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ABSTRACT

GRAVITATIONAL WAVE TIMING RESIDUAL MODELS FOR PULSAR TIMING

EXPERIMENTS

by

Casey McGrath

The University of Wisconsin-Milwaukee, 2021
Under the Supervision of Professor Jolien Creighton, PhD

The ability to detect gravitational waves now gives scientists and astronomers a new

way in which they can study the universe. So far, the LIGO and Virgo scientific col-

laborations have been successful in detecting binary black hole and binary neutron star

mergers (Abbott et al., 2016, 2017). These types of sources produce gravitational waves

with frequencies of the order hertz to millihertz. But there do exist other theoretical

sources which would produce gravitational waves in different parts of the frequency

spectrum. Of these are the theoretical mergers of supermassive black hole binaries (SMB-

HBs), which could occur upon the merging of two galaxies with supermassive black holes

at their cores. Sources like these would produce gravitational waves generally around the

nanohertz regime, and the current main effort for detecting and measuring these waves

comes from pulsar timing experiments. Detection of gravitational waves in these exper-

iments would come as small fluctuations in the otherwise extremely regular period of

pulsars over a long period of time (months to decades).

There are numerous goals for this dissertation. The first is to re-present much of the

fundamental physics and mathematics concepts behind the calculations in this paper.

While there exist many reference sources in the literature, we simply try to offer a fully

self-contained explanation of the fundamentals of this research which we hope the reader
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will find helpful. It is often a challenge when jumping into a new field of study to quickly

learn and understand the fundamentals (like the derivations of various formulae and the

assumptions behind the models), so if this dissertation can help future readers to connect

the dots between the blanks not filled in by other literature sources, then this goal will

be accomplished. The pedantic approach to this dissertation is also helpful since much

of the initial work for this dissertation was theoretical development of the mathematical

models used in pulsar timing.

The next goal broadly speaking has been to combine the efforts of two previous studies

by Deng & Finn (2011) and Corbin & Cornish (2010) to further develop the mathematics

behind the currently used pulsar timing models for detecting gravitational waves with

pulsar timing experiments. Previous timing residual models have first been derived as-

suming that the pulsar timing array receives plane-waves coming from distant sources

(with the notable exception of Deng & Finn). Then these models can either treat the

SMBHB as a monochromatic gravitational wave source, or model the frequency evolu-

tion of the gravitational waves over the thousands to tens of thousands of years it takes

light to travel from the pulsar to the Earth. Our research began by first generalizing these

models by removing the plane-wave assumption. In Chapter 3 we classify four regimes

of interest (Figure 3.5), governed by the main assumptions made when deriving each

regime. Of these four regimes the plane-wave models are well established in previous

literature. We add a new regime which we label “Fresnel,” as we will show it becomes

important for significant Fresnel numbers describing the curvature of wavefronts.

With these mathematical models developed, in Chapter 6 we present the first main

study investigated which was to forecast the ability of future pulsar timing experiments

to probe and measure these Fresnel effects. Here we show the constraints needed on the

pulsar timing experiments themselves (largely explained by the discussion in Chapter 5),

iii



and the types of precision measurements which could theoretically be achieved.

Then we generalize our models to a cosmologically expanding universe in Chapter 7.

We show that in the fully general Fresnel frequency evolution regime, the Hubble con-

stant enters the model and can now be measured directly. In this chapter we investigate

what we will need of future experiments in order to obtain a measurement of this param-

eter. This offers future pulsar timing experiments the unique possibility of being able to

procure a purely gravitational wave-based measurement of the Hubble constant.

Finally, Chapter 8 shows the initial steps taken to extend this work in the future,

specifically for Doppler tracking experiments. The main goal of the inclusion of this fi-

nal section, which was not the primary focus of this dissertation, is to point out how the

mathematics and models derived in Chapters 2 and 3 can be applied and extended more

generally.
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CHAPTER 1

Introduction

The mathematics and physics presented in this chapter are generally true for any binary

black hole system. However, as this work is building towards a pulsar timing specific

study, we will specifically focus our discussion towards “supermassive black hole bina-

ries” (SMBHBs).

It is theorized that during the collision of galaxies with supermassive black holes at

their centers, if the two black holes come close enough then they could form a binary pair

(a SMBHB), and their orbital interaction would cause massive distortions in spacetime

which would propagate away as gravitational waves. SMBHB sources would likely be

slowly orbiting each other with periods ranging from months to decades, and hence they

are thought to produce gravitational waves in and around the nanohertz regime.

Current efforts to detect these types of gravitational waves comes from pulsar timing

techniques. Some pulsars in our Galaxy can be used as extremely regular clocks when

their pulses are timed by radio telescopes. By timing a collection of such pulsars, known

as a pulsar timing array (PTA), over long periods of time, scientists can look for small

deviations in their otherwise very precise “clock ticks.” It is understood that the presence

of gravitational waves hitting the timed pulsars would induce a periodic redshifting and

blueshifting of the timing signals as measured on Earth (discussed in detail in Chapter 3).

Hence by looking for such deviations in the timing signals of pulsars, scientists hope

to find the evidence of the presence of gravitational waves. A discovery such as this

would be highly complimentary to ground-based detectors such as LIGO (LIGO Scientific

Collaboration et al., 2015), Virgo (Acernese et al., 2015), and KAGRA (Akutsu et al., 2018),

as it would be in a gravitational frequency regime that these experiments cannot probe.
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SMBHBs would produce what are called “continuous waves,” as the black holes would

likely be sufficiently far apart that as they orbited each other the loss of energy in the sys-

tem radiated away as gravitational waves would not cause a significant collapse of their

orbit. As such these sources would maintain a nearly constant or “continuous” gravita-

tional wave frequency, hence the name of this type of radiation. It would not be until

later times in their binary evolution that the frequency of the orbit would begin to evolve

notably over the observation time scale (a process called “frequency chirping”). And un-

like ground-based experiments, PTAs would not be sensitive to the much later inspiral

or merger of such objects where the frequency chirping is very strong as the binary co-

alesces. However, to try and head-off any misconceptions early on, we are referring to

the frequency of the gravitational waves measured on observational time scales. As we will

see later in Chapter 3, the gravitational wave frequency can evolve in the measured tim-

ing residual of a pulsar due to the nature of the incredibly large physical scale of a PTA

experiment.

Currently, pulsar timing collaborations such as the North American Nanohertz Ob-

servatory for Gravitational Waves (NANOGrav), the Parkes Pulsar Timing Array, and the

European Pulsar Timing Array have been regularly collecting timing data on numerous

pulsars for over a decade, which makes it hopeful that a confirmed detection of grav-

itational waves using this method will be possible (Zhu et al., 2014; Babak et al., 2015;

Aggarwal et al., 2019). While the first detection may be the cumulative effect of gravi-

tational waves coming from many sources all across the sky as a stochastic background,

in this work we focus on the possibility of detecting individually loud continuous wave

signals coming from SMBHBs.
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CHAPTER 2

Gravitational Waves from a Binary Source

2.1 MULTIPOLE EXPANSION

In order to build a mathematical base and help gain deeper physical insights into the

quadrupole formula (equation 2.17) and gravitational waves, we begin by looking at the

multipole expansion in general. The mathematics here are extremely important and use-

ful in physics, especially in fields like electromagnetism. However, understanding the

multipole expansion can often be very difficult the first time you learn it, as the funda-

mental ideas can easily be lost in the sometimes tedious and difficult math. Here, we aim

to cut directly through that math and show that fundamentally the multipole expansion

is a rather simple idea.

At its heart all the multipole expansion is, is a Taylor expansion of the function:

f (x⃗) =
1

|x⃗− x⃗′ |
, (2.1)

=
1√

(x− x′)2 + (y − y′)2 + (z − z′)2
,

≡ 1√
∆x2 +∆y2 +∆z2

,

=
1√

δab∆xa∆xb
=

1√
∆xa∆xa

,

where x⃗ is the field point of interest, and x⃗
′ is the “source” location. In the final line,

Einstein index notation (and implied summations) are used. This is a function of three

variables (in Cartesian coordinates, x, y, and z), so the Taylor expansion will be multivari-

able Taylor expansion. We are going to imagine that the source is far from the origin, and
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Taylor expand the function about the origin, that is about x⃗ = 0.

Looking at equation 2.1, notice the many different ways in which we can express this

function. We can write it in terms of the vectors x⃗ and x⃗
′ , in terms of the variables x,

y, and z, or by using index notation over the variables xi. Where this derivation typi-

cally becomes difficult is choosing the mathematical tool you are going to use to perform

the Taylor series expansion. Arguably the most straight forward approach is to write

everything in terms of x, y, and z, and Taylor expand in all of those variables near 0.

Conceptually this is the easiest, but mathematically this ends up getting really ugly, re-

ally fast. Alternatively we could use the vectorized version of the Taylor series formula

and apply vector derivatives, but personally I find this formula conceptually harder to

grasp. In my opinion, the easiest and best way to do this derivation in a manner that

keeps in sight of all of the important conceptual and mathematical ideas is to exploit in-

dex notation. We often don’t learn index summation notation until after first learning the

multipole expansion, which I believe is why this derivation is often not presented using

this notation. However, it helps to retain the most basic expression of the Taylor series

expansion, removes some of the ugliness of using vector notation, and requires the least

amount of written work. The trade off is simply first learning how to use the notation

properly, but after that this derivation is pretty straight forward.

We need to Taylor expand equation 2.1, which can be written incredibly concisely

(with index notation!) as:

f (x⃗) ≈ f
∣∣∣
x⃗=0

+ ∂if
∣∣∣
x⃗=0

xi +
1

2!
∂i∂jf

∣∣∣
x⃗=0

xixj + . . . , (2.2)

where ∂i = ∂
∂xi

. The math for the needed derivatives is given explicitly in the “Working

out the terms” box below. When we evaluate the terms at x⃗ = 0, note that we define the

distance to the source as R ≡
√
x′
ax

′a =
∣∣x⃗′∣∣. Therefore, the multipole (Taylor) expansion
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of equation 2.1 is:

f (x⃗) ≈ 1

R︸︷︷︸
“monopole”

+
x

′
i

R3
xi︸ ︷︷ ︸

“dipole”

+
3

2R5

[
x

′

ix
′

j −
1

3
δijR

2

]
xixj︸ ︷︷ ︸

“quadrupole”

+ . . . , (2.3)

where we have given the names of each order term as they will be referred to in what

follows.

Working out the terms

Here we work out explicitly the needed derivatives in our Taylor series. Really

it is just careful application of the chain and product rules. Note that ∂i∆xa =

∂
(
xa−x′a

)
∂xi

= δai , and ∂i∆xa =
∂
(
xa−x

′
a

)
∂xi

= δia.

∂if = ∂i
1√

∆xa∆xa
= −1

2

δia∆x
a +∆xaδ

ia

[∆xa∆xa]
3/2

= −1

2

2∆xi

[∆xa∆xa]
3/2

= − ∆xi

[∆xa∆xa]
3/2
,

∂i∂jf = −∂i
∆xj

[∆xa∆xa]
3/2

=
−δij

[∆xa∆xa]
3/2
−∆xj · −

3

2

2∆xi

[∆xa∆xa]
5/2
,

=
−δij

[∆xa∆xa]
3/2

+ 3
∆xi∆xj

[∆xa∆xa]
5/2
,

=
3

[∆xa∆xa]
5/2

[
∆xi∆xj −

1

3
δij∆xa∆x

a

]
.

Now evaluating these derivatives at x⃗ = 0, and using R ≡
√
x′
ax

′a =
∣∣x⃗′∣∣, we

find:

∂if
∣∣∣
x⃗=0

= +
x

′
i

R3
,

∂i∂jf
∣∣∣
x⃗=0

=
3

R5

[
x

′

ix
′

j −
1

3
δijR

2

]
.
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2.2 MULTIPOLE POTENTIALS

The multipole expansion is often used to write out the electric or gravitational potentials,

due to a distribution of charge or mass, respectively (Creighton & Anderson, 2011; Harri-

son, 2020). For continuous distributions, these two expressions are computed in the same

way, simply with different scaling factors out front:

V (x⃗) =


−G
∫

dm
(
x⃗
′)

|x⃗−x⃗′ | = −G
∫

ρ
(
x⃗
′)

|x⃗−x⃗′ |d
3x

′
, (Gravitational Potential)

1
4πϵ0

∫
dm

(
x⃗
′)

|x⃗−x⃗′ | = 1
4πϵ0

∫
ρ
(
x⃗
′)

|x⃗−x⃗′ |d
3x

′
. (Electric Potential)

(2.4)

Focusing our attention on the gravitational potential (an analogous approach can be taken

for the electric potential), we can multipole expand the denominator using our result in

equation 2.3 and write:

V (x⃗) = −GM
R

− GxiDi

R3
− 3GxixjIij

2R5
− . . . , (2.5)

where



M ≡
∫
ρ
(
x⃗

′)
d3x

′ , (Monopole)

Di ≡
∫
x

′
iρ
(
x⃗

′)
d3x

′ , (Dipole)

Iij ≡
∫ [

x
′
ix

′
j − 1

3
δijR

2
]
ρ
(
x⃗

′)
d3x

′ , (Quadrupole)

(2.6)

The monopole term in our expression is the standard Newtonian result for a point mass,

but with more complicated mass distributions we gain higher order corrections.

There is a crucially important difference, however, for a mass distribution in gravity as

compared to a charge distribution in electromagnetism. We can always choose a center-of-

mass coordinate system for mass distributions. The consequence of this is that the dipole
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term vanishes identically when working in this chosen coordinate system. Conceptually

this is because in a center-of-mass coordinate system, by definition the mass is equally

distributed in all directions. Therefore integrating up all of the mass along each direction

in Di =

∫
x

′
iρ
(
x⃗

′)
d3x

′
=

∫
x

′
idm

(
x⃗

′) will just cancel out and net 0.

We cannot always guarantee the same though for electromagnetism - that is, we cannot

always choose a center-of-charge coordinate system. As a simple example, just consider

two equal and opposite charges lying at ±x. There is no center-of-charge for this dis-

tribution, and thus there will always be some non-zero dipole moment, no matter the

chosen set of coordinates. This helps point out one of the fundamental differences be-

tween gravity and electromagnetism. In gravity there is no “negative mass particle” like

in electromagnetism with both positive and negative charges.

Another important point to take notice of here is the physical significance of the

quadrupole tensor. The quadrupole tensor in equation 2.6 is the negative traceless ver-

sion of the familiarly defined “moment of inertia tensor.” The normal moment of inertia

tensor describes all of the moments of inertia about an object’s chosen orthogonal basis

axes, and is defined as:

Iij ≡
∫ [

δijR
2 − x′

ix
′

j

]
ρ
(
x⃗

′
)
d3x

′
. (2.7)

The trace of the moment of inertia tensor is:

Trace (Iij) = δijIij =

∫ [
δijδijR

2 − δijx′

ix
′

j

]
ρ
(
x⃗

′
)
d3x

′
=

∫ [
δiiR

2 − x′

ix
′i
]
ρ
(
x⃗

′
)
d3x

′
,

=

∫ [
(3)R2 −R2

]
ρ
(
x⃗

′
)
d3x

′ ≡
∫

2R2ρ
(
x⃗

′
)
d3x

′
.

If we remove the trace of this tensor from itself by subtracting 1/3 of this value off of the

diagonal elements, we end up with the negative of our quadrupole tensor. Mathemati-
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cally, this statement is written as:

Iij −
1

3
δijTrace (Iij) =

∫ [
δijR

2 − x′

ix
′

j −
1

3
δij

(
2R2

)]
ρ
(
x⃗

′
)
d3x

′
,

=

∫ [
1

3
δijR

2 − x′

ix
′

j

]
ρ
(
x⃗

′
)
d3x

′
,

≡ − Iij.

The tensor Iij is typically referred to as the “reduced quadrupole tensor.” A similarly

defined “quadrupole tensor” will appear later and the two are defined as follows:


Iij ≡

∫
x

′
ix

′
jρ
(
x⃗

′)
d3x

′ , (Quadrupole Tensor)

Iij ≡
∫ [

x
′
ix

′
j − 1

3
δijR

2
]
ρ
(
x⃗

′)
d3x

′ . (Reduced Quadrupole Tensor)

(2.8)

The regular quadrupole tensor does not have the traceless property like the reduced

quadrupole tensor.

2.3 THE GRAVITATIONAL WAVE SOLUTION - GENERAL FORM

For the gravitational waves produced by the sources we are interested in (i.e. massive

binaries) we solve the Einstein field equations under the following assumptions:
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Assumptions: Field Equation Solutions

1. Cosmologically static universe.

2. Cosmologically flat empty universe (hence the background metric is

Minkowski).

3. Weak-field limit (gravitational waves are a metric perturbation on top of

Minkowski).

4. Small source compared to the distance to the observer and the wavelength

of the wave.

5. Slow-moving source (non-relativistic, no post-Newtonian analysis re-

quired).

6. Transverse-traceless (“TT”) gauge.

7. Far field approximation of the metric perturbation amplitude - the binary is

sufficiently far from the field point of interest that |x⃗field − x⃗source| ≈ R in

the amplitude of the metric perturbation. This assumption won’t be made

when evaluating the retarded time (which won’t affect the amplitude of

the wave, but rather the phase of the wave).

Assumptions 3-5 together make the “weak-small-slow” assumption for our source

- or in other words, we are in the “zeroth order Newtonian” regime. We will not be

considering sources near coalescence when this assumption might otherwise be broken.

There are numerous helpful resources including Maggiore (2008); Creighton & Anderson

(2011); Moore (2013); Carroll (2013) and Zee (2013) that this discussion is based upon.
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Under assumption 3, we begin by proposing a metric solution that looks like flat

spacetime with a small perturbation hµν on top of it:

gµν = ηµν + hµν , where |hµν | ≪ 1. (2.9)

The next step in the solution process is typically to re-express the metric perturbation in

a different form, known as the trace-reversed metric perturbation:

Hµν ≡ hµν −
1

2
ηµνh ←→ hµν = Hµν −

1

2
ηµνH, (2.10)

where h = Trace(hµν) = ηµνhµν . The reason for this choice is simply mathematical con-

venience, as it helps further reduce the complexity of the Einstein equations into a form

more easily solved. If we were to find a solution for Hµν , then equation 2.10 would give

us the conversion back to hµν . Under the Lorenz gauge choice (which is part of assump-

tion 6), the resulting Einstein equations can be expressed in this weak-field regime as:


□2Hµν = −16πG

c4
Tµν ,

∂µHµν = 0,

(2.11)

where Tµν is the “effective stress energy tensor” describing the source of our gravitational

wave solution. Here the “effective” differentiates the tensor from the typically defined

“stress energy tensor” in that it contains O (h2) terms which results above when substi-

tuting equation 2.9 into the Einstein equations.

In general, we know that the sourced (inhomogeneous) wave equation solution can

be constructed by integrating the wave equation Green’s function. Specifically, with the

wave equation written in the following form for some sourcing function f (x⃗, t), the solu-
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tion can be written as:

□2ψ = −4πf (x⃗, t) solution−−−−→ ψ (x⃗, t) =

∫
G
(
x⃗, x⃗

′
, t, t

′
)
f
(
x⃗

′
, t

′
)
d3x

′
dt

′
,

=

∫
δ (t− tret)
|x⃗− x⃗′ |

f
(
x⃗

′
, t

′
)
d3x

′
dt

′
,

=

∫
f
(
x⃗

′
, tret

)
|x⃗− x⃗′ |

d3x
′
, (2.12)

where tret is the retarded time (see equation 3.19). Comparing this to equation 2.11, we

can see that the solution in terms of the trace-reversed metric perturbation is:

Hµν =
4G

c4

∫
Tµν

(
x⃗

′
, tret

)
|x⃗− x⃗′ |

d3x
′
. (2.13)

At this point we have a few options. We could multipole expand this solution using the

results and ideas developed in Sections 2.1 and 2.2. But as we will see, for our level of

precision we actually only need the first term in the multipole expansion, the “monopole”

or “far-field” term (this is our assumption 7). However, the reason we developed the

previous two sections so extensively is to show that the final answer we will find will

actually be expressed in terms of the quadrupole tensor!

So with this in mind, we can approximate the solution in equation 2.13 as:

Hµν ≈
4G

c4R

∫
Tµν

(
x⃗

′
, tret

)
d3x

′
. (2.14)

Now we are in a position to being evaluating all of the individual terms of the metric

tensor solution here. Since this is a wave solution to the wave equation, we are looking

for components that are behaving like a “wave.” The tt- and it/ti-components of the

effective stress energy tensor represent the energy density and the i-momentum density

solutions. The integrals of these components over all space which encompasses the source
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are:

∫
Ttt

(
x⃗

′
, tret

)
d3x

′
=

∫
ρ
(
x⃗

′
, tret

)
d3x

′ ≡M,∫
Tit

(
x⃗

′
, tret

)
d3x

′
=

∫
Tti

(
x⃗

′
, tret

)
d3x

′ ≡ Pi ≡ 0,

The i-momentum Pi vanishes identically here because if we move the coordinate system

to the center-of-mass frame, then the source itself is not moving - it has zero momentum.

And integrating up the energy content of the source just gives us its massM , so neither of

these terms will behave like waves. So these two non-waving sets of solutions look like:

Htt =
4GM

c4R
, (2.15)

Hit = Hti = 0. (2.16)

At this point we just need to focus our attention on the ij-components of the metric per-

turbation, which will produce the final wave solution.

Thanks to the conservation of energy, the divergence theorem, and some clever alge-

bra/calculus, the ij-components of the metric perturbation solution can actually be re-

expressed in terms of the energy density (tt-component) alone. Details of this are given

explicitly in the “A Helpful Identity” box below. The result is:

Hij ≈
4G

c4R

∫
Tij

(
x⃗

′
, tret

)
d3x

′
=

4G

c4R
· 1
2

∂2

∂t2

∫
x

′

ix
′

jTtt

(
x⃗

′
, tret

)
d3x

′
,

=
2G

c4R

∂2

∂t2

∫
x

′

ix
′

jρ
(
x⃗

′
, tret

)
d3x

′
.

Now we can make our connection back to the multipole potentials of Section 2.2, and note
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that the final answer can be expressed in terms of the quadrupole tensor from equation 2.8

as:

Hij ≈
2G

c4R

∂2

∂t2
Iij (tret) . (2.17)

This is known as the “quadrupole formula” - the gravitational wave solution to the weak-

field Einstein equations. So the gravitational waves produced by an object are propor-

tional to the acceleration of its quadrupole tensor, which as we discussed can sort of be

thought of as a different version of the moment of inertia tensor of that object.

Fundamentally, this is different from electromagnetism. An insightful discussion of

the significance of equation 2.17 is given in the following quote:

“In contrast, the leading contribution to electromagnetic radiation comes from

the changing dipole moment of the charge density. The difference can be traced

back to the universal nature of gravitation. A changing dipole moment corre-

sponds to motion of the center of density - charge density in the case of electro-

magnetism, energy density in the case of gravitation. While there is nothing to

stop the center of charge of an object from oscillating, oscillation of the center

of mass of an isolated system violates conservation of momentum. (You can

shake a body up and down, but you and the earth shake ever so slightly in the

opposite direction to compensate.) The quadrupole moment, which measures

the shape of the system, is generally smaller than the dipole moment, and for

this reason, as well as the weak coupling of matter to gravity, gravitational

radiation is typically much weaker than electromagnetic radiation.”

— Sean Carroll (Carroll, 2013)

With regards to Carroll’s conservation of momentum statement, we already explained

that the dipole moment in center-of-mass coordinates is necessarily zero, but to further

illustrate this consider a simple example of a system of point particles with mass m. The
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dipole moment in equation 2.6 would be Di =
∑
mx

′
i. Imagine if the metric pertur-

bation now were proportional to the acceleration of the dipole moment instead of the

quadrupole moment. Then d2

dt2
Di =

d2

dt2

∑
mx

′
i =

d
dt

∑
mv

′
i =

d
dt
0 = 0, because of the con-

servation of momentum of the entire system. So in general, gravitational radiation is such

a small perturbation to spacetime largely because gravity is such a weak force, but also

since there is no dipole and the quadrupole correction tends to be a smaller effect.

