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ABSTRACT

CONVERGENCE OF A NUMERICAL SCHEME FOR OPTIMAL STOPPING OVER A
FINITE TIME-HORIZON OF A DIFFUSION WITH SINGULAR BEHAVIOR

by
Steffen Domke

The University of Wisconsin—-Milwaukee, 2025
Under the Supervision of Professor Richard H. Stockbridge

This dissertation establishes an approximation scheme for finite time-horizon stopping prob-
lems involving a singular stochastic process on a compact state space, characterized by a
singular martingale problem. The stopping problem is converted to a linear program (LP)
with infinitely many constraints and variables having infinite degrees of freedom.

To obtain a numerical solution, the infinite-dimensional LP is converted into a finite LP.
The original LP is approximated by a sequence of finite LPs, limiting to both a finite set
of constraints and a finite-dimensional solution space. The value of an optimal approximate
solution is shown to be arbitrarily close to the optimal value of original LP, and hence
of the stopping probem, with increasing refinement of the approximation. Feasibility of the
approximate solutions is guaranteed due weak convergence of measures, but only in the limit.
The problem of pricing an American floating strike lookback call option can be reformulated
to fit the models covered by this dissertation. The price and the stopping boundary can

therefore be approximated using this scheme.
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1 INTRODUCTION

Many processes of interest in applications (see, for example, the survey paper by Shreve

(1988)) can be modelled as solutions to a stochastic differential equation of the form
dX(t) = b(X(t))dt + o(X(t))dW (t) + m(X (t—))dE(t) (1.1)

where X is the state process with £ = R? ¢ is a nondecreasing process arising from the
boundary behavior of X (e.g., the local time on the boundary for a reflecting diffusion),
and W is a Brownian motion. Processes in which the set of times of increase of ¢ has
Lebesgue measure 0 are called singular stochastic processes. This dissertation considers
optimal stopping problems involving singular processes.

The purpose of the dissertation is to develop approximate numerical solution to these opti-
mal stopping problems over a finite time horizon. It builds upon the formulation and results
in Kurtz and Stockbridge (2001)), in which the singular stochastic process is characterized
by a singular martingale problem for its generators and is equivalently characterized by a
system of linear equations over spaces of measures.

The use of occupation measures to solve optimization problems began with Young (1933) in
the context of calculus of variations. The present work is an outgrowth of linear programming
formulations for stochastic control that was initiated by Manne (1960) in discrete time and
which has been developed for Markov decision problems (see e.g. Hernandez-Lerma and
Lasserre (1996), Hernandez-Lerma and Lasserre (1998), and Hernandez-Lerma and Lasserre
(1999)). Linear programming for the optimal stopping of stochastic processes in continuous
time has been established under very general conditions in Cho and Stockbridge (2002)
for processes only having abolutely continuous behavior in time, and for processes having
singular behavior in Helmes and Stockbridge (2007)).

The resulting linear programs are typically infinite-dimensional whose variables are the oc-

cupation measures of the processes according to both regular time and singular time and the



distribution of the state at the stopping time. This dissertation establishes the convergence
of the solutions of a sequence of approximate finite-dimensional LPs to the optimal solution
of the infinite-dimensional problem.

This dissertation considers an optimal stopping problem of the form
E [e*” (X (1) — Y(T))] (1.2)

in which the state process X denotes the price of an asset, Y denotes the running minimum
process of the asset price, A > 0 gives the discount rate and 7 denotes the option holder’s
exercise time. The quantity used for illustration is an American lookback call option. This
problem is very similar to the Russian option studied by Shepp and Shiryaev (1995), Gra-
versen and Peskir (1998) and Peskir (2005). Chapter 3| shows how this specific stopping
problem can be adapted to the form required for the scheme discussed in this dissertation.

The next section formulates the singular martingale problem and highlights the equivalence
of the linear programming formulation with the original stochastic process formulation for
the optimal stopping problem. This will be followed by a section giving an introduction
to weak convergence of finite measures, the mode of convergence that will be necessary in
Chapter [2] to show convergence of solutions. This chapter concludes with a description of the
approximation techniques that are applied in this dissertation, introducing the grid of points
and the finite-dimensional function spaces employed to reduce the number of constraint
equations and the dimensionality of the solution spaces of measures.

The main body of the dissertation is in Chapter [2 in which we present proofs of conver-
gence for the solutions of the finite-dimensional linear program to solutions of the infinite-
dimensional linear program, modifying the approach that Vieten (2018) devised for optimal
control problems. We first introduce a semi-infinite linear program and discuss convergence
of values and solutions to the corresponding quantities for the infinite LP. Then we ap-
proximate the semi-infinite linear program by the finite-dimensional LP and, again, discuss
convergence of values and solutions to the quantities for the semi-infinite LP.

In Chapter [3, we introduce a formulation for the American floating strike lookback option
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that matches numerical scheme can be applied to it. A similar option, called the “Russian
option”, was first devised by Shepp and Shiryaev (1993) for an infinite horizon and translated
to finite time horizon by Peskir (2005). Lutz (2007) provided a first, similar numerical
appproach to American floating strike lookback options without a proof of convergence.
Numerical solutions are not presented in this dissertation, but are part of future work.
Finally, Chapter 4] lists a number of directions the presented research offers for future work,

including numerical results for the example introduced previously in several ways.

1.1 Stochastic Formulation and LP Reformulation

We utilize the formulation and results of Helmes and Stockbridge (2007), which we will
now present. Note that, in addition to the inherited assumptions, our approximation results

require the state space E to be compact.

1.1.1 Formulation of the Martingale Problem

For a complete, separable, metric space S, we define M (S) to be the space of Borel mea-
surable functions on S, B(S) to be the space of bounded, measurable functions on .S, C(S)
to be the space of continuous functions on S, C(S) to be the space of bounded, continuous
functions on S, M(S) to be the space of finite Borel measures on S, and P(S) to be the
space of probability measures on S. M(S) and P(S) are topologized by weak convergence.

Let £:(S) = M(S x [0,t]). We define L(S) to be the space of measures { on S x [0, 00)
such that &(S x [0,t]) < oo, for each t, and topologized so that &, — ¢ if and only if
[ fdé, — [ fdg, for every f € C(S x [0,00)) with supp(f) C S x [0,¢f] for some t; < oco.
Let & € L£+(S) denote the restriction of £ to S x [0,¢]. Note that a sequence {"} C L(S)
converges to a £ € L(9) if and only if there exists a sequence {#;}, with ¢, — oo, such that,
for each ty, & converges weakly to &, , which in turn implies £’ converges weakly to &, for

each t satisfying £(S x {t}) = 0. Finally, we define £(™(S) C L(S) to be the set of ¢ such



that (S x [0,t]) =t for each ¢ > 0. Throughout, we will assume that the state space F is a
complete, separable, metric space.

Let A,B: D C C(E) — C(FE) and 1y € P(E). Let X be an E-valued process and T’
be an L(FE)-valued random variable. Let I'; denote the £(FE)-random variable which, for
each realization, is defined by restricting I' to £ x [0,¢]. Then (X,I") is a solution of the
singular martingale problem for (A, B, 1) if there exists a filtration {F;} such that (X, T})
is {F:}-progressive, X (0) has distribution vy, and for every f € D,

PO~ 1) - [ Asxends [ Brwra<as 09
0 Ex[0,t]
is an {F;}-martingale.

Note we refer to A as being the absolutely continuous generator of X and B as the singular

generator. This is an intuitive labelling. Strictly speaking, the random measure I' may have

an absolutely continuous part.

1.1.2 Conditions on A and B

We assume that the absolutely continuous generator A and the singular generator B have

the following properties.
Condition 1.1.
i) A,B:DCC(E)— C(E),1€D, and A1 =0,B1 = 0.

ii) Defining (Ao, Bo) = {(f, Af, Bf) : f € D}, (Ao, Bo) is separable in the sense that there
exists a countable collection {gr} C D such that (Agy, By) is contained in the bounded,

pointwise closure of the linear span of {(gk, Agx, Bgr)}-
iii) D is closed under multiplication and separates points.

Example 1.2. Reflecting diffusion processes.



The most familiar class of processes of the kind we consider are reflecting diffusion processes

satisfying equations of the form

X(t):X(O)—l—/O a(X(s))dW(S)+/O b(X(s))ds+/0 m(X(s))d&(s),

where X is required to remain in the closure of a domain D (assumed smooth for the moment)

and ¢ increases only when X is on the boundary of D. Then

Af(w) = 5 3 )5 0) + (o) - V().

2y

where a(z) = ((a;;(z))) = o(z)o(z)”. In addition, under reasonable conditions & will be
continuous, so
Bf(x) =m(x) - V[f(x).
Suppose that (X,T') is a solution of the singular martingale problem for (A, B, 1) and let
T be a stopping time satisfying the conditions of the optional sampling theorem (see Ethier
and Kurtz (1986, Theorem 2.2.13)). It follows from (X,I") satisfying that when we

augment a time component to the state space by considering the process (¢, X),
V() f(X([@) —~7(0)f(X(0)) — /0 [V()Af(X(s)) +7'(s) f(X(s))] ds (1.4)
— / v(s)Bf(z)'(ds x dx x dr)
Rt X Ex[0,t]

is also an {J;}-martingale for v € C(R*) and f € D. It then follows from the optional

sampling theorem that for each v € C (R*) and f € D,
E |2 () f(X() —10)sx0) — [ " Al f)(s, X () ds (15)

— / Blyf](s,z)T(ds x dx x dr)| = 0,
Ex[0,7]

where A[yf] = yAf ++'f and Blyf] = vBf. Let v, denote the distribution of (7, X (7))

and define the expected “occupation measures” on R™ x E by
(@) = E [/ I(s, X(s)) ds] , VG € B(R' x E),
0

p(G) = E {/ Ig(s,x) T(ds x dx x dr)] , VG € B(R" x E).
R+t xEx[0,7]
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Notice that p is the occupation measure of the process according to “regular” time (Lebesgue
measure on R) and p; is the occupation measure of X according to the singular set of times
at which I' increases. We refer to p; as the “singular” occupation measure. It then follows

immediately from (1.5) that the measures v,, uy and p satisfy

0= / (1) () v (d) — (0) / f(2) voldr) — / A f)(r, @) poldr x de) (L6)
- /B['yf](:c)ul(drxd:c), Vf eD.

Remark 1.3. For later reference, we observe that for any optimal stopping problem with

finite horizon T', po([0,7] x E) < T since 7 < T.

Thus given any solution (X,I") to the singular martingale problem for (A, B) and any
sufficiently nice 7, the measures v, p and jp; will satisfy (1.6).

Let cg,c1,00 € M(RT x E) be measurable and bounded below, and represent the time-
dependent running cost of the process according to regular time, the running cost according
to the singular time and the stopping cost, respectively. The goal of the decision maker is

to select a stopping rule 7 so as to minimize the expect cost of the process up to time 7:

E [/0 co(s, X(s))ds + /R+xEx[o,T) c1(s, ) T(ds x dx x dv) + co(7, X (7)) ] - (1.7)

The following theorem from Helmes and Stockbridge (2007) establishes the equivalence of

the optimal stopping problem with the linear program.

Theorem 1.4. The optimal stopping problem of selecting a stopping time T so as to mini-
maize

E VO co(s, X (s)) ds + /R+X;;X[O,T> e1(5,2) D{da x ds x dv) + e, X (7))

subject to (X,T') being a solution of the singular martingale problem for (A, B,vy) is equiv-



alent to the infinite dimensional linear program

Minimize /co dpo +/01 dp, + /02 dv,

Subject to 0 = /vf dv, —7(0)/deo—/flhf] dyuo —/Bhf] d,  Vyf €D
v, € P(RT x E),

Mo, 11 € ./\/l(]RJr X E)

Remark 1.5. We make the following adjustments to this problem in order to guarantee

convergence for our approximations:

1. We consider finite horizon optimal stopping problems with time horizon T, and so we

require 7 < T

2. We require the state space E to be compact, and hence the product space [0,7T] x E

is also compact.
3. We require that cg, c1,c0 € C([0,T] X E).

