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Nonlocal electrostatics in heterogeneous suspensions
using a point-dipole model
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The electrostatic dipole moment distribution in heterogeneous suspensions is determined via a
self-consistent, point-dipole model, which incorporates nonlocal electrostatics. Predictions agree
qualitatively with previous asymptotic results for discontinuous concentration profiles. For small
fluctuations in concentration, the dipole strength can be expressed as an expansion in gradients of
the concentration. This expansion is incorporated into a linearized continuum model for structure
evolution in sheared electrorheological suspensions. Prior stability analysis of a fully local
continuum model predicts the formation of concentrated particle stripes oriented in the flow
direction, in agreement with experimental observations. Incorporating nonlocal electrostatics
suppresses the growth of high wave number fluctuations, providing a more realistic finite rate of
growth of fluctuations. Incorporating nonlocal electrostatics in the full nonlinear continuum model
produces a single particulate stripe at steady stat20@t American Institute of Physics

[DOI: 10.1063/1.1778483

I. INTRODUCTION two later times are presented in Fig. 1 for a 5 vol. % suspen-
i ) sion of 54+9um diameter alumina particles in mineral oil
Electrorheological(ER) and magnetorheologicdMR)  (shear ratey=37 1/s, rms field strengtlE=2.0 kV/mm.
Suspensions a_re%_\zvell known for their field-dependent rheothe syspension is homogeneous initially. After the field is
logical properties gndgre currently being developed for yppjied, concentrated particle stripes oriented in the flow di-
commercial apphcat_mn%. Their unique rheological proper-  rection begin to form. These structures aggregate and densify
ties are intimately tied to the heterogeneous structures Cregoyly with time. As the structure coarsens, the shear stress
ated by the applied field. Field-induced particle interactionss|ow|y increases with time.
give rise to coll_Jmnar aggregate; in quiescgnt suspensions. |, previous paperéel’”we presented a continuum model
The observed field-dependent yield stress is related t0 thg,- qescribing the development of heterogeneous structures
forces required to distort and break these structures in flow;, quiescent and sheared ER suspensions. A conservation
~ Heterogeneous structures persist in shear flow . Incepsqyation for the particle volume fractiaf(x,t) was derived
tion of shear flow in a suspension with a sufficiently largey,, ayeraging the mass and momentum balances over the
external field applied in the velocity gradient direction yaicle phase, wherein the particle flux is related to the par-

causes the formation of particulate stripes oriented in thgicie contribution to the stress. The resulting conservation
flow direction. These stripes consist of bands of high pamdeequation may be expressed as

concentration separated by bands of low particle
concentratiof 2

Stripe formation is illustrated in Fig. 1 where photo-
graphs of a shear flow experiment with an ER suspension in i ) - )
a concentric cylinder geometry are presented. Here w&/here(u)is the suspension average velociys the particle
briefly describe the experiment; more details will be pro-radius, 7 is the continuous phase viscosify) is the sedi-
vided in a future publication. The inner cylindé25 mm mentation hindrance function, ard® is the particle contri-
diametey is made of stainless steel, and the outer cylindeution to the stress. Two contributions to particle stress were
(27.8 mm diameteris made of quartz with a thin, transpar- accounted for: a hydrodynamic contribution and an electro-
ent, electrically conducting layer deposited on the inner sur-
face. These cylinders are attached to a Bohlin VOR rheom
eter, in which the inner cylinder is fixed and the outer
cylinder is rotated at a constant speed. After shearing the
suspension for a short period, an ac electric fl@do H2 is
applied and the evolution of the suspension is observed vi-
sually through the transparent outer cylinder. Photographsj

for just prior to the application of the electric field and for

FIG. 1. Photographs of an ER suspension in couette flow between concen-

tric cylinders at different times after the field has been appligghear

3author to whom correspondence should be addressed; electronic maitate=37 1/sE=2 kV/mm at 100 Hx (a) t=0 s,(b) t=114 s,(c) t=264 s.
klingen@engr.wisc.edu The suspension is a 5 vol % suspension of alumina particles in mineral oil.