A Helpful Identity

First consider the following quantity and carefully apply the product rule to ex-

pand it out term by term in the following way:

∂i∂j
(
T ijxmxn

)
= ∂i

[
xmxn∂jT

ij + xnT ijδmj + xmT ijδnj

]
,

= ∂i

[
xmxn∂jT

ij +
(
xnT im + xmT in

) ]
,

= xmxn∂i∂jT
ij + xn∂jT

mj + xm∂jT
nj + ∂i

(
xnT im + xmT in

)
,

= xmxn∂i∂jT
ij + ∂j

(
xnTmj + xmT nj

)
− 2Tmn + ∂i

(
xnT im + xmT in

)
,

= xmxn∂i∂jT
ij + 2∂i

(
xnT im + xmT in

)
− 2Tmn.

Going from the 2nd to 3rd line we used the following twice:

∂i
(
xnTmj

)
= δnj T

mj+xn∂jT
mj = Tmn+xn∂jT

mj =⇒ xn∂jT
mj = ∂i

(
xnTmj

)
−Tmn.

Then going from the 3rd to the 4th line we recognize that in the second term the

j-index is summed over, so we can re-label it to anything we want, namely we

can relabel it from j → i. We can re-arrange the terms in this expression and

write:
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Tmn =
1

2

[
− ∂i∂j

(
T ijxmxn

)
+ 2∂i

(
xnT im + xmT in

)
+ xmxn∂i∂jT

ij
]
.

Next let’s integrate this expression for Tmn over all space. The first crucial math-

ematical exploit we are going to make comes from the divergence theorem. The

generalized form of the divergence theorem states:

∫
∂iF

ijdV =

∮
F ijdAi.

The key idea here is that when we apply the divergence theorem, we will be

completely enclosing our source as we integrate over all space, and far from our

source, the effective stress energy tensor will be zero, which is where the surface

integral is evaluated. So looking at the first two terms in this integral expression

we have terms that look like:

∫
∂i∂j

(
T ijxmxn

)
dV =

∮ ∮ (
T ijxmxn

)
dAidAj ≡ 0∫

∂i
(
xnT im

)
dV =

∮ (
xnT im

)
dAi ≡ 0

(It is important here to understand that quantities like T ijxmxn can be thought

of as a single tensor objects - for example, we could just re-define this quantity

as some tensor T ijxmxn ≡ Aijmn).

The final critical step comes from the conservation of energy, which tells

us ∂µT µν = 0. Expanding this statement out slightly means we can write:

∂tT
tj + ∂iT

ij = 0 =⇒ ∂tT
tj = −∂iT ij.
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Two applications of this conservation statement (along with the symmetry T µν =

T νµ), means we can replace the third term in the expression for Tmn with the

following:

xmxn∂i∂jT
ij = +xmxn∂t∂tT

tt = ∂t∂t
(
xmxnT tt

)
.

With this we are replacing spatial derivatives over the ij-components of our ef-

fective stress energy tensor with two time derivatives over the energy density

component alone. This gives us our final result, that:

∫
TmndV =

1

2

∫
∂t∂t

(
xmxnT tt

)
dV =

1

2
∂t∂t

∫ (
xmxnT tt

)
dV.

At this point we could specify an objects energy density, and solve equation 2.17 (we

could then convert that back to the original metric perturbation using equation 2.10).

However we still need to get the solution into the transverse-traceless gauge (“TT-gauge”)

as stated in assumption 6. We know that the reduced quadrupole tensor in equation 2.8

is the traceless version of the quadrupole tensor, so that would get us half-way there. But

while the reduced quadrupole tensor is traceless, it may not necessarily be transverse to

the direction of interest along which the gravitational wave is propagating.

We can cast any matrix into the TT-gauge by use of the special TT-projection operator:

MTT = Λ(M) = PMP− 1

2
Trace(PM)P,

−→MTT
ij = ΛijklM

kl =

(
PikPjl −

1

2
PijPkl

)
Mkl, (2.18)

where Pij = δij − n̂in̂j.
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Here n̂ is the desired direction of propagation of the gravitational wave that we want to

project onto. The TT-gauge gives us a number of useful conceptual and mathematical

results, namely: 
ITTij = ITTij ,

HTT
ij = hTTij .

(2.19)

With regards to the quadrupole tensors, the regular quadrupole tensor is equivalent

to the reduced quadrupole tensor after it is made traceless, so if both of these are made

traceless then transverse, then necessarily they are equivalent. In practice we will often

work with the reduced quadrupole tensor, so this realization is helpful. As for the regular

and trace-reversed metric perturbations, the proof is given in the “TT Metric Projection”

box.

With this we finalize our wave solution to the original proposed solution (equation 2.9

to the Einstein equations. In the transvserse-traceless gauge, the wave-like weak-field

solutions are:

hTTij =
2G

c4R

∂2

∂t2
ITTij (tret) . (2.20)

TT Metric Projection

Conveniently, when both the regular and the trace-reversed metric perturbations

are cast into the TT-gauge they are equivalent, meaning once we have the solu-

tion to one we have the solution to both. To see this we simply apply the TT

operator to equation 2.10 and see that:
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HTT
ij = ΛijklH

kl = Λijklh
kl − 1

2
Λijklη

klh,

= hTTij −
1

2
Λijk

kh,

= hTTij − 0.

The trace of our projection operator along the kl-indices is identically zero, which

we can get by simply working out all of the terms explicitly. First noting that

P k
k = δkk − nknk = 3− 1 = 2, we can write:

Λijk
k = PikP

k
j −

1

2
PijP

k
k = PikP

k
j − Pij,

= (δik − nink)
(
δkj − njnk

)
− Pij,

= δij − njni − ninj + ninj(1)− Pij,

= Pij − Pij = 0.

2.4 THE GRAVITATIONAL WAVE SOLUTION - BINARY SYSTEM

We begin with a simplified problem which we will then generalize. First consider an

arbitrary binary system aligned in the configuration shown in Figure 2.1a. The binary

orbits in the x/y-plane, “face-on” with no inclination to the ẑ-axis. Gravitational waves

produced by the binary propagate out in all directions, but we begin by focusing our

attention to the gravitational waves which propagate along the ẑ-axis. Therefore let’s start

by writing the solution in the TT-gauge for the gravitational waves along that direction.

To remind ourselves of the axis of propagation for our TT-gauge, we will include the unit

vector next to the “TT” symbol in the notation that follows. (We start with TT ẑ, then later
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(a) Binary system orbiting in the x/y-plane
with the origin placed at the system’s center-
of-mass.

(b) Generalized source orientation. Two Euler
angles ι (“inclination”) and ψ (“polarization”),
and a phase offset θ0 in the binary system’s mo-
tion (see equations 2.34 and 2.38), fully gener-
alize the binary’s orientation.

Figure 2.1

generalize to an arbitrary r̂ vector, denoted by TT r̂).

The following assumptions are made about the binary system:

Assumptions: Binary Mechanics

1. The binary is circular.

2. The source is located at a fixed angular sky position and distance from the

Earth.

Under these assumptions, the metric perturbation solution to equation 2.20 can be
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written compactly in the following form:

hTT ẑij = eẑ+ij h+ + eẑ×ij h× = eẑA
ij hA for A ∈ [+,×], (2.21)

where


h+(t) ≡ −h(t) cos

(
2Θ(t)

)
,

h×(t) ≡ −h(t) sin
(
2Θ(t)

)
,

(2.22)

h(t) ≡ 4(GM)5/3

c4R
ω(t)2/3, (2.23)

eẑ+ij ≡


1 0 0

0 −1 0

0 0 0

 = x̂ix̂j − ŷiŷj,

eẑ×ij ≡


0 1 0

1 0 0

0 0 0

 = ŷix̂j + x̂iŷj,

(2.24)

where the metric decomposes into two polarizations, labeled “plus” and “cross,” ω(t)

and Θ(t) are the orbital frequency and phase (specified in Section 2.7), R is the Earth-

source coordinate distance, M is the total binary system mass, andM is the “chirp mass,”

defined asM ≡ (m1m2)
3/5

(m1+m2)
1/5 . Note here we emphasize in equation 2.23 that the amplitude

or “strain” is time-dependent, which will be important to consider later in Chapter 3. The

polarization tensors eẑ+ij and eẑ×ij can be conveniently decomposed into outer products of

the basis vectors x̂ and ŷ, as shown in equation 2.24.
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2.5 GENERALIZED SOURCE ORIENTATION AND LOCATION

This solution represents a highly simplified and specific geometry - here the orbital ro-

tation axis is along the ẑ-direction, and the TT-gauge has also been chosen for the gravi-

tational waves propagating along the ẑ-axis. However, in general we want a formalism

for:

1. a source oriented with it’s rotation axis in any arbitrary direction,

2. and the TT-gauge to be for a gravitational wave coming from the source and going

along any arbitrary axis (not necessarily the same as the rotation axis).

This can be achieved in two steps.

Step one - we want the same TT-gauge as before (along the ẑ-axis), but now for a binary

source in an arbitrary orientation, as shown in Fig 2.1b. Apply two active (“alibi”) rotation

transformations to the above result - first about the ŷ-axis by angle ι and then about the

ẑ-axis by angle ψ to construct hTT ẑ
′

ij = Rz(ψ)Ry(ι)h
TT
ij R

Transpose
y (ι)RTranspose

z (ψ).

It is important to note that we actually only need two Euler angles to fully generalize

our problem, not the usual three. There is no unique way of defining how you rotate the

axes, but in our case here let us choose to perform the “extrinsic” rotations (about the x̂,ŷ,

and ẑ axes) in the following order: ẑ → ŷ → ẑ by the angles θ0, ι, and ψ, respectively. (This

is one of six “proper Euler angle” definitions). An initial rotation about the ẑ axis by angle

θ0 can be equivalently achieved by beginning the binary’s orbit with some initial orbital

phase angle, which is exactly what we will later have the equations 2.34 and 2.38 which

describe the orbital motion. So in this problem the first Euler angle is already accounted

for by interpreting it as a phase factor in the orbit, which is why we don’t need to explicitly

perform this rotation here, and why we simply perform the other two rotations by ι and
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ψ, which are the inclination and polarization angles, respectively.

The result hTT ẑ
′

ij will be in the TT-gauge for a gravitational wave traveling in the ẑ′
=

Rz(ψ)Ry(ι)ẑ direction. To get back the TT-gauge along the ẑ-direction, we can apply the

TT-projection operator equation 2.18 once again. Setting n̂ = ẑ we write out ΛijklhklTT ẑ′ =

hTT ẑij . The resulting metric perturbation solution can be written compactly in a couple of

different ways:

hTT ẑij = eẑ+ij H+ + eẑ×ij H× = eẑA
ij HA,

= E ẑ+
ij h+ + E ẑ×

ij h× = E ẑA
ij hA for A ∈ [+,×], (2.25)

where


H+ ≡ h+

1
2
(1 + cos2(ι)) cos(2ψ)− h× cos(ι) sin(2ψ),

H× ≡ h+
1
2
(1 + cos2(ι)) sin(2ψ) + h× cos(ι) cos(2ψ),

(2.26)


E ẑ+
ij ≡ 1

2
(1 + cos2(ι))

[
cos(2ψ)eẑ+ij + sin(2ψ)eẑ×ij

]
,

E ẑ×
ij ≡ cos(ι)

[
− sin(2ψ)eẑ+ij + cos(2ψ)eẑ×ij

]
.

(2.27)

In words, we can either look at this as a transformation to the original h+ and h× terms,

or a transformation to the polarization tensors, which can be useful interpretations.

Step two - we now want the TT-gauge to be along any arbitrary axis. Considering our

problem, we would like to be able to anchor the observer at the origin of the coordinate

system, and place the gravitational wave source anywhere in the sky. The axis along

which the gravitational wave travels which connects the observer to the source is then

the desired TT-gauge axis.

There is no unique way of doing this, but perhaps an intuitive and straight-forward

approach is as follows. Let x̂, ŷ, and ẑ be the basis vectors for the observer, and let the
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unit vectors in spherical coordinates be the basis vectors of the source:



r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
, (Earth to gravitational wave

source unit vector)

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
, (transverse plane basis vector)

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
, (transverse plane basis vector)

(2.28)

where the angles θ and ϕ indicate the sky position of the source relative to the observer.

The source will be a distance R away from the observer, and the vector r̂ points toward

the source, so r⃗ = Rr̂.

Now we simply define a priori new polarization tensors from the outer product of

these basis vectors: 
er̂+ij ≡ θ̂iθ̂j − ϕ̂iϕ̂j ←→ er̂+ ≡ θ̂ ⊗ θ̂ − ϕ̂⊗ ϕ̂,

er̂×ij ≡ ϕ̂iθ̂j + θ̂iϕ̂j ←→ er̂× ≡ ϕ̂⊗ θ̂ + θ̂ ⊗ ϕ̂.
(2.29)

Notice that equations 2.29 are actually just a generalization of equations 2.24, where we

let x̂ → θ̂, ŷ → ϕ̂, and ẑ → r̂. The definitions give these new polarization tensors all

of the required properties. They are traceless, transverse along the r̂-axis, and reduce to

our original ẑ-axis polarization tensors 2.24 when θ = ϕ = 0. The final step is a simply

replacement. Since these polarization tensors 2.29 are a generalization of the original

polarization tensors 2.24, we can substitute these new tensors into the expressions in the

metric perturbation from before, 2.25 and 2.27.

The final fully general result for our problem of interest can now be expressed com-
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pactly in a couple of different ways:

hTT r̂ij = er̂+ij H+ + er̂×ij H× = er̂A
ij HA,

= E r̂+
ij h+ + E r̂×

ij h× = E r̂A
ij hA for A ∈ [+,×], (2.30)

where


H+ ≡ h+

1
2
(1 + cos2(ι)) cos(2ψ)− h× cos(ι) sin(2ψ),

H× ≡ h+
1
2
(1 + cos2(ι)) sin(2ψ) + h× cos(ι) cos(2ψ),

(2.26 r)


E r̂+
ij ≡ 1

2
(1 + cos2(ι))

[
cos(2ψ)er̂+ij + sin(2ψ)er̂×ij

]
,

E r̂×
ij ≡ cos(ι)

[
− sin(2ψ)er̂+ij + cos(2ψ)er̂×ij

]
,

(2.31)


h+(t) ≡ −h(t) cos

(
2Θ(t)

)
,

h×(t) ≡ −h(t) sin
(
2Θ(t)

)
,

(2.22 r)

h(t) ≡ 4(GM)5/3

c4R
ω(t)2/3, (2.23 r)

er̂+ij ≡ θ̂iθ̂j − ϕ̂iϕ̂j,

er̂×ij ≡ ϕ̂iθ̂j + θ̂iϕ̂j,

(2.29 r)


r̂ =

[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

(2.28 r)

As was the case before, we can either look at this as a transformation to the original h+

and h× terms, or a transformation to the polarization tensors. We can test that these

expressions are indeed a generalization of the original problem with all of the required

properties. The metric perturbation is finally in the TT-gauge now for a gravitational

wave propagating along the r̂-axis. It is transverse to the direction of propagation of the
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(a) Fully generalized geometrical positioning
of a gravitational wave source with respect to
an observer. Angles θ and ϕ denote source sky
position, and ι and ψ indicate source inclina-
tion and polarization. Source appears “face-
on” if ι = 0, and “edge-on” if ι = π/2, and
“face-off” if ι = π.

(b) The source basis vectors are chosen so that
when θ = ϕ = 0, then r̂ = ẑ, θ̂ = x̂, and ϕ̂ =
ŷ. In this case, if the source is not inclined (i.e.
ι = 0), then the observer will see the binary
orbiting in the counter-clockwise direction.

Figure 2.2

gravitational wave and traceless, both of which follow since the polarization tensors are

transverse and traceless, and the metric perturbation directly decomposes into a linear

combination of these tensors. The sky angles θ and ϕ point toward the location of the

source, and the angles ι and ψ indicate the source’s own orientation. All of this is shown

in Figure 2.2. Furthermore, our motivation for this approach and these definitions stems

from our comfort and familiarity with spherical coordinate unit basis vectors.
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2.6 SOURCE PARAMETERS AND A WORD ABOUT NOTATION

We take a moment here simply to point out the physical significance behind the notation

we have employed so far, as it will greatly simplify our work later and lead to solutions

which are written in a way that are easier to understand physically.

A circular binary system produces gravitational waves which in the zeroth order New-

tonian regime is described by a total of eight parameters:

Source Parameters : {R, θ, ϕ, ι, ψ, θ0,M, ω0} −→


Extrinsic : {R, θ, ϕ, ι, ψ, θ0}

Intrinsic : {M, ω0}

(Note that θ0 and ω0 will be shown explicitly in the next section 2.7, but they appear in

Θ(t) and ω(t) above).

Of these eight parameters, the angles θ, ϕ, ι, and ψ are the binary’s “geometrical ori-

entation” angles - they describe the orientation of the orbit of the binary, and the binary’s

location on the sky in reference to the Earth’s frame. The parameter θ0 we’ll think of

as the initial phase of the binary, although it was pointed out that this is also the third

Euler angle for the binary’s orientation. The rest of the parameters - R, M, θ0, and ω0

- influence only the strain h of the gravitational wave. Lastly, it should be pointed out

too that the strain is also influenced by the θ and ϕ, because the strain is evaluated at the

retarded time, and the retarded time will depend on these two parameters (as discussed

in Section 3.3).

In terms of notation, as we mentioned before we can look at the metric perturba-

tion in equation 2.30 in either of two ways. In this paper we prefer to use the notation

hTT r̂ij = E r̂A
ij hA because it groups all of the geometrical orientation and location angles

into the definition of the polarization tensor, and keeps the strain in the simple form that
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we started with in equation 2.22. We will point out that many sources seem to prefer a

notation which more closely resembles the alternative form of writing hTT r̂ij = er̂A
ij HA (see

for example, Corbin & Cornish, 2010; Zhu et al., 2014; Aggarwal et al., 2019). Perhaps the

only disadvantage of this is that while the polarization tensor is a function only of the sky

position angles, the strain HA becomes a mixture of both h+ and h×. But since:

er̂A
ij HA = E r̂A

ij hA,

we can use these two notations interchangeably as is most convenient.

Also as an aside, we point out that when reviewing pulsar timing literature, one

should pay close attention to the use of notation and definitions of quantities, namely

the vectors that go into building the polarization tensors. Often one will find the use of

the vectors Ω̂, m̂, and n̂ for the source basis vectors (instead of r̂, θ̂, and ϕ̂ as we have used.

What becomes tricky and sometimes frustrating, however, is that these vectors won’t al-

ways be defined in the same way. Typically they differ in the direction they are pointed,

i.e. by a± sign (see for example, Arzoumanian et al., 2014; Chamberlin et al., 2015; Taylor

et al., 2020). Noting these differences is crucial, as they will necessarily introduce ± signs

in the definitions of the polarization tensors and antenna patterns (see Section 3.5.1).

Mathematically this is perfectly fine, in the sense that all of the math is still consistent

when working within a given choice of notation/definitions. However, the conceptual-

ization quantities such as angular parameters between notations may differ. This is why

we propose and explain the motivation of the notation and conventions established here

in our work, as they simply adopt the often used and familiar spherical coordinate basis

vectors as their building point.
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2.7 TWO MODELS: MONOCHROMATISM AND FREQUENCY EVOLUTION

There are two important models used for computing the evolution of the metric pertur-

bation and the timing residual. In short, the frequency evolution model is a more gen-

eralized version of the timing residual, and reduces to the monochromatic model in the

appropriate limit (described below).

Here we call attention to t0, the “fiducial time” for our two models defined below. As

the model’s reference time, we define t0 as the time at which θ0 and ω0 are measured:

Θ(t0) ≡ θ0,

ω(t0) ≡ ω0, (2.32)

We can choose any time to be the fiducial time of our model, but perhaps the two most

comfortable choices are either t0 = 0, or t0 = −R
c

. Conceptually choosing t0 = 0 means

these parameters are the Earth frame “present-day” values of the orbital phase and fre-

quency of the binary (when our experiment first begins), and choosing t0 = −R
c

are the

“retarded-day” values, that is the values of these parameters that produced the gravita-

tional waves which are currently arriving at the Earth (again, at the time our experiment

first begins). Later in this work we will choose the fiducial time to be t0 = −R
c

.

2.7.1 Monochromatism

In the most simple model of the gravitational waves emitted by a binary system, one as-

sumes no energy is lost from the emission of gravitational waves. Under this assumption,

the binary’s energy will remain conserved, the orbit will not coalesce (it has “infinite”

coalescence time), and hence the orbital period/frequency will remain constant. This as-

sumption means that the gravitational waves emitted by the binary system will have a
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constant frequency for all time. Hence the name “monochromatic” gravitational waves.

For the monochromatic gravitational wave model, the orbital frequency and phase are

given by:

ω(t) =ω0, (2.33)

Θ(t) =θ0 + ω0(t− t0). (2.34)

2.7.2 Frequency Evolution

More realistically, however, energy in the binary system is lost due to the emission of

gravitational wave radiation. This means that over time the binary will collapse and coa-

lesce. As the binary collapses, the orbital frequency will increase, meaning that the grav-

itational wave frequency will also increase. This evolution towards higher frequencies is

called “frequency chirping.”

Under assumption 5, gravitational wave radiation from a binary system causes the

frequency of the orbit to change as:

ω̇ =
dω

dt
=

96

5

(
GM
c3

)5/3

ω11/3. (2.35)

As the orbit coalesces, the orbital frequency increases without bound. Formally we de-

fine the time the binary coalesces to be when it reaches infinite orbital frequency, that is

ω(t)→∞ as t→ τc. We can compute the time of coalescence of the binary by integrating

equation 2.35:
τc∫
t0

dt =

∞∫
ω0

5

96

(
c3

GM

)5/3

ω−11/3dω,
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which gives:

τc = t0 +∆τc,

where ∆τc ≡
5

256

(
c3

GM

)5/3
1

ω
8/3
0

. (2.36)

Here in our notation τc is the “time of coalescence” and ∆τc ≡ τc − t0 is the “time of

coalescence measured from our chosen fiducial time.” We make the pedantic distinction

of this here as the difference between the two will become more significant later on. This

difference is represented in Figure 3.7, and the dependence of ∆τc on the chirp mass and

orbital frequency parameters can be seen in the contour plot in Figure 3.9.

For arbitrary times, we can repeat the integration:

t∫
t0

dt =

ω∫
ω0

5

96

(
c3

GM

)5/3

ω
′ −11/3dω

′
,

which leads us to an expression for the orbital frequency as a function of time for our

binary system:

ω(t) = ω0

[
1− t− t0

∆τc

]−3/8

. (2.37)

As for the phase of the binary, we know dΘ
dt

= ω(t). We can integrate this expression over

time, or similary we can first write ω(t) = dΘ
dω

dω
dt

, so using equation 2.35 again we can write

dΘ
dω

= 5
96

(
c3

GM

)5/3
ω−8/3 and integrate this for arbitary ω:

Θ∫
θ0

dΘ
′
=

ω∫
ω0

5

96

(
c3

GM

)5/3

ω
′ −8/3dω

′
,

which leads us to an expression for the orbital phase as a function of time for our binary
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system (expressed here in a number of useful forms):

Θ(t) = θ0 + θc

[
1−

(
ω(t)

ω0

)−5/3
]
,

= θ0 + θc

[
1−

(
1− t− t0

∆τc

)5/8
]
,

= θ0 +
1

32

(
c3

GM

)5/3 [
ω
−5/3
0 − ω(t)−5/3

]
, (2.38)

where we define the quantity:

θc ≡
8

5
∆τcω0 =

1

32

(
c3

GMω0

)5/3

. (2.39)

This is a rather important quantity itself, and conceptually it is the number of radians that

the binary will sweep out before it coalesces (i.e. θc
2π

is the number of orbital revolutions

before the system coalesces). That is, in the limit the binary coalesces where ω(t) → ∞,

we see that Θ → θ0 + θc. For this reason we will refer to θc as the “coalescence angle.”