4. We assume that the collection of local time measures {y;} from feasible solutions
(o, pi1, v-) are uniformly bounded. This is a condition for weak convergence. See

Section [1.2

5. For the construction of a feasible solution to the finite linear program, we additionally
require all three measures to have densities with respect to some Lebesgue measure,
and the density of the of the stopping measure v, to be almost surely strictly positive.
This last assumption will aid in the construction of a feasible solution to the finite-

dimensional linear program.

Remark 1.6. Since the underlying space [0,7] x E is compact, a sufficient condition for

uniform boundedness of the collection {1} mentioned above is that there exists an f €



C([0,T] x E) satistying Bf = 1. To see this, take v = 1. Then, feasibility implies

11([0, T xE):/fdz/T—/fduo—/Afduo.

Each integrand and each measure on the right-hand side of the equality is uniformly bounded,

and therefore we can find a uniform upper bound for p; ([0, 7] x E).

We are interested in maximizing the optimal payoff. So, we consider ¢, ¢1, ¢y as reward func-
tions. Those same functions and the test functions 7 f, being continuous on a compact space,
are bounded and uniformly continuous. As a consequence, C([0,T] x E) = C([0,T] x E). We
take advantage of this structure to use weak convergence of measures. As a result, by mini-
mizing the negative of the objective function, the Theorem 3.2 also applies for maximization

problems, of which our example is one.

1.2 Weak Convergence of Measures

In order to show convergence of the solutions of the linear programs and their value func-
tions, we will to employ the concept of weak convergence of measures. An introduction into
the topic is provided by Billingsley (1999). In particular, we will work with weak convergence
of finite Borel measures over metric spaces as discussed by Bogachev (2007). In this section,
let (S,d) be a metric space with Borel o-algebra F, giving us the measurable space (S, F)
and M(S) the space of all finite measure on (S, F). In addition, let C,(S) be the space
of bounded, continuous functions from S to R and C¢(S) C Cy(S) subspace of bounded,

uniformly continuous functions. First, let us define the concept of weak convergence.

Definition 1.7. Let {j,}nen a sequence of finite measures in M(S) and u € M(S). We
say that u, converges weakly to u, or p, = p as n — oo, if for all bounded, continuous

functions f € Cy(S5)

lim [ f(x)n(dr) = / f(@)u(de)

n—oo S



In order to utilize weak convergence for solutions of linear programs, we will use the fol-
lowing theorem which connects tightness to weak convergence, in a similar manner to com-
pactness for sequences in topological spaces. In words, a tight measure has most of its mass

is concentrated on a compact set. For an in depth discussion see Bogachev (2007)).

Definition 1.8. A measure ;1 on the measurable space (.S, F) is called tight on F if for every

€ > 0 there exists a compact set K, C S such that
u(K?) <e.
We will need to extend this concept to families of measures.

Definition 1.9. A family of measures {fi, faca on (S, F) is called uniformly tight if for every

€ > 0 there is a compact set K. C .S such that for all measures of the family
Ha(KY) <e.

For the central Theorem of this section we will also need the families of measures to be

uniformly bounded.

Definition 1.10. A family of finite measures {ft4 }aca on (S, F) is called uniformly bounded

if there is a [ > 0 such that
pa(S) <1 Vae A
The following is the central theorem we will use to show weak convergence later on.

Theorem 1.11. Let {{in}nen be a sequence of finite measures on (S, F). Then the following

two statements are equivalent.
1. {pn}nen contains a weakly converging subsequence.
2. {pin tnen s uniformly tight and uniformly bounded.

For a proof see Bogachev (2007, Theorem 8.6.2). Note that this, in particular holds for a

sequence of probability measures.



1.3 Discretization

In this section, we will discuss the steps and assumptions to approximate the infinite-

dimensional linear program resulting from an optimal stopping problem to a finite-dimensional
LP that can be solved numerically.
Let the time space be the closed bounded interval [0,7] C R and the state space be the
closed bounded interval E = [¢;, e,|] C R. The domain of the augmented time-space-process
is then [0,7] x E. We will denote the set of finite measures on [0,7] x E as M([0,T] x E),
and the set of probability measures as P([0,7] x E). The objective function depends on the
three non-negative continuous payoff functions cg,cy, ¢y : [0,T] x E — R{, which describe
the continuous payoff, the singular payoff, and the payoff at the final time 7, respectively.
For the example of the American floating strike lookback call option described in Chapter
[, we will only have a payoff at final time, i.e. ¢ = 0 and ¢; = 0. For generality purposes,
we will keep those functions in the following treatment.

Recall that the general linear program, that we seek to solve is

Maximize /co(t, x) po(dt x dx) + /01 (t,x) p(dt x dz) + /Cg(t, x) v (dt X dx)

(0,T|xE [0,T|xE [0,T|xE

Subject to Rf = /f(t,x) v, (dt X dzx) — /flf(t,w) o(dt x dx)

[0,T|xE [0,T]xE

—/Bf(t,x),ul(dtxdm) VfeD

[0,T)|xE

v: € P([O,T] X E), Mo, 1 € M([O,T] X E),

where Dy, € C12)([0,T] x E) is the domain of the augmented operators A and B.

Since p; and B govern the singular behavior, we can set both to zero in case of a problem
without singular points. If the problem includes singular behavior, the singular time measure
i1 is concentrated on the set of singular behavior. We will assume there to be a time-

independent and finite number of singular points {s;} C E in state space. In general, this
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will be a subset of the boundary points of the state space, {e, e, }, and in our specific example
of an American floating strike lookback option, just the upper boundary, e, = 1. Thus, the
set of singular behavior is represented by [0,7] x {s;}. For the general infinite-dimensional

linear program, we can now define the feasible set
Wu={0mme€NMWﬂXﬂxﬂMMﬂxE%dW&ﬂXEN

RfI/N%—/AMm—/BNM Vf € Da,
/’LO([()?T] X E) S T7

11([0, 7] x E) gl}.

Recall that we showed in Remark[I.6]based on the structure of the optimal stopping problems
we are discussing, that we can find an upper bound [ € R* of the singular time measure.
The objective function J : M([0,T] x E) x M([0,T] x E) x P([0,T] x E) — R{ is defined
by

J (o, p1,v7) = / codpo +/ crdpy +/ Codvy.
0,T]x E [0,T]x E [0,T]x E

Using these definitions, we can set up the infinite-dimensional linear program.

Definition 1.12. The infinite-dimensional linear program:

Find
maX{J(MO,Mh vr) | (to, pt1,vr) € Moo} .

We will not be able to solve this linear program numerically, since both the number of
constraints and the dimension of the space of variable, i.e. the space of measures we optimize
over, are infinite. In this section, we will describe a number of approximations, that will
eventually yield a finite-dimensional problem, that is solvable numerically.

In two separate steps, one for the space of test function and the other for the solution space
of measures, we will use the existence of a countable basis, which we will then truncate to

construct a finite-dimensional space. In Chapter [2, we will then use the finite-dimensional
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spaces to approximate the original infinite-dimensional linear program by a finite-dimensional
linear program, and later show that optimal solutions are sufficiently close.

First, we will limit for the number of constraints, which is governed by the number of
dimensions of the space of test functions. And in the second step, we will construct a
finite-dimensional space of measures, which we can then use to introduce a finite number
of parameters. In this step of the process, we will not specify the bases being used since
the choice does not affect the general contruction of the approximations. In the following
subsections the specific choices will be introduced.

Consider the infinite-dimensional space of test functions D,, € CH2([0,T] x E). Recall
that D, is separable, i.e. we can find a countable basis. Let {fx}ren be such a countable
basis of D.,. A possible example is the set of B-spline basis functions.

Let n € N and {fx}ren be a countable basis of D.,. Now, let D,, be the n-dimensional

subspace we get by truncating the basis at n

Dn = (Span(fh cee 7f'fl)7 HHD)7

and define the feasible set for the (n, co)-dimensional linear problem
Mo = { (i 1,07) € MUO.T]  B) x MUO.T] x E) x P0.T] x )|

Rf = / fvs / Afdpo - / Bfdu Vf €D,
:LLU([()?T] X E) S T7

11([0, 7] x E) gz}.

Note that the number of constraints is still infinite in this formulation. However, we can

rewrite the definition using the linearity of the integral and the operators, thus limiting the

12



number of constraints to n, one for each basis function
M(n,oo) = { (MO:MhV’F) € M([OaT] X E) X M([OuT} X E) X P([OaT] X E)|

Rsz/fdeT—/Afkduo—/Bfkdul k=1,...,n,
mo([0,T] x E) < T,
wi([0,7] x E) < l}.

The corresponding linear program is then

Definition 1.13. The semi-infinite (n,cc)-dimensional linear program is to find

max {J(uo,,ub vr) ‘ (to, p1,vr) € M(n7M)} :

We will use this definition to show in Chapter |2 that an e-optimal solution is still close
enough for the original infinite-dimensional linear program.

In the second step, we will now approximate the space of measures in order to find a finite set
of optimization parameters. As we already stated in Remark we assume that all three
measures g, M1, and v, are absolutely continuous with respect to the Lebesgue measure
on the appropriate space. Thus, we can define L'-densities for each, py € L'([0,T] x E),
p1 € LY(S), and p, € L'(l), where [ C [0,T] x E is the stopping boundary and S is the set
of singular behavior.

In order to find suitable finite-dimensional subspaces, we will now construct a common grid
which can be used to define finite-dimensional subspaces of these L'-spaces. Let m € N be
a fixed number. For m, construct a dyadic set of grid points.

T—-0
om

€r — €
2m

G™ = {(ti,e;), i,j=0,...,2m}.

T = {t; =0+ i, 1=0,...,2"},

EM = {e; = e, + j. j=0,...,2m},

Note that |G| = (2™ + 1), for m/ < m”, G™) ¢ G and the union over all m is a

dense subset of [0,7] x E.
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The approximations of the measures will then be linear combinations of basis functions

defined on this grid

4™m—1
ﬁa(t7x) = Z '704,ipi(ta "L‘)a a = 07 T,
i=0

,,,,,

truncated set of basis basis functions. Let us call the sets of all measures with such densities

M ([0,T) x B) = {p € M([0,T] x E)|u(dt x dz) = po(t, 2)A(dt x dz), u([0,T] x E) < T}
M ([0,T) x B) = {p € M([0,T] x E)|u(dt x dz) = p (t,2)Mdt x dz), u([0,T] x E) <1}

MI([0,T] x E) = {v € M([0,T] x E)|v(dt x dz) = p,(t,2)\(dt x dz),v([0,T] x E) =1} .

