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A new derivation of reduced magnetohydrodynami®lHD) equations is presented. A
multiple-time-scale expansion is employed. It has the advantage of clearly separating the three time
scales of the problem associated with MHD equilibrium, (2) fluctuations whose wave vector is
aligned perpendicular to the magnetic field, aBdthose aligned parallel to the magnetic field. The
derivation is carried out without relying on a large aspect ratio assumption; therefore this model can
be applied to any general toroidal configuration. By accounting for the MHD equilibrium and
constraints to eliminate the fast perpendicular waves, equations are derived to evolve scalar potential
guantities on a time scale associated with the parallel wave vesttear-Alfven wave time scale

which is the time scale of interest for MHD instability studies. Careful attention is given in the
derivation to satisfy energy conservation and to have manifestly divergence-free magnetic fields to
all orders in the expansion parameter. Additionally, neoclassical closures and equilibrium shear flow
effects are easily accounted for in this model. Equations for the inner resistive layer are derived
which reproduce the linear ideal and resistive stability criterion of Glasser, Greene, and Johnson
[Phys. Fluidsl8, 875(1979]. © 1998 American Institute of Physids$51070-664X98)02012-6

I. INTRODUCTION seriously, however, their form of the perturbed magnetic
.field is not divergence free and energy is not conserved to all

Reduced descriptions of the magnetohydrodynaml%rdersl The goal of the present work is to derive a set of

(MHD) equations have a number of attractive features for - . . .
. ) 1 reduced equations which do not have these inadequacies and
theoretical and numerical calculatioh€. The goal of these

o . . to further clarify the physics of reduced MHD.
descriptions is a reduced set of equations that embody the A recent derivation of reduced equations by Striss

most salient physics of MHD stability properties in magne-many similarities to the derivation by Hazeltine and Meiss

tized, toroidal plasmas. These reduced models eliminate thaend the derivation in this work. In Ref. 6, an expansion is

fast time-scale magnetosonic waves, which significantly Confnade around a large “vacuum” maanetic field that is diver-
strain the computational speed of solving the full MHD 9 9

equations and do not significantly contribute to instabilities gence and curl-free. The expansion parameter used is the
Strausb introduced these models by reducing the MHDrano of the induced field to the vacuum magnetic field which

. . : . can be shown to be consistent wkfyk, being small. Con-
equations using the inverse aspect ratio of the torus as th[e vk, 9

expansion parameter. Hazeltine and Mefssthered the ba- rary to what is stated in the paper, however, this derivation

; ; . o . is not valid for low-aspect ratio tokamaks because such de-
sic physics understanding of reduced MHD by giving a deri- . . ; o
. . . X vices typically have induced magnetic fields comparable to
vation usingk;/k, as the expansion parameter, which was

. - . the vacuum magnetic fieft?
introduced as a means to eliminate the fast time scale asso- .
We also note that the same length-scale ordering used

ciated .Wlth m0t|0n§ perpt_and!culgr to the magnetic fIE|d'. Th ere has recently been applied to the ideal MHD Lagrangian
Hazeltine and Meiss derivation is a superset of the origina . . : . .
or studying ballooning modes in three-dimensional

der|vat|_on in Ref. 1 since in large aspect ratio devices, thISconfigurationsl.0 Although the motivations are different,
expansion parameter scales as

there are many parallels to this work and it provides a useful
ki, a contrast to this paper.

kK R_<1' (1) In this paper, a set of reduced MHD equations, which are
L q

) ) ) _valid at any aspect ratio, are derived uskgdk, as a small
wherea, R, andq are the plasma minor radius, major radius, gy yansion parameter. In Sec. II, the ordering is introduced
and safety factor, respectively, Wh|ch is formally small in the ;4 shown to naturally lead to a multiple time- and length-
large aspect ratio tokamak ordering. . scale expansion. Then it is applied to the MHD equations.

Despite the success in heuristically explaining the fun-rpe fyndamental assumptions of reduced MHD are eluci-
damental physics of reduced MHD equations, some aspecifyieq by examining the behavior on the fastest time scale. In
of the derivation given by Hazeltine and Meiss are unsaliSgg. ) "equations having the same structure as other reduced
factory. A separation between the equilibrium length scaleyy ations are derived that evolve only scalar quantities and
and parallel length scale is not made, which makes the idensayissy the constraints required to eliminate the fast motions.
tification of the MHD equilibrium conditions difficult. More Energy conservation and the procedure for maintaining a
divergence-free magnetic field are shown. An additional ad-
dElectronic mail: kruger@cptc.wisc.edu vantage to the model introduced here relative to previous
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reduced MHD models is the ability to introduce additional so that their spatial scales?)( and time scalest) are not
physics. In this section, we also discuss two additional physseparated by direction.

ics effects: the self-consistent incorporation of sub-Alfvenic  The MHD variables are ordered then as

equilibrium flow profiles and neoclassical closures. In Sec.

IV, we develop a linear stability analysis for resistive modes

using the reduced equations derived in this paper based ona P~ Po
thin-layer width approximation. Finally, in Sec. V we discuss

(X,t)+epy

X, .t
?,X\\,?,tu ;

and summarize the findings. R il .ot
P=Po(X,t) + €Pa| — X, by |
1. FUNDAMENTALS OF REDUCED MHD - S (X -t .
V=e 1(?%,?1),
The ordering used in this derivation is designed to look
at modes whose wavelengths are small compared to the mi- . )ZL Lty
nor radius a(equilibrium scale lengthand to the parallel B=By(x,t)+€B; ?,x,:,q), (8
wavelength, i.e.,
A A - X, -t
ﬁ~e and §~e, 2 = ello(x,t) + €Il f,x,f,t);

where e<1, and the wavelength ordering is defined for di- < t

rections relative to a large-scale magnetic field. Since mag-  II,= €%[1, (x,t)+ €2I1, (i,i,i, )

netic shear localizes modes in the perpendicular direction, ¢ °\ € €

many MHD instabilities are characterized by this ordering.wherep 0,B,V.I1, andTl, are the plasma density, pressure
H ‘. 10 . 1M ’ ] ’ e y 3

These perturbations are called “flute™® perturbations be- magnetic field, flow velocity field, total stress tensor, and

cause the magnetic surfaces of such perturbations resemblee%won stress tensor, respectively. Note that no assumptions
fluted column. . . are made on the zeroth-order quantitegriori (i.e., it is not