Remember, both ∆τc and θc are measured with respect to the chosen fiducial time.

Note that in the “large coalescence time” limit that ∆τc →∞, the frequency evolution

model (equations 2.37 and 2.38) reduces to the monochromatic model (equations 2.33

and 2.34) as we would expect. In practice, the monochromatic limit for pulsar timing

experiments merely requires that the gravitational wave frequency stays nearly constant

as pulsar’s radiation travels between the pulsar and the Earth, so that ∆τc ≫ (1− r̂ · p̂) L
c

(see ahead to equation 3.46). However in this work since we are specifically investigating

and classifying different models based on their mathematical differences, we will use the

term “monochromatic” specifically when working under the assumption of Section 2.7.1.
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Finally, using this information we can also express equation 2.35 as:

ω̇ =
dω

dt
=

96

5

(
GM
c3

)5/3

ω11/3,

=
3

8

ω11/3

∆τcω
8/3
0

,

=
3

8

ω

τc − t
. (2.40)
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CHAPTER 3

The Continuous Wave Timing Residual

A binary system of two massive objects orbiting each other will, under general relativity,

cause the metric perturbation to vary in time sinusoidally, and this perturbation will prop-

agate away from the source as a wave. The result is that spacetime will stretch and com-

press as the wave propagates through the universe, and will change the path (geodesic)

that external objects move along as the wave interferes with them. For gravitational wave

experiments, it is especially important to try and understand how the gravitational wave

will affect null geodesics, i.e. the path that light moves along, because we can design

experiments that can actually test and observe this effect on light.

With this in mind we now turn to the question of using pulsars to design a gravi-

tational wave experiment. When observed with radio telescopes here on Earth, highly

regularly spinning pulsars act as incredibly precise clocks, with each pulse acting as a

clock tick. Now consider the effect of a gravitational wave on the photons in a pulse

of light beamed from a pulsar, as it travels from the pulsar towards our observatories

here on Earth. In the absence of any gravitational wave disturbances, the photons would

move along an essentially flat spacetime background as they traveled from the pulsar to

the Earth. Since the spacetime the photons traverse is static, the interval between the light

pulses will remain constant, or in other words, the pulsar’s pulse period T will remain

constant as observed on Earth. However, a gravitational wave will cause that flat space-

time to perturb sinusoidally, and in this way the photon spacetime path from the pulsar

to the Earth will change. The question we want to ask is how is the observed period of

the pulsar affected by a gravitational wave, and can we find an observable that allows us

to turn this theoretical observation into an experimental one?
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For the work below we will make the following assumptions:

Assumptions: Observed Pulsar Period

1. The universe is flat and static. Therefore the expression for the retarded

time is the familiar: tret = t− |x⃗−x⃗′ |
c

.

2. Earth is at the center of our coordinate system.

3. The pulsar is located at a fixed angular sky position and distance from the

Earth.

4. The local background spacetime between the pulsar and the Earth is flat

Minkowski, ηµν = diag(−c2, 1, 1, 1).

5. Transverse-traceless (“TT”) gauge.

6. The antenna patterns are assumed to remain constant over the Earth-pulsar

baseline.

7. The pulsar’s rotational period timescale must be appropriately small in

comparison to the timescale of the gravitational wave. Specifically we have

two case requirements:

⇒ Monochromatic Source: ω0T ≪ 1 ,

⇒ Frequency Evolving Source: T
∆τc
≪ 1 .
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3.1 THE OBSERVED PULSAR PERIOD

So the first question we ask is, what is the path of a photon traveling from the pulsar to

the Earth?1 To determine this we begin with the spacetime interval and our metric, a flat

background spacetime with a gravitational wave perturbation coming from some binary

source, as given by equation 2.30:

ds2 = −(cdt)2 +
[
ηij + hTT r̂ij

]
dxidxj. (3.1)

It’s important to remember here that the metric perturbation hTT r̂ij is a function of the

retarded time, which itself is a function of t and x⃗, that is, our notation for the functional

dependence on tret, t, and x⃗ can be indicated as:

hTT r̂ij ≡ hTT r̂ij (tret) ≡ hTT r̂ij

(
tret(t, x⃗)

)
≡ hTT r̂ij (t, x⃗) . (3.2)

Remembering this order, that the metric perturbation is a function of the retarded time,

which itself depends on the field point of interest x⃗, will become important shortly, which

is why we make special emphasis of it here before continuing.

Let the pulsar be at a fixed angular position given by θp and ϕp; the vector pointing

from the Earth towards the pulsar will be denoted as p̂:

p̂ ≡
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
(3.3)

The photon will travel along the radial spatial path connecting the pulsar and the Earth

(hence dθ = dϕ = 0), so using spherical coordinates we can write dxi = p̂idr. Moreover,

1The derivation presented here follows the logic presented in Maggiore (2018).
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since we are considering the motion of a photon, ds = 0. So equation 3.1 becomes:

(cdt)2 =
[
ηij + hTT r̂ij

]
p̂ip̂jdr2,

=
[
1 + p̂ip̂jhTT r̂ij

]
dr2,

=
[
1 + p̂ip̂jE r̂A

ij hA
]
dr2 −→ ± dr = cdt[

1 + p̂ip̂jE r̂A
ij hA

]1/2 , (3.4)

where the second line just comes from writing out the Einstein notation: p̂ip̂jηij = (p̂x)2 +

(p̂y)2 + (p̂z)2 = |p̂|2 = 1. (Or alternatively, we can write the spatial part of the Minkowski

metric as a decomposed sum of the outer products of the unit Cartesian vectors ηij ≡

(x̂ix̂j) + (ŷiŷj) + (ẑiẑj) and then recognize that this is just the dot product of p̂ with itself:

p̂ip̂jηij = |p̂|2 = 1). In the third line we switch to the notation established and motivated

in equation 2.30, and note that here the quantity p̂ip̂jE r̂A
ij is function only of the source’s

orientation and sky location angles, and importantly, doesn’t have any time dependence.

We will find later that this combines with another term to become what we will call the

“antenna response” function (discussed in detail in Section 3.5.1).

The ± from the square root denotes a radially outbound (+) versus radially inbound

(−) photon. We now integrate both sides of this expression to get the photon’s path. The

photon leaves the pulsar at the “emitted” time tem at a distance L from the Earth, and

travels radially inbound arriving at the Earth at the “observed” time tobs:

L = −
0∫

L

dr =

tobs∫
tem

cdt[
1 + p̂ip̂jE r̂A

ij hA
]1/2 ≈

tobs∫
tem

[
1− 1

2
p̂ip̂jE r̂A

ij hA

]
cdt,

= c (tobs − tem)−
1

2
p̂ip̂jE r̂A

ij

tobs∫
tem

hA (t, x⃗) cdt.

We can see in the final equality here that to “zeroth order” in the metric perturbation
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the path that the photon takes is L ≈ c (tobs − tem), or tobs ≈ tem + L/c, which is exactly

as we would expect for flat unperturbed spacetime. Since we are only interested in the

solution to first order in the metric perturbation, we can use this to replace the upper limit

of integration and then evaluate the metric perturbation along the zeroth order path (the

overall integrand is still first order). We can also use this to write the spatial path of our

photon to zeroth order as:

x⃗0(t) ≡ [ctem + L− ct] p̂ ≈ [ctobs − ct] p̂. (3.5)

This describes the desired path - i.e. x⃗0 = Lp̂ at the time the photon leaves the pulsar and

x⃗0 = 0 at the time it arrives at the Earth. Now we can write:

tobs ≈ tem +
L

c
+

1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

hA
(
t, x⃗0(t)

)
dt. (3.6)

So we have considered the path that a photon will travel between the pulsar and the

Earth, and have found an expression equation 3.6 which gives the difference in emitted

and observed times of the photon. Next imagine the pulsar emits a flash, then rotates once

and emits a second flash. We’ll denote the true period of the pulsar as T , but now want to

find what is the observed period here on Earth. We repeat the exact same steps above for

a photon one period later. Now the emitted time is t′em = tem + T and the observed time

is t′obs. The the spatial path then becomes:

x⃗
′

0(t) ≡ x⃗0(t, tem → t
′

em) = [ctem + cT + L− ct] p̂ = [ctem + L− c(t− T )] p̂,

= x⃗0(t− T ). (3.7)
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The expression one period later changes to:

t
′

obs ≈ tem + T +
L

c
+

1

2
p̂ip̂jE r̂A

ij

tem+T+L/c∫
tem+T

hA
(
t, x⃗0(t− T )

)
dt,

= tem + T +
L

c
+

1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

hA
(
t+ T, x⃗0(t)

)
dt, (3.8)

where in the second line we performed the substitution/coordinate-shift t̃ = t − T . This

shifts the limits of integration, and since the label of the coordinate of integration in an

integral is arbitrary, we can let t̃ → t. The integrals in expressions 3.6 and 3.8 now only

differ by a factor of T in the time-coordinate, but not in the spatial path. So the difference

between equation 3.6 and 3.8 is the observed pulsar pulse period here on Earth:

Tobs ≡ t
′

obs − tobs ≈ T +∆T,

where ∆T =
1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

[
hA
(
t+ T, x⃗0(t)

)
− hA

(
t, x⃗0(t)

)]
dt, (3.9)

with equation 3.9 being the general expression for the resulting perturbation of a gravita-

tional wave on the observed pulsar period.

In Section 3.2 we will explain that a more useful quantity to consider is the fractional

change in the pulsar’s period, so dividing equation 3.9 by T we write:

∆T

T
=

1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

[
hA
(
t+ T, x⃗0(t)

)
− hA

(
t, x⃗0(t)

)
T

]
dt,

=
1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

[
hA
(
t+ T, x⃗

)
− hA

(
t, x⃗
)

T

] ∣∣∣∣∣
x⃗=x⃗0(t)

dt,
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≈ 1

2
p̂ip̂jE r̂A

ij

tem+L/c∫
tem

∂hA (t, x⃗)

∂t

∣∣∣∣∣
x⃗=x⃗0(t)

dt. (3.10)

The approximation of the integrand that we made in the final line is crucial, and makes

use of the definition of a derivative. However, to arrive at this approximation we must

consider the two fundamentally different cases of interest. Regardless if the source is

truly monochromatic or if its frequency is evolving, the result here is the same, but the

approximation statements will be different as shown in the box below.

Monochromatic Source

For a monochromatic source we see that from the functional form of the phase,

frequency, and strain (Section 2.7.1 and equation 2.23), t will always appear in

the combination ω0t, a dimensionless quantity, in our equations. Let’s use this to

non-dimensionalize our expression so that we can properly take the limit defini-

tion of our derivative. It is tempting to take the limit definition of our derivative

of the integrand in equation 3.10 in terms of T alone, but this is a dimensional

quantity, and therefore this statement would not be sufficiently rigorous. So let:

t̃ ≡ ω0t =⇒ T̃ = ω0T.

This means we can write:

hA
(
t+ T, x⃗

)
− hA

(
t, x⃗
)

T
=
hA
(
t̃+ T̃ , x⃗

)
− hA

(
t̃, x⃗
)

T
× ω0

ω0

,
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=

[
hA
(
t̃+ T̃ , x⃗

)
− hA

(
t̃, x⃗
)

T̃

]
ω0,

≈
T̃≪1

[
∂hA

(
t̃
)

∂t̃

]
ω0,

=

[
∂t

∂t̃

∂hA
(
t
)

∂t

]
ω0,

=

[
1

ω0

∂hA
(
t
)

∂t

]
ω0,

=
∂hA

(
t
)

∂t
.

The first line is true because again, t and T appear everywhere in our expression

for hA in the combinations ω0t and ω0T . In the third line we have applied

our derivative definition approximation, namely that in the limit T̃ → 0 the

approximation becomes an exact equality. And in the fourth line we apply the

chain rule to write the derivative with respect to t. So the crucial assumption

for a monochromatic source is that we require T̃ = ω0T ≪ 1. For our sources

of interest, SMBHBs, the orbital period will be on the order of months to

decades, so the orbital angular frequency ω0 will be on the order of 10−7 to

10−9 Hz. And the pulsar rotation period will be on the order of milliseconds.

So ω0T ∼ O(10−10) or so, which indeed will be a very small quantity, so this

approximation is safe.

Frequency Evolving Source

For a source whose orbit evolves with time, we see that from the functional form

of the phase, frequency, and strain (Section 2.7.2 and equation 2.23), twill always
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appear in the combination t
∆τc

in our equations, which is again a dimensionless

quantity. For the same reasons as in the monochromatic cases, let:

t̃ ≡ t

∆τc
=⇒ T̃ =

T

∆τc
.

Once again, we carry through the same series of steps:

hA
(
t+ T, x⃗

)
− hA

(
t, x⃗
)

T
=
hA
(
t̃+ T̃ , x⃗

)
− hA

(
t̃, x⃗
)

T
× 1/∆τc

1/∆τc
,

=

[
hA
(
t̃+ T̃ , x⃗

)
− hA

(
t̃, x⃗
)

T̃

]
1

∆τc
,

≈
T̃≪1

[
∂hA

(
t̃
)

∂t̃

]
1

∆τc
,

=

[
∂t

∂t̃

∂hA
(
t
)

∂t

]
1

∆τc
,

=

[
∆τc

∂hA
(
t
)

∂t

]
1

∆τc
,

=
∂hA

(
t
)

∂t
.

So the crucial assumption for a source whose frequency does evolve over time

is that we require T̃ = T
∆τc
≪ 1. Again for our sources of interest, SMBHBs,

the time of coalescence (measured from the fiducial time) will typically be on

the order of kiloyears all of the way to gigayears. Combined with a millisecond

pulsar period this requirement again will normally be safely met. This might

only become a problem if we are considering an agressively evolving source,

wherein we actually capture the moment of coalescence. If this is the case then

this assumption would break down.

42



Next, let’s consider the functional form of this integrand expression in equation 3.10.

From equations 2.22, 2.23, and 3.2 the functional dependence of the metric perturbation

on time looks like: hA = hA

(
h
(
ω
(
tret(t, x⃗)

))
,Θ
(
tret(t, x⃗)

))
. Furthermore, under assump-

tion 1, ∂tret
∂t

= 1. Therefore taking the time derivative of the metric perturbation, the chain

rule yields:

∂hA (tret (t, x⃗))

∂t
=
dhA (tret)

dtret

∂tret
∂t

=
dhA (tret)

dtret
=
dhA (h (ω (tret)) ,Θ(tret))

dtret
,

=
∂hA(h,Θ)

∂h

∂h(ω)

∂ω

dω

dtret
+
∂hA(h,Θ)

∂Θ

dΘ

dtret
,

=

(
hA

h

)(
2

3

h

ω

)
ω̇(tret) +

(
2hA

(
h,Θ+

π

4

))
ω(tret),

=
2

3
hA(tret)

ω̇(tret)

ω(tret)
+ 2hA

(
ω(tret),Θ(tret) +

π

4

)
ω(tret), (3.11)

where in the third line here we have used the notation described in the “Notational Aside”

box. The “dot” derivative ω̇ here is a derivative with respect to tret.

We see here by equation 3.11 that if we carefully consider the order of the derivatives

and then evaluate the expression along the photon path x⃗ = x⃗0(t), we can say (again see

the “Notational Aside” box below):

∂hA (tret (t, x⃗))

∂t

∣∣∣∣∣
x⃗=x⃗0(t)

=
dhA (tret)

dtret

∣∣∣∣∣
tret=t0ret

,

=
2

3
hA(t

0
ret)

ω̇(t0ret)

ω0
+ 2hA

(
ω0,Θ0 +

π

4

)
ω0,

=
dhA (t0ret)

dt0ret
. (3.12)

In words, taking the time derivative of hA = hA(t) and then evaluating the result at x⃗ =

x⃗0(t) is equivalent to just writing hA = hA (t0ret) and taking a derivative of that with respect

to t0ret. This will end up being a very important result later in Section 3.5.
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With each of these established notations we can write the integrand of the fractional

change in the pulsar period in a number of useful forms, all of which we will exploit later

in our studies:

∆T

T
(tobs) ≈

1

2
p̂ip̂jE r̂A

ij

tu∫
tl

∂hA (tret (t, x⃗))

∂t

∣∣∣∣∣
x⃗=x⃗0(t)

dt,

=
1

2
p̂ip̂jE r̂A

ij

tu∫
tl

dhA (t0ret)

dt0ret
dt,

=
1

2
p̂ip̂jE r̂A

ij

tu∫
tl

[
2

3
hA(t

0
ret)

ω̇(t0ret)

ω0
+ 2hA

(
ω0,Θ0 +

π

4

)
ω0

]
dt, (3.13)

where


tu = tem + L

c
≈ tobs ,

tl = tem ≈ tobs − L
c

.

Notational Aside

The following property of the sine and cosine functions will be quite useful to us

in terms of keeping our notation “clean” and convenient throughout this paper:



sin (2Θ) = − cos
(
2
(
Θ+ π

4

) )
,

= cos
(
2
(
Θ− π

4

) )
,

cos (2Θ) = sin
(
2
(
Θ+ π

4

) )
,

= − sin
(
2
(
Θ− π

4

) )
.

(3.14)
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These relations allow us to write:

∂hA(h,Θ)

∂Θ
=


2h sin (2Θ) = −2h cos

(
2Θ + π

2

)
(+)

−2h cos (2Θ) = −2h sin
(
2Θ + π

2

)
(×)

 = 2hA

(
Θ+

π

4

)
.

(3.15)

This notation is motivated in the sense that it will allow us to continually express

our formulae in terms of the original hA expressions in equation 2.22, with the

inclusion of an additional phase factor.

Additionally, we define the following streamlined notation:


t0ret ≡ tret

(
x⃗ = x⃗0(t)

)
,

ω0 ≡ ω (t0ret) ,

Θ0 ≡ Θ(t0ret) .

(3.16)

In words this is the retarded time, the orbital frequency, and the orbital phase as

a function of time along the photon’s path.

Here we emphasize the limits of integration. The motion of the photon as it travels

from the pulsar to the Earth can be referenced in terms of the emitted time or the obser-

vation time. So far we have explained this derivation with reference to the emitted time

since it is perhaps more natural. But for more conceptual convenience going forward we

will express the limits with respect to the observation time. Again, since overall we are

working on a solution which is good only to first order in the metric perturbation, we

can use the zeroth order path of the photon to interchange the limits in this way (recall

back to equation 3.6, higher order corrections would introduce additional factors of the
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metric perturbation). Additionally we make it explicitly clear that that the metric pertur-

bation hA is still a function of both the orbital frequency (which appears in the amplitude,

equation 2.23) and the phase. We do this because other derivations in the literature seem

to ignore the amplitude’s dependence on the frequency or don’t properly explain the as-

sumptions they are making about the amplitude’s frequency dependence.

Once again, this expression is the fractional change in the period with time due to the

presence of a gravitational wave. As a reminder, conceptually we are integrating along

the photon’s path between the pulsar and the Earth. This is achieved by integrating over

the dummy time variable t from the time the photon leaves the pulsar, tobs − L/c, to the

time it arrives at the Earth and is observed, tobs. Hence the result is a function of the

observation time - i.e. it is the observed fractional change in the period of the pulsar at

some given observation time.

3.2 THE OBSERVABLE: THE PULSAR TIMING RESIDUAL

It may seem like the expression for ∆T
T

in equation 3.13 is a quantity which we could try to

observe experimentally. However, as we will see in the coming sections when we actually

explicitly solve this equation, the resulting quantity will still be extraordinarily small.

For example, jumping ahead to Section 3.5 and considering the solution of ∆T
T

in the

plane-wave formalism in equation 3.28, aside from the geometrical terms out front we see

that the solution is effectively on the order of the metric perturbation itself, O (h). If the

period of our pulsar is something like 1ms and the magnitude of the metric perturbation

produced by our SMBHB is something like 10−17, then we would be looking at trying to

measure a fluctuation in the period of our otherwise extremely regular pulsar clock ticks

on the order of ∆T ∼ 10−20s! So this itself is not useful to us experimentally, but it does
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Figure 3.1: A toy experiment. Imagine an observed clock with period T = 2s, with some
effect which causes its period to shift by ∆T = 3s. An interval of time lasting 6s our time
we expect to be recorded by three periods on the observed clock if they are synchronized.
However, we observe three periods (“clock ticks”) lasting 15s, i.e. 9s longer than our
expectation.

get us one step closer to an experimental quantity which we can measure. 2

Consider for a moment the integral of this quantity:

∫
∆T

T
(tobs) dtobs.

What does this represent physically, and is it useful to us? For concreteness let’s imagine

the following toy problem. There is a clock which we are observing, which we expect has

a true period of T = 2s, but some unknown physical effect is causing that clock period to

shift by a constant amount such that ∆T (tobs) = 3s. We are going to study this clock with

a reference clock of our own for some amount of “observation time.” Even if the observed

clock doesn’t “tick” at the same rate as ours, as clocks they should still be synchronized

in that a given time interval on the observed clock should always correspond to the same

interval of time on our reference clock.
2See the box at the end of this section for a discussion of the difference between measuring the pulsar

periods vs. pulse time-of-arrivals.
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Imagine we begin our experiment as shown in Figure 3.1. Focus on our observation

of the time interval lasting three observed clock ticks. If we expect the period of this

observed clock to be T = 2s our time, then we expect three periods of the observed clock

to measure out t = 6s. However, in this example we observe this interval to last for

t = 15s. So the difference in the expected time interval and the observed time interval

of the third clock tick is 9s. This is also what our expression tells us. If we integrate the

fractional change in the period of the observed clock over the interval of interest from our

time of t = 0s to t = 6s, then this gives us the difference in the expected and observed

times for the three ticks:

6s∫
0

∆T

T
(tobs) dtobs =

6s∫
0

3s

2s
dtobs =

3

2
(6s) = 9s = 15s− 6s.

In fact, this quantity tells us that for any interval of time that is observed and measured:

∫
∆T

T
(tobs) dtobs =

3

2
t,

so if I expect to measure an interval of time t on the observed clock, I will actually observe

it to be different from my expectation by 3
2
t. For example,

2s∫
0

∆T

T
(tobs) dtobs = 3s = 5s− 2s,

4s∫
0

∆T

T
(tobs) dtobs = 6s = 10s− 4s,

4s∫
1s

∆T

T
(tobs) dtobs = 4.5s = 7.5s− 3s.

(In the last example here, if our clocks are in sync then the 3s time interval between 1s and
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4s on our own reference clock would correspond to 1.5 periods on our observed clock.

But here we observe 1.5 periods to be 7.5s long, or 4.5s longer than expected.)

This is a very simple toy model, but it illustrates another key concept. Say at this point

we come to some realization that the intrinsic period of the observed clock T is actually

T = 5s, and that there is no unknown physical effect causing that clock period to shift

like we originally suspected. Then if we change our model to reflect this, the observed

clock’s measurement of time will now always match our expectation (e.g. we will now

expect three periods on the observed clock to correspond to a time interval of 15s, which

is what we indeed observe). Moreover, since ∆T (tobs) = 0 now our integral quantity will

always be zero, i.e. there will be no difference between any measured time interval on

our reference clock and on our observed clock.

We also gain more insight on this quantity by writing it in the following way, using

the definition that ∆T ≡ Tobs − T :

∫
∆T

T
(tobs) dtobs =

∫
Tobs (tobs)− T

T
dtobs =

∫ [
Tobs (tobs)

T
− 1

]
dtobs =

∫
Tobs (tobs)

T
dtobs−t.

