approximation of the stopping measure pτ,m, while keeping the other

two approximations. To this end, define for each i, w∗
τ,i = w̃τ,i − ỹi and a new density

p̃∗τ,m =
∑
i

w∗
τ,ipi,

as well as the corresponding p∗τ,m and its measure ν∗
τ,m as described in Remark 2.10. To finish

the proof, we need to show the following

1. For the triple of measures (µ̃0,m, µ̃1,m, ν
∗
τ,m), the value function is close to the value

function of the original triple of measures µ0, µ1, ντ , i.e.∣∣J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ν
∗
τ,m)

∣∣ < ε.

2. All three approximated densities (p̃0,m, p̃1,m, p
∗
τ,m) are positive.

3. The triple (µ̃0,m, µ̃1,m, ν
∗
τ,m) is feasible, i.e.

∥∥d(p̃0,m, p̃1,m, p∗τ,m)∥∥∞ = 0.

4. All three approximated measures are bounded: µ̃0,m([0, T ]×E) ≤ T , µ̃1,m([0, T ]×E) ≤

l, and ν∗
τ,m([0, T ]× E) = 1.

For part 1 we have∣∣J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ν
∗
τ,m)

∣∣
=

∣∣∣∣∫ c0dµ0 −
∫

c0dµ̃0,m +

∫
c1dµ1 −

∫
c1dµ̃1,m +

∫
c2dντ −

∫
c2dν

∗
τ,m

∣∣∣∣
≤

∣∣∣∣∫ c0dµ0 −
∫

c0dµ̃0,m +

∫
c1dµ1 −

∫
c1dµ̃1,m +

∫
c2dντ −

∫
c2dντ,m

∣∣∣∣
+

∣∣∣∣∣
∫

c2
∑
i

ỹi
λl(Li)

λ2(Ri)
pidλ2

∣∣∣∣∣
= |J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)|+

∣∣∣∣∣
∫

c2
∑
i

ỹi
λl(Li)

λ2(Ri)
pidλ2

∣∣∣∣∣
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Lemma 2.17 guarantees that

|J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ντ,m)| < ε̂ <
ε

2
.

Consider the second term:∣∣∣∣∣
∫

c2
∑
i

ỹi
λl(Li)

λ2(Ri)
pidλ2

∣∣∣∣∣ ≤ ∥c2∥∞ λl(l) ∥ỹ∥∞ < ∥c2∥∞ λl(l)ε̂ < ∥c2∥∞ λl(l)
ε

2 ∥c2∥∞ λl(l)
=

ε

2
.

Thus, we have shown

∣∣J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ν
∗
τ,m)

∣∣ < ε.

For part 2, we already know, that by construction, p̃0,m ≥ 0 and p̃1,m ≥ 0. It remains to show

that for each i, w∗
τ,i ≥ 0. Recall that according to Lemma 2.17, p̃τ,m ≥ ε̂, i.e. min

i
w̃τ,i ≥ ε̂,

as well as ∥ỹ∥∞ ≤ ε̂. Thus, it follows for every i = 0, . . . , 4m − 1 that

w∗
τ,i = w̃τ,i − ỹi ≥ ε̂− ε̂ = 0,

and due to the choice of columns and the construction of p∗τ,m, p∗τ,m ≥ 0.

For part 3 and k = n+ 1, we have

dn+1(p̃0,m, p̃1,m, p
∗
τ,m) = 1− (C(m)w∗

τ )n+1

= (1− (C(m)w̃τ )n+1) + (C(m)ỹ)n+1

= dn+1(p̃0,m, p̃1,m, pτ,m)− dn+1(p̃0,m, p̃1,m, pτ,m) = 0.
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For k = 1, . . . , n, on the other hand, we have

dk(p̃0,m, p̃1,m, p
∗
τ,m) = Rfk − (C(m)w∗

τ )k +

∫
[0,T ]×E

Afkp̃0,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Bfkp̃1,m(t, x)λ1(dt× dx)

= Rfk − (C(m)(w̃τ − ỹ)k +

∫
[0,T ]×E

Afkp̃0,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Bfkp̃1,m(t, x)λ1(dt× dx)

= Rfk −
∫

[0,T ]×Ê

f
(m)
k pτ,m(t, x)λ2(dt× dx) +

∫
[0,T ]×E

Afkp̃0,m(t, x)λ2(dt× dx)