%+<U>-V¢=-:—¥V-[f(¢)V-tr(p)]. (1)
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static contribution. For the hydrodynamic contribution, the ¢ 222 9 ER)
i & - —=-——|f(p)—*]|, 9
model proposed by Morris and Boul&yfor sheared, noncol P 97, 0y ay
loidal, hard-sphere suspensions was employed, ¢
was therefore employed for further analysis. Linearizing this
oPH) = ﬂn(ﬁb)i’é + np(P[V(U) + V W, 2) conservation equation for small fluctuations in concentration

about a mean valuep'(y,t) = ¢(y,t)—pg<<1, where gy is
where the first term represents the shear-induced norm#he mean concentration, yields

stresses. Herep,(¢) is the “normal stress viscosity,” and o Mn 2o’
7p(¢) is the particle contribution to the shear viscoditg., Y =-M {1 - —} —, (10)
the suspension shear viscosity #§(¢$) = 7.+ 1,($)]. With Mnc(¢bo) | oy
the x, y, andz directions(or the 1, 2, and 3 direction®ri-  \here
ented with the flow, vorticity, and gradient directions, respec-
tively, the normal stresses are specified by the diagonal ten- _ 2a’ege.S°E5f (o) o (11)
sor Q where Q,,=\,, (no sum with \;=1, and wherex, 3n(1-Be)®
=0.5 and\3=0.8 provide best fits of various suspension
flows. The shear and normal stress viscosities were treated Mn = 7Y (12)
empirically as 2e0e,B°E3

7($) = 2.5meh(L = $) "+ Ksed™(1 = 6) 2, (3 s the Mason number, and

Mn.. = 3¢r2nax(l ~ ¢0/¢ma><)3
— Ne= 2 (13)
() = Kn77c¢2(l - ¢) 21 (4 ANKn (1= Beo)

whereZ:qS/(ﬁ # is the maximum packing fraction is the “criticall” Mason number. Linear stab?lity analysis

(Gms=0.68 henr]g)icm anr11ac)j(K ~0.1 andK,=0.75 provided rea- shpws that stripes should form fo_r MnMn,. This is guah- .
max. = S T no tatively consistent with our experimental observations with

sonable agreement with experimental data. magnetorheological fluids. However, the stability analysis

For the electrostatic contribution to the stress, the sus- . . L
also predicts the physically unreasonable features of an infi-

E:ng'rggt;\f{?cs ;;erztj: :tsreir; ':Z:%%%\;ﬁfgﬁgsslon for which thrﬁaltely fas_t initi_al _gr_owth rgte of_stripes with an infi_nite wave
number (i.e., infinitely thin stripes Thus, the prior con-
B _ 1 tinuum modeling effort provides little insight into the impor-
oS = EO{[E(¢) € 2a1(¢>)]EE tant issues of how the structure and rheological properties
- 1e(p) - e + () |E?S}, (5)  evolve in time.

The shortcomings described above can be attributed pri-
where €,=8.8542< 1072 F/m is the permittivity of free marily to the local character of the electrostatic stress model
space. A self-consistenthean-fieldanalysis in the point- employedEq.(5)]. The stress, and thus the driving force for
dipole limit yields a suspension dielectric constanand particle migration, is assumed to depend only on the concen-
electrostriction coefficienta; anda,, given b)}e tration at the point of interest. In reality, the stress arises
because of electrostatic polarization interactions between
particles, which act over considerable distances owing to the
1/R® decay of the disturbance potential generated by a
sphere. We thus expect the polarization, and therefore the
stress, to depend not only upon the concentration at point but
also on the distribution of particles near that point.

In this paper, we develop a self-consistent dipole model
[e(®) — eclle() + 2¢] g  for the electrostatic polarization in nonuniform suspensions.
3e. ' (8) We relax the “mean-field” assumption commonly employed
in such analyses to obtain a nonlocal model for polarization.
wheree, is the relative dielectric constant of the suspendingThe self-consistent fiellSCH model is presented in the fol-
fluid, and B8=(op,—0)/(20y+20) (dc electric fieldg or (e, lowing section. In Sec. lll A, we compare the predictions of
—€)/(2¢,+€;) (ac electric fields of sufficiently high fre- this model for the polarization near a step in concentration
quency, whereo, and o are electrical conductivities of the with that predicted by an asymptotic analysis presented pre-
particulate and continuous phases, respectively,egngithe  viously by Keiller and Feuilleboi$® The two approaches
relative dielectric constant of the particulate phase. produce qualitatively similar results, with each approach
Linear stability analyses predict the formation of colum- having its own strengths and weaknesses. We then obtain in
nar structures in quiescent suspensions. In sheared susp&ec. lll B a gradient expansion expression for the dipole mo-
sions, linear stability analysis predicts the formation ofment field where the dipole moment magnitude at a point is
stripes, where the concentration profile varies only in theexpressed in terms of gradients of the concentration profile.
vorticity direction. A simplified, one-dimensional version of This expansion is required for predicting the early stages of
the model, structure evolution, which is presented in Sec. lll C. Here we