The very final term t on the right hand side is just the time interval we would expect to the

observed clock to measure if it was synchronized with our reference clock. We also know

that our term on the left hand side is the difference between the observed and expected

measured time intervals on the observed clock, so this means the quantity
∫

Tobs
T

(tobs) dtobs

is the actual observed time interval. We can see this directly from our earlier examples

too. From the first example for the interval t = 0s to t = 6s, the expected time is simply

t = 6s, and the observed time is
6s∫
0

Tobs
T

(tobs) dtobs =
6s∫
0

5s
2s
(tobs) dtobs =

5
2
(6s) = 15s, which is

what we had earlier.

Therefore, since this quantity is a residual of the observed and expected time intervals

measured by our observed clock, we call it the “timing residual,” which can be written
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as:

Res(t) =

∫
∆T
T

(tobs) dtobs = Obs(t)− Exp(t),

Res(t, t0) =

t∫
t0

∆T
T

(tobs) dtobs = Obs(t, t0)− Exp(t, t0),
(3.17)

where


Exp(t, t0) = t− t0,

Obs(t, t0) =

t∫
t0

Tobs(tobs)
T

dtobs.
(3.18)

Here we denote Obs(t) as the “observed time interval” and Exp(t) as the “expected time

interval” of the observed clock. If we want to measure the residual time intervals begin-

ning from a specific time, then we specify t0 in the definite integral as our initial start time.

Therefore the residual at the time t0 will always be zero because this is the start of the time

interval and the residual measures the deviation away from this specific time. Otherwise

the indefinite integral gives us the general expression for how the residual changes over

time, without “zeroing” it out at a specific time t0. If we want to know the difference in

the observed time and the expected time for a specific interval, then we need to explic-

itly give those limits. Another example of a ∆T which varies sinusoidally in time, as we

would expect for a time shift caused by a gravitational wave, is given in Figure 3.2.

Physically, we can understand what is happening as follows. Although the fluctua-

tions of the pulsar’s period ∆T are too small to measure directly, over time, after every

pulsar period, these period shifts begin to stack. If the values of ∆T > 0, after each pulsar

period the additional time added pushes the expected time-of arrival (commonly referred

to as a “TOA”) and the observed time-of-arrival of the subsequent ticks further and fur-

ther apart. If the values of ∆T < 0, the pulsar periods are shorter than normal so the

observed TOA of subsequent ticks comes earlier than expected. So while an individual
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(a) Example of Res(t). In this case, the measured time intervals spend equal
amounts of time being shorter than expected as they do longer than expected.

(b) Example of Res(t, t0), zeroed at t = t0 = 4. In this case, nearly all measured
time intervals will appear to be shorter than we would expect them to be.

Figure 3.2: Here is another toy example of our experiment, where the true period of the
clock we are watching is T = 2, and ∆T (t) = A sin (2πt/Tgw + θ0), with the parameters set
to A = 0.1, Tgw = 15, and θ0 = 3π/8. Both figures are the same data set, but show how
the measured time intervals can change when we “zero” the expected and observed time
intervals at a specific time t0. Above each timing residual is a visualization of the arrivals
of the observed and the expected clock ticks, for the times t indicated on the horizontal
axis.
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∆T may not be measurable, this measurement allows us to exploit the cumulative effect

of the pulsar’s period shift over a long period of time. If enough of these ∆T ’s stack on

top of each other over a long enough sequence of clock ticks, then the resulting shift in

time on the observed clock will become measurable.

This brings us to another crucial insight into the feasibility of making this measure-

ment possible. Ideally, we want the period of our observed clock, which in this case is our

pulsar, to be much smaller than the period of our induced ∆T shift, which is the period

of our gravitational wave, that is:

Tgw > Tclock ←→ 1 > ωgwTclock.

This is because longer gravitational wave periods mean more time for the ∆T shifts to

constructively add on top of each other after each period of the clock. This will give

more time for the observed time intervals to increase with respect to the expected time

intervals, and thus will make the timing residuals larger. If the observed clock period

and the gravitational wave period are close in magnitude to each other, then fewer clock

cycles ∆T shifts will be able to compound, and the timing residual will be smaller. In fact

we see this in our earlier assumption for a monochromatic source, assumption 7. So this is

the key physical motivation in turning this theoretical effect (an otherwise immeasurable

deviation to a pulsar’s clock period) into one which can be measured experimentally. An

example of this is shown in Figure 3.3.

Now we can design our experiment:

• Observe a “clock tick” from a pulsar and record the time that the tick occurred,

using some master reference clock here on Earth.

• Make subsequent observations like this of the pulsar’s clock ticks over the course of
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Figure 3.3: Continuation of the example shown in Figure 3.2. Here we plot two timing
residuals from two clocks with different intrinsic periods. What this aims to show is that
ideally we need to use a clock (i.e. pulsar) which has a period T much smaller than the
period Tgw of the gravitational wave inducing the ∆T shift, so that more clock cycles
will allow the ∆T shifts to constructively add and make the timing residuals larger in
magnitude, to the point where they can be measured (even if the ∆T shift itself is too
small to be measurable). The smaller the T (compared to Tgw), the greater the magnitude
of the resulting residual.
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years to decades. This will be our Obs(t) data.

• For a highly regular pulsar, we will have a good idea of what the pulsar’s clock

period T is from one observation. However, if a gravitational wave is in fact adding

some ∆T to it, we don’t know how many cycles may have passed where period

deviations have stacked on top of the true period. Therefore we average a long

timescale period for the pulsar from our collected data. With this period we can

then compute our Exp(t) data.

• Given the observed time interval data and the expected time interval data we can

now compute the residual from their difference.

• If there is nothing affecting the period of our pulsar then experimentally we would

expect the residual to simply look like white noise centered about Res = 0. If,

however, there is something affecting the period and our observations are sensitive

enough to detect it, then we should see some deviation away from zero in the resid-

ual over time. We can then compare the data to our model for a timing residual

induced by a gravitational wave. For example, this analysis could be done under a

Bayesian framework in order to try and estimate the parameters of the source from

the data itself.

• This entire process is iterative. As we collect more data over longer observation

timescales, we both increase our Obs(t) data and refine our Exp(t) data, which in

turn refines our Res(t) data and hopefully leads to more accurate measurements of

the gravitational wave parameters.
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Measuring Pulsar Periods vs. TOAs (Lam, 2020)

One potential for misconception when discussing the timing of a pulsar is how

well astronomers can currently measure pulsar periods vs. the actual TOAs

of pulsar pulses. The precision to which we can measure the periods of many

millisecond pulsars is truly astonishing - down to period uncertainties around

the order of attoseconds! However, our current ability to measure TOAs (and

hence, timing residuals) of pulsars is currently around the order of hundreds of

nanoseconds (Arzoumanian et al., 2018).

It may seem strange that despite our incredible ability to measure a pulsar’s

period, our uncertainties on the arrival times of the actual pulses from a pulsar

are around nine orders of magnitude larger! If we know a pulsar’s period

T down to a σT uncertainty of order attoseconds, then given our previous

discussion, why is it perhaps not possible to measure the period shift ∆T

induced by a gravitational wave directly? Why is it we must try to measure the

integrated effect of these period shifts, i.e. the timing residuals, instead? The

reason for this discrepancy lies in how we make the two different measurements

themselves.

Because millisecond pulsars are spinning so rapidly, when we point our tele-

scopes at them and record their light pulses, we observe many pulsar period cy-

cles in a relatively short amount of time. In order to measure the pulsar’s period,

all we basically need to do is divide the total observation time by the number

of pulsar pulses that occurred during that time. And this type of observation is

easily repeatable - every time we look back at that pulsar we can repeat this
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measurement, counting more pulses over more time. Notice that by doing this

we are not really trying to time the exact moment each of those pulses arrived.

All we care about is how many pulses arrived in the time we were observing

the pulsar - we simply need to be able to see that there is a pulse, and then

count that pulse. Calculating the pulsar’s period by dividing the observation

window by the number of pulses effectively averages everything out, giving us

the average period. Maybe there are gravitational waves causing those pulses

individually to arrive slightly sooner (some T − ∆T ) or slightly later (some

T + ∆T ) than we would expect, but this measurement is averaging that out

and giving us the underlying “true” period to within some (insanely small) σT

uncertainty.

But that said, if during any of those observations we want to know the exact time

every one of those pulsar light pulses arrived, then we need to have extremely

good temporal resolution on all of the individual pulsar light pulses themselves.

Given the averaging procedure we may now know the true underlying period

for that pulsar, but being able to say just how much sooner or how much later all

of the pulsar pulses are appearing as compared to the expected theoretical TOA

is more difficult. This is why our current capabilities make this measurement

many orders of magnitude larger than measuring simply the pulsar’s underly-

ing period.
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3.3 TIME RETARDATION

For a static flat universe, the retarded time is:

tret = t− |x⃗− x⃗
′ |

c
= t− 1

c

√
|x⃗′ |2 − 2x⃗′ · x⃗+ |x⃗|2,

= t− |x⃗
′ |
c

√
1− 2x̂′ · x̂

(
|x⃗|
|x⃗′ |

)
+

(
|x⃗|
|x⃗′ |

)2

,

= t− |x⃗
′ |
c

[
1− x̂′ · x̂

(
|x⃗|
|x⃗′ |

)
+

1

2

(
1−

(
x̂

′ · x̂
)2)( |x⃗|

|x⃗′ |

)2

+ . . .

]
,

= t − |x⃗′ |
c︸︷︷︸

“Far Field”

+
(
x̂

′ · x̂
) |x⃗|
c︸ ︷︷ ︸

“Plane−Wave”

− 1

2

(
1−

(
x̂

′ · x̂
)2) |x⃗|

c

|x⃗|
|x⃗′ |︸ ︷︷ ︸

“Fresnel”

+ . . .

(3.19)

where x⃗′ is the wave source’s position and x⃗ is the field point of interest. The expansion

we have made here is good when the source is much further away than our field point. It

also gives us a way of categorizing different wave solution approximation regimes, which

will ultimately be the crux of our work to come, so gaining insight into this is critical.

Keeping successive terms after the t in this expression, the first term is our “far field”

regime, the second term is the “plane-wave” regime, and the third term is the “Fresnel”

regime. One way to visually interpret the different approximation regimes is by plotting

contours of constant tret, as shown in Figure 3.4. The shape of the contours trace the shape

of the wavefront as it propagates away from the source. The Fresnel term gives the first

order curvature of the physical wavefront. Conceptually, it introduces an additional time

delay to the arrival time of the wavefront predicted by the plane-wave approximation

(see again Figure 3.4). Our goal is to understand when this curvature term/time delay

will become significant in our timing residual model.

As mentioned earlier, from equation 2.28 we define x⃗′ ≡ Rr̂ as the source location. In
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Figure 3.4: An example contour diagram of the retarded time, in the source-Earth-pulsar
plane at fixed time t = 0. Labels on the contours give the value of tret multiplied by the
speed of light. Thus these values indicated for our fixed t = 0 the distance each contour
line is from the source. The approximations indicate up to what term is included in the
expansion in equation 3.19. Since the lines show constant tret, this traces the curvature of
the wavefront. For illustrative purposes that exaggerate and show the differences in the
approximation regimes, we set the pulsar at a distance L = 5 kpc and the source atR = 30
kpc from the Earth. A source with frequency ω0 = 1 nHz along with this pulsar would
have a Fresnel number F = 27.3 in this example. As we can see here, the curvature of the
wavefront means the wave arrives at the pulsar’s location later than what is predicted by
the plane-wave approximation.
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our problem we want to follow the path of a photon along the radial line connecting the

Earth to the pulsar, i.e. along the direction p̂. Therefore, the field point of interest we will

always be working with will be some vector that points along this line, so we can write

x⃗ = xp̂ (where x ≥ 0). (Namely the path we are interested in is given by equation 3.5

which between our limits of integration is always positive). Hence we can write:

tret(t, xp̂) = t− 1

c

√
R2 − 2 (r̂ · p̂)Rx+ x2,

= t− R

c
+ (r̂ · p̂) x

c
− 1

2

(
1− (r̂ · p̂)2

) x
c

x

R
+ . . . . (3.20)

In pulsar timing, typically most sources are approximated as far enough from the

Earth-pulsar baseline that gravitational waves arrive as plane-waves. However, we are

interested in seeing under what circumstances the effects of the wavefront’s curvature

from the Fresnel regime may begin to be important in the computation of the timing

residual.

Namely, the plane-wave and Fresnel regimes become increasingly different away from

the coordinate system origin, so let’s consider the maximum size of our detector, which is

the full Earth-pulsar distance x⃗ = Lp̂:

tret(t, Lp̂) = t − R

c︸︷︷︸
“Far Field”

+ (r̂ · p̂) L
c︸ ︷︷ ︸

“Plane−Wave”

− 1

2

(
1− (r̂ · p̂)2

)(L
c

)(
L

R

)
︸ ︷︷ ︸

“Fresnel”

+ . . . (3.21)

Now in general a wave solution behaves sinusoidally, oscillating with some angular fre-

quency ω. For our order of magnitude estimate let’s consider a monochromatic wave -

then the wave solution evaluated at the retarded time will behave like:

sin(ωgwtret) ∼ sin

(
ωgwt− ωgw

R

c
+ (r̂ · p̂)ωgw

L

c
− 1

2

(
1− (r̂ · p̂)2

)
ωgw

(
L

c

)(
L

R

))
.
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Since sine functions are cyclic on the interval from 0 → 2π, the Fresnel term will

become significant if it is an appreciable fraction of 2π, so let’s write:

2π ∼ 1

2

(
1− (r̂ · p̂)2

)
ωgw

(
L

c

)(
L

R

)
,

≡
(
1− (r̂ · p̂)2

)
πF,

or more roughly if we ignore all of the geometric terms and factors of order unity in this

expression we can write this condition as roughly:

F ∼ 1, (3.22)

where F ≡ L2

λgwR
=
ω0

π

L

c

L

R
, (3.23)

and λgw ≡
πc

ω0

. (3.24)

Equation 3.24 comes from the fact that the gravitational wave travels at the speed of

light, so λgw = cT = 2πc/ωgw, and the gravitational wave frequency is twice the orbital

frequency of the source, so ωgw = 2ω0. (Again, we emphasize here this is a rough approx-

imation to our original statement, which doesn’t worry about factors of order unity). The

quantity F is the familiar “Fresnel number” from diffraction theory, so when F ∼ O(1),

this suggests that our plane-wave approximation may be less accurate and using the Fres-

nel approximation would be required. In fact, it is because of this connection to the Fres-

nel number that we have been calling this term in the retarded time expansion the “Fres-

nel” term. Hence in the sections to come we will develop the formalisms for both regimes

and study how the timing residuals in these regimes differ. To see visually the depen-

dence of F on the orbital frequency, source distance, and pulsar distance parameters, see

the contour plot in Figure 3.9.
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Of course it is still important to remember that this condition equation 3.22 should

just be used to get a quick sense of which regime may be more dominant - the geometric

terms which we ignored can become important, but we will discuss those in detail in the

coming sections.

Natural Plane-Wave Limit

Note there is an important limit here wherein higher order terms past the

plane-wave term in equation 3.21 naturally vanish. Writing out additional terms

in the Taylor expansion in equation 3.20, we would find that in addition to the

“Fresnel” term, all higher terms contain a factor of
(
1− (r̂ · p̂)2

)
. This means

when r̂ · p̂ = ±1, all terms except for the plane-wave term vanish - hence we

refer to this as the “natural plane-wave limit.”

Physically, this corresponds to the pulsar and the source being either “aligned”

(+1) or “anti-aligned” (−1) with the Earth. We can see why all effects of curva-

ture of the wavefront would not be noticeable in this limit simply from consid-

ering Figure 3.4. All points along the vertical line that runs through the Earth

marker (pointing along the arrow) “see” the incoming wavefront as a plane -

there is no curvature along the wavefront in this precise geometrical alignment.

This can also be seen in Figure 3.6, where no induced change in the pulsar’s

period would occur in either of these alignments.

Finally in our problem, in order to solve for the timing residual we will need to evalu-

ate the retarded time along the path of the photon as it travels between the pulsar and the

Earth, given by equation 3.5. Inserting this into equation 3.20 gives (using our notation in
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equation 3.16):

t0ret = t− R

c

√
1− 2r̂ · p̂

(
ctobs − ct

R

)
+

(
ctobs − ct

R

)2

,

= t − R

c
+ (r̂ · p̂) ctobs − ct

c
− 1

2

(
1− (r̂ · p̂)2

) (ctobs − ct)2
cR

+ . . . . (3.25)

3.4 FOUR PULSAR TIMING REGIMES

To date, pulsar timing literature has been primarily considered timing models derived

assuming that the PTA receives plane-waves coming from distant sources. They have also

been derived assuming that the frequency of the gravitational wave is monochromatic, or

that in some cases the frequency evolves slightly in the thousands to tens of thousands

of years it takes light to travel from the pulsar to the Earth. We can classify these as

two separate model regimes, “plane-wave monochromatic” and “plane-wave frequency

evolution.”

One of the primary goals of my work has been to further generalize these models by

removing the plane-wave assumption. In my work I add two new and complimentary

timing regimes to the literature, represented in Figure 3.5. These regimes increase in gen-

erality from left-to-right and top-to-bottom. The new regime I have labeled the “Fresnel”

regime as we will show it becomes important for significant Fresnel numbers. To this I

have derived an analytic formula for the timing residuals in the Fresnel monochromatic

regime, and I propose a physically motivated conjecture as to what the most general tim-

ing model should be, the Fresnel frequency evolution regime. The Fresnel frequency evo-

lution regime recovers all of the previously predicted results by each of the other three

regimes in the appropriate limits. In general, the frequency evolution regime reduces to

the monochromatic regime in the large coalescence time limit ∆τc → ∞ (see Section 2.7).
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Figure 3.5: My classification of the gravitational wave regimes coming from sources of
interest. They increase in generality from left-to-right and top-to-bottom. The models
reduce from frequency evolution to monochromatism in the large coalescence time limit
(∆τc → ∞), and from Fresnel to plane-wave in either the small Fresnel number limit
(F → 0) or the natural plane-wave limit (r̂ · p̂ → ±1). The plane-wave regime has been
well studied and used in pulsar timing literature, and in my work I add a new “Fresnel”
regime.

And the Fresnel regime reduces back to the plane-wave regime in either the natural plane-

wave limit r̂ · p̂ = ±1 or the small Fresnel number limit F → 0.

The key to this derivation of the Fresnel formalism is that I keep out to the Fresnel

term in the expansion of the retarded time in equation 3.19. Conceptually, we account for

additional time delay of a curved gravitational wavefront (as compared to a plane wave-

front) along the path of a photon traveling from the pulsar to the Earth (as the example in

Figure 3.4 shows). This will slightly alter the frequency and phase of the timing residual

in the pulsar term, which later we will show can produce a measurable effect.

It is important to realize that this derivation and formalism does not correct for wave-
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front curvature effects in the amplitude or the geometrical orientation terms like the an-

tenna patterns in Section 3.5.1. In reality, the pulsar-source distance is different from the

Earth-source distance R. This means that the amplitude of the metric perturbation (equa-

tion 2.23) should be different for the photon when it leaves the pulsar versus when it

arrives at the Earth. Furthermore, since the pulsar is at a different location, the pulsar-

source geometry will be different, and hence a photon leaving the pulsar will be affected

by a metric perturbation with different orientation angles ι and ψ (and θ0 since that is also

an Euler angle as discussed in Section 2.5). We could Taylor expand |x⃗ − x⃗′ | in the small

parameter L
R

and look for O
(
L
R

)
corrections in the orientation geometry as well, but all of

these corrections will directly affect the amplitude of the metric perturbation and timing

residual. For a typical L = 1kpc pulsar, even a source at R = 1Mpc would only give

a correction of order O(0.001). In general we just don’t expect any of these geometrical

curvature effects to produce any measurable effect in the timing residual.

However, corrections of order O
(
L
R

)
in the frequency and phase of the metric per-

turbation and timing residual are different. This is primarily because the phase of a

sinusoidal function wraps around the interval [0, 2π). Additionally, as we discussed in

Section 3.3, corrections of order O
(
L
R

)
in the retarded time combine with factors ωgw

L
c

to

produce net corrections of the order of the Fresnel number. Overall, we find that these

corrections on a 2π-interval can produce measurable effects in the overall timing residual.

It is one of the main goals of my work to study when and how measureable these effects

will be in this new Fresnel regime.
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3.5 PLANE-WAVE FORMALISM (I)

We start by keeping only terms in the plane-wave regime in equation 3.25:

t0ret ≈ t− R

c
+ (r̂ · p̂) (tobs − t),

=

[
−R
c
+ (r̂ · p̂) tobs

]
+ (1− r̂ · p̂) t. (3.26)

The integral in equation 3.13 is over the dummy time variable t. The explicit dependence

on t in that expression is in t0ret, which in this section is given in equation 3.26. Again

remember, conceptually our time variable t is defined for the interval tobs−L/c ≤ t ≤ tobs

which gives us the path of the photon as it traverses between the pulsar and the Earth.

As we found in equation 3.13, there are a number of useful ways to express the

fractional change in the pulsar’s period. We could approach solving the integral using

any of these forms. However, in the plane-wave formalism, it turns out the solution is

rather remarkably simple and elegant once we make the following critical observation.

Let’s change the integration variable from t → t0ret using equation 3.26, which tells us
dt0ret
dt

= (1− r̂ · p̂). This one statement is actually the crux of the entire plane-wave formal-

ism - because this derivative is just a constant, it can immediately be pulled out of the

integral. The result is:

∆T

T
(tobs) =

1

2
p̂ip̂jE r̂A

ij

tobs∫
tobs−L/c

dhA(t
0
ret)

dt0ret
dt,

=
1

2
p̂ip̂jE r̂A

ij

tobs−R/c∫
tobs−R/c−(1−r̂·p̂)L/c

dhA(t
0
ret)

dt0ret

dt0ret
(1− r̂ · p̂)

,

=
1

2

p̂ip̂jE r̂A
ij

(1− r̂ · p̂)

hA(tobs−R/c)∫
hA(tobs−R/c−(1−r̂·p̂)L/c)

dhA,
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≡ 1

2
FA

hA(tobs−R/c)∫
hA(tobs−R/c−(1−r̂·p̂)L/c)

dhA. (3.27)

The function FA is named the antenna response function and is discussed in detail in

the next section 3.5.1. In this final expression we see that all dependence on the actual

functional form of the metric perturbation hA actually drops out of the integration. The

importance of this statement is that it means the fractional change in the pulsar’s period

does not depend on the intermediate motion of the photon between the pulsar and the

Earth, only on those two endpoints of its journey - when the pulsar’s light first left the

pulsar, and when it finally arrived at the Earth. These endpoints we denote with “E”

and “P” subscripts. So the timing residual in the plane-wave regime breaks apart into an

“Earth term” and a “pulsar term.” Furthermore, this result is independent of whether or

not the source is a monochromatic or a frequency evolving gravitational wave. Therefore,

completing the integration we have have the general result:

∆T

T
(tobs) =

1

2
FA

[
hA

(
tobs −

R

c

)
− hA

(
tobs −

R

c
− (1− r̂ · p̂) L

c

)]
,

≡ 1

2
FA
[
hA

(
ω0
E,Θ

0
E

)
− hA

(
ω0
P ,Θ

0
P

)]
, (3.28)

where



ω0
E ≡ ω

(
tobs − R

c

)
,

ω0
P ≡ ω

(
tobs − R

c
− (1− r̂ · p̂) L

c

)
,

Θ0
E ≡ Θ

(
tobs − R

c

)
,

Θ0
P ≡ Θ

(
tobs − R

c
− (1− r̂ · p̂) L

c

)
.

(3.29)

Now we want to solve for the timing residual equation 3.17 by integrating the frac-
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tional change in the pulsar’s period equation 3.28:

Res(t) =
1

2
FA
∫ [

hA

(
ω0
E,Θ

0
E

)
− hA

(
ω0
P ,Θ

0
P

)]
dtobs. (3.30)

At this point depending on which model we are investigating, there will be a couple of

important differences (primarily conceptual) in the solution, so we will treat the two cases

separately.