To account for the simple strategy of "Stop immediately", we add the point mass at (0, z¢) to
the set of measures M{™ . This also guarantees that there exists at least one feasible element.
Based on this method of approximation, a straight forward definition of the feasible set for

the (n, m)-dimensional linear program is
Minm) = { (10, 11, 77) € MG([0,T] % B) x M™([0,T] x E) x MI([0,T] x E)|
Rfk:/fdeT_/Afkd,uO_/Bfkdﬂla k= 17---7?1}-

However, in order to construct a feasible approximation for an arbitrary triple (1., f1,n, Vrn),
we need to modify the constraint equations. Let f be any basis test function corresponding
to one of the constraint equations of the semi-infinite LP and G be the grid of points
(ti,e;) at refinement level m. Let II,, = {R;} be the partition of rectangle using these grid

points. Then define

(m . . m
k,i) :(t,i?gRi{fk(t’x)}’ k=1,...,n, i=0,...,4™—1,
4m_1
A =20 A e F=1...n (18)
i=0

and use this piecewise constant approximation of the test functions to define the modified

14



set of feasible solutions to the (n, m)-dimensional linear program

M) = { (o, 1, v7) € MYV([0,T] x E) x M™([0,T] x E) x M ([0,T] x E)|

Rfk:/fkm)dl/r_/Afkduo_/Bfkdula k= 17"'7”}‘

Since, for any sequence of solutions {(o.m. th1,m: Vrm) bmen With (Lo.m, f1,ms Vrm) € Mnm),
the sequence of functions {ﬁm)}meN is uniformly bounded and therefore uniformly {v,,,}-
integrable, we can apply Theorem 3.5 in Serfozo (1982) to prove that if the sequence
{(10.ms H1,ms Vr.m) }men converges weakly, the weak limits are solutions to the semi-infinite
linear program. The detailed proof can be found in Section [2.2]

Note that the upper bound on the approximated measures will give us restrictions on the
parameters for the linear program in the form of upper bounds on their values.
We have thus constructed a finite-dimensional feasible set. The exact number of parameters
will be calculated in the following subsections. The corresponding (n, m)-dimensional linear

program is then

Definition 1.14. The (n, m)-dimensional linear program:

Find
max {J(uo,,ub vr) ‘ (to, p1,vr) € M(nvm)} :

The strategy of stopping immediately gives us a feasible solution in uy = 0, ;3 = 0, and
Vr = 0(0,20)- Since we assumed a compact space, hence ensuring that the continuous payoff
functions are bounded, the (n,m)-dimensional linear program is therefore bounded. And
thus, by the theory of finite-dimensional linear programming, a solution exists. An overview
can be found in Vanderbei (2014).

In Section we will show that for large enough m, an optimal solution for the (n,m)-
dimensional, now finite stopping problem is e-optimal for the (n, co)-dimensional linear op-
timal stopping problem.

At this point, we can calculate the coefficients of the finite-dimensional linear program,

determine the dependence of the solution on the parameters, and figure out if we need any
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additional restrictions on the parameter values to ensure that the resulting measures are

non-negative and bounded.

1.3.1 B-Splines as Test Functions

Combining the methods of Vieten (2018) and Lutz (2007)), we will use a finite set of cubic
B-Spline basis functions to contruct a finite-dimensional subspace of C?([0,T] x E). In con-
trast to Vieten’s treatment of optimal control problems, for finite horizon optimal stopping
problem, we will have to use test functions that are defined on time and state space dimen-
sions, but also at least C%([0,7] x F) in order for them to be elements of the domain of
the extended generators of the augmented time-space-process A and B that are discussed in
Section [l

Let the state space E' = [e;,e,] C R be a closed interval, and similarly [0,7] € R. We
now define a grid, i.e. a finite set of points {e;};—o_ . n, in [e, ;] where e;11 > e; for all
i and similarly on T, {t;},—0,. n,, as well as a corresponding set of values of the target
function f : [0,7] x E = R x R, {fi;}i=0,..np,j=0,.0r = {1 (€ist;) }iz0,...npj=0,..np, SVING
us N = nr - ng grid points. In order to approximate or interpolate a function that hits
all the points (¢;,€;, fi;),t = 0,...,np,5 = 0,...,ny there is a wealth of theory to draw
from, most of which use a finite basis of functions to generate a linear combination that
best approximates the original function, i.e. we are projecting the original function into the
finite-dimensional subspace spanned by the given basis. We will use specifically a basis of
cubic B-spline functions as described by De Boor (1978)).

Note that De Boor (1978, Theorem XVIIL.9) provides the groundwork for products of B-
splines being bases. Note also, that here, we are deviating from Lutz’s choice of test functions
(as well as base functions for the densities, which we will discuss in the next section). Lutz,
in both instances, used hat functions, i.e. linear B-splines, in the space dimension with a

discontinuous discretization in the time dimension, accepting the fact that the regularity is
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not enough for either dimension, which led him to having to apply the methods of integration
by parts and finite differences in order to arrive at workable computations.

Instead, we want to guarantee enough regularity in all derivatives involved, which leads us

B_11B800 Boa B B, By By, Bs g Byo B,

1
B_i, By B By
B \.

IO

Figure 1: B-splines basis functions order 0 (constant) through 3 (cubic)

to using tensor products of B-splines as described in De Boor , Theorem XVIL.9).
As Vieten did, we will take cubic B-spline in space direction, but in contrast, we will
need continuously differentiable behavior in time direction to satisfy conditions imposed
by the augmented continuous generator A. Therefore, our choice of B-spline basis will be
Bnrine) = B(nT) ®B(nE) where By () — {B(nT) —3,...,nr—1} and BénE) = {B](-EE);j =
—3,...,ng — 1}, and

j+d 31+
m € — X .
B](-73)(a:):(ej+4—ej) E (e = =) " j=-3,...,m—1

Py \1’9,3(61‘) ’
where
j+4
Ujs(x) = H(CE —€i),
i=j
and therefore
j+4  j+4 j+4
W’ (ei) Z H i —€l) H (e; —€).
k=7 1=j,l#k I=4,1%i
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A basis element in B; ; € B™7"2) will therefore be of the form B; (¢, ) = B?(:;T)(t) : B:E:;E) (x).
For a regular grid of step size in time 0 and a step size in state space of h, this gives us the
formula
B™ @) = — S (M) @ - (1 + byt
13 (8) = o3 > (-1 i )@ = U R)R) Ligmnec) ()
k=0
Images of the one-dimensional B-spline basis functions are shown in [Figure 1, while a two-

dimensional B-spline basis function is shown in Hall and Meyer (1976, p.1-2)

discuss uniform convergence of B-spline approximations in C?.

AT
¢/ 110000
SN\
N

Figure 2: Two-dimensional cubic B-spline base function B(O’O)(x, y) with step on regular grid with
step size h = 1 on its domain|0; 4] x [0, 4]

1.3.2 Approximating Measures

As discussed in Section [I.1], we will need to approximate three measures: the expected occu-
pation measure g, the local time measure for singular behavior y;, and finally the stopping
measure v, i.e. the distribution of the process at the stopping time. By construction, v, is
a probability measure, while the other two are just assumed to be finite. We are treating
all three as measures on [0,7] x E, although they are concentrated in different subsets. In
contrast to the control case, we will not go the route of regular conditional distributions

in order to separate the approximation of the different dimensions. There is no equivalent
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to feedback controls to justify this step. Therefore, we will approximate two-dimensional
measures. To keep the complexity of the linear programs low, we will approximate all three
measures on the same mesh, which will be defined below.

As in the previous section, we start by defining a grid of discrete points that will be the basis
for the approximation of the measures. Note that the different grids for test functions and
measures are independent from each other, since they will be approximated in different steps.
Once more, the state space F' = [e;, e,] C R be a closed interval, and similarly 7 = [0, 7] C R.
We now define a grid, i.e. a finite set of points {e;}i—o, . m, in [e;, e,] where e;y; > e; for
function f:[0,7] x E = R xR, {fi;}izo,..mp.j=0,..mr = 1.f(€i,tj) }izo,...mp,j=0,..mz, SVING
us M = myp - mg grid points.

We assume that the local time measure 1 is concentrated on the finite and constant set of
singular points in state space {s;}, or in our example with only one point of reflection s; = 1.
Thus, the measure is concentrated on a union of straight lines [0,7] x {s;} C [0,T] x E.

The expected occupation measure /i is concentrated on the continuation region C' C [0, T'] x
E,ie. for any set A C C° puo(A) = 0.

We will approximate the three measures g, p1, and v, by piecewise constants on the
rectangles {R;} spanned by the grid points {(¢;,e;) : ¢ = 0,...,mp,j = 0,...,mg}. The
major focus will be put on the approximation of the stopping measure v, since it has a
non-trivial support and will need special consideration, as described in Section [2.2] Thus,

the approximating densities will be of the form

M M M
Do = E Wo,iPi, P1 = E w1iPi, Dr = E Wr ;D
i=0 =0 =0

where p; = 1p, are the function of the chosen basis based on the rectangles R;, and the
weight vectors are the variables to be optimized in the linear program. The approximating

measures are then defined as

d/lo - ﬁod)\, dﬂl == pld)\, dﬁf - ﬁ.,-d)\
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2 CONVERGENCE

Note that, for the set of problems we are considering, both of the expected occupation
measures fio and p; are uniformly bounded, a key condition for the following proofs. For
any optimal stopping problem that cannot guarantee uniform bounds in that way, we refer
to the additional approximation step imposing an upper bound [ for the singular occupa-
tion measure p; in Vieten (2018] Section II1.2). A similar treatment for the regular time
occupation measure is not part of this disseration.

The proof of the convergence of the sequence of optimal values and solutions of the finite-
dimensional LPs to an optimal value and solution of the original infinite-dimensional LP is
broken into several parts. The first part establishes this convergence for the semi-infinite
(n, co)-dimensional LPs to the infinite-dimensional LP. This convergence is established using

the following steps:
1. The limit of a weakly convergent sequence of M, )-feasible measures is M-feasible.

2. The limit of a weakly convergent sequence of e-optimal M, )-feasible measures is

M -feasible.

3. For a sequence of e-optimal M, )-feasible measures the value for any element from

the tail of that sequence will eventually be contained in a small enough neighborhood.

4. For any ¢ > 0 and large enough n, the value of an e-optimal M, ..)-feasible solution

is at most 2¢ + § away from the optimal value of the infinite-dimensional problem.

The second part uses a similar structure to prove convergence of the sequence of optimal val-
ues and solutions of the finite (n, m)-dimensional LP to the semi-infinite (n, co)-dimensional

LP.
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2.1 Convergence of the Semi-Infinite LP Values and Solutions

We will first outline the path to proving that the value of an e-optimal solution to the
(n, 0o)-dimensional problem is £’-close to the optimal value for the infinite-dimensional prob-
lem. Recall that we cannot guarantee that the approximating solutions for a specific n are
feasible for the infinite-dimensional LP. The first proposition shows that limiting measures
of a sequence of feasible measures for the (n,co)-dimensional LP, as n — oo, exist and are

feasible for the infinite-dimensional LP.

Proposition 2.1. Let {(fton; ft1,ns Vrin) fnen be a sequence with (o, f1,50, Vrn) € Mmooy for
alln € N. Then there exist v, € P([0,T] x E), po € M([0,T] x E), and p1n € M([0,T] x E)

such that v, = Vr, fon = Ho, and py, = i1 along a subsequence and (o, f1,Vr) € Moo.

Proof. For any n > m € N and g¢,, € D,, we have

/gmdl/ﬂn —/Agmdllz(),n_\/Bgmdﬂl,n = Rgm

Observe that ¢,,, Agn, and Byg,, are bounded and uniformly continuous, since they are
continuous and the domain [0,7] x E is compact. Furthermore, compactness of [0,7] x E
along with uniform boundedness implies that the sequence (pon, fi1.n, Vrn) is tight. Thus,
there exists a weakly convergent subsequence. Without loss of generality, we assume the
entire sequence is weakly convergent. In other words, there are measures v,, g, and

satistying v, ,, = v, ton = po, and py,, = p1. Hence,

Rg,, = lim Rg,, = lim </ Im AUz — /Agmd/i(],n — /Bgmdu1,n>
n—oo n—oo

= / Gmdvy — / Agmdpg — / Bgmdyiy.