1+28¢
1-B¢

e(P) = & ; (6)

a,=0, )

a)(p) = -
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show that incorporation of nonlocal electrostatics produces

both a finite initial rate of growth for the fastest growing <M(X)>:0{Eo‘f T(x=& m@PExAE|. (19

fluctuations and a finite wave number for these fluctuations. v

We also show in this section that including nonlocal electro-  As discussed previously, the above integral is condition-

statics results in a structure consisting of a single stripe ally convergent®®#In these references, which addressed

steady state. uniform suspensionfn(x)=consi, the conditional conver-
gence was resolved using a renormalization procedure. The
key idea in this procedure is to subtract a second integral
from the above equation, whose result is kncavpriori and

Il. SELF-CONSISTENT POINT-DIPOLE MODEL which possesses the same conditional convergence behavior.

In this section we outline how a self-consistent dipole!" those cases, the known quantity is the average electric
model employed previously for homogeneousﬁe'd; since the concentration is uniform, the ensemble-

suspension&®%can be modified to describe electrostatics2Veraged electric field must be equal to the applied macro-

in heterogeneous suspensions. Consider a suspension of ps&ppic fieldE. . . . .
larizable spheres in an electric field. The dipole moment of N our case, sincei(x) is a function of position, the

spherei is given by ensemble-average field may also vary with position and thus
is not necessarily knowa priori. However, experiments in-
M = aEjoi(X)), (14) dicate that structures that evolve produce concentration pro-

where a=4meye.a3B is the particle polarizability. Assuming files that vary primarily in the direction perpendicular to the

. . . : . 14 L.
that the spheres’ charge distributions are only dipolar, thdi€ld direction. Our prior modeling woifﬁ produces simi-
local field at the center of spherés the macroscopic applied lar results, with the most rapidly growing fluctuations being

field E, plus the disturbance dipole fields produced by all ofthose that are independent offor a field applied in thez

the other spheres, Qirection. We will thus consider hgre only concentrqtiop pro-
files that depend only or andy, with the macroscopic field
Ejoc(Xi) =Eg-— > T(Xi = %) - M, (15 applied in the z direction. By symmetry, the resulting
i# ensemble-averaged field for any profiléx,y) will be con-
where stant and equal to the applied macroscopic figlgEqe,.
We can therefore proceed with the renormalization procedure
T(x) = (i _ ﬁ) (16) developed earlier. Below we outline this approach for the
Amegec\ X2 T|x[® new situation where the particle number density is not con-

stant, but depends onandy.

is the dipole interaction tensor. o N
s the dipole interaction tenso Consider first the ensemble-averaged electric field

We wish to determine the ensemble-averaged dipole
density given statistical information about the particle posi-
tions, namely, the singlet probability densiB(x) and the
conditional pair probability densit(x | £€). The singlet prob-
ability density P(x) is equated with the position-dependent
particle number densitp(x).

Averaging the dipole moment of a spherexabver all
configurations consistent with the densitx) gives

<E(x)>:—fV\IfP(C)dC, (20

where [---dC represents the integral over all possible con-
figurations consistent witm(x), and W is the total electro-
static potential ak. Following Jeffrey*® we simplify this to

leading order in volume fraction by considering only the
<M(Xi)>:<a[E0_2 T(xi —x;) 'M(Xj)]> (17)  effect of one sphere, i.e.,

j#i
=a[Eo- <]2 T(xi = ;) 'M<Xi>>]- (18) (E(X))=Eq- f Vix - HP(HIE, (21)
! Y,

We equate the average of the sum of all sphgreswith an
integral over the pair probability density. The ensemble-where ¢ is the single sphere solution for the disturbance