3.5.1 The Plane-Wave Antenna Response

The quantity FA ≡ p̂ip̂jEr̂A
ij

(1−r̂·p̂) has an important physical interpretation. Using the definitions

E r̂A
ij and er̂A

ij from equation 2.31 and 2.29, and changing from Einstein notation to dot

product notation we can write:


f+ ≡ p̂ip̂jer̂+ij

(1−r̂·p̂) =
p̂ip̂j θ̂iθ̂j−p̂ip̂j ϕ̂iϕ̂j

(1−r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

p̂ip̂j ϕ̂iθ̂j+p̂
ip̂j θ̂iϕ̂j

(1−r̂·p̂) =
2(p̂·θ̂)(p̂·ϕ̂)

(1−r̂·p̂) ,
(3.31)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] .
(3.32)

These are purely geometrical functions which depend on the source location (θ and ϕ)

and orientation (ι and ψ) in relation to the pulsar location (θp and ϕp). We can think of the

Earth-pulsar baseline as an “antenna” for our experiment. These functions are therefore

an antenna response that then determines how sensitive ∆T
T

in equation 3.28 and Res(t)

in equation 3.30 will be to the geometrical alignment of our pulsar and source. We derive

these relations specifically from the plane-wave regime. Later in Section 3.6 we will find

it is not as easy to write the antenna response cleanly in this way in the Fresnel formalism,
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but that asymptotically the Fresnel formalism also has the same antenna response as the

plane-wave formalism.

An example of this antenna response as a function of source sky position is shown

in Figure 3.6. It is important to note that the definitions of these response functions in

equations 3.31 and 3.32 are mathematically undefined when the source and pulsar are

perfectly aligned, i.e. when r̂ · p̂ = +1. (Note that if r̂ · p̂ = ±1, then p̂ · θ̂ ≡ p̂ · ϕ̂ ≡ 0 because

by definition of the basis vectors, θ̂ and ϕ̂ are orthogonal to r̂). However, the expressions

for the fractional period shift and timing residual will remain well defined. Looking first

at the fractional period shift equation 3.28, we see that in the limit r̂ · p̂ → 1 the term in

square brackets goes to zero. It turns out that this goes to zero fast enough to kill the

diverging antenna response, so the overall fractional period shift approaches zero as the

source and pulsar become perfectly aligned. We will see in the next section 3.5.2 that the

same thing happens to the timing residual in this limit. And in the limit that the source

and pulsar become anti-aligned, r̂ · p̂ = −1, all of these expressions, including the antenna

response, are well defined and also go to zero.

Finally, here are a few important case examples:

1. If the source is both face-on ι = 0 and ψ = 0, then F+ = f+ and F× = f× (see

Figure 3.6).

2. If the source is both face-off ι = π and ψ = 0, then F+ = f+ and F× = −f×.

Physically, the only difference in this case as compared to case 1 is that the binary

source now appears to orbit in the reverse direction. The plus pattern is invariant

to this orbital direction reversal, but the cross pattern becomes “mirrored” (consid-

ering Figure 3.6 again, F+ remains the same, but the blue and red areas in F× are

swapped).
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3. If ι = π/2 (edge-on) and ψ = 0, then F+ = 1
2
f+ and F× = 0, meaning only the plus

polarization of the gravitational wave is affecting the change in the pulsar’s period.

4. If ι = π/2 (edge-on) and ψ = π/4, then F+ = 1
2
f× and F× = 0, meaning only the

cross polarization of the gravitational wave is affecting the change in the pulsar’s

period.

3.5.2 Plane-Wave, Monochromatic (IA)

For a monochromatic gravitational wave, the orbital frequency remains constant and

hence the amplitude of the metric perturbation loses its time-dependence (equation 2.23).

Explicitly in this model (see equations 2.33 and 2.34) equation 3.29 becomes:

choosing
t0 = −R

c


ω0
E = ω0

P ≡ ω0,

Θ0
E = θ0 + ω0tobs,

Θ0
P = θ0 + ω0

(
tobs − (1− r̂ · p̂) L

c

)
.

(3.33)

Here we have also chosen our model’s fiducial time, primarily motivated by convenience

here. As described earlier in Section 2.7, let’s pick t0 = −R
c

. This will cancel out some

factors of R
c

in these expressions, but also it will keep our formula here consistent with

our later formulae, wherein we will make this same choice.

We use one last change of variable furnished by equation 3.33 to write the timing

residual equation 3.30 as:

Res(t) =
1

2
FA
[∫

hA
(
ω0,Θ

0
E

)
dtobs −

∫
hA
(
ω0,Θ

0
P

)
dtobs

]
,

=
1

2
FA
[∫

hA
(
ω0,Θ

0
E

) dΘ0
E

ω0

−
∫
hA
(
ω0,Θ

0
P

) dΘ0
P

ω0

]
. (3.34)
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Figure 3.6: An example of the antenna patterns as a function of sky position angles (θ, ϕ)
of a source with ι = ψ = 0 (face-on, not polarized). Note this corresponds to example 1
in Section 3.5.1, so really these plots are also of f+ and f×. The pulsar has been fixed at
θp =

π
2

and ϕp = 0, as indicated in the figure by the star. The quadrupolar pattern of the
gravitational wave’s effect can clearly be seen in the antenna patterns. Here red and blue
simply indicate regions of the sky that would apply opposite signs to the fractional period
shift and timing residual quantities. So for example, a source in a blue region would
appear “blueshifted” with respect to the same source at the same time which appears in
the red region (which would appear “redshifted,” respectively). Of course, in reality the
gravitational waves cause this change to vary sinusoidally in time in the fractional period
shift and the timing residual, so really here the blue and red colors indicate oppositely
induced changes in these quantities at any given time. The white regions show where the
antenna would not be sensitive to detecting a source.
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Because the orbital frequency is constant it can be pulled out of the integral, and the

remaining integration in equation 3.34 then becomes the simple integration of the sine

and cosine terms in eqn 2.22. Using the helpful identities in equation 3.14, the final result

can be expressed compactly as:

Res(t) =
FA

4ω0

[
hA

(
ΘE −

π

4

)
− hA

(
ΘP −

π

4

)]
, (3.35)

for A ∈ [+,×],

where
(t0 = −R

c )


ΘE ≡ Θ

(
t− R

c

)
≡ θ0 + ω0t,

ΘP ≡ Θ
(
t− R

c
− (1− r̂ · p̂) L

c

)
≡ θ0 + ω0

(
t− (1− r̂ · p̂) L

c

)
,

(3.36)
h+ ≡ −h0 cos

(
2Θ
)
,

h× ≡ −h0 sin
(
2Θ
)
,

(3.37)

h0 ≡
4(GM)5/3

c4R
ω
2/3
0 , (3.38)

f+ ≡ p̂ip̂jer̂+ij
(1−r̂·p̂) =

(p̂·θ̂)
2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1−r̂·p̂) ,

(3.31 r)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] ,

(3.32 r)
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

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

In this model regime, looking at eqn 3.36 we see that the Earth and pulsar terms have

the same frequencies. However, their difference is in the phase offset between the two.

Comparing both of these expressions, we see that the pulsar term Θp differs in phase by

−ω0 (1− r̂ · p̂) Lc compared to the Earth term ΘE .

As mentioned in Section 3.5.1, the timing residual expression equation 3.35 remains

well defined in both limits r̂ · p̂→ ±1 (which in Section 3.6 we will refer to as the “natural

plane-wave” limits), despite the fact that the antenna response is not well defined in the

limit that r̂ · p̂→ +1. As the system becomes anti-aligned r̂ · p̂→ −1 the antenna patterns

FA → 0 and this kills the entire timing residual. And as the system becomes aligned

r̂ · p̂ → +1 the pulsar phase ΘP → ΘE and the difference in the metric perturbations

at the Earth and pulsar goes to zero fast enough to also kill the entire timing residual.

Conceptually the photons “surf” the gravitational waves in this second case, and thus

the photons is never “feel” the gravitational wave itself alter their own motion between

the pulsar and Earth.

Note that in terms of our notation, we are writing the residual as a function t, so we are

changing notation in equation 3.33 from tobs → t through the integration. It is also impor-

tant to realize that in this regime the source chirp massM and distance R parameters are

fully degenerate in the timing residual - they only appear in the combination M5/3

R
with

each other in the amplitude terms here (see equation 3.38). Therefore we would not be

able to measure these parameters independently through actual observations (only this
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specific combination of the two).

After applying a couple of trigonometric identities (namely, cos(x) − cos(x + a) ≡

2 sin
(
a
2

)
sin
(
a
2
+ x
)
, and similar for the sine identity), an alternative but equivalent way

of writing equation 3.35 is:

Res(t) = Ac(IA) F
A sE,A for A ∈ [+,×], (3.39)

where


Ac(IA) ≡

hc(IA)

4ω0
,

hc(IA) ≡ 2h0 sin
(
ω0 (1− r̂ · p̂) Lc

)
,

(3.40)


sE,+ ≡ sin

(
2ΘE − π

2
− ω0 (1− r̂ · p̂) Lc

)
,

sE,× ≡ − cos
(
2ΘE − π

2
− ω0 (1− r̂ · p̂) Lc

)
.

(3.41)

The benefit of this notation is that it allows us to define in equation 3.40 a “characteris-

tic strain” hc(IA) and “characteristic timing residual amplitude” Ac(IA) for the IA regime.

These characteristic terms will be useful when comparing this model to the heuristic Fres-

nel monochromatic model IIA, in Section 3.6.1.

3.5.3 Plane-Wave, Frequency Evolution (IB)

Here we will make the following assumptions:

Assumptions: Frequency Evolving Timing Residuals

1. The observation time scale is much, much less than the time of coalescence

(measured from the fiducial time): tobs ≪ ∆τc

The frequency evolution model of a gravitational wave described in Section 2.7.2 is
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more realistic as it captures the changing frequency of the orbit of the binary. Concep-

tually, as the photon first leaves the pulsar it will feel gravitational waves of some initial

frequency which were emitted by the source. As the pulsar-Earth baseline is on the order

of kiloparsecs in distance, the photon will then take thousands of years before it arrives

at the Earth. During this time, the binary will lose energy due to the emission of gravi-

tational waves and its orbit will collapse, increasing the overall frequency of the emitted

gravitational waves with time. So as the photon travels toward the Earth, it will con-

tinuously experience gravitational waves of higher frequencies. However, crucially, as

we found in equation 3.28 and discussed, in the plane-wave formalism the result of the

fractional change in the pulsar’s period (and subsequently, in the observed timing resid-

ual), only depends on the frequency the photon experiences at the two endpoints, when

it initially leaves the pulsar and when it finally arrives at Earth. In the monochromatic

model, these frequencies are the same since the orbit does not coalesce, but in this model

the thousands of years travel can potentially alter the frequency felt by the photon at

the endpoints in a significant way, as well will see here. Therefore in this model, the

Earth and pulsar terms will not only have different phases as we saw in the plane-wave

monochromatic regime, but also different frequencies.

Explicitly in this model (see equations 2.37 and 2.38) equation 3.29 becomes:

choosing
t0 = −R

c



ω0
E = ω0

[
1− tobs

∆τc

]−3/8

,

ω0
P = ω0

[
1− tobs−(1−r̂·p̂)L

c

∆τc

]−3/8

,

Θ0
E = θ0 + θc

[
1−

(
1− tobs

∆τc

)5/8]
,

Θ0
P = θ0 + θc

[
1−

(
1− tobs−(1−r̂·p̂)L

c

∆τc

)5/8]
.

(3.42)

Again here we have made the choice to set the fiducial time t0 = −R
c

. This means that
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below in equation 3.43 when we specify the value of ω0, we are directly specifying the

value of the frequency of the gravitational wave affecting the Earth end of the photon’s

journey, which is arguably a conceptual convenience.

Integrating the timing residual in equation 3.30 would be difficult using the frequency

evolution model since the orbital frequency is no longer a constant, but a function of

tobs. However, this is where we make our final important assumption. Fortunately, while

the frequency evolution model allows the frequency of the gravitational wave to evolve

appreciably in the thousands of years it takes the photon to travel from the pulsar to the

Earth, we still make the assumption that on the observation time scales of our experiment

itself (which lasts on the order of years to decades) the frequency remains constant. This

means we can Taylor expand the functions in the small parameter tobs
∆τc

equation 3.42, the

result being:

choosing
t0 = −R

c



ω0
E ≈ ω0 ≡ ω0E ,

ω0
P ≈ ω0

[
1 +

(1−r̂·p̂)L
c

∆τc

]−3/8

≡ ω0P ,

Θ0
E ≈ θ0 + ω0tobs ≡ θ0E + ω0Etobs ,

Θ0
P ≈

[
θ0 + θc

(
1−

[
1 +

(1−r̂·p̂)L
c

∆τc

]5/8)]
+ ω0P tobs ≡ θ0P + ω0P tobs ,

(3.43)

In the orbital frequency we only keep to the zeroth order term because again we are

assuming it doesn’t evolve in time on our observation time scales, and in the phase we

keep out to linear order in tobs
∆τc

(note the ∆τc cancels in the algebra leaving it to linear order

in tobs as we see here).

Therefore, on observation time scales, the gravitational wave affecting the endpoints

of the pulsar-Earth baseline is approximately monochromatic (comparing equations 3.33

and 3.43 we see they are of the same basic form, a constant frequency and a phase linearly
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increasing in time). This allows us to employ the same change of variables that we did

when solving equation 3.34 in the monochromatic formalism. The only difference here is

that now when we consider equation 3.43, we see that there are two frequencies, an initial

“pulsar” frequency and an initial “Earth” frequency, corresponding to the respective fre-

quencies of the gravitational waves which arrived at those two endpoints as the photon

made its journey from the pulsar to the Earth (when we initially begin our experiment). In

the monochromatic model those two frequencies were of course the same, because in that

model the frequency never changes, but here the difference between the two frequencies

is the result of the slowly changing orbital frequency over the thousands of years travel

for the photon between the pulsar and Earth.

Therefore making the appropriate change of variables through equation 3.43 (mirror-

ing what we did earlier in the monochromatic case with equation 3.34), now we can write

equation 3.30 as:

Res(t) ≈ 1

2
FA
[∫

hA
(
ω0E,Θ

0
E

)
dtobs −

∫
hA
(
ω0P ,Θ

0
P

)
dtobs

]
,

≈ 1

2
FA
[∫

hA
(
ω0E,Θ

0
E

) dΘ0
E

ω0E

−
∫
hA
(
ω0P ,Θ

0
P

) dΘ0
P

ω0P

]
. (3.44)

Just like we found before, the orbital frequencies in each integral are constants so they

can be pulled out of the integration. And like before, the remaining integration in equa-

tion 3.44 then becomes the simple integration of the sine and cosine terms in equation 2.22.

Using the helpful identities in equation 3.14, the final result can be expressed compactly

as:

Res(t) =
FA

4

hA

(
ω0E,ΘE − π

4

)
ω0E

−
hA

(
ω0P ,ΘP − π

4

)
ω0P

 , (3.45)

for A ∈ [+,×],
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where
(t0 = −R

c )



ω0E ≡ ω0,

ω0P ≡ ω0

[
1 +

(1−r̂·p̂)L
c

∆τc

]−3/8

,

θ0E = θ0,

θ0P = θ0 + θc

(
1−

[
1 +

(1−r̂·p̂)L
c

∆τc

]5/8)
,

ΘE = θ0E + ω0Et,

ΘP = θ0P + ω0P t,

(3.46)


∆τc ≡ 5

256

(
c3

GM

)5/3
1

ω
8/3
0

,

θc ≡ 8
5
∆τcω0,

(2.36, 2.39 r)


h+ ≡ −h(ω) cos

(
2Θ
)
,

h× ≡ −h(ω) sin
(
2Θ
)
,

(2.22 r)

h(ω) ≡ 4(GM)5/3

c4R
ω2/3, (2.23 r)

f+ ≡ p̂ip̂jer̂+ij
(1−r̂·p̂) =

(p̂·θ̂)
2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1−r̂·p̂) ,

(3.31 r)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] ,

(3.32 r)
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

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

Once again note that in terms of our notation, we are writing the residual as a func-

tion t, so we change notation in equation 3.33 from tobs → t through the integration.

As explained earlier, from equation 3.46 we can now see explicitly how the Earth and

pulsar terms differ in this regime in both phase and frequency. Because the Earth and

pulsar terms combine in equation 3.45, in these cases where frequency evolution is non-

negligible we expect this to physically produce “beats” in the timing residual data that

we observe.

Note, in this regime the degeneracy of the source chirp mass M and distance R pa-

rameters is now broken sinceM now appears in the phase and frequency of the pulsar

term as well as the amplitude, and not in the same combination with R everywhere. So

in principle a loud enough observed source with significant frequency evolution should

allow for independent measurements of both of these source parameters.

Also, as a sanity check, we can see that this result equation 3.45 reduces to the monochro-

matic result equation 3.35 in the appropriate limit, as we would expect. For the source

to produce monochromatic gravitational waves, the time of coalescence must be infi-

nite. Therefore, we take the limit that ∆τc → ∞, and see that this immediately implies

ω0P → ω0 as we would expect (now both endpoints, pulsar and Earth, feel the same fre-

quency). But it also implies θc → ∞, so we must be careful when taking the limit of θ0P

in order to do it correctly. In the large ∆τc limit we can Taylor expand θ0P and note the
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following cancellations:

θ0P = θ0 + θc

1−

[
1 +

(1− r̂ · p̂) L
c

∆τc

]5/8 ,

= θ0 +
8

5
∆τcω0

1−

[
1 +

(1− r̂ · p̂) L
c

∆τc

]5/8 ,

≈ θ0 +
8

5
∆τcω0

(
1−

[
1 +

5

8

(1− r̂ · p̂) L
c

∆τc

])
,

= θ0 − ω0 (1− r̂ · p̂)
L

c
.

Therefore in this limit we have ΘP → θ0 + ω0

(
t − (1− r̂ · p̂) L

c

)
. This along with the

expression for ΘE now matches equation 3.36.

A chronological summary of events and times is shown in Figure 3.7. While this figure

is specifically for the plane-wave formalism, it also holds in general for the Fresnel for-

malism, which would only slightly alter the time the gravitational waves are produced

that hit the photon as it leaves the pulsar.

3.6 FRESNEL FORMALISM (II)

For the work below we will make the following assumptions:
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Figure 3.7: Here we give a conceptual chronological summary of the important times and
scales involved in the calculation of our timing residuals. This also shows the terminol-
ogy we are using for the various measured quantities of the source’s orbital phase and
frequency, with the time they correspond to. The fiducial time can be chosen at any time,
and in this work we choose it to be at t0 = −R

c
, which means that θ0E = θ0 and ω0E = ω0.

The coalescence time τc is measured from present day, whereas ∆τc is measured from the
fiducial time. We begin the experiment at t = 0, and at this time our measurement of the
pulsar timing residual depends on the initial observation time tobs and the time the pho-
ton first left the pulsar, tobs− L

c
. Furthermore we show how these times are mapped to the

retarded times corresponding to when the gravitational waves were produced, t0ret (tobs)
and t0ret

(
tobs − L

c

)
. These time scales are continually integrated as we observe the pulsar

for the duration of our experiment, so we can think of them as “sliders” of fixed width
that move forward in time. The time at which the gravitational waves are produced that
hit the photon as it leaves the pulsar depends on the Earth-pulsar-source geometry (in-
dicated by the r̂ · p̂ term). It will fall somewhere within the range t = −R

c
(if aligned) to

t = −R
c
− 2L

c
(if anti-aligned). Finally we see the retardation delay caused by a plane-

wave gravitational wavefront. In the case of the Fresnel formalism, additional curvature
terms would factor in here. Namely we see in our heuristic model in Section 3.6.1 that the
time the gravitational waves produced which hit the photon as it leaves the pulsar would
become approximately t = −R

c
− (1− r̂ · p̂) L

c
− 1

2

(
1− (r̂ · p̂)2

)
L
c
L
R

.
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Assumptions: Fresnel Formalism

1. We are not working in a plane-wave limit. The Fresnel formalism will re-

duce to the plane-wave formalism in the following limits:

(a) F → 0. As the Fresnel number between the pulsar and source de-

creases, the Fresnel effects become more and more negligible.

(b) r̂ · p̂ → ±1. These are the natural plane-wave limits. In this case the

source becomes perfectly aligned/anti-aligned with the pulsar, which

means there are geometrically no curvature effects possible in this pre-

cise alignment.

2. Corrections in the geometrical orientation components which affect the

amplitude of the timing residual, namely the antenna patterns, which are

due to the curvature of a gravitational wave are negligible. Only correc-

tions which directly affect the phase and frequency of these quantities are

significant.

The key to deriving this model is that we keep out to the Fresnel term in the expansion

of the retarded time in equation 3.19. Conceptually, we account for additional time delay

of a curved gravitational wavefront (as compared to a plane wavefront) along the path

of a photon traveling from the pulsar to the Earth (as the example in Figure 3.4 shows).

This will slightly alter the frequency and phase of the timing residual in the pulsar term,

which we will show later can produce measurable effects. It is important to realize that

this derivation and formalism does not correct for wavefront curvature effects in the geo-

metrical orientation terms like the antenna patterns, as stated in assumption 2. We expect
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those corrections to introduce curvature effects of order O
(
L
R

)
in the amplitudes of the

terms that appear in the timing residuals, which we do not expect to be measurable. Cur-

vature corrections to the phase and frequency terms we will show later can be measured.

Now we return to equation 3.25 and this time we keep out to the Fresnel regime and

drop all higher order terms after that. The result can be written in the form:

t0ret ≈
(
tobs −

R

c

)
− R

c
(1− r̂ · p̂) u− 1

2

R

c

(
1− (r̂ · p̂)2

)
u2,

where u ≡ ctobs − ct
R

. (3.47)

The key difference here this time is that if we try to perform the same change of variables

as we did before in equation 3.27, the ∂t0ret
∂t

term will no longer be a constant (it will be a

function of t), and so we won’t be able to pull it out of the integral. Instead let’s go back

to equation 3.13 and look at the third line, using the definition of u to change variables

and write the integral as the following:

∆T

T
=

1

2
p̂ip̂jE r̂A

ij

tobs∫
tobs−L

c

[
2

3
hA(t

0
ret)

ω̇(t0ret)

ω0
+ 2hA

(
ω0,Θ0 +

π

4

)
ω0

]
dt,

=
1

2
p̂ip̂jE r̂A

ij

0∫
L/R

[
2

3
hA(t

0
ret)

ω̇(t0ret)

ω0
+ 2hA

(
ω0,Θ0 +

π

4

)
ω0

]
−R
c
du,

= +
1

2
p̂ip̂jE r̂A

ij

R

c

L/R∫
0

[
2

3
hA(t

0
ret)

ω̇(t0ret)

ω0
+ 2hA

(
ω0,Θ0 +

π

4

)
ω0

]
du. (3.48)

3.6.1 Fresnel, Monochromatic (IIA)

For a monochromatic gravitational wave the orbital frequency is a constant ω0 ≡ ω (t0ret) ≡

ω0 (from equation 2.33), which means ω̇ ≡ 0, h(t) = h0 (equation 3.38), and the first term
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in square brackets in equation 3.48 vanishes. For the second term, let’s take a look at the

explicit expressions for both the plus and cross terms. Using equation 3.15 we can write

them as:

2hA

(
Θ0 +

π

4

)
=


2h0 sin (2Θ

0) = 2h0 sin (2Θ (t0ret(u))) ,

−2h0 cos (2Θ0) = −2h0 cos (2Θ (t0ret(u))) ,

=


= 2h0 sin (A− Bu− Cu2) , (+)

= −2h0 cos (A− Bu− Cu2) , (×)
(3.49)

where
(t0 = −R

c )



A ≡ 2θ0 + 2ω0tobs ,

B ≡ 2ω0
R
c
(1− r̂ · p̂) = 2C

(1+r̂·p̂) ,

C ≡ ω0
R
c

(
1− (r̂ · p̂)2

)
= ω0

R
c
(1− r̂ · p̂) (1 + r̂ · p̂) ,

= (1+r̂·p̂)B
2

.