Now, let ¢ € Dy and pick g,, € D,, for all m € N such that g,, — g as m — oco. By

continuity

lim Ag,, = Ag, lim Bg,, = Bg, and lim Rg,, = Rg
m—0o0 m—0o0

m—r0o0
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In addition, since those sequences are convergent in C2([0,7T] x E,||-||) they are uni-
formly bounded (see Vieten (2018, Prop. 11.1.18)). Therefore, we can apply the dominated

convergence theorem:

/ gdv, — / Agdpo — / Bgdp, = lim ( / Imdvy — / Agmdpo — / Bgmdu1>
m—0o0

This gives us

[ oav. [ agduo ~ [ Bydps = tim ( [ gmivr [ Agio — | Bgmdm)
m—00

= lim Rg,, = Rg

m—0o0

proving that the limit measures are feasible for the infinite-dimensional problem.
Let [ denote the uniform bound on all y; ,,([0, 7] x E) over all n. Using the constant function

1, weak convergence implies
([0, 7] x E) = /1 dpy = lim [ 1dpy, = im py ,([0,7] x E) <1
n—oo n—oo
This establishes that (uo, p1, ;) € Mg. O

The next lemma shows that the weak limits of e-optimal solutions of the (n, co)-dimensional

LPs comprise an e-optimal solution to the infinite-dimensional LP.

Lemma 2.2. Let € > 0 and suppose that, for each n € N, (ug ., 43 ., V5 ,) € Mnoo) 08 an

). Then (u§, pi,ve) is an

e-optimal solution. Let (ug, ui, vs) be a weak limit of (4G ., 13, Vs c

T,n

g-optimal solution for the infinite-dimensional LP.

Proof. By the proof of the previous proposition, we know that there exists a weak limit
(us, p5,v2) and it is feasible for M.
Now, assume that it is not e-optimal. Then there is a feasible solution (ug, 7, v.) € My

with
Tpos 15 v7) > T (g, 13, V7)) + €
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Let 6 = J(ug, iy, vh) — J(ug, ug, v2) —e > 0. Using the definition of the objective function

/ngV;_+/Codu6+/Cldull > /CQdV§+/codu8+/cldui +¢

However, since ¢y, ¢q, and ¢y are continuous functions on a compact support, weak conver-

J, we get

gence implies

/czdyf’n — /czdui, /Codﬁbg,n — /codug, and /cld,ujn — /cld,u‘i

as n — 0o. Hence, we can find an N € N such that for all n > N

0
|J(/”L8a :uia Vf—) - J(Mg,n’ ui,n7 yf—,n)l < 5

So we can calculate the difference between J(ug, 11y, vy) and J (UG, 45 s V5 )

Tn

J(po, 1, V7)) = 6+ &+ J (g, 13, v5)

=04+ J(ug, 11, v7) = T(Wg 0 B30 Vin) + T (B B3 00 Vi)

o)

>0+e+ J(MS,n’ /’Li,n7 V‘in) - 5

5
= J (o His Ven) T €+ 5

> T (s 5 Vo) €

Recall that Mo, C M, ) due to the restriction of the constraint space. Thus, the above

inequality contradicts the e-optimality of (4., 5 ,, 5 ,). Therefore, we have

S (g, 13, v7) < J (o p, v) +6 - V(pg, i, v7) € Moo,
giving us e-optimality for the weak limit. O

At this point, we veer away from the treatment of weak limits, instead focusing on the
behavior for large n. With the next few lemmata and the closing theorem of this section, we
aim to show, that the value of e-optimal solutions to the (n, c0)-dimensional LP is eventually

close enough to the optimal value of the infinite-dimensional LP.
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Lemma 2.3. For each n € N, let (1§ ,,, 15 ., V5 ) € Mooy be an e-optimal solution.
Then, for 6 > 0, there are a z € R and an N () € N such that for the values of the objective

function we have

£ g
[ 15 € - . = >
I (10 M3 s Vi) € (z 5=zt g+ 5) Vn > N(5)

Proof. Pick an arbitrary 6 > 0. Since [0,7] x E is compact, all three sequences of mea-
sures are tight. Furthermore, by assumption, they are uniformly bounded. As as result,
this sequence has weak limits. Now, consider two sets of weakly convergent subsequences

(6,1 s s Vo) 80 (1550 3 17 o 5 Ve ), and assume that they have different limits:

€

Vr,nm = DT? /’L(e),nm :> /107 Mi,nm = /11
and

£

~ € ~ € ~
Vr,nm/ = Vr, l’l/(),nm/ = Mo, :ul,nm/ = M1

Now, let us assume that

/CQdﬂT—F/Codﬁo—i—/Cldﬂl < /ng/V\T—i‘/Cod//Io—i‘/Cldﬁl — &

Using the same convergence argument as in the previous proof, choose N large so that for

any m > N

/CQdVinm +/codu87nm —I—/clduinm < /ng/V\T—f—/Codﬂo +/cldﬁ1 —€

However, since (o, fi1, Vr) € Moo C Mn,, o0), this contradicts the supposition of e-optimality

) &€ 1)
of (4§ n,.s Him,> Vo, )- Therefore, we have

/C2d177+/00dﬂ0+/61d/]1 2 /CQdﬁT+/Codﬁo+/C1dﬁ1 —E&.

And since we can similarly show that

/CQd/V\T‘{'/Codﬁo—i—/Cldﬁl 2 /CQdﬁT—F/Cod[LQ—l—/Cldﬂl — &,
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we get

‘/dﬁT—/Codﬂo—/Cldﬂl — (/dﬁT—/Codﬁo—/Cldﬁl)’ SS.

To summarize, the limits of any two convergent subsequences of {(4 ., (4] ., V2,,) fnen are at

most € apart. So we can find a number z € R such that
. € €
J(MOHMDVT)G |:Z——'Z+—]

for any weak limit of a convergent subsequence of {(4§ ,,, 45 ., V5 ,) fnen. Thus, if the sequence
{(1§ .10 1510 V5 ) Jnen converges weakly, we can per definitionem find an N(4) for any 6 > 0

such that

3

€
J(”S,n?/’[’i,n?y‘i,n) € (Z - 5 - 6;2 + 5 + 5) .

Now, assume {({§,,, 45, V) bnen does not converge, and that for any N € N there is a

k > N such that

€ e 5 € g
J (16,1 13 g Vo) € (z 5 hat g 6) . (2.1)

Thus, we can construct a subsequence { (44§, , 45 n, > Ven, ) fren for which the value of every

element is outside of the interval. Since this sequence is still tight and uniformly bounded, we

can find a convergent sub-subsequence { (43, o Fong s Vo, ) hien with weak limits (%, 7y, 77 )-
However, since this is a subsequence of the original sequence, the value of the weak limits

satisfies
€ €
I(fio, T, 7r) € 2= 524 =]

Consequently, there is a large N (6) such that for any [ > N(J) we have

£

5 € £ €
J(uo,nklaulmkl,l/ﬂ.’nkl) S (Z — 5 — 5; z+ 5 + 5)

This, however, contradicts the construction of the subsequence, and therefore the assumption

(2.1). ILe., if the original sequence does not converge, we can have at most finitely many
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elements whose value is outside of (z — £ — d;2+ £ + ). In other words, there is an N(4)
such that for any n > N(J)

5—5;z+§+(5>.

J(1e 7 € 7 € G( =
(:UO,n Hl,n yT,n) z 2 2

We have now shown the conclusion whether or not the original sequence converges. Thus,

we are done. O

Now that the value of e-optimal solutions for large enough n is confined in a bounded
interval, we show that the optimal value for the infinite-dimensional LP is also bounded in

a related interval. We will then combine the intervals in the result of this section’s theorem.

Proposition 2.4. Let z, € be as in the previous lemma and define the optimal value for the

infinite-dimensional problem

J* = sup {J(po, p1, vr) : (po, pi1, 7)) € Moo}

Then

PR Pt %
2- = 2
Proof. Again, consider a sequence {(/g.,,, 4] ,; Vs,) Jnen Of c-optimal solutions in M, o)
and an arbitrary convergent subsequence { (4 ,,, » 15, s V5., ) Feen With limits (7, pg, p7). We
know from Lemma and Lemma that the limit is e-optimal and its value contained

in the closed interval [z — 52+ %] Therefore, for the optimal value J*, we can find the

following bounds

T2 D) 2 2
and
* g g g €
J—e< J(MD?/’I/]JUT) < Z+§
Showing the upper bound J* < z + 32—5 O
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The next theorem shows that the values of a sequence of e-optimal solutions to the semi-

infinite LP will eventually be e-close to the optimal value of the infinite-dimensional LP.

Theorem 2.5. Assume that, for each n € N, (1§, y5 ,,V5,) € Mmoo s an e-optimal

Tn

solution. Then, for § > 0, there is an N(J) € N such that for all n > N(J)
| (15005 K> Vi) — 7| < 26 + 0.
Proof. By Lemma [2.3] choose N large enough that for any n > N
J (U0 s M Vi) € <z — g -0z + % + 5) :
By Proposition [2.4] we get the following bounds

J(MS,n?Min7Vi,n>_J* <Z+E+5_ (Z—£> =ec+d

2 2
and
* € € € 38 €
J" = J(MO,n’:ul,n7VT,n) < Z—f_E - (Z_ 5 _5> =2+9
This proves the conclusion. O

2.2 Convergence of the Finite LP Values and Solutions

In this section, we will let n € N be fixed and M,, . be the set of feasible solutions to the
semi-infinite linear program for constraint refinement level n. Recall that the set of feasible

solutions to the (n,m)-dimensional linear program is

M) = { (o, 1, vr) € MYV([0,T] x E) x M™([0,T] x E) x MU ([0,T] x E)|

Rfe= [ Bave [ Apidpo ~ [ Bldm, k=1.... n}
where ﬁm) is the piecewise constant approximation from below of the k-th test function as

defined in (1.8)

(m) —  inf ! k=1 =0, A1
fk,z (t,gcl)lGRi{fk( ,ZE‘)}, yeeey 1 t PR )
4m—1
1=0

27



The goal of this section is to relate the solutions of the finite LP to solutions of the semi-
infinite LP. In the first half, we will solely focus on arbitrarily close approximations of given
densities, while in the second half, we will loosely follow the structure of the previous section,
showing that, for large enough m, optimal solutions of the finite LP are e-optimal for the
semi-infinite LP. Recall that we require several assumptions on the measures in the feasible

set of the semi-infinite LP:

1. All three sets of measures in M, ) need to be uniformly bounded. In fact, we can
guarantee this as long as we are dealing with finite horizon optimal stopping problems.
In that case, any feasible regular time occupation measure g is bounded above by the

time horizon 7', and any feasible local time occupation measure p; is bounded above

by a constant [ > 0, as described in Remarks [1.3] and [1.6] respectively.

2. All three measures are absolutely continuous with respect to some Lebesgue measure,

and thus have L!'-density functions.

3. We also require the density p, of the stopping measure v, to be Lebesgue-almost surely
strictly positive. This will be needed to construct a feasible solution to the finite linear

program.

The first lemma shows that we can approximate any measure with density by a measure
having piecewise constant Radon-Nikodym derivative over a finite partition. This lemma will
be applied to all three measures p, 1, and with adjustments, that are described hereafter,

to v;.

Lemma 2.6. Let (S, F,\ d) be a measure space with metric d, o-algebra F. Let p < A
be a finite measure on S with Radon-Nikodym derivative p, i.e. u(dz) = p(x)A(dz). Let
f S — R be a uniformly continuous and bounded function. Then for any e > 0 there is a §

such that for any finite partition Il = {R;} which satisfies max{diam(R;)} < 0, the piecewise
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constant approzimation pr : S — R{ of p given by
pn(z) = Zess inf {p(x)|z € R;} 1g,(x)
satisfies

<eE.