To formglly obtain the o.rdermg' of Eq2), we orq§r the assumed that they satisfy the usual MHD equilibrium force
space and time dependencies of first-order quantities as balance. This derivation most significantly differs from pre-
X, .t vious derivations of reduced equations by explicitly keeping
- X, t ], 3 the zeroth-order and the perpendicular time scales. They are

kept here because the multiple-time-scale analysis allows
where the notation, (x,) denotes spatial dependence of per-one to observe the behavior of motions on these time scales
turbed quantities in the direction perpendiculparalle) to  as well as the desiretg time scale. The stress tenddris the
the zeroth-order magnetic field, and andt, are the time sum of both the ion and electron contributions and is ordered
scales associated with their respective spatial scales. When The electron stress tensbk, and the resistivity,, are
applying the gradient operator to a perturbed quar(ty, ordered as?.
this ordering of the spatial scales gives the desired small We apply the ordering of Ed8) to the MHD equations
ki /k, : including the anisotropic stress tensor, but neglecting heat
flows:

Q1:Q1<

_1
€

Qu(X, , X)) (4)

- 1. .
VQIZ(ZVL+V ip . R

—+(V-V)p+p(V-V)=0,
The time scales have the same ordering as the spatial scaléd:

9Q, (1 d a)
= L

p . - R
- 2.2 A (V-V)p+Tp(V-V
at e + 7t B (V-V)p+I'p(V-V)

The terms parallel and perpendicular here are defined ) e 1 .
with respect to a zeroth-order magnetic field such that =('=1)| nI*—I:VV— n—eHe.VVe ,
V,=by(by'V); Bo-V,Q,=0, ® g ©

whereb,=B,/B,. Because the expansion is performed inﬁ+(V'V)B+B(V'V)_(B'V)V
terms of anisotropic, spatially dependent operators, which

introduces subtleties in the derivation, further properties of _ _ gy nﬁxé—ﬁxiﬁ-ﬂe,
the perpendicular and parallel gradient operators are given in ne

Appendix A. The expansion parameter is given by the an-

isotropy of the perturbed response; therefore the zeroth-orde N o - s = s =
quantﬁ?/es are c?rdered as P p WHV'V)V) =~ V(p+B%2)+(B-V)B-V-IL,
Q0=Q0(>?,t), (7) in which we have seo=1. The 1) equations are
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9Po _ 9p1 Y, d* 2. \2\82 3 3\
_T_E_FPOVL'VL E_(VS—’_VA)VL (p1+Bo-B1)=0,

Py Ip1 . FEVA .
_W:E—’_FpOVL'Vlr 2 —V, (V3+V2)V,-V;=0,

1

- - (10 14

PBo_ 1 g%,V 0162 (p+ By By)=0 -

ot C?ti A (?tl J_(pl 0" 1)_ )

" L. N, - L #B; B .
_V(p0+B(2)/2)+(BO'V)BOZPO_1+VL(pl+BO'Bl)- 2 — —V(p1+Bo-By)=0,

ati (?tl Po

We assume that the zeroth-order quantities do not varwhereV2=T"p,/p, andVa=B3/p,. These are the leading-
on the perpendicular time scale and assume wavelike solwrder equations for fast magnetosonic waves that justifies the
tions for the first-order quantities: wavelike behavior assumed. Magnetosonic wave motions do
not significantly contribute to linear MHD stabilify}, but
place a severe Courant—Friedrichs—Le(@FL) numerical
ﬁonstrainjc2 on numerical solutions of the full MHD equa-
tions. To eliminate the fast, perpendicular time scale in the
equationg(i.e., to obtaindQ,/dt, =0), one chooses

p1,p1,Vq,By~elkiXi—ot) (11)

A perpendicular time-scale average is introduced and give
by

V,-V;=0(e), p;+Bg-B;=0(e) (15)

as constraints on our equations. These constraints form the
This averaging operator is applied to Eq$0) to yield the  basis of the reduction of the MHD equations, and explicitly
longer time-scale behavior of these leading-order equationshow the reduced MHD assumption corresponds to fast mag-
After taking this average, the terms on the right side vanishetosonic waves equilibrating to the ideal MHD equilibrium,
and leave Egs.(13).
With these constraints, the(e) equations become

1(m
@ =+ Q. 12

<<9PO> _07Po_0
ot ot Ip2 = -
Mo _<I+P0(VL'V2))
1
% :@:0 dpq I IO . .
ot [, gt 7 :WH+(V1'VL)P1+(V1'V)P0+P0(V|\'V1),
L
(13

- . P o

B\ _Bo_ —(%Hpo(vyvz))

ot ¢ at ' L

L

Py

~ A +(\71'ﬁi)p1+(Vl'ﬁ)p0+rp0(€l\'vl)

(=V(po+B3/2)+(Bo- V)Bo)y,

=~ V(po+B§/2)+(Bo: V)Bo=0, —(1“—1){ D=1V, — 11, :$V, |,
ne

5409

By oo oo
:&_,[H+(V'VL)Bl_(Bl'VL)V1_(Bl'V)VO

which shows that the zeroth-order quantities satisfy the
MHD equilibrium equations exactly.
The equilibrium equation shows the need for a separa-

tion between the equilibrium length scabé (@nd the parallel
length scale )ZH), which was not done in the Hazeltine and
Meiss derivation which useng:QO(iH). The nontrivial
projection of the last equation is in the perpendicular direc-
tion: V, (po+B3/2)=B32k, where k= (by- V)b, is the cur-
vature vector associated with the lowest order magnetic field.
The formulation of Hazeltine and Meiss would gi\ﬁqpo &\72

(16)

>

By - -
E+BO(VL'V2)

) . 1.
2 —V .
+ V2B + VXV T,

=0. Conceptually, such a separation of equilibrium and par-~ POﬁ
allel length scales is desirable because the expansion param-
eter is then based on the anisotropy of the perturbation re-
sponse, rather than the scale lengths of the equilibrium.
Equation(13) is used to eliminate zeroth-order quanti-
ties. Then the perturbed parts of E¢0) can be written as

oV
=Po

+€L(p2+é0'é2))

-

2

1 . BT . . -
+VL7+VH(BO'Bl)+Vle

+(Vy- V)V,

O’ItH

> >

—(Bo-V)By—(B1-V,)By—(B;-V)By+ V- 1I.
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As before, the left side of these equations describes fast magp, . . R
netosonic waves for the second-order quantities. These mag;- +(V1-V)Po+I'pr(V-Vy)
tions can again be eliminated using the averaging operator in :

Eqg. (12), and one is left with averages of the right side over 2 |VQDT|2 = = _J

the fast ¢,) time scale. As discussed later, partsvof will =(I'=1) ’7( Jr, B2 —IEVV + n_eHe Vn_e '
be kept in the derivation which causé, -V,#0 so that °

energy conservation is guaranteed; howew&p,/dt, =0 (19)

will be assumed. which can be written in a form useful for showing energy
The remaining equations have eight variables. Equationgonservation as

(15 and V-B=0 introduce three constraints which leaves

five fundamental variables. In the following section, Eqs_£+v* Fp (V1 VDT)
(16) are used to derive five equations to evolve five scalafti I'—1 r-1i l
guantities. Fool? L ;
_ 2 i _ S\7. v
= 77(‘]T B2 Im:vv+ neHe Vne’ (20
where
I1l. REDUCED MHD EQUATIONS d J (» ﬁ)
— =4 . ,
A. Derivation dy,  a !
In this section evolution equations for five scalar vari- go Bl By
ables are derived using the information deduced from the br=bg+b;= B, t3. B
lowest order equations of the previous section: o -0 21

(1) If the constraints of Eq(15) are satisfied, quantities do Br=Bo+B1, pr=po+p1.
not vary on the perpendicular time scale.