averaged dipole density then becomes potential in a uniform field,
_ ﬂ)s x-&<a
~Viyx-§)= Ameoced (22
S L 2 GO L, x-g>a
4megec| Ix - £° x - &° ’
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The integrands in Eqg19) and (21) are equivalent ax s]— scr
— & — o becauseP(x| &) — P(x) in this limit. Since(E(x)) ——- K&F
=Eq for n(x)=n(x,y), the integral in Eq.(21) must be 4 ¢=O.60\_
equivalent to zero. Subtracting the integral from Ef), we L;J; 3 e
obtain the following expression for the position-dependent & /
dipole moment in terms of an integral that is absolutely con- L o2 / ¢_=%O____
vergent: 7‘//
D / $=0.10
(m(x)) = a{ Eo- J [T(x - &) -(m(&)P(&]x) 04L& :
v 2 0 2 4 6
yia

~Vipx - §)7’(§)]d§} : (23)

FIG. 2. Excess polarization as a functionyofor a step in concentration

. . . using the SCF model and the asymptotic model of Keiller and Feuillebois
We consider here only an idealized, structureless susper(IB:%_ yme

sion, where the probability density functions are given by

P(§=n(§) and . -
abruptly at a step at=0, where the singlet probability den-

0 forlé-x|<2a i ' is qi
P(EX) = (24) sity P(y) (equal to the number densityfy)) is given by
n(&) for |é-x|> 2a.
o ) ) ) ) 0 fory=o0
Substituting these into E@23) gives the following equation P= n fory>0 (28)

for the self-consistent, ensemble-averaged dipole moment:

We are interested here in the relationship between the dielec-
(p(x)) = “l Eo+ f Vg~ x)n(§)d§] . (25 tric displacement and electric field for a field applied parallel
r<2a
to the face of the stefgy=Egqe,.
This equation illustrates the nonlocal character of the polar-  Keiller and Feuilleboi¥ employed Hinch's methdd to
ization, where the dipole at a point depends on an integral ofietermine the relationship between the flux and field gradient
the dipole moments in the neighborhood of the point of in-near such a step change in concentration, including nonlocal
terest[the dipole moment depends on the integral Vi, effects. Using the notation employed here, they obtained an
defined in Eq(22)]. asymptotic expression t@(4?) for the dielectric displace-
In the remainder of this paper, we consider concentratioment,
profiles that vary only in one directioy. Dropping the
angled bracket notation, the ensemble-averaged dipole mo- D = epe 1 + 384" (y) + C/(y, B) ¢* + O(¢*) ]E,, (29

ment magnitude in the direction, u(y), can be expressed as
where ¢=4mna’/3 is the constant volume fraction within

y+2a
p(y)=aB+ B[ p(y)nly)K(y -y)dy, (26 thestepand
y-2a
where P*(y) = P(y")dx’. (30)
1 [x—x"|<a
=T a2 Ty )2
K" =y) = 2 [a 4(y y) ] @7 The coefficientC,(y, B) is given graphically in Fig. 2 of their

: . paper.
Equation(26) can be solved numerically, for example, by a The SCF mode[Eq. (26)] is compared to the results

Picard iteration. An initial guess for the function(y) is  gpyained by Keiller and Feuillebois in Fig. 2, where the ex-
substituted into the integral to obtain an improved approxi-

) i . | cess polarization is plotted as a function yofor different
mation for u(y). This process is repeated with each SUCCesy 5|65 ofh. The excess polarization is the particle contribu-

sive approximation substituted into the integral until the im-44 + the polarization, given bp®*=D - eye.,Eo=nu, Where
. 1 C )

proved approximation no longer changes. This approach ige former form is employed to plot results from the method

employed in the following section to determine the dipole ¢ keijler and Feuillebois and the latter form is used to plot

moment distribution near a step in concentration. In SecCragits from the SCF model.