/ F(@)p()A(dz) - / £ (@)pn(2)Mdz)
S S

P —pullpis) <€ and

Proof. First note, that the construction of pr; can be applied to any partition II of S, and

that we have almost sure pointwise convergence with increasing refinement:

limp(z) — pu(z) = 0 for A-a.e. z € S.
6—0

By the dominated convergence theorem, we get L!-convergence, proving the first inequality
for some ¢;.

In this first part, we assume that f is non-negative. By uniform continuity of f, we can

now choose a dy such that |f(z) — f(y)| < g for d(x,y) < d3. Due to the construction
and the L'-convergence of pr;, we can choose a ds such that [ p(z) —pu(z)A(dx) < ;% where
F = rgggq{f(x)} < oo whenever miax{diam(Ri)} < 63. Define § = min{d, dy, 03} and let
IT = {R;} be a partition with m?X{diam(Ri)} < 4.

First, note that p > pry implies the difference of the two integrals is non-negative. Recalling

the definition of the lower Riemann integral approximation, we can now calculate an upper

bound for the error of the approximated integral over the uniformly continuous function f.
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Define for each i, f; = ess }%nf{f(x)} > 0 on each set R; of the partition II.
TEIL;

[ 1@ i) = [ 5@ i)

:Z:/Rif(x) A(dz) —Z/f P () \(dx)

:Z{{/Rif( )= [ o) ] [/ fi pla)A(dr) —/Rifz-pm)A(d:v)]
U i (o)) /Rifzpn }}

=S { Lo - e >A<dx>} [ (5= 1) pntoan)

[/f l

Note that the first and third integral are non-negative and the second integral is non-positive
due to our choices of f; and our construction of pr.

We can now show the bounds of the above expression.

0< / F(&) n(dz) — / F(x) Pu(x)A(da)

/R (1) = £ (o) + | [ (= f1@) (@)

[ 5 60~ inoa|
<y 1 - v vos s [ e = nlo)r(as) |}

+ Fllp — pull s

€
F—
* 4F

Since the expression is non-negative, we now have

/5 f(z) pld) / f(2) pu(x)A(d)| <

thus completing the proof for non-negative functions f.

DO ™
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To get the full result for an arbitrary continuous function f, we split f up into the positive
part f = max(f,0) and the negative part f~ = max(—f,0), apply the above to find m* € N

and m~ € N, and take the larger of the two m = max(m™, m™) to get

/S F(&) n(d) — / F(x) Pu(w)\(dz)

= [0 @) = (@) ) - /<f+<> J(2)pr(@)A(dz)

= /S FH (@) pla)A(dz) — /S £~ (z) pla)A(dz) / fH(@)pn()A(dr) + /S £~ (@)pn(2)A(dz)

< / F* () pla)A(de) — / £ () () Mdz Adr) - / £ (2)pn(2)A(dx)
<% + % =g,
completing the proof. O

Remark 2.7. Lemma [2.6] was kept general but can be applied to the set of partitions and
the truncated basis described in Section [1.3, The 0 provided by the lemma gives us a lower
bound for the level of refinement m of the mesh. Recall that for a given m, the diameter

\/T + er— el

of each rectangle R; of the partition is diam(R;) =

diam(R;) < §, then m > log, (@)

. Therefore, if we require

The next two lemmas establish a more specific approximation for the stopping measure
v,. We will first use Lemma to find a sufficiently close approximation on the stopping
boundary | C [0,7] x E, and then define a corresponding density approximation that is
piecewise constant on the usual rectangular dyadic partition IT,,, = {R;} as defined in Section

1.3} This extended density will be the basis for constructing an approximate feasible solution

in M(n,m)-

Lemma 2.8. Let ¢ > 0, D > 0, and v, be a stopping measure on [0,T] x E as described
above with \;({p, =0}) =0. Let f:]0,T] x E — R be a uniformly continuous and bounded
function. Then there exists an 0 < & < &, mg € N such that for every m > mq there is

d > 0 such that for any finite partition 11, = {L;} of the stopping boundary | satisfying
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max{diam(L;)} < & the piecewise constant approzimation pr, : | — R given by
7

P, (z Zessmf{pT Ve Li}1,(z)

satisfies pr, > € as well as

~

- £
HpT - szHLl(l) <= and

D D

2)\(dz) — /l f@)pn (o)n(de)| < £ (2.2)

Proof. Let ¢ >0, D > 0, f be a uniformly continuous and bounded function, and v, and p.
be given such that dv, = p,d\;. Define F' = max(1, || f]l«) < 00.
As a first step, using continuity from above for measures, we can find an 0 < £ < € such that

N{pr <€} < . Define p € L(1) as

p-(t,x)  p(t,x)>¢E

p(t,x) =
g p-(t,z) <E.
Thus, ||pr —Dllz: < &-N({pr <E}) < . Now, apply Lemma on the subspace (I, \;)
of [0,T] x E with the lifted density p and € = ;757 < 5. The resulting approximation p

satisifes

~ -~ -~

5 N e E <§
ADF  4DF 2DF ~ D’

lpr = Dranll gy < Ipr = Pllpagy + 1P = Brmll gy <

Finally, we show that the integrals are equally close.

2) pr(2)Mi(dz) — / £(2) ran (2)M(dz)

) pr(z) N (dz) /f )\ (dx)| +

/l F(2) Pla)h(dz) — / F(2) P ()N (d2)

g €
+ 1l 1P = Prmnll 2y = +tom <

4DF 4DF oD - D’

finishing the proof. [

Remark 2.9. Using the usual rectangular dyadic partitions II,, = {R;}, we now define a

partition on the stopping boundary

0, = {Li|L; = R, NI, R; € 11, L; # (0},
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which satisfies mlax{diam(Li)} < ¢ for m large enough. Note that the index set changes.
However, for the sake of consistency and to emphasize the relationship with the original
partition, we will keep the index ¢. As in Remark 2.7} the § provided by Lemma [2.§ will give
us a refinement level m for the rectangular partition II,,, that is fine enough. Thus, using

Lemma [2.8] we can find an m and a corresponding approximation

ﬁT,m - Z wT,ipz(‘l)- (23>

where p(»l)

, = 1, are the constant basis functions on [ and consequently p,,, satisifies the

conclusions of Lemma 2.8
Note that, by using a sufficiently fine partition, we can guarantee that there are as many

sets L; of the with positive mass with respect to \; partition as we wish.

Remark 2.10. Having constructed this approximation p, ,, on the stopping boundary [ with
weights w,;, we will now in a sense extend the approximated density p,,, : | — Ry to a
piecewise constant function p,,, : [0,T] x E — R using the set of basis functions ™)
based on the rectangular partition II,, = {R;}. Recall that L; = R; N[, the intersection of

each rectangle of the partition R; with the stopping boundary [. Now, define

Ai(L;)
pT,m(tvx) = E : Wri I]'Rz" (24)
Ri€ll,y, Az(1:)
Note that the weight w, ; /’\\;Eg)) is positive on the rectangle R; given that A\(L;) > 0.

The following lemma shows that the approximation on the rectangles is still close enough.

Lemma 2.11. Let v, and f be as in Lemma (2.8 Then for e >0 and D > 0 there exists an

€ < e and an my € N such that for every m > myq there are functions prm, and p,,, given by

(2.3) and (2.4)), respectively, with

HﬁT»mHLl(z) - HpﬂmHLl([o,T}xE)’

/f(t,x)pT(t,:E))\l(dt x dx) — / (i, 2)p, ,(t, ) Ao (dt x dr)| <
l [0,T]xE

S| o)
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Proof. An application of Lemma [2.8| with ¢ and D" = 5D shows the existence of an mg such

that for each m > my there is a p.,, of the form ([2.3|) satisfying the conclusions ([2.2]). Define

¢’ = min(l, 5;) and, if necessary, increase mg such that uniform continuity of f implies

sup f(t,r)— inf f(t,x) <&’ on each rectangle R;. Fix m > my. Define p_, as in (2.4)

(t,x)ER; (t,x)ER;
using pr . Then

[Penllisgopery = [ Prnltalha(de x do)

0,T|xE
L.
:/ wT,iM:ﬂ.Ri<t,l‘))\2(dtxdm)
0.T1%E ;s cut.. Ao (R;)
L.
3 i) / Ao(dt X da)
iR €l Ao (1) R;
= Z wT,i)\l(L’i)
i:R; €Ly,
_ / S wep (L )Nt x dx) = [Braml 1
Vi:Rsell,,

In addition

/l (6 2)p( 2)N(dt x d) — / F( )P, (1 2)Na(dt x d)

[0, T|xE

<

/l £t 2)pa(h 2)N(dt x d) — /l F(t,2)Pem(t 2)N(dE X d)

_|_

T|xE

Observe that the first term is less than 5% due to Lemma .
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We examine the second term. Define the function f(m) as in (1.8]). Then we have

/lf(t, T)Prm(t, 2)N(dt X dz) — / f(t,2)p, 0 (t, ) A2(dt x d)

[0,T|xE

/l £t 2)Pem (b 2) N (dE % dar) — /Z FO (4, 2)pmm(t, 2)N(dE x i)

<

_|_

SRt G x da) = [ P 1 atl )
0

T|xE

+L/ Pt Pt o) el x o) = [ f(t 00t )l x o)
[0,T]xE

[0,T]xE

< [Jre.o - i)

Drm(t, 2)N(dt % dz)

+

/f(m) (t, ) Prm(t, )N (dt X dx) — / f(m) (t, )Py, (t, ) A2(dt X d)
! 0

T|xE

+/ ‘f(m)(t,x) — f(t,2)| Prp(t, ) Xo(dt X dx).
0,T]xE

The sum of the first and third term is bounded above by % “|PrmllLr@y- Since Fom), Droms
and p, ,, are constant on each of the rectangles R;, a similar argument as in (2.5 gives that

the second term is equal to zero. Combining all the terms establishes that

)

S| oy

<

/ F(t2)p (b o) (dt x dx) — / F(t2)P (6 2)aldt % da)
! [0,T]xE ’
finishing the proof. [

Remark 2.12. A careful analysis of the proof of Lemma [2.11] also establishes that

~

<€
D

/ £t 2)ps (b 2)(dt x d) — / ™ (4, 0B ) N(d X d)
l 0.T|xE

Note that the choice of J/C\(m) is not unique. In each rectangle R;, any evaluation of the function
inside the rectangle is a valid choice for the constant fi(m). We chose the infimum for clarity
of presentation. Thus, this flexibility in choice of f(m) simplifies the implementation of the

numerical scheme since it is not necessary to find the infimum over each rectangle.

We now turn to the convergence of optimal solutions of the finite LP to optimal solutions of

the semi-infinite LP. The structure of the proof involves showing the existence of arbitrarily
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close approximations of the density functions with m large enough. Then, establishing the
existence of such approximations that are feasible. Next, we prove the weak convergence of
optimal solutions in M, ;) to an optimal solution in My, ., as m — oo. Finally, we will
show e-optimality in M, o for the optimal solutions of M, ) for large enough m.

In order to show the existence of a feasible approximation to a given density, we will need
to define the constraint matrix and constraint error. We are now restricting our choice of
partitions to the dyadic partition II,, = {R;,j = 0,...,4™ — 1} (m € N) for the measures
and the truncated test function space D, = span ({fi}7_;). Recall that A\, and Xy are
the Lebesgue measures on the stopping boundary [ and the underlying space [0,T] x E,
respectively. In accordance with the constraint equations for the (n,m)-dimensional linear

program

Rfk‘:/fkm)dyT_/Afkduo_/Bfkd/’L17 ]{I:l,...,n,

where ﬁ({m) is the piecewise constant approximation from below of the k-th test function

Y= inf {filt,2)}, k=1,...,n, i=0,...,4™—1,
’ t,x)ER;
4m—1
J/C;C(m) = Z f;ij?)ﬂRi, k=1,....,n,
=0

we now define the constraint matrix C™ using integrals on the stopping boundary ! and

the constraint error d using integrals on [0,7] x E.