(2) Zeroth-order quantities satisfy an equilibrium equation
and do not vary with time.

‘]T“:‘]I\O-i-‘-:]-\'\:BO‘V)X§O+BO‘V>J_X§1'

Here, the termV -V, is VH V,+V, -V, and the perturbed
Before beginning the derivation, energy conservation igarallel current has been denoted with a tilde rather than a
briefly considered. Energy conservation for the MHD equa-subscript 1 because it is of order unity. The density equation

tions is shown by casting the equations in the fbfrm when ordered is similar to Eq19) in form:
ow 41, v .¥,=0, (22)
= +V.s=0, 17 dy, " PT

where pr=pg+p1. Taking the parallel component of the

wherew is the energy density arglis the energy flux. Such Mementum equation given in EQLE) gives

an equation is integrated over all space to show that dv, o . .
(/at) fw dV=0 in the absence of energy flow through the  pr—— dat, =—bg-Vpy—b;-Vpr—bg-V-II, (23
boundary. Terms likeB;-V, in our O(e) equations will ‘
cause the energy conservation equation to be in the form WhereV”—Vl b0
To derive equations for the perpendicular components of
W . . the magnetic induction equation and the momentum equation
E_I—V'Sl_'—VL'SZ:O- (18)  of Egs.(16), it is easier to recast the ordering process in
terms of the the electrostatic and magnetic potentials. These

are ordered as
When integrated over all space, this equation will not satisfy

energy conservation to all orders érbecause th& , opera- D=ep, A=Ag+ €A, (24)
tor is spatially dependent and terms containing it will not

. ) ) - such that the electric and magnetic fields are
vanish. To correct this, we need to inclutie terms that are

formally lower in the orderingsuch asB;-V,) to produce . .. OA Ay -,
complete divergences. However, for simplicity the lower- E= VP~ Zr=e(= Vi) +e| -V - a_t”+E ;
order terms which are kept will not be shown explicitly. ) (25)

Keeping lower-order terms to satisfy energy conservation in  B=VXA=VXAy+ eV, XA,,

this work is similar to the derivation of reduced equations 2p ] o o
given by Drake and Antonséh. whereE” is the applied electric field which is ordered to be

Beginning with the right side of Eq16) and keeping the consistent with the transport time-scale Ohm'’s law. Since we

lower-order terms as mentioned, the pressure equation b&ave eliminated motions on the perpendicular time sdale,
comes is electrostatic to first orddi.e., aAzl at, =0).
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We now look at Ohm’s Law and recall that the resistiv-
ity is ordered aspy~ €. The first order Ohm’s Law iél
+V,; X Bo=0, which allows us to write

L

1
BS

+V,bg. (26)

The perpendicular divergence igsee Appendix A

. . . - By . .
Vl'vlzbo‘VlV”'F?‘VlXVl(ﬁ
0

=0

A= w4

- (27)
. . . B

+V\V, -by+ ¢V, X;-‘-O(E),
0

. J

v
~€

which satisfies the needed constraint in ELp) to the de-
sired order.
Looking at the Ohm’s Law in the next order to get an

expression folV,, we find

Vpr
B2

. —BjboxV .
v, — _Pinbo ¢

V\Ibl_ n

éox(llne)ﬁ.ne+ 9 BoXA, By .

. B Bo

(28)

The last term in this expression, as well as the parallel com-

ponent ofV,, enter in at lower order when considerifig
-\72; thus they will be dropped. Including the fifth term

makes it difficult to satisfy energy conservation because we

do not evolve the perpendicular componentiaf hence, it
will be dropped. The effect on linear stability of dropping

this term will be discussed in Sec. IV. Even though the

Kruger, Hegna, and Callen 4173

A

R — 1. .
bT'V¢:7IJ||_HEb0'V'He,

where W=—A,=—A,-by, and 7J,, has been cancelled
with EA-by+by/(ne) -V - I.

As discussed in Sec. Il, the physics of fast magnetosonic
waves appears in the lowest-order momentum balance. Since
the goal is to eliminate these motions, an annihilator is ap-
plied to the momentum equation to eliminate the rapid mo-
tions which preserve the MHD equilibrium. The customary
operator isB-V X, which will yield an evolution equation
for the plasma vorticity. Here we derive the vorticity equa-
tion from the quasineutrality condition, which is formally
equivalent to applying the above annihilator but yields a
form from which it is easier to show energy conservation.
FromV-J=0, we have

di_

B

- -

(B-V) Jy (3D
Ordering jl which is obtained from the momentum equa-

tion, we find

J, = B X d\7+€ +V-11
L_E Pt p :
:L5>0><V1p1 BiXV,p; B;xVpg
B3 B3 B3
+§1X€po/_23\|150 L Po d.
B2 | B2 By d

B, _
B
0

. (32

The divergence oﬁl is zero to leading ordefthis is the
annihilation of the fast magnetosonic wauek the next

order, only the parallel component éfl is left in the pres-

-V term in the pressure and density equations are the only,re term. Substituting,= —B,;B,, the vorticity equation

terms containing72, it is necessary for energy conservation

that the convective derivative in the pressure equation also

contain \72; thus, the first four terms of Eq28) will be
added to our definition 0¥ .
The definition of\71 gives us the salient information

about the component of Ohm’s Law perpendicular to the
magnetic field. To obtain the information from the compo-
nent of Ohm’s Law along the magnetic field, the parallel

component of Ohm'’s Law is ordered:

O(e% 0,
O(eY) By-E;=—By-V,$=0, (29
0(62) éo'éz‘l‘él'él: ﬂéo(ﬁXéo‘*’ﬁLXél)

L v.m
ne 0" Y e

becomes

g [prd Ve
Bo dt; Bg
s e s eI BoxVpy
= (By-V) ol + (By V) o
(Bo )Bo (Bq )Bo B2
. BoXV . B
% 0 ZPT+V,_‘2) V.1I. (33)
Bo Bso Bo