B we describe a gradient expansion solution fafy) The SCF model fails to capture the smooth variation in

valid when the fluctuations in concentration are small. polarization fory<0, primarily because it essentially treats
the particles as points. However, the SCF model does capture
the variation in polarization foy>0. While the results of

Ill. RESULTS AND DISCUSSION Keiller and Feuillebois are asymptotically exact @és-0,

their results underpredict the polarization magnitude in the

bulk (y— ) for nonzero¢. The SCF model also predicts a

Here we consider the effect of nonlocal electrostatics ingreater range of influence of the interface at laggavith the
a nonuniform suspension, where the concentration changgmlarization varying for larger values gfthan that predicted

A. Comparison with prior work
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FIG. 4. Dipole moment magnitude as a function of position for sinusoidally
FIG. 3. Surface free energy as a function of concentration for a step itvarying concentration profileg=1).
concentration from 0 te) (8=1).

yla

by Keiller and Feuillebois. Presumably, results predicted by 7, (¢) =
Hinch’s method would produce a larger range of influence if 1-¢ po
carried out to higher order ig.

The electrostatic contribution to the surface free energ

(39

is the solution for the scaled dipole moment magnitude
Y/ wl oEq for a uniform suspension, and

is written as
* 1
E.surf_ E(\,\ _ £E.bul Ki(o) == , (36)
whereFE(y)=-D-E/2 is the free energy density arfdfuk
is the free energy density of a uniform suspension with the  K,(¢) = ,32 O — 3 (37)
local concentration, (1-89)
FEbuk= |~ €0€E2 fory=0 (32) describe the influence of spatial derivatives¢obn the di-
-D(y— ) -Eyl2 fory>0. pole moment.

_ ) Equation(34) for u/aEg, truncated after th&, term, is
~ The surface free energy for a step in concentration obexpected to be valid for relatively small concentration gradi-
tained from the SCF model and the method of Keiller andents. Consider the behavior of the position-dependent dipole

Feuillebois is plotted as a function of particle volume frac-moment for a sinusoidally varying concentration profile of
tion in the step in Fig. 3, fop=1. Both the models give a the form

positive surface free energy that increases with concentra-
tion. The SCF model underpredicts the surface free energy at  ¢(y) = ¢ + A¢p sin 2myi\. (39)
small concentrations, while the results of Keiller and Feuille-
bois underpredict the surface free energy at large concentrghe concentration gradient is proportional tox]1 And thus
tions. we expect the gradient expansion to be reasonable for suffi-
ciently largeA.
In Fig. 4, the dipole moment is plotted as a function of
b= b(X,y) position for three such profiles, wit$h,=0.3, A¢p=103, and
N=20a, 10a, and 3. The solid curves represent the numeri-
In order to understand how nonlocal contributions to thecal solution of the full SCF moddlEq. (26)], the dashed
electrostatics affect the early stages of structure evolution igurves represent the gradient expansion result, and the dotted
ER and MR fluids, we must analyze how small fluctuationscurves represent dipole moment magnitude of a uniform sus-
in concentration affect the polarization. We expand the parpension with the local value of the concentratjde., using
ticle number density at a poiyt about the the value at, Eq. (35) with ¢=¢(y)]. In each case, the dipole magnitude
dn 1/ dn varies sinusoidally with position with the same wavelength
n(y’) =n(y) +( ) y -y + ( ) (y -y)?+ as the concentration profile, but with different amplitude
dy 2\dy? (profiles from the full SCF model are not perfectly sinusoidal
(33 because of the nonlinear dependencéwpbn ¢). For finite
\, the amplitude of the dipole moment obtained with the SCF
model is smaller than that obtained with the uniform suspen-
sion approximatiorfwhich is independent af). This occurs

B. Gradient expansion for

Substituting this into Eq(26), integrating, and gathering like
terms, we obtain

wu(y) d’¢ & because the integral in E(R6) effectively averages the di-
= =1u(@) + Ki(d)—— oy + Kz(d’)( ) o (84 pole moment magnitude over the range of two sphere diam-
eters. As\ decreases, the moment amplitude obtained from
where the SCF model decreases because the averaging process en-

Downloaded 22 Feb 2007 to 128.104.198.71. Redistribution subject to AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp



5346 J. Appl. Phys., Vol. 96, No. 9, 1 November 2004 K. von Pfeil and D. J. Klingenberg

1.300 G _ E
D G:ad.exp‘ F:FO_J D -dE, (41)
1295y 0 e Uniform 0
L:ﬂ; 1.290 A=20a andF; is the free energy density in the absence of an applied
53 ] field. For the one-dimensional problem, we are interested in
. 1.285 only ay,. This is obtained from Eq40) as
1280 = ¢&I~: 42
Oyy=F =@~
0 2 4 6 8 10 I
yla The electrostatic component is simph?y: oy~ 0y (Eg=0).