+

∫
[0,T ]×E

Bfkp̃1,m(t, x)λ1(dt× dx) + (C(m)ỹ)k

= dk(p̃0,m, p̃1,m, pτ,m)− dk(p̃0,m, p̃1,m, pτ,m) = 0

And finally, for part 4, by construction, p̃0,m ≤ p0 and p̃1,m ≤ p1, and therefore µ̃0,m([0, T ]×

E) ≤ µ0([0, T ]×E) ≤ T and µ̃1,m([0, T ]×E) ≤ µ1([0, T ]×E) ≤ l. And since we have already

shown the approximating measures to be feasible, we have ν∗
τ,m([0, T ] × E) = 1. Thus, we

have shown that we can find an m ∈ N and a triple of measures (µ̃0,m, µ̃1,m, ν
∗
τ,m) ∈ M(n,m)

such that ∣∣J(µ0, µ1, ντ )− J(µ̃0,m, µ̃1,m, ν
∗
τ,m)

∣∣ < ε

From here on out, we mimic the approximation results from the infinite-dimensional LP by

the semi-infinite LP. We start by showing that the limit of a weakly converging sequence of

solutions to the finite LP is a solution for the semi-infinite LP.

Lemma 2.19. Let {µ̃0,m, µ̃1,m, ντ,m} be a sequence of measures with (µ̃0,m, µ̃1,m, ντ,m) ∈

M(n,m) for all m ∈ N and assume there are measures µ0, µ1, ντ such that µ̃0,m ⇒ µ0, µ̃1,m ⇒

µ1, ντ,m ⇒ ντ as m → ∞. Then (µ0, µ1, ντ ) ∈ M(n,∞).
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Proof. Let fn ∈ Dn be fixed and f̂
(m)
n be the approximation of fn as defined in (1.8). Since

for each m ∈ N (µ̃0,m, µ̃1,m, ντ,m) ∈ M(n,m), we have

Rfn =

∫
f̂ (m)
n dντ,m −

∫
Afndµ̃0,m −

∫
Bfndµ̃1,m

Due to Afn, and Bfn being bounded and uniformly continuous, weak convergence of the

measures implies

lim
m→∞

∫
Afndµ̃0,m =

∫
Afndµ0,

lim
m→∞

∫
Bfndµ̃1,m =

∫
Bfndµ1.

Similarly we can apply Theorem 3.5 in Serfozo (1982) to get

lim
m→∞

∫
f̂ (m)
n dντ,m =

∫
fndντ .

Therefore,∫
fndντ −

∫
Afndµ0 −

∫
Bfndµ1 = lim

m→∞

(∫
f̂ (m)
n dντ,m −

∫
Afndµ̃0,m −

∫
Bfndµ̃1,m

)
= lim

m→∞
Rfn = Rfn.

Since the constant function 1 is bounded and uniformly continuous, we also have

µ1([0, T ]× E) =

∫
[0,T ]×E

1dµ1 = lim
m→∞

∫
[0,T ]×E

dµ̃1,m = lim
m→∞

µ̃1,m([0, T ]× E) ≤ l,

µ0([0, T ]× E) =

∫
[0,T ]×E

1dµ0 = lim
m→∞

∫
[0,T ]×E

dµ̃0,m = lim
m→∞

µ̃0,m([0, T ]× E) ≤ T,

ντ ([0, T ]× E) =

∫
[0,T ]×E

1dντ = lim
m→∞

∫
[0,T ]×E

dντ,m = lim
m→∞

ντ,m([0, T ]× E) = 1.

Hence, the triple of the weak limits (µ0, µ1, ντ ) is an element of M(n,∞), completing the

proof.

To streamline notation, we will hereafter refer to ντ,m as ν̃τ,m. The following lemma shows

that the limit of a weakly converging sequence of optimal solutions to the finite LPs is an

optimal solution of the semi-infinite LP.
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Proposition 2.20. Let {(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m)}∞m=1 be a sequence of optimal measures with

(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) ∈ M(n,m) for all m ∈ N and assume there are measures (µ∗

0, µ
∗
1, ν

∗
τ ) ∈

M(n,∞) such that µ̃∗
0,m ⇒ µ∗

0, µ̃
∗
1,m ⇒ µ∗

1, ν̃
∗
τ,m ⇒ ν∗

τ as m → ∞. Then

J(µ∗
0, µ

∗
1, ν

∗
τ ) = sup

µ0,µ1,ντ∈M(n,∞)

J(µ0, µ1, ντ ) =: J
∗.