(3.50)

Once again we make the familiar choice that t0 = −R
c

. Now we can write equation 3.48 in

the following compact form:

∆T

T
= p̂ip̂jE r̂A

ij ω0
R

c
h0gA, (3.51)

where


g+ ≡

L/R∫
0

sin (A− Bu− Cu2) du,

g× ≡ −
L/R∫
0

cos (A− Bu− Cu2) du.
(3.52)

As a sanity check, note that if we drop the u2 term and carry out the integration in equa-

tion 3.52, we arrive back at the expression in equation 3.34 and hence we do indeed regain
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the plane-wave monochromatic approximation equation 3.35 as we would expect.

By appealing to complex methods, both the integrals in equation 3.52 can be solved

simultaneously by taking the real and imaginary parts of the solution of the following

expression:

L/R∫
0

exp

[
i
(

A− Bu− Cu2
)]
du =

L/R∫
0

exp

[
i

((
A +

B2

4C

)
− (2Cu+ B)2

4C

)]
du,

≡
L/R∫
0

exp

[
i

(
Φ− π

2
x2
)]

du,

=

√
π

2C
eiΦ

η2∫
η1

e−i
π
2
x2dx,

=

√
π

2C
eiΦ

 η2∫
0

e−i
π
2
x2dx−

η1∫
0

e−i
π
2
x2dx

 ,
=

√
π

2C

(
cos(Φ) + i sin(Φ)

)[
C(η2)− iS(η2)− C(η1) + iS(η1)

]
,

(3.53)

where



Φ ≡ A + B2

4C ,

η1 ≡ B√
2πC

,

η2 ≡ η1

[
1 + 2C

B

(
L
R

) ]
,

(3.54)

where we make the substitution
√

π
2
x = 2Cu+B

2
√

C
. Note that the only required assump-

tion here is that C > 0. Given the form of C in equation 3.50 this will only fail if the

gravitational wave source and the pulsar are perfectly aligned or anti-aligned, such that

r̂ · p̂ = ±1. However, if this is the case and the source and pulsar are perfectly aligned

or anti-aligned, then the quadratic term in u would vanish, and the problem would once
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again be a plane-wave problem (hence assumption 1b).

Here we note that we can write our solution using the following definitions of the well

known Fresnel integrals:


S(η) ≡

η∫
0

sin
(
π
2
x2
)
dx

asymptotic−−−−−−→
|η|≫1

sgn(η)
2
− 1

πη
cos
(
π
2
η2
)
,

C(η) ≡
η∫
0

cos
(
π
2
x2
)
dx

asymptotic−−−−−−→
|η|≫1

sgn(η)
2

+ 1
πη

sin
(
π
2
η2
)
,

(3.55)

Taking the real and imaginary parts of equation 3.53 gives us the solutions to equa-

tion 3.52:
g+ =

√
π
2C

[{
C (η2)− C (η1)

}
sin(Φ)−

{
S (η2)− S (η1)

}
cos(Φ)

]
,

g× = −
√

π
2C

[{
C (η2)− C (η1)

}
cos(Φ) +

{
(η2)− S (η1)

}
sin(Φ)

]
,

(3.56)

Now we can solve equation 3.17 to get the timing residual. The convenient thing here

is that the only term that depends on tobs is Φ = Φ
(
A (tobs)

)
, which we can use to write

dΦ
dtobs

= dΦ
dA

dA
dtobs

= 2ω0 and perform the following change of variables in the integration:

Res(t) =

∫ [
p̂ip̂jE r̂A

ij ω0
R

c
h0gA

]
dtobs = p̂ip̂jE r̂A

ij ω0
R

c
h0

∫
gA

dΦ

2ω0

. (3.57)

Finishing out the integration of gA from equation 3.56 and tidying up the algebra (and

again, integration changes tobs → t), the entire result can be expressed as:

Res(t) = p̂ip̂jE r̂A
ij

√
πR/c

8ω0

(
1− (r̂ · p̂)2

)[{C (η2)− C (η1)
}
hA

(
Θ

′
)

+
{
S (η2)− S (η1)

}
hA

(
Θ

′ − π

4

)]
, (3.58)

for A ∈ [+,×],
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where
(t0 = −R

c )
Θ

′ ≡ Θ

(
t+

1

2

R

c

(1− r̂ · p̂)
(1 + r̂ · p̂)

)
≡ θ0 + ω0

(
t+

1

2

R

c

(1− r̂ · p̂)
(1 + r̂ · p̂)

)
, (3.59)

η1 ≡
√

2ω0R/c(1−r̂·p̂)
π(1+r̂·p̂) ,

η2 ≡ η1

[
1 + (1 + r̂ · p̂)

(
L
R

) ]
,

(3.60)


h+ ≡ −h0 cos

(
2Θ
)
,

h× ≡ −h0 sin
(
2Θ
)
,

(3.37 r)

h0 ≡
4(GM)5/3

c4R
ω
2/3
0 , (3.38 r)

f+ ≡ p̂ip̂jer̂+ij
(1−r̂·p̂) =

(p̂·θ̂)
2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1−r̂·p̂) ,

(3.31 r)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] ,
(3.32 r)



r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

The Fresnel monochromatic model equation 3.58 approaches the plane-wave monochro-

matic model equation 3.35 as we would expect in the small Fresnel number limit (F → 0)

and the natural plane-wave limit (r̂ · p̂→ ±1). However, it is also important to remember

that the plane-wave monochromatic model itself converges to zero in both of the natural

plane-wave limits, as discussed in Section 3.5.2. Thus both of these effects result in zero

timing residual for these two precise alignments, and hence the natural plane-wave limit
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will not be of much interest to us going forward in this study.

Additionally, in this regime the degeneracy of the source chirp massM and distance

R parameters is also broken, so in principle a loud enough observed source with a sig-

nificant Fresnel number with the pulsar should allow for independent measurements of

both of these source parameters.

Asymptotic Model

Also of interest here we note the result when considering the asymptotic expansion

of the Fresnel integrals. Both η2, η1 ≫ 1, so long as we are not looking at a source that

is nearly perfectly aligned or anti-aligned in the plane-wave limit (where r̂ · p̂ ≈ ±1). In

this case, after replacing the Fresnel integrals with their asymptotic expansions given in

equation 3.55, the result simplifies to:

Res(t) ≈ FA

4ω0

[{
1

1 + (1 + r̂ · p̂)
(
L
R

) sin(π
2
η22

)
− sin

(
π

2
η21

)}
hA

(
Θ

′
)

+

{
−1

1 + (1 + r̂ · p̂)
(
L
R

) cos(π
2
η22

)
+ cos

(
π

2
η21

)}
hA

(
Θ

′ − π

4

)]
,

≈ FA

4ω0

[{
sin

(
π

2
η22

)
− sin

(
π

2
η21

)}
hA

(
Θ

′
)

+

{
− cos

(
π

2
η22

)
+ cos

(
π

2
η21

)}
hA

(
Θ

′ − π

4

)]
. (3.61)

In the final line we dropped theO
(
L
R

)
factors in the amplitude that came from the asymp-

totic expansion, and now we see the Fresnel formalism solution more closely resembles

that of the plane-wave solution, as they both share the same dominant amplitude term.

Heuristic Model

Our careful study and derivation of the timing residual in both the plane-wave and

87



Fresnel regimes reveals some interesting insights into the underlying physics in these

models. In the previous Sections 3.5 and 3.6 we have solved for the timing residual model

including higher order terms in the expansion of the retarded times.

In the limit that the source is further away, we know that the Fresnel formalism should

reduce to the plane-wave formalism. And looking at the plane-wave solution of the tim-

ing residual in equation 3.35 we see that it has two terms which are evaluated at the

endpoints of our photon’s journey. Evaluating equation 3.26 at the start of the photon’s

motion tobs − L/c and the end of the photon’s motion tobs ultimately leads us to the two

times that the phase terms are evaluated at in equation 3.36, namely t and t− (1− r̂ · p̂) L
c

(given we choose t0 = −R
c

).

Referring again to Figure 3.4, we know the biggest potential difference between the

Fresnel and plane-wave regimes will come when evaluating the retarded time at the pul-

sar’s position, since that is at the largest spatial separation along the Earth-pulsar baseline.

So these two observations lead us to make the following guess: perhaps we can model the

timing residual by using the plane-wave formalism, but modify the retarded time expres-

sion at the pulsar endpoint to include the higher order correction terms in the retarded

time.

To try this, first note that, a priori, if we write the following expression:

tret ≡ t− L

c
− 1

c

√
R2 − 2 (r̂ · p̂)RL+ L2,

= t− L

c
− R

c

[
1− (r̂ · p̂)

(
L

R

)
+

1

2

(
1− (r̂ · p̂)2

)(L
R

)2

+ . . .

]
,

= t − R

c
− (1− r̂ · p̂) L

c
− 1

2

(
1− (r̂ · p̂)2

) L
c

L

R
+ . . . . (3.62)

that the first three terms in this expression, when later combined with our model evalu-

ated at t0 = −R
c

, will recover the retarded time factor for the pulsar term in the plane-
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wave expansion equation 3.36. And further given what we have established previously

it suggests that this fourth term is the Fresnel regime correction for the pulsar term.

These ideas lead us on the basis of physical interpretation of this problem only, to pro-

pose the following model for the monochromatic regime timing residual of a pulsar which

includes higher order corrections of the effect of the gravitational wavefront’s curvature

coming from the retarded time:

Res(t) ≡ FA

4ω0

[
hA

(
ΘE −

π

4

)
− hA

(
ΘP −

π

4

)]
, (3.63)

for A ∈ [+,×],

where
(t0 = −R

c )



ΘE ≡ Θ
(
t− R

c

)
≡ θ0 + ω0t,

ΘP ≡ Θ
(
t̄ret
)

≈ Θ

(
t− R

c
− (1− r̂ · p̂) L

c
− 1

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
,

≡ θ0 + ω0

(
t− (1− r̂ · p̂) L

c
− 1

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
.

(3.64)

The overbar notation used here and below is simply to distinguish that, unlike the previ-

ous timing residual models, this has not been analytically derived, but rather proposed.

This proposed model has the required property that it reduces to the plane-wave for-

malism in the limits given in assumption 1 in Section 3.6.1. It takes the general form of the

plane-wave monochromatic formalism (equation 3.35) but with the corrections motivated

by the Fresnel regime study. It is critical to understand that this formula is not a mathematically

derived formula for the timing residual. It is merely meant to be a model which attempts to

accurate encapsulate the basic physics principles behind the true timing residual model

motivated from our previous sections. As we showed, the real Fresnel regime solution
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equation 3.58 is more complicated. But from a practical standpoint, we found that this

formula is much easier to study numerically in our Fisher analysis in Chapter 4.

As a model we can still test it to see how accurately it matches the known analytic

solution equation 3.58, and it turns out, both the asymptotic and the heuristic models do

exceptionally well at predicting the behavior of the timing residual. Figure 3.8 shows an

example of the difference between the analytic and asymptotic formulae, and the analytic

and the heuristic formulae. For this example, the difference in models is on the order of

femtoseconds, which is well below the precision with which we can currently measure

timing residuals. But perhaps even more importantly, we see that these two approxi-

mation models, equations 3.61 and 3.63 match each other, which further validates our

heuristic understanding of the underlying physics affecting the timing residual model.

Alternatively, we can decompose equation 3.63 into the sum of a plane-wave part and

a correction part due to the curvature of the gravitational wavefront, similar to what was

done in Deng & Finn (2011):

Res(t) ≡ Res(IA)(t) + Res(IIA,correction)(t), (3.65)

where Res(IIA,correction)(t) ≡
FA

4ω0

[
hA

(
ΘP −

π

4

)
− hA

(
ΘP −

π

4

)]
,

= Ac(IIA,correction) F
A sP,A (3.66)

Ac(IIA,correction) ≡
hc(IIA,correction)

4ω0
,

hc(IIA,correction) ≡ 2h0 sin
(
ω0

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
,

(3.67)


sP,+ ≡ sin

(
2ΘP − π

2
− ω0

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
,

sP,× ≡ − cos
(
2ΘP − π

2
− ω0

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
.

(3.68)

Here Res(IA)(t) is the plane-wave monochromatic model from Section 3.5.2, and equa-
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Figure 3.8: An example of the difference between the monochromatic timing residual
models in the Fresnel formalism. Here we take the difference between the analytically
derived model equation 3.58, and the two approximations we discussed, the asymptotic
model (equation 3.61) and the heuristic model (equation 3.63). Both approximations ac-
curately recover the analytic formula, with the difference here on the order of femtosec-
onds. This is well below current pulsar timing precision, which is around 100ns (Ar-
zoumanian et al., 2018). For this example the following sets of parameters were used:
{R, θ, ϕ, ι, ψ, θ0,M, ω0} =

{
100 Mpc, π

2
rad, 0 rad, 0 rad, 0 rad, 0 rad, 107 M⊙, 10 nHz

}
and

{L, θp, ϕp} = {20 kpc, 0 rad, 0 rad}, which gives the source a coalescence time ∆τc = 2.0
Gyr, and a Fresnel number of F = 1.31 with this pulsar.
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tion 3.66 is the correction to the plane-wave regime due to the wavefront curvature from

the Fresnel terms. Note that ΘP in equations 3.66 and 3.68 comes from the IA model

equation 3.36. Using the same trick as in Section 3.5.2 we can express this correction in

terms of its own “characteristic” strain and timing residual amplitudes hc(IIA,correction) and

Ac(IIA,correction). This provides a very convenient interpretation and comparison of the IA

and IIA regimes. Since the IIA model is identical to the IA model with an additional

correction due to the curvature of the gravitational wavefront, and since we now have

expressions for the characteristic amplitudes of both the IA timing residual as well as this

correction term, we can define the ratio of the amplitude of the correction to the amplitude

of the plane-wave part as:

ρ ≡
∣∣∣∣Ac(IIA,correction)Ac(IA)

∣∣∣∣ = ∣∣∣∣hc(IIA,correction)hc(IA)

∣∣∣∣ =
∣∣∣∣∣sin

(
ω0

2

(
1− (r̂ · p̂)2

)
L
c
L
R

)
sin
(
ω0 (1− r̂ · p̂) Lc

) ∣∣∣∣∣ . (3.69)

This ratio compares the relative size of the Fresnel correction in the IIA model to the

plane-wave contribution, and is a similar quantity again to what Deng & Finn calculated

in their work. If the value of ρ ∼ O(1) or larger, then the Fresnel terms contribute a very

significant correction to the otherwise plane-wave monochromatic model. Together with

the Fresnel number itself (equation 3.23), F and ρ are two useful metrics in evaluating the

significance of the curvature corrections to our models.

3.6.2 Fresnel, Frequency Evolution - Conjecture (IIB)

Given the understanding of the previous timing regimes, we now propose the most gen-

eral timing residual model to date, one which includes the Fresnel corrections, allows for

frequency evolution, and still recovers all of the previous three regimes in the appropriate

limits. This is not analytically derived - a complete and careful derivation along the lines

of what we have done previously is still needed here. However, our proposed conjecture
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here is motivated by the reasoning explained from our insights of the heuristic model in

Section 3.6.1. This model makes the same assumptions as in the plane-wave frequency

evolution regime (Section 3.5.3) and the Fresnel monochromatic regime (Section 3.6.1).

In the monochromatic formalism we generalized the plane-wave solution by modi-

fying the retarded time in the pulsar term to include the Fresnel correction term, which

encoded information about the curvature of the wave. We propose doing the same thing

with the frequency evolution formalism. We begin with the plane-wave frequency evolu-

tion regime timing residual equation 3.45, and we modify the pulsar term’s retarded time

using equation 3.62 as discussed in the Fresnel monochromatic case. This will in turn

modify both the orbital frequency of the pulsar term ω0P as well as the phase θ0P from

equation 3.46. The model can be expressed compactly as:

Res(t) =
FA

4

hA

(
ω0E,ΘE − π

4

)
ω0E

−
hA

(
ω0P ,ΘP − π

4

)
ω0P

 , (3.70)

for A ∈ [+,×],

where
(t0 = −R

c )



ω0E ≡ ω0,

ω0P ≡ ω0

[
1 +

(1−r̂·p̂)L
c
+ 1

2(1−(r̂·p̂)2)L
c

L
R

∆τc

]−3/8

,

θ0E = θ0,

θ0P = θ0 + θc

(
1−

[
1 +

(1−r̂·p̂)L
c
+ 1

2(1−(r̂·p̂)2)L
c

L
R

∆τc

]5/8)
,

ΘE = θ0E + ω0Et,

ΘP = θ0P + ω0P t,

(3.71)
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
∆τc ≡ 5

256

(
c3

GM

)5/3
1

ω
8/3
0

,

θc ≡ 8
5
∆τcω0,

(2.36, 2.39 r)


h+ ≡ −h(ω) cos

(
2Θ
)
,

h× ≡ −h(ω) sin
(
2Θ
)
,

(2.22 r)

h(ω) ≡ 4(GM)5/3

c4R
ω2/3, (2.23 r)

f+ ≡ p̂ip̂jer̂+ij
(1−r̂·p̂) =

(p̂·θ̂)
2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1−r̂·p̂) ,

(3.31 r)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] ,

(3.32 r)

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

This model behaves as expected in the previously established limits, recovering all previ-

ous regimes.

And just like we did with the heuristic Fresnel monochromatic model in Section 3.6.1,

we can also decompose this formula into a plane-wave part and a correction part due to

the curvature of the gravitational wavefront:

Res(t) ≡ Res(IB)(t) + Res(IIB,correction)(t), (3.72)
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where Res(IIB,correction)(t) ≡
FA

4

hA

(
ω0P ,ΘP − π

4

)
ω0P

−
hA

(
ω0P ,ΘP − π

4

)
ω0P

 . (3.73)

Here Res(IB)(t) is the plane-wave frequency evolution model from Section 3.5.3, and equa-

tion 3.73 is the correction to the plane-wave regime due to the wavefront curvature from

the Fresnel terms. Note that ω0P and ΘP in equation 3.73 come from the IB model equa-

tion 3.46.

Finally, like in the Fresnel monochromatic and plane-wave frequency evolution regimes,

there are no degeneracies between any of the source parameters. In the specific case of the

parametersM and R both appear in combination in the amplitude terms (equation 2.23),

and both appear independently in the pulsar term phase and frequency functions (fre-

quency evolution effects bring in the chirp mass, while Fresnel corrections bring in the

source distance). So in principle a source well described by this model with significant

frequency evolution and Fresnel numbers among the pulsars in the PTA should allow for

independent measurements of all source parameters.

3.7 REGIME & MODEL COMPARISONS

Figure 3.10 shows four examples that highlight the differences in these timing model

regimes, and Figure 3.11 emphasizes just how different the predicted timing results can

be depending on which model you use. It is important to keep in mind the limitations and

assumptions under which each of these timing models are derived when making direct

comparisons. The models can give significantly different and unreliable results if they

are being applied to a regime in which they cannot accurately account for that regime’s

physics. For example, all four models should give the same predictions for a source with

high coalescence time and low Fresnel number since they all can describe the physics of
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a plane-wave monochromatic source. However, they should all predict different timing

residuals for a source with low coalescence time and high Fresnel number since each of

the models (apart from model IIB) have assumptions built into them which prevent them

from describing all of the physics in this scenario (that is IA and IB can’t describe the

effects of a curved wavefront, and IIA can’t describe the effects of frequency evolution).

This has lead us to consider the following question, “by how much will our parame-

ter estimations be affected when using the wrong model regime for a particular source?”

Consider, for example, a particular source has both significant Fresnel and frequency evo-

lution effects that contribute to the timing residual it induces on our PTA. It would be

important to know if using the IB model (which doesn’t capture those Fresnel effects) for

parameter estimation would result in estimates of the wrong source parameters, and by

how much they are wrong. At the time of completing my PhD work and finishing this

dissertation I had begun a preliminary investigation into this question, so this may result

in the topic of future studies beyond the work presented here.

The four model regimes can be further subdivided into different categories given the

parameter dependencies of the coalesence time and the Fresnel number (equations 2.36

and 3.23), as shown in Table 3.1. The parameters {M, ω0} control the transition between

the monochromatic and frequency evolution regimes, and the parameters {R,ω0, L} con-

trol the transition between the plane-wave and Fresnel regimes (see Figure 3.5). Figure 3.9

shows contour plots of both the coalescence time ∆τc and Fresnel number F in terms of

their parameter dependencies. In general these can help give us a sense of where in pa-

rameter space we can expect a transition from one of our timing regimes to another.

Consequently, the orbital frequency parameter has the most direct influence on the

regimes - increasing the orbital frequency pushes the models towards both the Fresnel

and frequency evolution regimes, and vice versa. When studying these pulsar timing
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large coalescence time limit
(∆τc → ∞)

small Fresnel number limit
(F → 0)

low mass limit (M→ 0)
low orbital frequency limit (ω0 → 0)

far source limit (R→∞)
low orbital frequency limit (ω0 → 0)
small detector limit (L→ 0)

Table 3.1: The timing residual model regimes are divided by the coalescence time and
Fresnel number limits. These transitions can be expressed in terms of the model parame-
ter limits indicated here.

Figure 3.9: Contour plots of the coalescence time ∆τc and Fresnel number F . We expect
the frequency evolution regime to become significant for smaller coalescence times, where
the chirp mass M and orbital frequency ω0 are sufficiently high. Similarly the Fresnel
regime should become significant for higher Fresnel numbers. Here as an example we fix
the source distance R of a gigaparsec and look at contours in the pulsar distance L and
orbital frequency.

97



models, special consideration should be taken in this regard, because studying systems at

higher frequencies not only suggests that the physical effects due to frequency evolution

could become important, but that also the effects of curvature as well. These physical

effects will change the timing model simultaneously, which means understanding the the

full Fresnel frequency evolution model is very important, because it has the potential

to predict very different timing residuals than the currently used plane-wave frequency

evolution model.

Furthermore, it also gives us motivation to look for and time pulsars at greater dis-

tances. Since the Fresnel number scales as L2, increasing the pulsar distance is the easiest

way to push the timing model into the Fresnel regime. This gives us motivation to look

for and time pulsars at greater distances in our PTAs, since it is the one factor that we

have more direct control over in enabling us to explore the Fresnel regime in pulsar tim-

ing experiments. We explore this idea in much greater detail in Chapter 6.

3.8 REGIME SEARCH PARAMETERS & DEGENERACIES

Each of the model regimes which we have discussed allow for the measurement of differ-

ent sets of source parameters experimentally depending on which parameters are degen-

erate in the model. However certain parameters are degenerate or highly covariant with

others in certain regimes, which has motivated us to parametrize the model in specific

ways. For reference, Table 3.2 indicates the parameters in each of our model regimes.

Starting with the most basic model, the plane-wave monochromatic regime, the source

coordinate distance R and chirp massM are fully degenerate, appearing only in the am-

plitude of the timing residual (equation 3.35). We use equations 3.35, 3.37, and 3.38 to
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Figure 3.10: To emphasize regime differences we plot the gravitational wave timing
residuals for a single set of parameters as predicted by each of the four models. Each
panel is labelled by the approximate regime the source is in based on its physical
properties (coalescence time and Fresnel number). In all cases: {θ, ϕ, ι, ψ, θ0, θp, ϕp} ={
π
3
, 0, π

4
, π

4
, 0, 0, 0

}
rad.