B. Divergence of the perturbed magnetic field

Up to this point,B; has only been defined §,=V,
xﬁ\z. To make the perturbed magnetic field manifestly di-
vergence free to all orders, it is necessary to keep a lower-
order term so thaB;=V xA,. To relateA, to the scalar

The last equation can be written as an evolution equation fogquantities that are being evolved, we introduce the straight-

the parallel vector potential:

field-line magnetic flux coordinateg,,®,{ which are based
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upon the axisymetric equilibrium magnetic fieﬁb:(ﬁg the toroidal magne}ic field, thE perpendicular magnetic field
—qV0) XV, whereyy is the poloidal flux,® and are is divergence freeR; =V{Xx V). Also, for an expansion
the poloidal and toroidal angles, respectively, agd around a vacuum magnetic fidldhe perturbed, perpendicu-
=0(¢o) is the safety factor. For specificity, we express thelar magnetic field By =B,s< V) is divergence-free be-
magnetic potential using the straight-field-line coordinates in.5,,se the vacuum magnetic field is curl-free. In general
an axisymmetric magnetic field. However, one can easily,qyever, it is not possible to split the perturbed magnetic
generalize this treatment for a different magnetic field cooria|q into parallel and perpendicular components, and have
dinate choice. We first express in terms of two new scalar each component also be divergence free; we solve this prob-

variables,i (poloidal fluy and x (toroidal flux), lem by using the form given by Eg35).
Ao=—yV{—xVO, (34
so that

C. Energy conservation
Bi=VIXVy+VOXVy. (39 Energy conservation is shown by multiplying EG3)
We now need two equations to relate these new variby —¢. Eq.(23) by V;, and Eq.(30) by Jr. These three
ables to the variables we are evolving. By applying to ~ equations are then added to ERO) and an integration over

Eq. (34), ¢ and y can be related t& by all space is performed. Energy fluxes through the boundary
_ of the enclosed volume are assumed to vanish. The need for
P = j—(qlﬂ')(), (36) keeping terms ir\72 can be seen by looking at the third term
Bo of Eg. (23) and the fifth term of Eq(33), both of which

whereJ=(V¢-VihoX VO) 1= (Bo-VO) L is the Jacobian should cancel with the third term of Eq. 20. When forming
of our coordinate system. This relation allows one to writethe energy integral, only the leading order termsJtanust

the perturbed magnetic field in the form be kept:
- = dy Lo [ Y dx J,=V2¥ +0(e). (39
Bi=By——J 'R*V ( —+—) I
1= 5050, 49590 " v o |
5 With this definition ofJ;, one can form a divergence term
v v B ® that will cancel when integrated over space and assuming no
+ VO XV —(¥By)—By- V. 3
v ¢ 0§( o)~ BoVy 37 energy flow across the boundary. The integral that is con-

The next needed equation comes from the constraint reeved is
qlﬂired to eliminate fast magnetosonic wavegs,= —%0 PTVf pT|§¢|2 |5W|2
-I%l, wpich only needs to be satisfied to orderp;= —Bj f d3x 5 + B2 + 5
-V, XA,. From Eq.(37), this gives an expression faf: 0

aw_ p | d ag”® 4 £V Ag- ¥ X (—Who) + (40

—=——=+——(VBg)+ —5 —=(¥By), (38 0 0 -1/
where the toroidal flux function in an axisymmetric equilib- This integral avoids the nonstandard conserved energy of the
fium is | = RByyoiga @nd ¥ =V ¢y V@is the off-diagonal original reduced MHD derivatidnand is similar to that of
metric element. When numerically solving the reduced equaPrake and Antonséhand Straus8.Using the above rela-
tions, it will be necessary to numerically solve Eg8) for ¢ tions, the equations can be summarized as:
at each time step, which is not a serious performance issui
sincq the equation i; linear, and then algebra.ica!ly sol_ve fo dﬁl +(V1-V)po+prV-V,=0, (41)
x using Eq.(36) to find the perturbed magnetic field given 9l
by Eq. (35). dp

. . . . - .
_ Also note that the method given _here tp ot_)tam a—+(V1-V)p0+FpT(V-V1)

divergence-free perturbed magnetic field is the first time thadt;
axisymmetry has been used in the derivation. For nonaxi-

s -
symmetric configurations such as stellarators, this method _ p_ 1) 7l 32 + Vel —TL:VV,+ —II V*i
can be easily generalized to an appropriate coordinate sys- T B3 ne ¢ "ne|’
tem. 42)

This form ofl§l is considerably more complicated than
earlier representations of the perturbed magnetic field be- gy, R o o
cause of the necessity to keep lower order termB,in To pTd_tH: —bo-Vp1=Db;-Vpr—by- V11, (43)
highest order, one only needs the perpendicular component
of the magnetic fieldB;-VQ,~B,-V,Q,;=B, -VQ,. For ~ d¥

PO ~ 1. .
high-aspect ratio reduced MHD where one expands aroundT”_bT'V(ﬁ_ M~ gPor V- Ile, (44
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— (Bo-¥) 2+ (By- V) = +
(Bo-V) S (Bg )Bo 82
. py BoxV . By
v-p—go—szw-—ng.n, (45)
B0 BO BO

Br=Bo+Bi, Pr=po+P1. pr=potp1,

\]T”E\]Ho-f—mzﬁo'v)Xéo'f'ﬁz\P; ‘PE_A_)Z'BO'

Kruger, Hegna, and Callen 4175

- (pr d €¢) s J oo I L BoxVpy
V-(——— =By V)b +(By V)=t 4. 2
Bo dt; Bo (Bo )Bo (B )Bo B3

. By
V. —2x VI, (50)
0
. BoxVe¢ .
V]_:T"I'V”b'r. (51)

0

The energy integral that is conserved here is the same as the
full set of reduced equations, but we note that it is not pos-
sible to show that the electron stress tensor term in the pres-
sure equation is positive definite in this case. The equations
in this order still retain sound waves, but are simplified pri-
marily in the definition of\71, and the elimination of one of

the curvature terms in the vorticity equation. The equations
here are similar to the equations recently derived by Stfauss.