Proof. Assume this is not the case. Since Lemma 2.19 establishes (µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) ∈ M(n,∞),

the assumption implies

J(µ̃∗
0, µ̃

∗
1, ν̃

∗
τ ) < J∗.

Hence, we can find a fixed ε > 0 and (µ0, µ1, ντ ) ∈ M(n,∞) such that

J(µ̃∗
0, µ̃

∗
1, ν̃

∗
τ ) + ε ≤ J(µ0, µ1, ντ ).

Weak convergence of (µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) to (µ̃∗

0, µ̃
∗
1, ν̃

∗
τ ) implies that for some m0 ∈ N large

enough,

J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) +

ε

2
< J(µ0, µ1, ντ ) for m ≥ m0. (2.8)

However, by Proposition 2.18, for this specific choice of ε and (µ0, µ1, ντ ), we can find an

m1 ≥ m0 and a solution (µ̃0,m1 , µ̃1,m1 , ν̃τ,m1) ∈ M(n,m1) satisfying

|J(µ0, µ1, ντ )− J(µ̃0,m1 , µ̃1,m1 , ν̃τ,m1)| <
ε

2
. (2.9)

Combining (2.8) and (2.9), we obtain using m = m1

J(µ̃∗
0,m1

, µ̃∗
1,m1

, ν̃∗
τ,m1

) < J(µ0, µ1, ντ )−
ε

2
< J(µ̃0,m1 , µ̃1,m1 , ν̃τ,m1),

contradicting the optimality of (µ̃∗
0,m1

, µ̃∗
1,m1

, ν̃∗
τ,m1

). Thus the assumption

J(µ̃∗
0, µ̃

∗
1, ν̃

∗
τ ) < J∗

is false, completing the proof.
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From here on out, we omit the assumption of weak convergence. We first show that the

values of any sequence of optimal solutions to the finite LPs converge to the optimal value

of the semi-infinite LP, followed by the central theorem for our treatment of the finite LPs.

Proposition 2.21. Let {µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m}m∈N be a sequence of optimal measures such that

(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) ∈ M(n,m) for all m ∈ N. Then the sequence of values

{J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m)}m∈N converges to J∗ := sup

µ0,µ1,ντ∈M(n,∞)

J(µ0, µ1, ντ ).

Proof. Recall that {J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m)}m∈N is increasing and bounded above. Thus it con-

verges. Since {µ̃∗
0,m}m∈N, {µ̃∗

1,m}m∈N, and {ν̃∗
τ,m}m∈N are tight and uniformly bounded se-

quences of measures, we can find a converging subsequence {(µ̃∗
0,mj

, µ̃∗
1,mj

, ν̃∗
τ,mj

)}j∈N and the

corresponding limits (µ̃∗
0, µ̃

∗
1, ν̃

∗
τ ) ∈ M(n,∞), i.e.

µ̃∗
0,mj

⇒ µ̃∗
0, µ̃∗

1,mj
⇒ µ̃∗

1, ν̃∗
τ,mj

⇒ ν̃∗
τ ,

as j → ∞. By Proposition 2.20, and under the assumption that c0, c1, and c2 are bounded

and uniformly continuous functions,

J∗ = J(µ̃∗
0, µ̃

∗
1, ν̃

∗
τ ) =

∫
c2dν̃

∗
τ +

∫
c0dµ̃

∗
0 +

∫
c1dµ̃

∗
1

= lim
j→∞

∫
c2dν̃

∗
τ,mj

+

∫
c0dµ̃

∗
0,mj

+

∫
c1dµ̃

∗
1,mj

= lim
j→∞

J(µ̃∗
0,mj

, µ̃∗
1,mj

, ν̃∗
τ,mj

).

Since we established above that {J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m)}m∈N converges and its subsequence

{J(µ̃∗
0,mj

, µ̃∗
1,mj

, ν̃∗
τ,mj

)}j∈N converges to J∗, the main sequence converges to the same limit,

i.e.

lim
m→∞

J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) = J∗.