Definition 2.13. For n, m € N, define the constraint matrix for an optimal stopping problem

C(m) c Rnt+14™ by

C’,EZ-L) = /ﬁgm)(t, x)pgl)(t,az)/\l(dt x dx), forj=0,1,...,4™ =1 fork=1,2,...,n,
I

o = /pg.”(t,x)Al(dt x dr) = N(L;), forj=0,1,...,4™ —1,
l

where p(l)

i (t,x) = 1g,(t,r) is the j-th piecewise constant basis element for the chosen grid.
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Definition 2.14. For m € N, and given piecewise constant densities po ,,, P1,m, and p,,, on
[T',0] x E, where p,,, is the approximation of p, as described in Remark Define the

constraint error d(po,m, P1,m; Pr.m) = dm e R

4™~ Rf — / T (4, 0B (b )Mot x d) + / Afolt, 2)om (b 1) Na(dt x dir)
0.T)xE 0,T]xE
+/ Bfult, 2)prm(t 2) (dt x d) fork=1,....n
[0,T|xE
i =1— Dy (b, )Xo (dl X dz) = 1= ||Brol| 0 .
L1([0,T]x E)
0,T1xE

Note that in both definitions the integrals with respect to the stopping measure can be

simplifed. For £ =1,...,n, we have

4m—1
o = / At )Pl (t, 2)N(dt x dar) = / Z FUO g, (b, 2)p) (¢, 2) N (dt x da)

l

/ (t,x YA(dt x dx)
= 4 /l pO(t, z)\(dt x da)
= /l Lp,(t, 2)N(dt x dx)

vIN(L).

Recall the density p;,, defined on the stopping boundary [ has the representation

om(t.) = zwmp] (t.2).

and the density p, ,,, defined on the entire space [0, 7] x £ using p; = 1g, (j =0,...,4™—1)
Is
qm_1
_ M(Ly)
t,x) = Wy i ——=Pi(t, x).
pT,m( ) Z ) AQ(R])p]< )

J=0
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Hence, we can rewrite

4m 1

/ fk Wy, alt) p;(t, x) Ao (dt x dzx)

/ J?( )(t T)Prm (t, ©) X2 (dt X dx)
[0,T]xE Rj)

:Zwmk])\2 /Rpjtx)thxdx)
=0

4m 1

= > we i £ N(L)
j=0

= (C(m)wT)ku

where w,; = (wrp, ... ,w774m_1)T is the weight vector for p.,,. And finally, according to

Lemma [2.17],

A =1— / Dy (t, @) Ao (dt X dir)
[0,T]xE

L= H]377’”“L1([<J,T]xE) =1- HﬁﬂmHLl(l) =1- (C(m)w7>n+1-

Remark 2.15. Note that for a given m € N, a triple of measures (fiom, fi1,m; Vrm) 18

feasible for the (n, m)-dimensional if for its corresponding densities (Po,m, P1,m» Drm) We have

Hd(ﬁo,m>ﬁl,maz_?7—,m) ||oo =

Now, let (ton, f1,n, Vrn) € Mn,oo). Since D, has n basis functions {fi,..., f.}, we have
a finite number of integrals to approximate in the semi-infinite LP. We can therefore use
Lemmas [2.6) and 2.8 to find a large enough m such that the the approximations for each of
the three densities are good enough. For a given ¢, and by picking an appropriate &’ for each
integral, the lemmas establish the existence of a largest refinement level m, the corresponding
partition II,,, and approximating measures (figm, fi1,m, Vr.m) such that [|d™],, < e holds.
The next lemma proves this observation. To simplify notation, we will for the rest of the

section drop the index n from the notations for the measures in M, ).

Lemma 2.16. Let (pio, fi1,Vr) € Mooy with densities po,p1, and p,. Then for any ¢ > 0

and D > 0 there is an 0 < € < € and mg € N such that for each m > my, there are piecewise
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constant densities Pom, P1.m, and P, as defined above satisfying pr, > D - € and

Hd(ﬁO,ma pl,ma ]_?T,m) ”00 < ga

|J<:u07,u17 VT) - J(ﬂ[)}mg/’ll,m)vT,m)l <E.

Proof. Apply Lemmas [2.8 and 2.11] with £ and D’ = 3D, the given v,, the payoff function
at the final time ¢y, and the set of basis functions for D,,, {fx}}_;, to find an 0 < € < ¢

£
5-

and an m; € N. Set € = Hence, p,,, > D -2. Next, apply Lemma E 6| with 5, once for
(o with the running payoff function ¢y and the set of functions {Afx}}_;, and second for py
with the singular payoff function ¢; and the set of function {Bfy}}_, to find an my > m;.
Then set my = my and choose m > mq with the corresponding approximating measures
foms fi1,m, and Uy, as well as the corresponding v, ., having density p,,,. Thus we have

forallk=1,....n

’ / Afe(t, 2)po(t 2) o (dt x dz) — / Afo(t, 7)ot 2) N (dE x d)| < =,
0,7 [0,7]x E 3
’ / Bl o)yt 2) (dt % da) — / Bfu(t, 2)prm(t )\ (dt x dz)| < 5, (2.6)
0.1 0,T]xE 3
/ Folt 2)ps (6, 2)N(dt % da) — / 7O, @) (1 ) a(dt x do)| < <,
l 0,T]xE ’ 3
as well as
‘ / ot 2)po(t 1) Ao (dF  di) — / ot 2)fom(t ) Na(dt x dz)| < °.
[0,7]x (0,T)xE 3
‘ / (b a6 ) (d x da) — / (b )t )N (dE x da)| < 5, (27)
[0,T]x 0,T)xE 3
/CQ(t, x)p,(t, )\ (dt x dx) — / ca(t, )P, (t, ) Ao (dt X dx)| < <
! 0,T]xE ’ 3
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From ([2.7)), it follows directly, that

MO) ,U/17 VT) - J(IMO,WH ﬂl,TTHvT,m)'

‘/ o(t, 2)po(t, x) Ao (dt x dz) — / co(t, )Pom(t, z)A2(dt x dx)
[0,7]x 0,7]

/ c1(t, x)pi(t, ) A (dt x dx) — / c1(t, 2)prm (t, ) A1 (dE x dx)
0,T|xE [0,T|xE

+ /CQ(t, x)p,(t, )\ (dt x dx) — / Co(t, )Py (T, ) A2(dt X div)
l [0,T|xE
<S4iii-z
33 3

It remains to show that the constraint error is small. Recall the definition of the constraint

€rror d(m) = d(ﬁo,mvﬁl,mvﬁﬂm)
d™ = Rf, — / T (4, )P, (t, ) Ao (dE x d) + / Afu(t, 2)Pom(t, )N (dt x d)
[0,T)xE (0,T)xE
+ / Bfi(t,x)prm(t, x) A\ (dt x dx) fork=1,...,n
0,T)xE
i =1— / Dy, @) Ao (dt X dir)
0,T]xE
First, we show
(m) _ N _
dn+1 1- HmeHLl (o, T]><E) HmeHLl(l) - HpTHLl(l) - ”pT _p‘r,m”Ll(l) > =g,
and using the reverse triangle inequality,
Ay = 1= Wpranll sy < 1= lIpell gy + 1P = Bronll oy <

'

proving that < E. Since (po, ph1,r) € M(noc) for the semi-infinite linear program,

these measures satisfy the constraint equations for k =1,...,n

Rf, = /fkdz/T - /Afkduo—/Bfkdul.
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And hence, we have for the absolute value of k-th constraint error d,gm) (k=1,...,n)
4| = |Rf — P (b, )Py, ) Mo (d % d
k fk fk ( 7I)p’r,m( ,I) 2( X I)
0,T)xE

+ / Afi(t, )pom(t, x) Ao (dt X dx) +/ Bfi(t, x)p1m(t, 2) A (dt x dx)
(0,T])x E 0

JT|xE

<

/ fr(t, 2)p(t, 2) N (dt x dz) — / A,(Cm) (t, 2)D, (t, ) Aa(dt x dx)
0,T]xE

[0,TxE

+ ‘/ Afi(t, z)po(t, x)Ao(dt X dx) — / Afi(t, 2)Dom(t, ) Ao (dt x dx)
0,T)xE

[0,T)xE

+ ‘/ B fr(t, x)p1(t, z) M\ (dt x dz) — / Bf(t,2)p1m(t, z) A1 (dt x dx)
0,T]xE

[0,T]xE

It follows by (2.6) for k=1,....n

|dk(ﬁ0,m7ﬁ1,ma]_97,m)‘ < § + § 4 -

5

3 3 3

Thus we have shown that Hd(m) ||oO < g, finishing the proof. n
Now, we prove the existence of densities satisfying the conclusions of Lemma which
also guarantee the existence of a solution to an important linear equation involving the

constraint matrix and constraint error. This will help us construct a feasible solution to the

finite-dimensional linear program from the set of e-close approximations.

Lemma 2.17. For any € > 0 we can find an 0 < € < € and an my € N large enough
such that for any m > mo, there are densities Pom,D1m,Prm € SPAM{ Do, P1, - - -, Pam_1} ON
[T,0] x E satisfying the conclusions of Lemma as well as providing the existence of a

solution § to the equation C™y = —d(Po,m> P1m» Drm) Satisfying ||7]|ec < €.

Proof. Recall that for any given n, we can find an m; € N large enough, that for all m >
my C has full rank of n + 1, i.e. we can find n + 1 linearly independent columns. In
fact, we require a further restriction on the choice of columns. Recall that each column
of the constraint matrix C™ corresponds to a rectangle of the grid. Thus, for the given
stopping boundary [, we require a choice of n + 1 independent columns with corresponding

rectangles of the partition whose intersections with the stopping boundary L; have positive

41



Ai-Lebesgue measure. This guarantees that the corresponding n +1 weights w.; /’\\’ ) of P m

are greater than zero. Choose m; and define 6(%) € R*T17+l £6 be the matrix comprised

€
max{l,H <6<m1>)_1

i\ 1
(C( 1)> H to find my > my and 0 < £; < g4 such that for all m > my we can

of these n + 1 independent columns. Apply Lemma [2.16| with ¢4 = } and

(e o]

D =

o0

find densities pgm, P1.m € span{po, p1,...,pam_1} and P, € span(pg),pgl),pi)n ;) with the

corresponding p, ,, as described in (2.4)) satisfying
||d<ﬁ0,m7ﬁ1,map7—7m)|’oo < §d7
}J<:U’07 A1, VT) - J(ﬁo,m7ﬁ1,m7]_77—7m)| < éd,

- &5 < e and define the solution y» =

)\ 1
as well as pr,, > &4. Set € = H(C 1))

o0

)\ 1
— (C’( 1)> * d(Po,m> P1.ms Prm)- Define a larger vector y? e R*™ by filling up y™" with
zeros for all the columns of C™) that are missing from 6(”“ . Hence,

(o Proms Pr) = Oy = QY2

Those solutions yM and y® satisfy

(2)”

Il = I = @) G 7|

S (6("“))—1

. . Hd(ﬁo’my ﬁl,ma ]_QT,m) ||oo

+Eq = E.
o]

< (6(m1))_1

From this result, we now construct a solution § € R*" to the extended linear equation
C™y = —d(Po.m, P1,m: Pray) for any m > my > my satisfying [|§]|c < &. Considering the
dyadic decomposition of a one-dimensional grid, the constraint matrix in that case satisfies

for any refinement level m
m+1) m+1) m
Clg ,21—1 + Clg ,21 Cli,z)

forany k=1,...,n+1andi=0,...,2" — 1. Thus, if y is a solution to C"™y = —d, then

the vector ' € R whose entries are defined by
Yoi1 = Yoi = Yi
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fori=0,...,2™—1 satisifes Cm+Yy/ = —d, as well as ||| = ||y|| < & With each increment
of m, we bisect the one-dimensional intervals, and thus quarter the rectangles of the two-
dimensional grid. Hence, in a similar manner, we can extend the solution from m to m + 1
for the two-dimensional grid. Iterating this construction of solutions from m; to the desired

m completes the proof. O

The previous lemmas established approximations of the given solutions (uo, i1, vr) € Mn o)
However, we have not yet discussed the feasibility of the approximations for the finite-
dimensional LP. The next lemma adjusts the ., measure and the corresponding v, ,, to
obtain a feasible solution to the finite-dimensional LP while essentially maintaining the ap-

proximation results. Similar to o, ,,, U, , is defined by dv,,, = PrmdAa.