. ByXV¢ p;1BoxVe . Vpr The next ordering of interest |~ &. After eliminating
Vi= > T2 2 iPr=n—3 terms of orders, the relevant equations are
B0 B0 BO B0 (52)
- - dp; =
_ BoxV-II, d—t”+(V1‘V)Po—0,
ne ’
: O b S =T - By 511 53
. . . By B a_a[HT'd’_ﬂllmaO"ev (53
bTE bo+ b1:_+ -
By By —
v - pr d Vo =(B .ﬁ)ﬂ+(|§ V)=
By dt; By ot B, Tt B
D. Simplifications of reduced MHD equations - éoxﬁpl Bo -
-———+V. = XV.II,
The reduced MHD equations above, which have the B2 B2
same structure as other reduced MHD equations, have the (54)
advantage of fully reproducing the stability criterion of full
MHD (see Sec. IY. Often a simplified set of equations is . ByxV¢
desired(even if the linear properties of the simplified equa- Vi=———, (55)
tions are not corregtfor numerical solutions where one is Bo

typ|Ca”y more interested in the nonlinear behavior of MHD. where the curvature term is orderﬁlz_ E||m|nat|ng the
The equations given above can be easily simplified by makgiyergence term in the pressure equation at this level elimi-

ing a subsidiary ordering based ¢h=p/B?~ 6" where &

nates sound waves. Because the divergence term is elimi-

<1 andn is a rational number. The changes due to thenated, it is also possible to keep only the highest order term

subsidiary ordering are primarily in the vorticity equation
pressure equation, and the definition of the velocity.

The first ordering of interest i~ 5*2. Keeping terms
of order 62, but dropping terms of ordes$, one finds

dpy -3 -
d—tu+(V1-V)po+pTV'V1=0, (46)

dp; - = -
—— T (V1-V)po+T'p(V-Vy)

e 3
=(I'-1) nJTl‘—H:VVJrHe:VF_}, (47)
dv A A A
prgy, = Do VPa=by:Vpr—bo- V11, (49
Y by Fg= 3 - —by ¥ .11 49
T ¢=ndy= bo V-1le, (49)

' in the convective derivative\?l-ﬁ, and still satisfy energy
conservation. In this case, which we choose for simplicity,
the parallel momentum equation becomes decoupled from
the other equations leaving only four variables that need to
be evolved p,p,d, V). If it is assumed that the divergence
term in the density equation can be eliminated at this order
(or thatV, is chosen such that this term is elimingteand
that the density is constant in time and space, then energy
conservation can be satisfied without the density equation
and only three variables need to be evolvedd#, V). This
form of the equations are similar to conventional “higti-
reduced MHD, and like conventional reduced MHD, the en-
ergy conservation relation that it satisfies is non-starfdard
due to the elimination of sound waves. The explicit deriva-
tion of conventional reduced MHD from these equations is
shown in Appendix B.

The final ordering of interest ig~ 6°. The relevent
equations at this order are

Downloaded 07 Mar 2007 to 128.104.198.190. Redistribution subject to AIP license or copyright, see http://pop.aip.org/pop/copyright.jsp



4176 Phys. Plasmas, Vol. 5, No. 12, December 1998 Kruger, Hegna, and Callen

v trast to conventional reduced MH&/hereVl=ﬁgxﬁ¢),
Tt”_bT'V¢:0' (50 these equations allow for flows other than a poloidal flow.
) pwa) R P
= 5 |=(ByV)5=+(By V)5
(Bo dty Bo 7By ' By F. Closure relations
. By Stress tensor terms are ignored in the resistive MHD
+V. ;XV'H' (57) approximation. In this section, we briefly discuss the stress
0 tensor terms included in these equations in terms of neoclas-
. ByxVe sical closure theory>*®In the neoclassical MHD theofyor

> (58) a tokamak plasma, the differences between the palakst
Bo pendiculay and toroidal(poloidal) directions is crucial for
This ordering eliminates the curvature term in the vor-obtaining the key physics results. For conventional reduced
ticity equation which decouples the pressure equation fronfMHD where there is no such distinction, it is difficult to
the other equations leaving two variables to be evolvedncorporate all of the relevent physi€$! However, in the
(¢,¥). This set most closely resembles the conventionaPresent formulation, the neoclassical physics is easily cap-
“low- B” reduced MHD equations. tured.
The vorticity and momentum balance equations require
different forms of the viscous stress tensors. Unfortunately,
E. Equilibrium shear flow conventional neoclassical theory only yields particular pro-
. jections of the stress tensors in particular asymptotic tempo-

Here we briefly show that it is possible to sel | regimes( | " les | dtothe i
consistently add equilibrium shear flow to the previous equa[a regimesinamety on ime scales long compared fo the 1on

tions. To do so, we change the velocity ordering in &) to collision timg. In this \{vork,. we propose a form for th.e VIS
cous stress tensor which yields the correct asymptotic forms.

V=eVy+eV;. (590  Namely, forV-II, we suggest the form
The equilibrium flow velocity is ordered such that V..%0
Bo - - - V- I1s= psus(B?) (éfvT)zv& (64)
V~Vo-V,, (60)
VP o whereu is the viscous damping frequency for each species
Vo Kk s, which depends on the collisionality regime.
v, k€ (62) This form for the ion viscous stress tensor yields the

important physics of poloidal flow damping from the parallel
Equation (60) is motivated by stability studies, while the momentum balance equation. It is important to realize that
equivalent scaling of E(61) shows that we are using a low thjs effect cannot be represented in conventional reduced
Alfven Mach number approximation, which is valid for mag- MHD descriptions since the only perturbed flow allowed
netic fusion plasma experiments. Because of this orderingyithin the flux surface is poloiddf Further, the presence of
terms that contain only equilibrium quantities will appear in 5 viscous term in the vorticity equation in combination with
lower-order equations. Without loss of consistency, we arghe parallel momentum balance gives the neoclassical
able to assuméV,/dt=0 and add these terms to the equi- polarization-current enhancement of neoclassical MHD

librium equationd Eq. (13)] so that they become: theory!
- - For the perturbed electron stress tensor, the form is sim-
V-poVo=0, plified if we order the relation between the electron velocity
Vo-Vpo+Tpo(V-Vg)=0, V. and the MHD variables that we are evolving:
= e s (62 2 s =
VX (Vg X Bg) =0, G J_ i(7u60+ Bo><2Vp1> coe. 69
ne ne B3

po(Vo- V)Vo=—V(po+ BS/Z)+(§0'€)§0-

These are the equilibrium equations with shear flow that'I'h|s form of the electron velocity when substituted into the

were studied by Hameit As shown in that reference, the ;&% S8 0l (TE L0 LS e
equilibrium shear flow may be written in the form P Y

and the perturbed bootstrap current, which is important for
. BoXV, ¢ . neoclassical tearing modes.
Vo:T +Vo,bo, (63 The suggested forms for the viscous stress terms have
0 convenient forms for demonstrating energy conservation.
where ¢o= ¢o(1fo). Because it is possible to write the equi- The stress tensor terms on the right-hand side of E2§3,
librium flow velocity field in the same form as the perturbed (30), and (33) can be shown to be negative definite thus
velocity field, one can add shear flow to E¢41) by chang- heating the plasma through the viscous heating terms that
ing ¢ to ¢+ ¢ and dropping any equilibrium terms. In con- appear in the pressure equation with which they cancel.
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IV. LINEAR STABILITY ANALYSIS OF THE REDUCED the Appendix of GGJ. Hence, the reduced equations pre-