We now additionally omit the concept of convergence completely and show in the central

theorem, that for any ε > 0 we can find an m large enough such that optimal solutions of

the finite-dimensional LP are ε-optimal for the semi-infinite LP.
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Theorem 2.22. For fixed n ∈ N and ε > 0 there is an m ∈ N such that for all m ≥ m,

if (µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) is an optimal solution for the (n,m)-dimensional linear program, then

(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) is ε-optimal for the (n,∞)-dimensional linear program.

Proof. Recall that for each m ∈ N, M(n,m) ⊂ M(n,∞). And since, by Proposition 2.21,

we have established that J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m) is an increasing sequence converging to J∗ =

sup
(µ0,µ1,ντ )∈M(n,∞)

J(µ0, µ1, ντ ), we can find for any fixed ε > 0 an m ∈ N such that for any

m ≥ m

0 ≤ J(µ̃∗
0,m, µ̃

∗
1,m, ν̃

∗
τ,m)− J∗ < ε.

The following remarks describe the the course of action for finding an ε-optimal value and

detail the issues with the inclusion characteristics of the intermediate feasible sets.

Remark 2.23. For a fixed ε > 0, in order to find an ε-optimal solution for the original linear

program M, which has an infite amount of constraint equations and an infinite-dimensional

space of measures, follow the structure of convergence laid out in this work:

1. Choose ε̃ > 0 and δ̃ > 0 such that 2ε̃ + δ̃ < ε to find n ∈ N large enough such that,

by Theorem 2.5, the value of any ε̃-optimal solution in M(n,∞) is within 2ε̃+ δ̃ of the

optimal value J∗ for the infinite-dimensional linear program.

2. Finally, find an m ∈ N large enough such that any optimal solution in M(n,m) is

ε̃-optimal in M(n,∞).

Remark 2.24. Recall, that by construction, we get the following inclusions for the feasible

sets of the various linear programs we discussed

1. M∞ ⊂ M(n,∞) since we are reducing the number of constraints for M(n,∞). In other

words, not every solution to the semi-finite linear program is a solution to the inifite-

dimensional linear program.
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2. Due to the approximation of the constraint equations, there is no inclusion relation

between M(n,∞) and M(n,m). However, weak limits of feasible measures in M(n,m) (as

m → ∞) will be feasible measures in M(n,∞).

Therefore, we can not be certain that the approximate solutions will solve the original linear

program. In other words, we don’t know if the stopping strategy we find numerically will be

a valid strategy for the original optimal stopping problem.
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3 AMERICAN FLOATING STRIKE LOOKBACK OPTIONS

In this chapter, we will describe the optimal stopping problem that determines the price

of an American floating strike lookback option. The market consists of a riskless bond and

a risky asset, a stock. We describe the mathematical structure of the market and identify

the optimal stopping problem for the price of the option, which is governed by the expected

payout in order to avoid arbitrage. Using changes of measure, we re-frame the problem in

terms of a single diffusion with reflection. Using the equivalence proven in 1.4, we display

the infinite dimensional linear program for the price of the option. We are going to focus on

the call option, because it has an inherently compact domain.

3.1 Mathematical Framework

We consider the following setup or the American floating strike lookback options.

• Filtered probability space: (Ω,F ,P,F = (Ft)t≥0), where Ft = σ(W P
s : 0 ≥ s ≥ t)

is the filtration and W P is a P-Brownian motion.

• Bond Price: The bond price process B satisfies dBt = rBtdt or

Bt = B0e
rt, t ≥ 0,

where B0 > 0 is the initial bond price and r > 0 the constant risk-free rate of return.

• Stock Price: The stock price process S is a geometric Browian motion satisfying

dSt = St(µ dt+ σ dW P
t ), S0 = s0 > 0, t ≥ 0,

where µ ∈ R is the local mean rate of return and σ > 0 the instantaneous volatility.

• Finite horizon: The American option has a finite horizon T > 0.
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• Exercise time: The exercise or strike time is 0 ≤ τ ≤ T , where τ is an F-stopping

time.

The lookback nature of the option means the option value will be determined by either

the running maximum or the running minimum of the stock price process. We concentrate

on the floating strike lookback call option, whose payoff depends on the running minimum

process m satisfying

mt = s0 ∧ min
0≤s≤t

Ss, t ≥ 0.