Lemma 2.18. For any ¢ > 0 and a given element (jo, p1,V7) € Mmooy we can find an

mo € N such that for each m > myg there is an element (figm, fl1,m, Vrm) € Mnm) satisfying

‘J(/'L(]?/J’DVT) - J(ﬂo,m,ﬂl,mav‘r,m)‘ <€

Proof. Apply Lemma with & = min( to find an € < &/, an m € N, and

%’ 2||02||io>\z(l)>
mMeasures [io.m, fb1,m, Vrm defined as
Fiom(dt X dz) = Fom(t, 2)Aa(dt x dz),
,al,m(dt X d[[’) = ﬁLm(t, 1’))\1(dt X dl’),

Vrm(dt X dx) =P, (t, 1) A2(dt X dx),

such that for all m > m we have |J(po, p1, vr) — J(floms fi1,ms Vrm)| < €. and we have
a solution § to the linear equation C™y = —d(fom, P1m,Dym) such that |7, < & It
remains to show that we can find a feasible solution whose value is e-close to the value of
the given solution to the semi-finite LP. To achieve that, we will adjust the weights of p,,,
such that the constraint error Hd(m)HOO = 0. Recall that the approximating density p,, is

of the form
ﬁ‘r,m = Z wﬂ',ipia
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where p; = 1p, and each @, ; > €. po., and Py, have a similar form but need not be adjusted.
Note that at this point, we can not guarantee feasibility of the approximations p, ., Do,m,
and py,,. Thus, we construct a modified set of densities pg ,,, P} ,,, Pr,, that is feasible and
whose value function is still e-close with respect to the given measures pyg, p1, v,. It will be
enough to modify the approximation of the stopping measure p, ,,, while keeping the other

two approximations. To this end, define for each 7, w}; = 1w, ; — y; and a new density

o § : *x
pT,m - wT,ipZ ’
i

as well as the corresponding p; ,, and its measure 7} ,, as described in Remark To finish

the proof, we need to show the following

1. For the triple of measures (figm, fi1.m, Vs

% m), the value function is close to the value

function of the original triple of measures uq, pi1, vr, i.e.
| (1105 11, ) = T (fio,m: firm, Vs )| < €.
2. All three approximated densities (Po,m,P1,m, Py,,) are positive.
3. The triple (fig,m, fi1m, Vs, ) is feasible, i.e. ||d(Bom, Prm: Prm)|| = 0.

4. All three approximated measures are bounded: fig ([0, 7] X E) < T, fi1 ([0, T]x E) <
l,and 77, ([0,T] x E) = 1.

For part 1 we have

|‘](,u07 M, VT) - J(ﬂo,ma ﬂLmv v;m)‘

= ‘/Coduo —/Codﬂ07m+ /cld,ul —/Cldﬂl’m—f— /CQdVT _/Cdei,m
< ‘/Cod,uo —/Codﬂo,m+ /C1d,u1 —/C1dﬁ1,m+ /CQdVT —/

_ ML)
E AN o d

Cy dﬁﬂm

_I_

= ’J<:u07:u17 VT) - J(/]O,m7ﬁ1,m7v7,m)’ +

()

_ (L)
/02;%)\2(R~)pid)\2
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Lemma [2.17] guarantees that

|J(,u0>,u17 VT) - J(:&U:m7ﬂ1:m’vﬂm)| <E<

DO | ™

Counsider the second term:

~ )\l<Lz)
‘/02;y1)\2(Ri)pZd)\2

Thus, we have shown

£ 9

< HC2HOO)\I(Z) ||gHoo < ||C2||oo)\l(l)5< ||c2||oo/\l<l)w = 2

‘J('LLO“LLl, VT) - J(ﬂ(},m)ﬁ'l,m7vi,m)‘ <é&

For part 2, we already know, that by construction, pg,, > 0 and p; ,, > 0. It remains to show

that for each 4, w¥, > 0. Recall that according to Lemma [2.17] p,,, > &, i.e. minw,; > €,
’ 7

as well as ||7]|, < & Thus, it follows for every ¢ = 0,...,4™ — 1 that

N - o~ o~
wT,i:wT,i—yi2€—5:0,

and due to the choice of columns and the construction of p; ., P;,, > 0.

For part 3 and k = n + 1, we have

*

dny1(Pom, Prom, Dym) = 1 — (C™w!) i
= (1= (C"@r)n41) + (C" P

— dn+1(ﬁ0,m7ﬁ1,m7p7—7m) - dn+1(ﬁ0,m7ﬁl,m7]_)7—7m) - 0
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For Kk =1,...,n, on the other hand, we have
i (Po.mns Prams Prn) = R = (Cwi) + / Afipom(t, 7)Ao (dt x dz)
[0,T|xE

+ / Bfipum(t, ) (dt x d)

[0,TxE

= Rfy — (C"™(@, — §)1 + / A frBom(t, )Xo (dt x dx)
[0,T|xE

—+ /Bfkﬁlym(t,x))q(dt X dﬂ?)
0,T]xE

= Rf, — /fkm)]_%m(t,w))\g(dt x dr) + /Afkﬁ[)’m(t, x) Ao (dt x dx)

[0,T|xE [0,T]xE

+ / Bfiprm(t, 2)\i (dt x dz) + (C™ ),
[0,T]xE

- dk(ﬁo,m7ﬁl,m7]_j7—7m) - dk(ﬁo,m7ﬁ1,m7ﬁﬂm> =0

And finally, for part 4, by construction, py, < po and p , < p1, and therefore fig,, ([0, 7] x
E) < po([0,T]x E) < T and fi1,,([0, 7] x E) < p1([0,T] x E) < I. And since we have already
shown the approximating measures to be feasible, we have v;, ([0,7] x E) = 1. Thus, we
have shown that we can find an m € N and a triple of measures (fio,m, ft1,m, Vy.,n) € Mmm)

such that

‘J(Hﬂ?“la VT) - J([me,[ﬁl,m,vim” <£

]

From here on out, we mimic the approximation results from the infinite-dimensional LP by
the semi-infinite LP. We start by showing that the limit of a weakly converging sequence of

solutions to the finite LP is a solution for the semi-infinite LP.

Lemma 2.19. Let {fiom, fi1,m, Urm} be a sequence of measures with (fiom, fi1,m, Vrm) €
Mnm) for allm € N and assume there are measures po, ji1, V- such that fig, = o, fi1,m =

W1, Urm = vy as m — 00. Then (po, p,vr) € Mn,00)-
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Proof. Let f, € D, be fixed and ﬁﬁm) be the approximation of f, as defined in (1.8)). Since

for each m € N (fio,m; fi1,ms Vrm) € M(n,m), we have

an _/ﬁm)dﬁT,m_/Afndﬂo,m_/Bfndﬁl,m

Due to Af,, and Bf, being bounded and uniformly continuous, weak convergence of the

measures implies

lim Afnd/l(),m = /Afnd,uo,

m— 00

o Ry

m—r0o0

Similarly we can apply Theorem 3.5 in Serfozo (1982)) to get

m— 00

lim [ f"™dp,,, = / Fadvy.

Therefore,

[ oo~ [ Anduo~ [ Bty = tm ( [ v, = [ Ao, - [ Bfndﬂl,m)

= lim Rf, = Rf..
m—0o0

Since the constant function 1 is bounded and uniformly continuous, we also have

Ml([O,T] X E) = / 1d,u1 = lim d/ll,m = lim ﬂl,m([oaT} X E) < l,
[0,T)xE m=o Ji0,T|xE m—r00

1o([0, 7] x B) = / ldo = lim dfiom = 1 fig,n([0,T] x E) < T,
[0,T|xE m=00 J{0,T|xE m=—r00

v ([0,T] x E) = / ldv, — lim (T = Tim Trpn((0,T] x E) = 1.
[0,T]xE m=00 JI0,T|xE m—00

Hence, the triple of the weak limits (j, jt1,v;) is an element of M, o), completing the

proof. O]

To streamline notation, we will hereafter refer to v, as 7y ,,. The following lemma shows
that the limit of a weakly converging sequence of optimal solutions to the finite LPs is an

optimal solution of the semi-infinite LP.
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Proposition 2.20. Let {(fi§ ; 17 s V5.n) fone1 e a sequence of optimal measures with

(0 s Y s Vi) € Mumy for all m € N and assume there are measures (us, pui,vy) €

M n00) such that fig ., = po, i1y 1 = K3, Vs = Vi as m — 00. Then

T(ugs s vy) = sup T (po, pyvr) = T
IU’O’,U‘lﬂ'/TGM(n’OO)

Proof. Assume this is not the case. Since Lemma establishes (fi§ .., 113 1> V5. n) € M(n,00);

the assumption implies

*

It i, 72) < J°.
Hence, we can find a fixed € > 0 and (uo, 11, ¥-) € M) such that

~ %

(g, 17, 77) + € < J(po, pi1, Vr ).

Weak convergence of (fi ., fi] s Vs.m) to (fig, i17, 7F) implies that for some my € N large

enough,
~ % ~ % ~ €
J(MO,m? H1,ms y‘r,m) + 5 < J(:u[)? M, y_,_) for m = my. (28>

However, by Proposition for this specific choice of ¢ and (g, p1,v,), we can find an

my > myg and a solution (figm,, f1,my» Vrmy) € Mnm,) satisfying
|J (1o, p11, v2) = T (flomy s Bt my > Dromy )| < % (2.9)
Combining and , we obtain using m = my
T ity s Po) < Tt 01,7) = 5 < T s D)

. Thus the assumption

contradicting the optimality of (g ., /21 s V5 iy )

Iy, iy, 7)< J°
is false, completing the proof. O
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From here on out, we omit the assumption of weak convergence. We first show that the
values of any sequence of optimal solutions to the finite LPs converge to the optimal value

of the semi-infinite LP, followed by the central theorem for our treatment of the finite LPs.

Proposition 2.21. Let {fig ., i1} ;n, V2 fmen be a sequence of optimal measures such that
(0 s B s Vi) € Mumy for all m € N. Then the sequence of wvalues

{‘](ﬂama [[{,mu ﬁi,m)}mGN converges to J* = sup ‘](:u()v M1, VT)'
MO:,U'LVTGM(n,OO)

Proof. Recall that {J(fig ,,; 17 s U5 1) fmen is increasing and bounded above. Thus it con-
verges. Since {1y, bmen, {7, }men, and {7, }men are tight and uniformly bounded se-
quences of measures, we can find a converging subsequence {(/g,,,,, 1 m, Vym,) }jen and the

corresponding limits (fig, fif, 7%) € Mn,o0, i€
IELS,m]' = 1&37 IELT,mJ‘ = ﬁ;’ ﬁ‘:’k,m]‘ = I;;'k7

as J — oo. By Proposition [2.20, and under the assumption that ¢y, ¢;, and ¢y are bounded

and uniformly continuous functions,
7= i 7) = [ v+ [ di+ [ d

:jli)rgo CQdD:,mj +/ngﬁamj +/Cldﬁ>{,mj

= Jli)r{.lo J(lag,m]‘7 ﬂi’mj, ﬁ:,m]‘)'
Since we established above that {J(fig,,, [}, 7% ) bmen converges and its subsequence
{J (ﬂamj,/limj, 5:,mj>}jeN converges to J*, the main sequence converges to the same limit,
le.