EQUATIONS sented here exactly reproduce the ideal and resistive MHD
» o o . instability criterion and growth rates.
Writing the equilibrium magnetic field aBy,=Va We conclude that the dropping of the term in our equa-

XV, the perpendicular wave number can be written asion for V,, which is not rigorously justified in our expan-
k, =k,Vi+k,Va. This expression fok, allows usto clas- sion yet necessary for energy conservation, has negligible
sify modes for which our ordering is valid into two catego- effects on the linear stability. Our other significant approxi-
ries: (1) resistive layer modes, such as interchange and t€afnation, J,=V2¥, also has no effect on stability. The re-
ing modes, where the modes localize near a rational surfag§,ced MHD description given in this work reproduces the

and one can order linear growth rates and instability conditions for tearing
1 modes in a tokamak plasma because the narrow-layer width
Ky~—=, K,~1; (66) ordering is a subset of the ordering used in these equations.

and(2) ballooning modes where boky, andk, are order ¢ v, SUMMARY
such that the modes are poloidally localized. Applying the ) ) ) )
WKB formalism of ballooning theory to our equations repro- A Néw multiple-time-scale technique based on assuming
duces the ballooning equation in a manner that is similar té& dlspa'rlty. of wavelengths along and perpendicular to'the
the treatment of Hazeltine and Mefs$n this section, we mggnetlc_: f'e_ld has been used to reduce the MHD eqL_latlons.
discuss the resistive layer modes in a general axisymetri¢iS derivation has the advantage of clearly separating the
device. three time scales of the problem associated withMHD
equilibrium, (2) fluctuations whose wave vector is aligned
A. Resistive layer modes perpendicular to, an3) those aligned parallel to the mag-

In this section, the inner linear resistive-layer equationg’€tic field. On the equilibrium time scale, the equilibrium

for the reduced equations are discussed. The layer equatiof§antities were shown to be time independent and satisfy
are derived from the narrow layer width approximation char-exactly the MHD equilibrium equations, in contrast with

acterized by the ordering conventional reduced MHD where the equilibrium equations
themselves are reduced versions of the general equilibrium
13 Jg 1 equations. The fast, perpendicular time-scale motions, which
XS—gsmymmre ST 67 \were shown to be fast ma i i h
0 € gnetosonic waves, came in at the

. L ) i . same order as the equilibrium equations. To assume that
A detailed derivation of the inner-layer equations, shown iny,ese \waves equilibrate to the equilibrium, constraints must

Appenglx C, follows the methods used by Johnson ang,q piaced on the perturbed quantities. These constraints al-
Greeri® and Glasser, Greene, and JOhﬁgdGG‘))' The re- |5, one to derive equations that evolve five scalar functions
sults are contrasted with GGJ to elucidate the approximas, 5 time scale associated with the parallel wave vector
tions that were made in the derivation of the reduced €qU3shear-Alfven wave time scalewhich is the time scale of
tions. _ o _interest for instability studies.

Neglect_lng the stress-tensor contributions, the inner- A major advantage of the reduced equations derived here
layer equations become is that they reproduce the stability criterion for resistive layer

el AT modes. Because the perturbations are expanded about the
Pxx = HYx=Q(¥=X=), (68) exact equilibrium equations, the derivation followed in this
Q2E x— QX2E+EY +QXW¥+T'=0, (69  work is similar to previous linear stability analyses®
However, by emphasizing energy conservation and a
QY xx— X2Y —Q?GY +(G—KE—R)Q%E + X¥ divergence-free perturbed magnetic field when keeping the
) nonlinear terms, these equations are suitable for nonlinear,
—KQT=0, (70 numerical simulations. Conventional reduced MHD, which
Py=HT o + Yy, 71) does not contain the correct linear physics, has been a suc-

cessful model for numerical simulations of plasma phenom-
for the variables?, =,Y, andI’. The definitions of the vari- €na because it contains the key nonlinear physics and main-
ables and constants may be found in Appendix C. Fains an energy conservation relati_on. The eg_uations hgre

The equations exactly match those of GGJ except for thén_co_rporate results learned from linear stability analysis
term in the pressure equation containRgUsing the defini-  Within the framework of reduced MHD.

tion given in Appendix C, it is possible to expreBsas The reduced MHD equations derived here also allow the
consideration of two effects not normally considered in re-
(B3)(1/B3) duced MHD: equilibrium shear flow and neoclassical effects.

R= (BéB%/B%)[(B%lB%B%)+(1/B(2))— 1/<B§>] w72 The in_clusion of_both of these effects is ai_ded by_kee_ping the
evolution equation for the parallel velocity, which is nor-
whereB+(Bp) is the toroidal(poloida) magnetic field. As mally not evolved. The inclusion of the parallel velocity al-
can be seen, this term is of order unity, which will be smallerlows the equilibrium velocity to be expressed in the same
thanG whenG is large enough to be significant as shown inform as the first-order velocity so that inclusion of shear-flow
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effects is very straightforward. The keeping of the parallel  These relations are identities. Becadse<a, the gradi-
evolution equation allows the neoclassical effects of poloidaknts of the equilibrium quantities are ordesmaller than the
flow damping and polarization current enhancement to b@erpendicular gradients of perturbed quantities and can cause
included in addition to the bootstrap current which had beertonfusion when ordering these relations. As a simple ex-
used in reduced equations previousiythe numerical solu- ample, consider the divergence Afb,. To first order we
tion of these equations, including these two effects, will benave the perpendicular divergence:
considered in future work. . R A

V. Abo=bg- V, Aj+AV, -by. (A10)
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APPENDIX A: PROPERTIES OF THE given by Eq.(2).
PERPENDICULAR AND PARALLEL GRADIENT
OPERATORS

The ordering used is somewhat unusual in that it is baseg,
on operators rather than physical quantities. Because the

derivation requires a familiarity with the properties of fig ViXA=bg(bo- V) XA,

v - i - A (A12)
]?c)nudn?uzzl?urlmors, this appendix summarizes those that were = (By- V)X A—AX (Bo- V)bo,

We define =V, (bgx A)—AX K,

V =bo(bo- V), (A1) . . BoxA . . I

> > A A i :(Bov) 2 _boxAV” |n(Bo)_AXK

V, =V—=by(by- V), (A2) Bo

and consider the operations of these operators on any scal@he perpendicular curl is
function f and vector functiorA.