For inhomogeneous suspensions, we assume that we can
FIG. 5. Excess polarization as a function of position for sinusoidally varyinggenera”Ze Eq(42) to write
concentration profile¢g=1).
SFE

_ on,=FE-¢—, (43)
compasses a greater fraction of the range of the concentra- o¢
tion variation. AsA— 0, the amplitude obtained from the
SCF model goes to zero.

The gradient expansion results qualitatively reproduce ]:E:f FEQ\V/
the behavior of the full SCF model. The amplitude of the v '
dipole moment variation is smaller than that of the uniform
suspension approximation. However, the amplitude of the'he electrostatic free energy density is related to the SCF
dipole moment variation from the gradient expansion isdipole moment magnitude by

where the total electrostatic free enetgy is

(44)

smaller than that predicted by the full SCF model, more so  pe_ _ %D E (45)
for smaller\.
e . .
The excess polarizatioRP ™ =nw, is plotted as a function —_ %(foch(z)*' PoE,) (46)

of position in Fig. 5 for the same sinusoidal concentration

profiles discussed above. Again, the amplitude of the varia-

tion in the polarization obtained from the full SCF model is =- %eoecEé[l + 3ﬁ¢<L)] (47)
smaller than that obtained from the uniform suspension ap- ako

proximation. However, the difference in the amplitudes is

smaller, and the variation obtained with the gradient expan-

sion more closely follows the SCF model than it does for thel. Linear stability analysis

dipole moment magnitude. Since the driving force for struc- In order to determine the conditions under which stripes

ture evolution is the free energy, which in turn is more di-_ . . :

o . will form from a homogeneous suspension simultaneously
rectly relatedto the polarization than the dipole moment mag-_, . T .
nitude subjected to shear and an electric field, we consider the effect

[FE=—(eyeE2+EoP™)/2, see belol the behavior of the of small fluctuations in concentration on the evolution of

predicted polarization is apparently a more critical test of theStruCture as described by the one-dimensional conservation
gradient expansion. equation[Eqg. (39)]. We let¢(y,t) = ¢+ @' (y,t), wheregy is

the average concentration aptl (y,t)| < 1. Substituting this
and the gradient expansion result faty)/aE, [Eq. (34)]
into the expression for the free enerflyq. (44)], we can
C. Effect on structure evolution obtain the normal stress compone@ via Eq.(43). Substi-

In the continuum model described in Sec. I, structuretyting this along with the expression for the hydrodynamic

evolution in the one-dimensional model is described by theCOﬂtI_’Ibuthﬂ o th_e normal stresf_tme vy component of Eq.
conservation equation (2)] into the particle conservation equati¢gq. (39)], we

obtain after some simplification
2 ad' Mn &' P’
o2y Lo e S Tl

i 97 dy
whereM and Mn, are defined by Eqg11) and(13), respec-
For homogeneous electrified suspensions, the stress is givémely, and

in terms of the free energy by*? %1+ Beby
Clpg)=—7——. (49
5 5 1-Bdy
Tk :|~:5.k + oF + }(EkaJr E.D), (40) To determine the linear stability of a uniform concentra-
M |tg 2 tion profile, we examine the evolution predicted by E4p)
for fluctuations of the formp’ =eest, Substitution into Eq.
where the free energy density is (48) yields
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Mn 0.8
s:M(l— )kZ—MCk“. (50) —— 4
Mn, _ 06 11— weE,-1 ﬁ
Uniform suspensions will be unstable and stripes will begin 'S —— ¢(init)
to form whens>0 for anyk. Thus the nonlocal electrostat- E 0.4
ics, which give rise to the term containi tend to stabilize 3
certain fluctuations. However, the stability boundésy0), < 0.2
is still characterizedby [T T T & 7
Mn = Mng, (51) 0.0

where the critical Mason number Mis given by Eq.(13).
Thus including nonlocal electrostatics does not alter the con- .

ditions under which stripes are predicted to form, withFIG. 6. Initial and final concentration profiles. The final concentration pro-
stripes still appearing for M Mng(¢y). file was obtained by a Monte Carlo minimization of the free energy. Also