(IA) Low Fresnel number, high coalescence time: As a sanity check, we find that all four
models do correctly converge on the plane-wave monochromatic regime prediction as ex-
pected. Here: {R,M, ω0, L} = {50 Mpc, 1× 108 M⊙, 8 nHz, 0.8 kpc}.
(IB) Low Fresnel number, low coalescence time: The monochromatic models separate
from the frequency evolution models since they cannot capture the significant change
in the orbital evolution of the source. Additionally, since the Fresnel number is not sig-
nificant, the Fresnel models converge on the plane-wave models. Here: {R,M, ω0, L} =
{100 Mpc, 5× 108 M⊙, 50 nHz, 0.5 kpc}.
(IIA) High Fresnel number, high coalescence time: The plane-wave models separate
from the Fresnel models since they cannot capture the significant effect of the wave-
front’s curvature. Additionally, since frequency evolution is not significant, those
models converge on the monochromatic model predictions. Here: {R,M, ω0, L} =
{50 Mpc, 6× 107 M⊙, 10 nHz, 7 kpc}.
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Figure 3.10: Continued

(IIB) High Fresnel number, low coalesence time: Here the monochromatic models can no
longer capture the interesting physics such as the beat frequency due to the frequency
evolution of the source, and the plane-wave models can’t reliably account for the addi-
tional effects that wavefront curvature introduces. All four models begin to predict very
different results for the same set of parameters due to their respective limitations and un-
derlying assumptions, and the most reliable model becomes the full Fresnel frequency
evolution model. Here: {R,M, ω0, L} = {100 Mpc, 6× 108 M⊙, 50 nHz, 10 kpc}.

Plane-Wave Fresnel
Monochrome s⃗IA = {AE,res, θ, ϕ, ι, ψ, θ0, ω0} s⃗IIA = s⃗IA ∪ {R}

Frequency Evolution s⃗IB = s⃗IA ∪ {M} s⃗IIB = s⃗IA ∪ {R,M}

Table 3.2: Our base parametrization choice for the timing residual models in each regime,
based on the model degeneracies and covariances. The parameter AE,res is the “Earth
term timing residual amplitude” (equation 3.74). In general, frequency evolution allows
the direct measurement of chirp massM from the frequency ω(t) and phase Θ(t) terms
in the timing residual models, and Fresnel corrections allow for direct measurement of
source distance R from these frequency and phase terms. Fisher matrices with alternative
parametrization choices were computed through the Jacobian transformation in equa-
tion 4.31.

introduce the following parameter:

AE,res ≡
h0
4ω0

=
(GM)5/3

c4Rω
1/3
0

, (3.74)

which is the “Earth term timing residual amplitude,” a similar quantity to characteris-

tic amplitudes (equations 3.40 and 3.67). Therefore in the plane-wave monochromatic

regime, this Earth term timing residual amplitude parameter replaces the chirp mass and

source distance parameters. This new parameter also removes the orbital frequency ω0

from the timing residual amplitude terms in our model. Therefore ω0 is only being mea-

sured from its contribution to the time evolution of the phase of the wave (equation 3.36),

not from its contribution to the timing residual amplitude.

As we discussed in the previous sections the R-M degeneracy is broken in the other
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Figure 3.11: Here we compute the predicted timing residual for Source 2 (Table B.1) at
R = 100 Mpc and the pulsar J1747-4036 (given the values in Table B.2, pulsar #40) using
the four pulsar timing regime models. This source has a coalescence time of 12.793 kyr,
and the Fresnel number of this source and pulsar is F = 0.837. This is meant to show just
how different the results can be in the predicted timing models for a given source and
pulsar across each regime. It is important to consider the strength of the frequency evo-
lution in the signal and how large the Fresnel number is, in order to decide the accuracy
of each model regime’s predicted results, since certain regimes have physical limitations.
For example, the monochromatic models are insensitive to any frequency evolution over
the pulsar-Earth baseline that the photon travels, which may otherwise produce a beat
frequency in the signal (as seen in the two frequency evolution regimes here). And the
plane-wave regimes are not sensitive to Fresnel corrections in the phase, which may oth-
erwise both shift the phase, produce different amplitudes, and further change the under-
lying beat frequency.
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three regimes due to either frequency evolution or Fresnel curvature effects. However,

we found that if we removed the AE,res parameter from these models and included R,

M, and ω0 each separately in the amplitude of the timing residual, it introduced strong

covariances between the three parameters which made it very difficult to measure each of

them independently. This is because the combination of M
Rω

1/3
0

appears in both the Earth

and pulsar terms of every timing residual measured, independent of the pulsar being

timed, which makes these parameters covariant. We need the differences caused by fre-

quency evolution and Fresnel corrections that are due to different pulsar distances and

locations across the sky to help reduce the covariances between these three parameters.

Therefore, in every regime we continue to include the Earth term timing residual am-

plitude AE,res as its own separate parameter. To clarify, this does mean that in the two

frequency evolution regimes IB and IIB, we wrote the amplitude of the pulsar term as

the combination of parameters AP,res = AE,res

(
ω0

ω0P

)1/3
for the plane-wave regime, and

AP,res = AE,res

(
ω0

ω0P

)1/3
for the Fresnel regime. The other parameters R, M, and ω0 are

then measured from the other components of the model where they appear.

From this we see one novel result of this study is that the Fresnel monochrome regime

allows for the recovery of the coordinate distance even if the gravitational wave is effec-

tively monochrome. Furthermore, this study shows that going into the full Fresnel fre-

quency evolution regime allows separate measurements of both the coordinate distance

and the chirp mass from the frequency and phase terms in the timing residual. These key

points are investigated in detail in Section 6.4.
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CHAPTER 4

Fisher Matrix Analysis

The Fisher matrix provides a powerful tool for analyzing the predictive capabilities of a

Bayesian-based model of some physical process. At its core, the beauty and purpose of

the Fisher matrix formalism is that it gives a “best-case-scenario” of how well the model

parameters will be measured and constrained by the experiment itself, given the inherent

uncertainties in making the observations, before the experiment is even performed. An

excellent motivational summary of the Fisher matrix formalism is:

“The whole point of the Fisher matrix formalism is to predict how well the

experiment will be able to constrain the model parameters, before doing the

experiment and in fact without even simulating the experiment in any detail.

We can then forecast the results of different experiments and look at tradeoffs

such as precision versus cost. In other words, we can engage in experimental

design.

...The beauty of the Fisher matrix approach is that there is a simple prescrip-

tion for setting up the Fisher matrix knowing only your model and your measure-

ment uncertainties; and that under certain standard assumptions, the Fisher

matrix is the inverse of the covariance matrix. So all you have to do is set up

the Fisher matrix then invert it to obtain the covariance matrix (that is, the un-

certainties on your model parameters)... the inverse of the Fisher matrix is the

best you can possibly do given the information content of your experiment.”

— David Wittman (Wittman)

Here we will develop the derivation of the Fisher matrix itself from Bayesian princi-

ples, and apply it to our pulsar timing model.
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4.1 HIGH STATISTICAL LIMIT APPLIED TO BAYES’ THEOREM

From Bayes’ Theorem we know:

p
(
θ⃗
∣∣∣X⃗)︸ ︷︷ ︸

“posterior”

=

“likelihood”︷ ︸︸ ︷
p
(
X⃗
∣∣∣θ⃗)

“prior”︷ ︸︸ ︷
p
(
θ⃗
)

p
(
X⃗
)

︸ ︷︷ ︸
“evidence”

, (4.1)

where θ⃗ are the model parameters and X⃗ are the observed random variables (i.e. the

data/evidences). Conceptually, the “evidence” is the total probability of the data X⃗ re-

gardless of any other information. The “prior” represents what we know about the pa-

rameters θ⃗ before we see the data, and the “likelihood” represents what we have learned

from the observations in our experiment. In this work we will use the notation p
(
X⃗
∣∣∣θ⃗) ≡

L
(
X⃗
∣∣∣θ⃗) to help more quickly differentiate between posterior and the likelihood.

Often when applying Bayesian statistics to a model the evidence is something that is

unknown. However, since it is only a normalizing constant (which normalizes integration

of the posterior to 1), the actual shape and “information” contained in the posterior dis-

tribution comes entirely from the likelihood and the prior. This is why it is often written

as shorthand that:

posterior ∝ likelihood× prior.

Once we have the posterior distribution we can normalize it numerically in the end if we

desire, hence often we don’t have a direct need to compute p
(
X⃗
)

ahead of time.

Typically we find ourselves performing an experiment where we record observations

of some quantity. This quantity we try to predict ahead of time by mathematically de-

scribing it using a model which may be dependent on a number of parameters, our θ⃗.

However, we often also do not know the true values of the parameters governing the
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thing we are observing in our experiment. So the problem, then, is to figure out how to

infer and estimate these parameters θ⃗ given a set of observation data X⃗ from our experi-

ment, and this can be done through a Fisher matrix analysis.

Now, the key behind the Fisher matrix and this problem is rooted in how we would

expect our experiment to behave if we were we able to repeat the experiment over and

over for many realizations (tending towards infinity). From Bayes’ Theorem we see that

the posterior and the likelihood are directly proportional to each other, and in this so

called “high statistical limit” or “asymptotic limit” of repeating our experiment many

times we expect the posterior will tend to depend less and less on the prior information.

Moreover, often the tendency is that asymptotically the posterior will become Gaus-

sian distributed (Nikulin, 2011a). These ideas come from the Bernstein-von Mises theo-

rem, and require certain assumptions such as Cromwell’s rule (Glen, 2018), which says

that the prior probability on a parameter should never be fully 0 or 1. The rationale on this

assumption is that if the parameter is fixed absolutely at always being observed or never

being observed, then the posterior can’t be influenced by the actual data and observations

taken into the model described by the likelihood.

The Fisher matrix is by no means a perfect estimator, and this type of analysis does

have its limitations which must be considered. One is the role of the previously men-

tioned prior information. It is not universally true that in the high asymptotic limit the

prior information will have no influence on the resulting posterior. In fact, the prior can

be quite informative. One key idea is that in the region of interest of parameter space

we are focusing on (near the true values), the prior information should remain approxi-

mately constant/unchanging (Vallisneri, 2008). This is because, as will be shown in the

next sections, the Fisher matrix is effectively a second-order Taylor expansion of the like-

lihood function which is being used to approximate the posterior. Because this quadratic
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approximation describes the local “curvature” in parameter space about the true param-

eter values, the Fisher matrix should remain decent so long as the curvature of the prior

is less than the curvature of the likelihood.

So with these ideas in mind we are effectively looking for a maximum likelihood es-

timation (MLE), that is a way of predicting the values of θ⃗ in parameter space which

maximize our likelihood. But something important to always remind ourselves of (which

we emphasize explicitly here) is that our observations X⃗ are random variables (R.V.s).

Now what we expect is that the observations contain some “true” value produced by na-

ture (the thing we are really trying to observe), combined with some inherent noise (also

produced by nature... thanks, nature). In other words X⃗ = X⃗true + n⃗, where n⃗ is the noise

in each measurement. This is what makes our observation an R.V. - here X⃗ is an R.V. be-

cause n⃗ is an R.V. What this means is that when we perform an experiment, even if we

were using the correct model with the true parameters for the thing being observed, θ⃗true,

the likelihood won’t necessarily be at its maximum value. If the noise is exactly zero, then

the likelihood is indeed maximized, but every time we repeat the experiment there will be

different random noise added into the observation (as shown in Figure 4.1a). The random

noise spreads the likelihood out into a distribution in terms of the noise. If we happen

to pick the wrong set of parameters, some θ̄ ̸= θtrue, then the distribution will shift and

peak for some non-zero value of the noise, as shown in Figure 4.1b. This is why we must

treat the problem statistically, and consider what is asymptotically the most likely set of

parameters for our model, and what is our statistical uncertainty of their measurements?

4.2 CONCEPTUALLY UNDERSTANDING THE FISHER INFORMATION

In order to focus on motivating all of the logic and ideas which go into understanding and

deriving the Fisher matrix (Albrecht et al., 2009), we consider here first on a very simple
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(a) If we happen to choose the correct param-
eter parameter θ in our model, then the likeli-
hood distribution will peak for zero noise. Ev-
ery time we repeat the experiment the noise
will be different, so we will compute a differ-
ent likelihood, as what is being exemplified by
the first five iterations of our experiment here.
Eventually, if we repeat this experiment many
many times, we will see the full distribution’s
shape.

(b) If we choose a different parameter θ̄ ̸= θtrue,
then the distribution will peak for some non-
zero value of the noise.

Figure 4.1: The likelihood function L (X|θ) gives us a “goodness-of-fit” distribution of
our data X for a given set of parameter θ in our model. The data is a random variable
since it is a true “signal” plus some random noise n.
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example where we imagine that we perform an experiment which collects one datumXobs

with Gaussian uncertainty σ, and our functional model for this observation only depends

on one parameter X(θ). The ideas here will extend to a fully multidimensional data and

parameter-space, but for the moment we keep it simple so as to focus entirely on the logic.

We begin by defining a Chi-squared test as one way of trying to quantify a sense of

the “goodness-of-fit” of our model (given its parameter) to the observed data:

χ2 ≡ X̃2

σ2
=

(
X(θ)−Xobs

)2
σ2

, (4.2)

where Xobs = Xtrue + n with inherent noise n. If this model and its parameters is correct

and really does describe the physics of our experiment, then the likelihood should be a

Gaussian, which can be written in terms of our Chi-squared expression:

L (X|θ) = 1√
2πσ

exp

[
−1

2
χ2

]
. (4.3)

Now as we discussed in Section 4.1, our goal is to infer the parameters θ from our obser-

vation Xobs. Due to the inherent noise in our observations, Xobs is an R.V., which means

that simply minimizing the Chi-squared value, i.e. maximizing our likelihood, for this

one realization of our experiment won’t necessarily give us the “true” parameters. This

would only happen if the noise were exactly zero, otherwise the noise pushes our obser-

vation away from the true Xtrue (see Figure 4.1a).

From Bayes’ theorem equation 4.1 we know the posterior is proportional to the likeli-

hood, p (θ|X) ∝ L (X|θ). Additionally we may or may not know prior information about

our parameter which we could supply to help inform our experiment. As mentioned

already in Section 4.1, in the approximation we are about to make we are sort of assum-

ing that the prior is not very informative over the small region of parameter space that
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we are going to focus in on. Therefore let’s focus on the high statistical limit of just our

Chi-squared value in the likelihood - what is the value we expect it to be as we repeat the

experiment ad infinitum? Mathematically, we are going to solve for the expectation value

⟨χ2⟩ in order to ask what is the expected likelihood.

In addition to this, however, we are also interested in focusing our attention on what

is the expectation of our Chi-squared and likelihood near the true parameter θtrue, the

true value of θ which we are trying to infer from our data. Hence first we Taylor expand

Chi-squared for small ∆θ = θ − θtrue about the true parameter as:

χ2 = χ2

∣∣∣∣
θtrue

+
d

dθ

[
χ2
] ∣∣∣∣
θtrue

∆θ +
1

2

d2

dθ2
[
χ2
] ∣∣∣∣
θtrue

∆θ2 + O
(
∆θ3

)
. (4.4)

Next we want to take the expectation value of this. As a reminder, the expectation value is

over our R.V., which here is Xobs or n (or X̃). Since we are treating these continuously, the

expectation value weights the argument against the probability density we have, which

in this case is our likelihood. Furthermore, we are going to take the expectation value

evaluated at the true parameter θtrue. This is because again, we want to focus our attention

on what happens to Chi-squared near the true parameter over an (ideally) infinite number

of experiment iterations (see Figure 4.1b). So let the following notation mean:

⟨ · ⟩ =
∞∫

−∞

[ · ] L (X|θtrue) dXobs =

∞∫
−∞

[ · ] 1√
2πσ

exp

[
−1

2
χ (Xobs, θtrue)

2

]
dXobs,

=

∞∫
−∞

[ · ] 1√
2πσ

exp

[
−1

2
χ (n, θtrue)

2

]
dn,

=

∞∫
−∞

[ · ] 1√
2πσ

exp

[
−1

2
χ
(
X̃ (θtrue)

)2]
d
[
X̃ (θtrue)

]
,

(4.5)
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where the three integral expressions here are all equivalent since they are all directly

related to each other through a simple change of variables given their definitions. So now

we can take the expectation value of equation 4.4 and write:

〈
χ2
〉
=

〈
χ2

∣∣∣∣
θtrue

〉
+

〈
d

dθ

[
χ2
] ∣∣∣∣
θtrue

〉
∆θ +

1

2

〈
d2

dθ2
[
χ2
] ∣∣∣∣
θtrue

〉
∆θ2 + O

(
∆θ3

)
. (4.6)

Working this out piece-by-piece we have for the first two terms:

〈
χ2

∣∣∣∣
θtrue

〉
=

∞∫
−∞

[
X̃ (θtrue)

2

σ2

]
1√
2πσ

exp

[
−1

2
χ (θtrue)

2

]
d
[
X̃ (θtrue)

]
,

=
1

σ2

1√
2πσ

∞∫
−∞

X̃ (θtrue)
2 exp

[
−1

2

X̃ (θtrue)
2

σ2

]
d
[
X̃ (θtrue)

]
,

=
1

σ2

1√
2πσ

√
2πσ3 ≡ 1, (4.7)

〈
d

dθ

[
χ2
] ∣∣∣∣
θtrue

〉
=

∞∫
−∞

[
2

σ2
X̃ (θtrue)

∂

∂θ

[
X̃
] ∣∣∣∣

θtrue

]
1√
2πσ

exp

[
−1

2
χ (θtrue)

2

]
d
[
X̃ (θtrue)

]
,

=
2

σ2

∂

∂θ

[
X (θtrue)

] 1√
2πσ

∞∫
−∞

X̃ (θtrue) exp

[
−1

2

X̃ (θtrue)
2

σ2

]
d
[
X̃ (θtrue)

]
,

≡ 0. (4.8)

The result of this shows us that the first non-zero terms of our expectation of Chi-squared

near the true parameter value is:

〈
χ2
〉

= 1 + F∆θ2 + O
(
∆θ3

)
,

where F = F (θtrue) ≡
1

2

〈
d2

dθ2
[
χ2
] ∣∣∣∣
θtrue

〉
. (4.9)
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We can make a conceptual understanding of this in the following way. When there is

no noise, Chi-squared is zero at θtrue. However, the average or expected value of Chi-

squared evaluated at the true parameter
〈
χ2
∣∣
θtrue

〉
when weighted against the likelihood

probabilities of χ2 which are also evaluated at the true parameter (this is important) is

1. Next looking locally around θtrue for small deviations O (∆θ), we find the that linear

term ∆θ vanishes, which tells us we are at an extremum here in our parameter space.

However, the quadratic ∆θ2 term does not vanish and can be computed, and since it is

quadratic this quantity tells us the local curvature around our extremum. We call this

quantity the “Fisher information,” denoted by F , and it is a value which depends on the

true parameter θtrue.

So we have used the likelihood evaluated at the true parameter θtrue to calculate the

expectation value of our model’s Chi-squared for small deviations off of the true param-

eter. This is our high statistical limit, and now we take that and use it to give us our new

high-statistical limit likelihood, and hence also our high statistical limit approximation of

our posterior:

p (θ|X) ∝ L (X|θ) = C exp

[
−1

2

〈
χ2
〉]

= C exp

[
−1

2

(
1 + F∆θ2

)]
,

= C̄ exp

[
−1

2
F∆θ2

]
, (4.10)

where notice that C is our new normalization constant for this probability density (here

we just haven’t computed it explicity), and C̄ has simply absorbed the additional factor of

exp
[
−1

2

]
which is just a constant. Since this is a Gaussian still, the new normalization con-

stant would be C̄ =
√

F
2π

. Note that in this asymptotic approximation, we have dropped

O (∆θ3) terms.

Consider what we have done here. The posterior is a distribution on the parameters
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(given the data), while the likelihood is a distribution of the data (given the parameters).

However, through Bayes’ theorem and a high statistical limit, averaging over realizations

of the data itself, we now view the likelihood as a function of the parameters. The result

is a Gaussian dependent on this new Fisher information, which is itself a function of the

true parameter values. So the Fisher analysis takes us from a Gaussian likelihood in data-

space to a Gaussian posterior in parameter-space. Looking at equation 4.10, the inverse

of that Fisher information is the variance on ∆θ, that is F−1 = σ2. So inverting the Fisher

information here would tell us how large our uncertainty is on the parameter θ, centered

on the true value of θtrue.

The final crucial key to this comes from the Cramér-Rao theorem (Nikulin, 2011b),

which states that the variance produced by some unbiased estimator will be at least as

high as the inverse of this Fisher information. Or in other words, the Fisher information

gives the “best-case-scenario” for how well we can measure the parameter in our model,

which is what makes it such an important quantity.

To get equation 4.10 we took the high-statistical limit of Chi-squared about our true

parameter, then used that to define our new likelihood in the high statistical limit. Note

though we can cast the definition of the Fisher information in a more general form rather

than the form given in equation 4.9 as follows. Start with the likelihood function equa-

tion 4.3. Then take the negative second derivative of the natural log of that quantity:

− ∂2

∂θ2
lnL (X|θ) = − ∂2

∂θ2

[
ln

1√
2πσ
− 1

2
χ2

]
,

=
1

2

∂2

∂θ2
χ2.

Next evaluate this expression at θ = θtrue, take the expectation value of both sides to
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integrate over the random variable, and drop O (∆θ3) terms:

−
〈
∂2

∂θ2
lnL (X|θtrue)

〉
=

1

2

∂2

∂θ2
〈
χ2
〉
,

=
1

2

∂2

∂θ2
[
1 + F∆θ2 +O

(
∆θ3

)]
,

=
1

2

∂2

∂θ2
[
1 + F (θ − θtrue)2 +O

(
∆θ3

)]
,

≈ F.

Hence we can see that, assuming again we are considering sufficiently small deviations

away from the true parameter ∆θ = θ − θtrue, in addition to equation 4.9, we can say our

Fisher information is:

F = −
〈
∂2

∂θ2
lnL (X|θtrue)

〉
. (4.11)

Most sources say this is the definition of the Fisher information, which we can choose it to

be, but the logic has this built in assumption regarding small ∆θ which we want to point

out from our logic and motivated derivation here.

4.3 GENERALIZING FROM THE FISHER INFORMATION TO THE FISHER MA-

TRIX

Now that we have the conceptual understanding of the ideas underlying the Fisher infor-

mation, here we present the fully generalized version. Before we considered one datum

Xobs and a functional model to describe it which only depended on one parameter θ.

From our analysis, we found our “Fisher information” was a scalar value that described

the local curvature in our 1-D parameter space around the true parameter.

However, now suppose we collect many data, represented by a d-dimensional vec-

tor X⃗obs, each with Gaussian σ uncertainties, and construct a model for that data which
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depends on multiple parameters, represented by a k-dimensional vector θ⃗. In our work

and derivation here we are assuming that there are no covariances between observed data

measurements - while each data measurement may carry its own uncertainty, it is not cor-

related with another data measurement. Finally, in our notation here, we will use indices

(a, b, c) in our data space, and indices (i, j) in our parameter space. We will use both vec-

tor/matrix notation and Einstein index notation (and implied summation conventions)

in our work below.

As we did before, let’s define a multidimensional goodness-of-fit Chi-squared quan-

tity for this observed data set and our model:

χ2 ≡ ⃗̃XTΣ−1 ⃗̃X = Σ−1
ab X̃

aX̃b =
1

σ2
c

(
X̃c
)2

=
1

σ2
c

(
Xc
(
θ⃗
)
−Xc

obs

)2

, (4.12)

where Σ−1
ab ≡

1

σ2
c

δcab,

and δcab ≡


1, a = b = c

0, else

Here Σ is our covariance matrix for the data observations, however, as we noted already

we are assuming here there are no covariances between data measurements (this is really

just a “variance matrix”). Note that our definition of the delta notation here is just a

clever way of expressing that Σ = diag (σ2
1, σ

2
2, . . . , σ

2
d) is just a diagonal matrix where

each element on the diagonal can be a different value. We still note that X⃗obs = X⃗true + n⃗,

where the noise makes this a multidimensional R.V. Again, if our model is correct and

does truly describe the physics of our experiment, then we expect the likelihood should

be a (now d-dimensional multivariate) Gaussian, and written in terms of this Chi-squared
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quantity we can express it as:

L
(
X⃗
∣∣∣θ⃗) =

1√
(2π)ddet(Σ)

exp

[
−1

2
χ2

]
, (4.13)

where det(Σ) =
d∏
c

σ2
c =

(
d∏
c

σc

)2

. Following the same logic trail as we did before, now

we perform a k-dimensional Taylor expansion of Chi-squared about θ⃗true which looks like:

χ2 = χ2

∣∣∣∣
θ⃗true

+
∂

∂θi

[
χ2
] ∣∣∣∣
θ⃗true

∆θi +
1

2

∂2

∂θiθj

[
χ2
] ∣∣∣∣
θ⃗true

∆θi∆θj + O
(
∆θ3

)
, (4.14)

and then take the expectation value of this expression, where the expectation value now

looks like:

⟨ · ⟩ =
∞∫

−∞

[ · ] L
(
X⃗
∣∣∣θ⃗true) ddXobs,

=

∞∫
−∞

[ · ] 1√
(2π)ddet(Σ)

exp

[
−1

2
χ
(
⃗̃X
(
θ⃗true

))2]
dd
[
X̃
(
θ⃗true

)]
. (4.15)

Remember, we are still evaluating the expectation value at the true parameter values θ⃗true.