V, xA=VxA, -V XA. (A13)
Gradient o Note thatB,- V,x A=0.
V,f=Dbg(bg- V)T, (A3)
APPENDIX B: REDUCTION OF EQUATIONS TO
so that CONVENTIONAL REDUCED MHD
Bo-V, =0, (A5) In this Appendix, the relation of Eq$46), where it has
S G f—B..Vf already been assumed th@tis small, to conventional re-
Bo-V,f=Bo- V. (AB) duced MHD is made explicit. Conventional reduced MHD
uses the large-aspect ratio assumption of
Divergence
> > A A > N €= E BpoloidaIN (Bl)
V”'A:bo(bo'v)'A, N R’ Btoroidal
=(by- V)A-by—A- (bg- V)by, (A7)  As shown in Eq(1), this ordering is a subset of the ordering
o L already used. The dominant change in E¢$) is due to the
=by- VA, —A-, equilibrium magnetic field also being ordered. The parallel

where the curvature vector is defined by direction is now the toroidal direction:

x=(by-V)by. (A8) bo=RoV{. (B2)
The toroidal flux functionl is approximately constant in this

o o ordering, such that the magnitude of the magnetic field is
V,-A=V-A—Dby-VA+A- k. (A9) also a constantBy=~14/Ry).

The perpendicular divergence is then
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Only the perpendicular component of the perturbed mag- - . . -
netic field is kept because, as discussed in Sec. Ill, to highest U=Vi¢', 3=V, an a_tH+V§' Vo' xV.
order B;-V~B;-V,=B; -V. The perpendicular compo- (B12

nent of the magnetic field is, using E@5),
Equations(B5), (B6), and (B11) are the conventional

By =V{xVy. (B3)  reduced MHD equations.
Similarly, the expression for the velocity in E¢46) be-
comes
5 ﬁ¢ APPENDIX C: DERIVATION OF THE RESISTIVE
- X I -
VlL: 0 VXV (B4) INNER-LAYER EQUATIONS

In this Appendix, linear equations are found for the inner
where¢>’:(R5/I0)¢. Like the perpendicular magnetic field, resistive layer based on the narrow-layer width approxima-
the perpendicular velocity field is divergence-free in thistion. The formalism used in Refs. 18—20 is used in deriving
model. these equations.

We first consider the pressure equation. In this paper, a We begin with the linearized version of Eqg.l) with
distinction was made between equilibrium terms and perthe perturbed quantities now denoted with tildes:
turbed quantities because the ordering was performed differ-
ently for the two quantities and the equilibrium equation was 5\7H .
not reduced; however, this distinction is usually not made for —=—by-Vp— B Vo,
reduced equations whepedenotes both the equilibrium and 0
perturbed quantities. Ignoring the stress tensors and resistive

i i o
heating, the pressure equation becomes E—bo V=Vl
J I -
£+V§-V¢’XVp=O. (B5) (CY
I o - - ~ - =
- pP (9V¢ > BOXVp - P Boxvpo
Ohm’s Law becomes V.B_S ot =V B2 +V.B_(2) B2
1% - - - - -
%_|V§'¢'_V§'V¢XV¢,:77V2¢: (B6) > »’j’u ~ = Jjo
I +BO~VB—+(B~V)B—,
where the parallel vector potential has been related to the 0 0
poloidal flux by ordering the parallel component of E&4): -~ o o
P BV G pyt oV V=0
—— . p p . = .
\pri (B7) B2 o
0

At high-aspect ratio, where only the perpendicular gra-We will consider a narrow-layer width at tlee= M/N ratio-
dient is needed and the magnetic field is approximately conral surface where we adopt the usual resistive layer
stant, the inertia term in the vorticity equation becomes ~ ordering®2°

1 aU+ V-V’ XVU (B8 g 1

Iol PO, TPOVEVARVL, et ot AT e 2
ho €

whereU=V?2¢'. The curvature term becomes

Equilibrium quantities will be considered to be approxi-

.- B 2. el mately constant across the layer. We also order the perturbed
Vp'VXB_S__EV§XVR'Vp' B9 Jariables as:
For the kink terms, we first write the equilibrium parallel P Vi~1 % T, G~ (C3)

current aﬁf o. Again we do not distinguish between equi-

librium and perturbed quantities to write the kink terms as The potentials are ordered such that when the derivative with
o 1. . R respect toy, is taken, they will be of the same order as the
VI-VI+ =V VX V],. (B10)  primitive variables.
lo . "
Because we are considering perturbed quantities near the
Multiplying through byl,, the vorticity equation becomes rational surface, it is helpful to change from the straight-
field-line coordinate system of Sec. lllising /,0,¢) to a
du - - - - - - . . . . :
po—=1oV¢-VI+ V- Vyx V] —2VIXVR-Vp, ¥0,0,u coordinate system where u is the helical angle de-
dy, fined asu=N{—M®. This translation of coordinates will
(B11) allow easier identification of resonant perturbations when
where Fourier expanding the perturbed quantities:
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0=2 Opn(tho)eimO=nDgim ) Box2k . . _J
A 26|V itol?= = == V=B V2. (C12
Bo PoBo

=0y n(o)e e

N o
v

The first term on the right hand side of HG10) will be the
highest-order term in that expression.
With these relations and definitions, the ordering of Egs.