(A similar analysis applies to the corresponding put option using the running maximum

process.)

An American option can be exercised at any time before the finite horizon T . We call the

time of exercise 0 ≤ τ ≤ T , the strike time. For the American floating strike lookback call

option, the payoff at strike time τ is the difference of the stock price and the minimum price

Sτ −mτ .

It is well know from the theory of mathematical finance that the price of the American

floating strike lookback put option is the maximal expected present-value payoff under the

risk-neutral measure Q

max
τ∈T

EQ[e
−rτ (Sτ −mτ )],

where T is the set of all stopping times less than or equal to T . Under the risk-neutral

measure Q, the stock price process S also behaves like a geometric Brownian motion, but

the rate of change is now r, the mean rate of return for the bond B instead of µ, and can

be described by the stochastic differential equation

dSt = St(r dt+ σ dWQ
t ), S0 = s0 > 0,

where WQ is a Q-Brownian motion. The behavior of the process therefore follows St =
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s0 exp
{(

r − σ2

2

)
t+ σWQ

t

}
for t ≥ 0. The expected payoff under Q can be written as

EQ[e
−rτ (Sτ −mτ )] = EQ

[
e−rτSτ

(
1− mτ

Sτ

)]
= EQ

[
e−rτ

(
s0e

(
r−σ2

2

)
τ+σWQ

t

)(
1− mτ

Sτ

)]
= s0EQ

[
e−

σ2

2
τ+σWQ

τ

(
1− mτ

Sτ

)]
Under a change of measure using the new measure P̃ whose Radon-Nikodym density with

respect to Q we define as
dP̃
dQ

= e−
σ2

2
τ+σWQ

τ ,

we can rewrite the expected payoff

EQ[e
−rτ (Sτ −mτ )] = s0EP̃

[
1− mτ

Sτ

]
.

Shepp and Shiryaev (1993) invented the “Russian option”, which is similar to the floating

strike lookback put option. In a subsequent paper (Shepp and Shiryaev (1995)), they showed

that the resulting quotient process is a geometric Brownian motion on [1,∞) with reflection

at 1. Lutz (2007, Theorem 4.1) derived a similar proof for the floating strike lookback call

option and found that, under a measure P̃, the quotient process Xt = mt

St
is a geometric

Brownian motion on (0, 1] with reflection at the boundary 1 whose stochastic differential

equation is

dXt = −Xt(rdt+ σdW P̃
t )− dλt,

where λ is the local time of the process X at 1.

The continuous and singular generators A and B of the process X are therefore of the form

Af(x) = −rxf ′(x) +
σ2

2
x2f ′′(x) and

Bf(x) = −f ′(x). (3.1)

Note that the domain of the generators is D = C2 here.
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The expected optimal payoff for the transformed optimal stopping problem and the process

starting at x can then be written as

V (x) = max
τ∈T

s0Ex
P̃[1−Xτ ].

Hence, the optimal stopping problem for the American floating strike lookback call option,

which depends on the stock price process S and the running minimum price process m has

been reduced to an optimal stopping problem which only depends on the quotient process

X:

Maximize s0EP̃[1−Xτ ]

such that dXt = −Xt(rdt+ σdW P̃
t )− dλt,

0 ≤ t ≤ T, (3.2)

τ ∈ T .

3.2 Equivalent Linear Program

In this section, we apply Theorem 1.4 to the example of the finite horizon American floating

strike lookback call option.

Let the state space be E = [0, 1], the compactification of (0, 1], the time dimension [0, T ], and

the resulting product space [0, T ] × E as the domain of the augmented time-space process

(t,Xt). The continuous and singular generators of the process X are given in (3.1). The

payoff functions are c0 ≡ 0, c1 ≡ 0, and c2(x) = 1 − x. Note that our payoffs are not

time-dependent here.

Given the optimal stopping problem (3.2), the equivalent infinite-dimensional linear pro-
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gram is:

Maximize
∫

c2 dντ

Subject to 0 =

∫
γf dντ − γ(0)

∫
f dν0 −

∫
Ã [γf ] dµ0 −

∫
B̃ [γf ] dµ1

∀γ ∈ C1([0, T ]), ∀f ∈ D

ντ ∈ P([0, T ]× E), µ0, µ1 ∈ M([0, T ]× E),

with Ã[γf ] = γAf + γ′f , B̃[γf ] = γBf . Observe that R[γf ] = γ(0)
∫
fdν0 here.