Although the stability boundary is unaffected. nonlocal shown is the dipole moment magnitude for the final concentration profile.
electrostatics do alter the fastest growing fluctuations. The

wave number that gives the largest valuesa$ as a function of positioy. Also plotted is the dipole moment
1 M 12 distribution for the final structure. The initial concentration
Kooy = {_< _Mn )} (52) profile here is a constaft(y) = ¢,=0.3]. The final concen-
2C Mn, tration profile is a stripe—a region of essentially zero con-
which corresponds to a growth rate centration and a region of .high pgrticle cpncentration.
Several features of this profile are independent of the
_M<1_m>2 (53) initial profile or the sequence of random steps employed.
Sax™ 4C Mn./ First, although the location of the stripe within the domain

. . . .. _may vary, a single stripe always forms. In contrast, the prior
This differs from that predicted by the previous analysis iNContinuum model employing only local electrostatics only

which nonloc_al electrostatics were |gnor§d, which gave thef)redicts that stripes will form, but gives no indication of the

fastest growing wave _number MH&.} .W'th grqwth r_ate number. That only a single stripe forms here is expected
Smax - _These quantities are now f(|)n|te, sca_llng with thesince each interface gives a positive contribution to the free
particle size aknq,~1/aandsma—1/a". For typical values energy, and thus fewer interfaces are energetically favorable.

of the parameter§f=1, ¢o=0.1, &=2, E=1°V/m, . ¢ : . S i
- . < . - o econd, the concentration profile always varies discontinu-
=0.1 Pagwith Mn<Mn,, this leads tGma~10 s, which ously through an interface, varying frop=0 in the

is cpnsistent with'the experimental 'obs.ervation thgt ,Stripeiarticle-free region tab= gy, Within the stripe, over a dis-

begin to form 'rap|dly upon the apphca’ugn of a sufficiently tance of the spatial discretizatiadyy. This is consistent with

large electric field to a sheared suspension. the prior, local continuum model which predicts a discon-
tinuous concentration profile from=0 to ¢y, at an inter-

2. Steady-state structure face. We expect that other models for the nonlocal electro-

_ . statics will produce similar discontinuous concentration
The structure obtained at steady state after the appl'caﬁrofiles at interfaces.

tion of an electric field to a flowing suspension can be ob-
tained by finding the steady-state solution to B2f). In the
limit of vanishing shear ratedvin — 0), the steady state con-
centration profile will minimize the total electrostatic free
energyFt, subject to the constraint<9¢< ¢max

A simulated-annealing Monte Carlo algoritfﬁ‘lwas em-

This steady state structure has several implications for
the behavior of sheared ER and MR devices. Since the mini-
mum free energy corresponds to a single stripe, we expect
that structures will continue to coarsen until a single stripe is

obtained. As illustrated in Fig. 1, coarsening is quite slow,

' o ) with numerous stripes still present after a considerable pe-
ployed to find a minimum free energy as follows. Given anyioq of shearing. Thus steady state will take an even longer
initial concentration profile discretized on a periodic domain,;jme to be reached. Furthermore, the apparent rheological
a point on the domain is selected at random and the concep e rties will continue to vary as the structure coarsens. We
tration at that point altered randomlgubject to the con-  harefore expect that under conditions where stripes form

straint 0= ¢=< ¢mao. After renormalizing to guarantee (\1n <), experiments and devices will essentially always
(1/V) [y¢dV= ¢y=constant, the total free energy is recalcu-pq in unsteady state.

lated. If the free energy is reduced, the step is accepted un-
conditionally, otheer|se_|t is accepted with prob_abllll:y V. CONCLUSION
=exp(—{AFE/ 9 Ef). Using a random concentration fluc-
tuation magnitude ol =0.004,¢ is slowly increased from We have illustrated a self-consistent point-dipole model
1% to 1P over the course of)(10") steps. Near the end of to describe the effect of nonlocal electrostatics on polariza-
this annealing procedure, most steps are rejected, presumaltiign in nonuniform particulate suspensions in the presence of
because the free energy is approaching a minimum. an applied electric field. Analysis was limited to concentra-
Results from a typical procedure are illustrated in Fig. 6,tion profiles that vary in only one direction perpendicular to
where the initial and “final” concentration profiles are plotteda constant applied field.
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