resonant perturbation

+ z O n(Wp) e~ PN gin®(min ~ MIN) yis (CY) is simplified. The parallel momentum balance, parallel
maAEMN , Ohm’s Law, vorticity equation, and pressure equation are to
non-resonanTpenurbation lowest order
(C9 7
_, 9P
. . l—:
=; Qn((ljo,@)ez‘yt—m' (C5) j 790 O, (C13)
The last line is the procedure we will adopt for simplicity. If . ad
after transforming, we fin@ to be independent o, then %ZO’ (C14
only the resonant harmonic is present. The helical coordinate ~
also facilitates the representation of the parallel gradient op-__ c? 32 \PBO|V1,/;O|2 ap 1 9 Jio 0
erator: Ol B2 IR 1N
.- a (C1H5
Bo-V=J"" 70 (M- Nq)—
co Jlg V”BO ad’J 7| o) _g (C16)
9 Ve B2 " 90\ piB,)
~J 11— —€iNA X
90 47 and in the next order
where A=4x2q'/V’, x=— ¢y whereq(is) =M/N, V is . ip@ V' 7L _
the volume enclosed by the flux surface, and primes denotgpV,By=—7"1 i ———Pp+pyiN¥B,
T . : 0] 2
derivatives with respecty,. In the last line,M —Nq was
Taylor expanded about the rational surface after Fourier ex- 67#
panding. Also note that for convenience the Jacobian here +po T, (C17
refers to the original Jacobian in thig,®,{ coordinate sys- 70
tem which differs from the new Jacobian by a factomMbf° Prel V' 71 2
Before considering the ordered equations, first considesyB,= 71 —iINAX b+ ,7_2@30|V*¢,0|2,
common operations on perturbed quantities. We begin by 70 4m? 5
writing (C19
5- Qg Box V b C Vool® ¢ |y 0 & T[Tyl
vQ= Es Yo+ QnBoX V iho+Q;bo, Cn e B2 a2 70 52 Bq
where the cross-field derivative coefficieQy, is ~ 05(2)‘7711 Jio W 3(J10/P4Bo)
BTNV ey o 901\ p{By do 90
QAlVipol*=iINQ+ EBOVQ- (CY
0 V'T Tt 5 WBo|V iyl
- - +iNAX — —PAlV |22k
This allows us to write A2 Ow,(z) Bg PAIV ol b
BoXxVQ . 9Q BoxV ~
° 2 Q:_ AV ot (95 O—211,0' (C9 +2_p —1i h =0 (C19
Bo Bo B2 0|By)
The divergence of this quantity is ~ (o ~ 0
BoxVQ 0 J P | g1 2 Vi) 98y 9 o
Vo= By V) — I'po d0| B2 o e PyBo
B;  ag PoBo A .
oo\ 3B _7]|Vl/fo|2ﬁ_. xV,jil ViBo
+QnlViol?| 21— B—‘;) + 192708, V0, (C10 B2 oy2 47?2 B2
0 O
where we have used +dnlVipol?| 2k,— Po_ Po =0, (C20
_ Bg I'po
- \Y . . .
K=Ky Yo + KABoXVlﬂo, (C1) where the superscrig) denotes second-order variables in
|V Yol the expansion.
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Before considering the lowest order equations, note the 2 R
second-order terms in Eq&C17) and (C18). To annihilate —2(\If80|Vz/f0|2>
these problematic terms, the following operator is intro-

duced: ~
e (B3 1 ’9p( Juo 5
- _2<\I,Bo> 2 - 2 + (?1!/ B
27 (BYIVuol?) * pp 9ol \ B
<Q>=7 QJde, (C21 , ,
<J|.o B3 > (B3) ) o
which describes variables as functions of the resonant angle Bo |V¢o|2 (BOI|V¢0| )

and flux surface label. IQ is axisymmetric, this average is

the same as a flux surface average. A useful relation for thi%JSIng this equation, we rewrite E(C26) as

average is 2 iNAX- AH ap
o P(‘I’B&_ <‘I’Bo> 7C d’_—, o’ (C28
(T = (c22 ’ &
A where
After annihilating the second-order terms in E¢S17) and B (B%)
(C18), the equations will be in terms ¢¥,B,) and(¥By), (BY|Vyol?)’
which we choose as our fundamental variables in addition to
% andp. ~(B&/IVol*) [ {(J10/Bo) BY)
We now consider the lowest-order equations. Equa- - A (B2
tions (C13 and (C14) showp=(p) and $=(¢) are inde- 0
pendent of® to lowest order. Equation€C15 and (C16) ((310/Bo) (BEI|V /)
show thatV,B, and¥ B, have a® dependence in the lowest - (BY/|V grol2) (C29

order. Solving for that dependence, we find

The vorticity and pressure equations are more tedious to
calculate because each have two second-order terms that
must be annihilated. To obtain the annihilated vorticity equa-

BZ 1 d¢[Jpo Juo Bj
ViBo={V,Bo) —5- ( B*- 52
(C2y  fion, we use

<Bo> pg 9o\ Bo (B

(Vorticity Equatior)

BS
2 2 V_) 2 1 ~ ‘]HO J .
K o=ﬁ—<q’ » |V ol +_ﬂ + s a—o(ParaIIeI Momentum Equation. (C30)
20 ¥ BS Po o 0Fo
IV o2 Similarly, the annihilated pressure equation is formed using
0
] B2 (Pressure Equation
0 o 0
B v J d
| Bo _<b BS \ VP (24 +<,—;7(Parallel Ohrs LaV\b> (C31)
|V ehol? BO|V1//0|2/ PoBo 770
|V*w |2 When performing these averages, there are terms containing
0

(91 d4o) (3,0/BoW By). It is convenient to define a new vari-
We are now ready to consider the higher-order equaable to handle these terms:
tions. The averaged parallel momentum equation is 211 1 12 )
(Bo/|V ol >[<(J\|0/Bo) Bo) Ry

_ . r= ¥B
vp(VBg) =iNAXp+ piiN(¥Bg). (C25 A? { (B3) 3¢o< o
This equation contains no derivatives so it may be used to L\~ 9 [
trivially eliminate (V,B,) from the other equations. The par- “Po\ 52/ PTGy B_O\PBO (C32

allel Ohm’s Law when averaged is

Using Eq.(C24), one can derive the following relation for.
2

J
= — 2
Y(VBg)=—iNAXS+ 77(?¢Io<q’|30|Vl//o| )- (C20 g H 2 F ap a3
T AT 3
Equation (C24) can be used to find an expression for the last
term: where
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(B3/|V 4o/?) 1 (J10/Bo)?B}
F= 2 | P\ BE
A 0 |V ihol
JHO Bg 2
Bo |V |2 34
B3
|V 4ol

To facilitate comparison with GGJ, we transform our
variables to their scaled variables. The relations between A?

their variables and ours are
o 1= 1 .
E=—-V - Vip=— ;|N¢,

(B-Vyo) (¥By)

V=" NAL, ~ ALy (€39
BB B
Po Po
where
TP oM (B2 |
I N2g'2(B2/|V |2 )2 (€39
q"*(Bo/ |V 40l *)
The growth rates and are also rescaled as
_ Y _ Mk
[7N?Q" (B3 T2pM(BY/|V o)1 7C
. (c37)
X:L—R.

Kruger, Hegna, and Callen

H: (BY|V yo|2)( ((31,)BY)
A (B
((31,/Bo) (B3 |V )
(Bl

B3
E= %ol 2p4( k) — Py’ ! C42
= I Pol & y) — Po B2 , (C42
F:<B%/|€¢0|2> p,2<i>+<<3u0/80)285>
°\8} |V o2
((31,/Bo) (BY [V o|2))?
(B3| V ol ,
B2 v ol RE
M= 0 |V ol 1 lo| g2
“\isu2 g2 | o2\ \|B, B0
|V ol 0 Po 0
Ji, 52 2
B_O 0
S R (C43)

(88) /1

andN is the toroidal mode number.
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