We now show that the collection of µ1 measures in the feasible set of the infinite-dimensional

linear program is uniformly bounded.

Proposition 3.1. Let (µ0, µ1, ντ ) ∈ M∞ be feasible. Then µ1([0, T ]× E) ≤ x0.

Proof. Choose γ ≡ 1 and f(x) = x. Observe that Ã[γf ](t, x) = Af(x) = −rx and

B̃[γf ](t, x) = −1. Since (µ0, µ1, ντ ) is feasible, the constraint equation holds for the chosen

γ and f . Hence,

0 =

∫
γ(t)f(x) ντ (dt× dx)− γ(0)

∫
f(x) ν0(dx)−

∫
Ã [γf ] (t, x)µ0(dt× dx)

−
∫

B̃ [γf ] (t, x)µ1(dt× dx)

=

∫
x ντ (dt× dx)− f(x0) +

∫
rx µ0(dt× dx) +

∫
1µ1(dt× dx).

Rearranging the terms gives

µ1([0, T ]× [0, 1]) = x0 −
∫

xντ (dt× dx)−
∫

rxµ0(dt× dx) ≤ x0.

The last inequality holds since both integrals are non-negative and bounded above.
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4 OUTLOOK

We plan to apply the numerical scheme presented in this dissertation to the American

floating strike lookback call option. Lutz (2007) showed numerical results for the a number

of American floating strike lookback options with an approximation scheme using finite

differences in the time-dimension and a basis constisting of piecewise linear functions, i.e.

first order B-splines, on a shared grid for both the test functions and the densities, but did

not provide a proof of convergence for the results. Applying the new scheme to this problem

will provide a way of comparing the results, while also backing up the numerical solution

with a proof of convergence. Lutz’s work also provides results for the corresponding put

option as well as the lookback call option with a dividend-paying stock. In the latter case,

they find that the optimal strategy changes from "Always exercise at T" to a time- and

value-dependent strategy. This can be verified with the existing scheme as presented here.

The quotient process for the put option, as shown by Lutz and Shepp and Shiryaev (1995)

will evolve on the interval [0,∞), and hence have an unbounded state space. In order to

apply the new numerical scheme to the corresponding optimal stopping problem, the scheme

will have to be extended to unbounded state spaces. Vieten (2018) and Lutz (2007) provide

an approach when applied to optimal control problems and optimal stopping, respectively,

by introducing an upper bound. Vieten showed, that even with the added approximation

step, the optimal solution to the finite linear program will still come arbitrarily close to the

solution of the original LP by choosing an appropriate bound of the state space and sufficient

refinements for the constraint space and solution space.

Another potential for application to examples is optimal stopping problems with state

spaces in more than one dimension. The approximation scheme would not need to be mod-

ified much since the lemma guaranteeing sufficient approximation is formulated in a general

enough manner to make the transition possible. A host of examples is given in Christensen

et al. (2019).
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In the course of the development of this approximation scheme, it is natural to treat the

time dimension differently than the state space dimension. We will explore mixing a finite

difference scheme in time with the finite element approach in space to improve numerical

stability and efficiency.

In this dissertation, we restricted our investigation to optimal stopping problems on a

rectangular compact space. A lot of the time, singular behavior will only occur on fairly

simple boundaries, simplifying the approximation of the singular occupation measure. In

order to expand the range of application, at least for the case of optimal stopping in a time-

state space setting, we will explore problems, in which the process is reflected on a time-space

boundary. A possible example is once more the American floating strike lookback option.

The minimum process is a singular process. Thus, the combined two-dimensional process

consisting of the stock process and the minimum process will be reflected on the diagonal

line. We plan to compare the numerical results on this problem without dimension reduction

to those applied to the problem as described in Chapter 3, which are using the dimension

reduction.

In the course of the development of the approximation scheme, the variable nature of the

stopping boundary proved to be a hurdle when it comes to finding a workable approximation

scheme, and even more so for comparing singular measures. A more rigorous look at metrics,

such as the Earth Mover’s distance or the more general Wasserstein distances, on spaces of

measures might yield a different view on the approximation problem.
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