Tii_{nm J(ﬂg,mv /le,ma ﬂ:,m> =J

[]

We now additionally omit the concept of convergence completely and show in the central
theorem, that for any ¢ > 0 we can find an m large enough such that optimal solutions of

the finite-dimensional LP are e-optimal for the semi-infinite LP.
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Theorem 2.22. For fixed n € N and € > 0 there is an m € N such that for all m > m,

*

if (110 15 1Y s Vs ) 18 am optimal solution for the (n,m)-dimensional linear program, then

*

(0 15 1T s V2 1) 18 €-0ptimal for the (n, 00)-dimensional linear program.

Proof. Recall that for each m € N, Mm) C Muo0)- And since, by Proposition [2.21],

*

we have established that J(fig,,, ii],,, 77 ,,) 18 an increasing sequence converging to J* =

sup J (o, pt1,v7), we can find for any fixed € > 0 an m € N such that for any
(lu“o’lu’l 7VT)€M(n,oo)
m>m

0 < Tty s [T s D) — J* < .

T,m
[l

The following remarks describe the the course of action for finding an e-optimal value and

detail the issues with the inclusion characteristics of the intermediate feasible sets.

Remark 2.23. For a fixed € > 0, in order to find an e-optimal solution for the original linear
program M, which has an infite amount of constraint equations and an infinite-dimensional

space of measures, follow the structure of convergence laid out in this work:

1. Choose € > 0 and ¢ > 0 such that 26 + § < ¢ to find n € N large enough such that,
by Theorem , the value of any £-optimal solution in M, ) is within 2¢ + 5 of the

optimal value J* for the infinite-dimensional linear program.

2. Finally, find an m € N large enough such that any optimal solution in M, ) is

g-optimal in My o).

Remark 2.24. Recall, that by construction, we get the following inclusions for the feasible

sets of the various linear programs we discussed

1. My C M0 since we are reducing the number of constraints for M, ). In other
words, not every solution to the semi-finite linear program is a solution to the inifite-

dimensional linear program.
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2. Due to the approximation of the constraint equations, there is no inclusion relation
between M, o) and M, ,). However, weak limits of feasible measures in M, .,y (as

m — 00) will be feasible measures in M, o).

Therefore, we can not be certain that the approximate solutions will solve the original linear
program. In other words, we don’t know if the stopping strategy we find numerically will be

a valid strategy for the original optimal stopping problem.
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3 AMERICAN FLOATING STRIKE LOOKBACK OPTIONS

In this chapter, we will describe the optimal stopping problem that determines the price
of an American floating strike lookback option. The market consists of a riskless bond and
a risky asset, a stock. We describe the mathematical structure of the market and identify
the optimal stopping problem for the price of the option, which is governed by the expected
payout in order to avoid arbitrage. Using changes of measure, we re-frame the problem in
terms of a single diffusion with reflection. Using the equivalence proven in we display
the infinite dimensional linear program for the price of the option. We are going to focus on

the call option, because it has an inherently compact domain.

3.1 Mathematical Framework

We consider the following setup or the American floating strike lookback options.

e Filtered probability space: (0, F,P,F = (F;)i>0), where F; = o(WE : 0 > s > t)

is the filtration and WT is a P-Brownian motion.

e Bond Price: The bond price process B satisfies dB; = rB,dt or
By, = Bye™, t >0,
where By > 0 is the initial bond price and r > 0 the constant risk-free rate of return.
e Stock Price: The stock price process S is a geometric Browian motion satisfying
dSy = Sy(pudt + o dW}), Sy =s59>0, t >0,
where 1 € R is the local mean rate of return and ¢ > 0 the instantaneous volatility.

e Finite horizon: The American option has a finite horizon T" > 0.
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e Exercise time: The exercise or strike time is 0 < 7 < T', where 7 is an F-stopping

time.

The lookback nature of the option means the option value will be determined by either
the running maximum or the running minimum of the stock price process. We concentrate
on the floating strike lookback call option, whose payoff depends on the running minimum
process m satisfying

my = Sg A min S, t > 0.
0<s<t

(A similar analysis applies to the corresponding put option using the running maximum
process.)

An American option can be exercised at any time before the finite horizon 7. We call the
time of exercise 0 < 7 < T, the strike time. For the American floating strike lookback call

option, the payoff at strike time 7 is the difference of the stock price and the minimum price
S, —m;,.

It is well know from the theory of mathematical finance that the price of the American
floating strike lookback put option is the maximal expected present-value payoff under the
risk-neutral measure QQ

E —rT7 _
max Eq[e™"(S: —m)],

where 7T is the set of all stopping times less than or equal to 7. Under the risk-neutral
measure Q, the stock price process S also behaves like a geometric Brownian motion, but
the rate of change is now r, the mean rate of return for the bond B instead of u, and can

be described by the stochastic differential equation
dS; = Sy(rdt + o dW2), Sy = sy >0,

where W@ is a Q-Brownian motion. The behavior of the process therefore follows S, =
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Sg €xXp { <r — "72) t+ aWt@} for t > 0. The expected payoff under Q can be written as

m,

Egle " (S, — m,)] = Eq [S (1 - 5—)}

I

o? Q m
— s FE — G T+oWr 1 — T
o[ (1)

Under a change of measure using the new measure P whose Radon-Nikodym density with

respect to Q we define as

2
dp o G THoW?
- )

dQ

we can rewrite the expected payoff

Egle™™(S: — m.)] = soEp [1 - %} .

Shepp and Shiryaev (1993)) invented the “Russian option”, which is similar to the floating
strike lookback put option. In a subsequent paper (Shepp and Shiryaev (1995)), they showed
that the resulting quotient process is a geometric Brownian motion on [1, 0c0) with reflection
at 1. Lutz (2007, Theorem 4.1) derived a similar proof for the floating strike lookback call
option and found that, under a measure P, the quotient process X, = ’g—tf is a geometric
Brownian motion on (0,1] with reflection at the boundary 1 whose stochastic differential

equation is

dX, = —X,(rdt + cdW}) — d,

where A is the local time of the process X at 1.
The continuous and singular generators A and B of the process X are therefore of the form

Af(z) = —raf'(x) + %szf”(x) and

Note that the domain of the generators is D = C? here.

o4



The expected optimal payoff for the transformed optimal stopping problem and the process

starting at x can then be written as

- EZ[1 — X,].
V(x) max so P[ -]

Hence, the optimal stopping problem for the American floating strike lookback call option,
which depends on the stock price process S and the running minimum price process m has
been reduced to an optimal stopping problem which only depends on the quotient process

X:

Maximize  soEs[l — X/ ]
such that  dX, = —X,(rdt + odW;) — d,
0<t<T, (3.2)

TeT.

3.2 Equivalent Linear Program

In this section, we apply Theorem to the example of the finite horizon American floating
strike lookback call option.
Let the state space be E = |0, 1], the compactification of (0, 1], the time dimension [0, 7], and
the resulting product space [0,7] x E as the domain of the augmented time-space process
(t, X¢). The continuous and singular generators of the process X are given in . The
payoff functions are ¢g = 0, ¢; = 0, and c3(z) = 1 — z. Note that our payoffs are not
time-dependent here.

Given the optimal stopping problem (3.2)), the equivalent infinite-dimensional linear pro-
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gram is:
Maximize / co du,

Subject to 0 = /’yfdvT—v(O)/deo —/flhf] dpi — /B[’Vﬂ dyy
vy e C¢Y([0,T)), VfeD

v, € ,P([O,T} X E), Mo, b1 € M([O,T] X E),

with A[yf] = yAf +~'f, Blyf] = vBf. Observe that R[yf] = ~(0) [ fdv, here.
We now show that the collection of ;11 measures in the feasible set of the infinite-dimensional

linear program is uniformly bounded.
Proposition 3.1. Let (uo, pi1,v,) € My be feasible. Then pui([0,T] x E) < xq.

Proof. Choose v = 1 and f(z) = x. Observe that A[yf](t,z) = Af(x) = —rz and
Blyf](t,z) = —1. Since (9, p11,v,) is feasible, the constraint equation holds for the chosen

~v and f. Hence,

0= / At () v (dt % d) —~(0) / F(2) volde) — / Ay f] (t, ) poldt x de)
- / Bvf) (t ) pldt x dz)
= /ZL‘VT(dt x dzr) — f(xo) + /Tm,uo(dt x dz) + / 1 pq(dt x dx).

Rearranging the terms gives

w1 ([0, 7] x [0,1]) = o — /IVT(dt X dx) — /rxuo(dt x dx) < xg.

The last inequality holds since both integrals are non-negative and bounded above. m
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4 OUTLOOK

We plan to apply the numerical scheme presented in this dissertation to the American
floating strike lookback call option. Lutz (2007)) showed numerical results for the a number
of American floating strike lookback options with an approximation scheme using finite
differences in the time-dimension and a basis constisting of piecewise linear functions, i.e.
first order B-splines, on a shared grid for both the test functions and the densities, but did
not provide a proof of convergence for the results. Applying the new scheme to this problem
will provide a way of comparing the results, while also backing up the numerical solution
with a proof of convergence. Lutz’s work also provides results for the corresponding put
option as well as the lookback call option with a dividend-paying stock. In the latter case,
they find that the optimal strategy changes from "Always exercise at T" to a time- and
value-dependent strategy. This can be verified with the existing scheme as presented here.

The quotient process for the put option, as shown by Lutz and Shepp and Shiryaev (1995)
will evolve on the interval [0, 00), and hence have an unbounded state space. In order to
apply the new numerical scheme to the corresponding optimal stopping problem, the scheme
will have to be extended to unbounded state spaces. Vieten (2018) and Lutz (2007)) provide
an approach when applied to optimal control problems and optimal stopping, respectively,
by introducing an upper bound. Vieten showed, that even with the added approximation
step, the optimal solution to the finite linear program will still come arbitrarily close to the
solution of the original LP by choosing an appropriate bound of the state space and sufficient
refinements for the constraint space and solution space.

Another potential for application to examples is optimal stopping problems with state
spaces in more than one dimension. The approximation scheme would not need to be mod-
ified much since the lemma guaranteeing sufficient approximation is formulated in a general
enough manner to make the transition possible. A host of examples is given in Christensen

et al. (2019).
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In the course of the development of this approximation scheme, it is natural to treat the
time dimension differently than the state space dimension. We will explore mixing a finite
difference scheme in time with the finite element approach in space to improve numerical
stability and efficiency.

In this dissertation, we restricted our investigation to optimal stopping problems on a
rectangular compact space. A lot of the time, singular behavior will only occur on fairly
simple boundaries, simplifying the approximation of the singular occupation measure. In
order to expand the range of application, at least for the case of optimal stopping in a time-
state space setting, we will explore problems, in which the process is reflected on a time-space
boundary. A possible example is once more the American floating strike lookback option.
The minimum process is a singular process. Thus, the combined two-dimensional process
consisting of the stock process and the minimum process will be reflected on the diagonal
line. We plan to compare the numerical results on this problem without dimension reduction
to those applied to the problem as described in Chapter (3|, which are using the dimension
reduction.

In the course of the development of the approximation scheme, the variable nature of the
stopping boundary proved to be a hurdle when it comes to finding a workable approximation
scheme, and even more so for comparing singular measures. A more rigorous look at metrics,
such as the Earth Mover’s distance or the more general Wasserstein distances, on spaces of

measures might yield a different view on the approximation problem.
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