The resulting integrals are certainly uglier, but keeping careful collection of like terms

they all work out in the same way as before. The zeroth order term looks like:

〈
χ2

∣∣∣∣
θ⃗true

〉
=

∞∫
−∞


(
X̃c
(
θ⃗true

))2
σ2
c

 1√
(2π)ddet(Σ)

exp

−1

2

(
X̃c
(
θ⃗true

))2
σ2
c

 dd[X̃ (θ⃗true)] ,
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=

∞∫
−∞

(
X̃c
(
θ⃗true

))2
σ2
c

1√
2πσc

exp

−1

2

(
X̃c
(
θ⃗true

))2
σ2
c

 d[X̃c
(
θ⃗true

)]

×
∞∫

−∞

1√√√√(2π)d−1

d−1∏
a

σ2
a

exp

−1

2

(
X̃a
(
θ⃗true

))2
σ2
a

 dd−1
[
X̃
(
θ⃗true

)]
,

= 1× 1 = 1. (4.16)

Here we have separated out like terms, the X̃c integral from the rest of the X̃a for a ̸= c

integrals (so note that the implied sum doesn’t apply to the c index in the third to last line

above). As for the first order term, we can see that when we take the first partial:

∂

∂θi

[
χ2
]
= 2

X̃c

σ2
c

∂Xc

∂θi
=

(
2

σ2
c

∂Xc

∂θi

)
X̃c,

we will end up with an odd Gaussian in X̃c like we did in equation 4.8, which will kill off

the first order term (as we would expect, if we are sitting at an extremum like we found

in the 1D case). So our result now looks like:

〈
χ2
〉

= 1 + Fij∆θ
i∆θj + O

(
∆θ3

)
,

where Fij = Fij

(
θ⃗true

)
≡ 1

2

〈
∂2

∂θi∂θj

[
χ2
] ∣∣∣∣
θ⃗true

〉
. (4.17)

Now rather than just a scalar quantity we have a full matrix, referred to as the “Fisher

(Information) Matrix,” whose elements are given by eqn 4.17. Also like before, following

the same steps and logic that lead up to equation 4.11 (remember, ∆θ = θ − θtrue):

−
〈

∂2

∂θi∂θj
lnL

(
X⃗
∣∣∣θ⃗true)〉 =

1

2

∂2

∂θi∂θj

〈
χ2
〉
,
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=
1

2

∂2

∂θi∂θj

[
1 + Fab∆θ

a∆θb +O
(
∆θ3

)]
,

=
1

2

∂

∂θi

[
Fabδ

aj∆θb + Fab∆θ
aδbj +O

(
∆θ2

)]
,

=
1

2

∂

∂θi

[
Fjb∆θ

b + Faj∆θ
a +O

(
∆θ2

)]
,

=
1

2

[
Fji + Fij +O

(
∆θ2

)]
,

≈ Fij,

where in the second-to-last line we used the fact that the Fisher matrix, as we can see

from equation 4.17 is a symmetric matrix, so Fji = Fij . This means that we can define

(approximately as we pointed out in the previous section) that:

Fij = −
〈

∂2

∂θi∂θj
lnL

(
X⃗
∣∣∣θ⃗true)〉 . (4.18)

Like with what we found in equation 4.10, in the high-statistical limit we expect now

that our posterior distribution should look like a k-dimensional multivariate Gaussian

distribution described using the Fisher matrix as:

p
(
θ⃗
∣∣∣X⃗) ∼√det(F )

(2π)k
exp

[
−1

2
Fij∆θ

i∆θj
]
=

√
det(F )

(2π)k
exp

[
−1

2
∆θ⃗TF∆θ⃗

]
,

=

√
1

(2π)kdet(C)
exp

[
−1

2
C−1
ij ∆θi∆θj

]
=

√
1

(2π)kdet(C)
exp

[
−1

2
∆θ⃗TC−1∆θ⃗

]
.

(4.19)

Here C is the parameter covariance matrix, which as we can see is the inverse of the Fisher

matrix, F−1 = C. (In the 1D case, we found the inverse of the Fisher information was the

variance, F−1 = σ2, the natural generalization of that is that now we are talking in terms

of matrices). So inverting the Fisher matrix would give us all of the covariances between
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each of the model parameters, and hence how much uncertainty we could expect when

trying to measure these parameters in an experiment. Once again, this Fisher analysis

takes us from a multivariate Gaussian likelihood in data-space to a multivariate Gaussian

posterior in parameter-space.

Finally, we note that all of the results presented in this generalization faithfully reduce

to the 1D case (in both data and parameters) that we gave in Section 4.2.

4.4 TWO COMMON FISHER MATRIX FORMS

In the literature the Fisher Matrix is often defined1 in one of two forms:

Fij

(
θ⃗true

)
= −

〈
∂2

∂θi∂θj
lnL

(
X⃗
∣∣∣θ⃗true)〉 ,

=

〈(
∂

∂θi
lnL

(
X⃗
∣∣∣θ⃗true))( ∂

∂θj
lnL

(
X⃗
∣∣∣θ⃗true))〉. (4.20)

Here we prove that the second form of the Fisher matrix as stated here is equivalent to

the first.

These two forms give two ways of describing what the Fisher Matrix is. In the first

form in equation 4.20, it is the “expected value of the observed information,” where the

observed information is the negative Hessian matrix of the log-likelihood. In the second

form in equation 4.20, it is the “variance of the score,” where the score is the gradient of the

log-likelihood with respect to the parameter vector (and the variance is the expectation

value of a squared deviation of an R.V.).

Thinking of the Fisher matrix as the expected value of the observed information is

helpful, since when deriving the Fisher matrix we emphasized how by Taylor expanding

1Again, this is still a sort of approximate definition, with the small ∆θ assumption built into it as pointed
out in Section 4.2.
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χ2 about the true parameters θtrue and taking the expectation value of that also around

θtrue, we were localizing ourselves to the behavior of the function right around its maxi-

mum, that is its curvature right around its maximum (which is effectively what our Fisher

matrix is). The Hessian matrix is the local curvature of a function of multiple variables,

hence the natural conceptual connection.

Proof

First note:

− ∂2

∂θi∂θj
lnL

(
X⃗
∣∣∣θ⃗) = − ∂

∂θi

[
∂

∂θj
lnL

(
X⃗
∣∣∣θ⃗)] ,

= − ∂

∂θi

 1

L
(
X⃗
∣∣∣θ⃗) ∂

∂θj
L
(
X⃗
∣∣∣θ⃗)
 ,

=
1

L
(
X⃗
∣∣∣θ⃗)2

(
∂

∂θi
L
(
X⃗
∣∣∣θ⃗))( ∂

∂θj
L
(
X⃗
∣∣∣θ⃗))

− 1

L
(
X⃗
∣∣∣θ⃗) ∂2

∂θi∂θj
L
(
X⃗
∣∣∣θ⃗) ,

=

(
∂

∂θi
lnL

(
X⃗
∣∣∣θ⃗))( ∂

∂θj
lnL

(
X⃗
∣∣∣θ⃗))

− 1

L
(
X⃗
∣∣∣θ⃗) ∂2

∂θi∂θj
L
(
X⃗
∣∣∣θ⃗) . (4.21)

Next we take the expectation value of both sides of this equation, and consider

what happens in that process to the second term on the RHS:

〈
1

L
(
X⃗
∣∣∣θ⃗) ∂2

∂θi∂θj
L
(
X⃗
∣∣∣θ⃗)〉 =

∞∫
−∞

1

L
(
X⃗
∣∣∣θ⃗)

(
∂2

∂θi∂θj
L
(
X⃗
∣∣∣θ⃗))L

(
X⃗
∣∣∣θ⃗) dnx,
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=
∂2

∂θi∂θj

∞∫
−∞

L
(
X⃗
∣∣∣θ⃗) dnx,

=
∂2

∂θi∂θj
(1) ≡ 0. (4.22)

This leaves us with the following expression after taking the expectation value

of equation 4.21:

−
〈

∂2

∂θi∂θj
lnL

(
X⃗
∣∣∣θ⃗)〉 =

〈(
∂

∂θi
lnL

(
X⃗
∣∣∣θ⃗))( ∂

∂θj
lnL

(
X⃗
∣∣∣θ⃗))〉 .

Q.E.D.

4.5 ADDING PRIOR KNOWLEDGE TO THE FISHER MATRIX

As we stated at the start of Section 4.1, the Fisher analysis makes that assumption that in

the high-statistical limit of repeating our experiment many times,the effect of the prior on

the posterior should become less significant. Because we are effectively “zooming” in on

a local region of parameter space when we perform our Taylor expansion approximation,

one of the main ideas is that the local curvature of the prior should remain effectively

constant, meaning only the curvature of the likelihood is what is important and con-

tributing to the posterior. These assumptions and this derivation then leads to our Fisher

matrix, whose inverse gives us the best-case-scenario for how well we can measure the

parameters in our model. Hence the Fisher matrix itself is effectively a best-case-scenario

measurement estimate of the parameters with no prior knowledge built into its deriva-

tion.
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In practice, however, we may be performing an experiment where we do know ad-

ditional information about the parameters (perhaps something related to their physical

nature), which can help further constrain our best-case-scenario, and make it even more

precise (Wittman). In this case we may want to build back in some of that prior knowl-

edge, and “update” our Fisher matrix approximation. To do this we can choose to take

our high-statistical likelihood and multiply by an additional prior. If that prior knowl-

edge is Gaussian distributed, we can express our updated Fisher matrix posterior as:

p
(
θ⃗
∣∣∣X⃗) ∼ C exp

[
−1

2
∆θ⃗TF∆θ⃗

]
× exp

[
−1

2
∆θ⃗TCov−1∆θ⃗

]
,

= C exp

[
−1

2
∆θ⃗T

(
F + Cov−1

)
∆θ⃗

]
, (4.23)

where Cov is some new known prior covariance matrix, and C is the new normalizing fac-

tor. So in an analysis, if we have the Fisher matrix for our model and experiment, we can

include additional prior constraints by adding to the Fisher matrix the inverted Covari-

ance matrix of our prior. Inverting this new Fisher matrix, F ′
=
(
F + Cov−1

)
, would

give us even more constrained covariances on our experiment’s parameters, Cov
′
=(

F + Cov−1
)−1

.

In reality, often we may find that from prior knowledge we can constrain some of

our parameters, but not all of them. This means we cannot write a covariance matrix

Cov with the same dimensions as our Fisher matrix F , which can be inverted Cov−1,

because some of the columns/rows would contain only zeros. Hence we can’t simply

write down equation 4.23. Instead in practice we simply add the covariances directly to

the appropriate elements of the Fisher matrix.
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4.6 THE TIMING RESIDUAL FISHER MATRIX

Now let’s apply this Fisher matrix analysis to our timing residual model, in order to pre-

dict how well pulsar timing experiments will be able to constrain the model parameters

of our different timing models (from Section 3.4). Once again, since the Fisher matrix

is the inverse of the parameter covariance matrix, F = C−1, inverting the Fisher matrix

gives us the covariances of all of our parameters, which tells us how well we should be

able to measure them experimentally.

Let our observed pulsar timing residual data (indexed by a, b, and c below) be repre-

sented by a d-dimensional R.V.,
−→
Res = {Resc : c = 1, 2, . . . d}. As we did previously, let the

parameters of the timing residual model in Table 3.2 (indexed by i, j) be described by a

k-dimensional θ⃗. Therefore the true timing residual we are looking for is burried in ran-

dom Gaussian noise,
−→
Res =

−→
Restrue + n⃗, which is what makes the observation an R.V. The

timing data for every pulsar at every observation can then be modeled as a function of θ⃗

by choosing a timing residual model from Section 3.4, organized into the vector
−→
Res

(
θ⃗
)

.2

Let’s assume our measurements of the timing residual have uncorrelated Gaussian tim-

ing uncertainties σ, with covariance matrix given by Σ = diag (σ2
1, σ

2
2, . . . , σ

2
d), as shown

in equation 4.12.

Once again using implied Einstein summation notation as we did earlier, our Chi-

squared goodness-of-fit quantity can be written as:

χ2 ≡
−→
R̃esTΣ−1

−→
R̃es = Σ−1

ab R̃es
a
R̃es

b
=

1

σ2
c

(
R̃es

c
)2

=
1

σ2
c

(
Resc

(
θ⃗
)
− Resc

)2

, (4.24)

2Note that in our studies, we will simulate our own data sets rather than use real data. Therefore we
must “inject” a source by simulating our own “true” timing residual. This is done by taking our desired
injection parameters θtrue and inputting them into our desired model function, that is

−−→
Restrue =

−−→
Res

(
θ⃗true

)
.

The goal is then to see how well we can recover our injected parameters.
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where
−→
R̃es ≡

−→
Res

(
θ⃗
)
−
−→
Res. One of the key ideas here is that because our noise n⃗ is

Gaussian distributed, and because we are modeling our data as the true signal plus this

noise (with no correlations between timing data), then our timing residual data is also

Gaussian distributed. Therefore our likelihood should be a Gaussian written in terms of

this Chi-squared quantity as:

L
(−→
Res | θ⃗

)
=

1√
(2π)ddet(Σ)

exp

[
−1

2
χ2

]
,

=
1√

(2π)ddet(Σ)
exp

[
− 1

2

1

σ2
c

(
Resc

(
θ⃗
)
− Resc

)2 ]
,

=
1√

(2π)ddet(Σ)
exp

[
− 1

2

1

σ2
c

(
R̃es

c
)2 ]

. (4.25)

Now that we have our likelihood function defined, we need to compute the Fisher matrix.

We will use the first form of equation 4.20 for our derivation. First note the following:

lnL
(−→
Res | θ⃗true

)
= −1

2
ln
[
(2π)ddet(Σ)

]
− 1

2

1

σ2
c

(
R̃es

c
)2
,

∂

∂θj
lnL

(−→
Res | θ⃗true

)
= 0− 1

2

1

σ2
c

2
(
R̃es

c
) ∂R̃esc

∂θj
= − 1

σ2
c

(
R̃es

c
) ∂Resc

∂θj
,

− ∂2

∂θi∂θj
lnL

(−→
Res | θ⃗true

)
= +

1

σ2
c

[
∂Resc

∂θi

∂Resc

∂θj
+ R̃es

c∂2Resc

∂θi∂θj

]
,

where all of the residual functions in these expressions on the RHS are evaluated at the

true set of parameters θ⃗true (like what is shown explicitly on the LHS). Now we want to

take the high-statistical limit and average over the R.V., which here is R̃es
(
θ⃗true

)
, remem-

bering that the expectation value is also evaluated at the true parameter. So the resulting

integral that we want to solve for is:

Fij

(
θ⃗true

)
= −

〈
∂2

∂θi∂θj
lnL

(−→
Res | θ⃗true

)〉
,
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=

∞∫
−∞

1

σ2
c

[
∂Resc

∂θi

∂Resc

∂θj
+ R̃es

c∂2Resc

∂θi∂θj

] ∣∣∣∣
θ⃗true

L
(−→
Res | θ⃗true

)
dd
[
R̃es

(
θ⃗true

)]
.

(4.26)

Now we see there are two separate integrals we need to evaluate. Importantly, note that
∂Resc(θ⃗true)

∂θi
and

∂2Resc(θ⃗true)
∂θi∂θj

are just constants which can be pulled out of their respective

integrals. Therefore the integrals that we need to now solve, using equation 4.25, are:

∞∫
−∞

L
(−→
Res | θ⃗true

)
dd
[
R̃es

(
θ⃗true

)]
≡ 1,

∞∫
−∞

R̃es
c
(
θ⃗true

)
L
(−→
Res | θ⃗true

)
dd
[
R̃es

(
θ⃗true

)]
,

=

∞∫
−∞

R̃es
c
(
θ⃗true

) 1√
(2π)ddet(Σ)

exp

[
− 1

2

1

σ2
c

(
R̃es

c
(
θ⃗true

))2 ]
d
[
R̃es

(
θ⃗true

)]
,

=
1√

(2π)ddet(Σ)

∞∫
−∞

R̃es
c
(
θ⃗true

)
exp

[
− 1

2

1

σ2
c

(
R̃es

c
(
θ⃗true

))2 ]
d
[
R̃es

c
(
θ⃗true

)]

×
∞∫

−∞

exp

[
− 1

2

1

σ2
a

(
R̃es

a
(
θ⃗true

))2 ]
dd−1

[
R̃es

(
θ⃗true

)]
≡ 0.

The second integral is killed off because of the odd Gaussian integral over R̃es
c
(
θ⃗true

)
.

Note that in this particular integral the notation is similar as to that back in equation 4.16.

We have separated out like terms, the R̃es
c
(
θ⃗true

)
integral from the rest of the R̃es

a
(
θ⃗true

)
for a ̸= c integrals (so note that the implied sum doesn’t apply to the c index in the second

to last line above).

This concludes our work and gives us the final Fisher matrix for our multivariate
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Gaussian timing residual model:

Fij

(
θ⃗true

)
=
∑
c

1

σ2
c

(
∂Resc

∂θi

∂Resc

∂θj

) ∣∣∣∣
θ⃗true

. (4.27)

As a reminder, the c indices range over all d data that we collect in our experiment (for

every pulsar at every observation time), and the i,j indices range over the number of k pa-

rameters in our model. Using the Fisher matrix we can estimate the posterior distribution

of our parameters:

p
(
θ⃗
∣∣∣X⃗) ∼√det(F )

(2π)k
exp

[
−1

2
Fij∆θ

i∆θj
]
=

√
det(F )

(2π)k
exp

[
−1

2
∆θ⃗TF∆θ⃗

]
,

=

√
1

(2π)kdet(C)
exp

[
−1

2
C−1
ij ∆θi∆θj

]
=

√
1

(2π)kdet(C)
exp

[
−1

2
∆θ⃗TC−1∆θ⃗

]
,

(4.19 r)

where ∆θ⃗ ≡ θ⃗ − θ⃗true. At this point inverting the Fisher matrix will give us an estimate of

the parameter covariance matrix, which is our goal.

Please note that in our work below, we are considering the case where all of the timing

uncertainty measurements in our experiment are the same:

Fij

(
θ⃗true

)
=
∑
c

1

σ2

(
∂Resc

∂θi

∂Resc

∂θj

) ∣∣∣∣
θ⃗true

. (4.27 common σ)

4.7 BREAKING THE TIMING RESIDUAL FISHER MATRIX INTO SUBMATRICES

The main parameters of interest in this model are the source parameters. However, dis-

tances to most pulsars are not known to a high degree of accuracy. For instance numer-

ous pulsars have parallax uncertainties on the order of 100pc (Arzoumanian et al., 2018;

Deller et al., 2019), which is much larger than a typical gravitational wavelength λgw for
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our sources of interest (see equation 3.24). For this reason, previous studies have thought

to include the pulsar distances as free parameters in addition to the source parameters

in their analyses (Corbin & Cornish, 2010). This allows us to use the gravitational wave

data to also help measure the distances to pulsars in our PTA. When including pulsar

distances as model parameters, the Fisher matrix takes a symmetric block-matrix form,

separating into a source parameter only symmetric matrix F S , a pulsar distance param-

eter only symmetric matrix F L, and a matrix with cross terms F SL. Dividing the model

parameters into “source” parameters and “pulsar distance” parameters, θ⃗ =
[
s⃗, L⃗
]
, equa-

tion 4.27 then becomes (for common σ):



F S
ij =

∑
c

1
σ2

(
∂Resc

∂si

)(
∂Resc

∂sj

)
,

F SL
ij =

∑
c

1
σ2

(
∂Resc

∂si

)(
∂Resc

∂Lj

)
,

FL
ij =

∑
c

1
σ2

(
∂Resc

∂Li

)2
δij,

F =



F S · · · F SL · · ·

... . . . 0(
F SL

)T
F L

... 0
. . .


.

(4.28)

For our Fisher analysis we used the PYTHON SymPy package to first symbolically

write and manipulate our models from Chapter 3. Inverting the Fisher matrix was ac-

complished through singular value decomposition (SVD). We checked that the condition

number of each Fisher matrix was below 1014 before performing the inversion (Belsley
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et al., 1980). This requirement helped ensure that the SVD procedure accurately calcu-

lated the inverse matrix - if the condition number exceeded this value, then we did not

calculate the covariance matrix. As a final check for accuracy the computed covariance

matrix was multiplied against its original Fisher matrix, and the result subtracted from

the identity matrix. This was checked against an “error threshold” matrix defined by:

I − FC < ϵ

 1 · · ·
... . . .

 , (4.29)

where ϵ was our “error threshold.” For all of the results presented in Chapter 6, the value

of ϵ ≤ 0.01 (and in almost all cases ≤ 10−4).

4.8 FISHER COORDINATE TRANSFORMATION

Once we have chosen some parametrization for our model θ⃗ and found its Fisher matrix

F
(
θ⃗
)

, we can change the parametrization choice to some different θ⃗′ and rather easily

find the corresponding new Fisher matrix F
′
(
θ⃗′
)

. Let our new parameters be contin-

uously differentiable functions of the old parameters, i.e. let θ⃗′ = θ⃗′
(
θ⃗
)

. Then we can

write:
∂

∂θ
′
i

=
∂θm
∂θ

′
i

∂

∂θm
= Jmi

∂

∂θm
, (4.30)

where J is the Jacobian matrix. This means that using our definition of the Fisher ma-

trix (either the original definition equation 4.20 or the result when applied to our model,

equation 4.27) we can express the new Fisher matrix F
′
(
θ⃗′
)

, replace the partial deriva-

tives in that expression (which are with respect to θ′
i and θ

′
j now), and write the result in
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terms of the old Fisher matrix. Explicitly with equation 4.27 this looks like:

F
′

ij

(
θ⃗′
)
=
∑
c

1

σ2

∂Resc

∂θ
′
i

∂Resc

∂θ
′
j

=
∑
c

1

σ2
Jmi

∂Resc

∂θm
Jnj

∂Resc

∂θn
= JmiJnjFmn

(
θ⃗
)
.

(Note if we repeat this with the original definition in equation 4.20, the expectation value

is an integral over the random variable X⃗ , so we can simply pull the Jacobian matrix

outside of the expectation values once we make the change of variables in the partial

derivatives, since the Jacobian is a function of the model parameters, not the random

variable). In general, a coordinate transformation of the Fisher matrix model parameters

can be written as:

F
′

ij

(
θ⃗′
)
= JmiJnjFmn

(
θ⃗
)
←→ F

′
= JTFJ ,

where Jij ≡
∂θi
∂θ

′
j

. (4.31)
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CHAPTER 5

Pulsar Distance Wrapping Problem

A common problem in parameter estimation from continuous wave pulsar timing resid-

uals is the “pulsar distance wrapping problem” (Corbin & Cornish, 2010; Ellis, 2013). The

pulsar distance affects the phase of the timing residual terms (see equations 3.36, 3.46,

3.64, and 3.71). Since the phase wraps around the periodic interval [0, 2π), if the pulsar

distance is an unrestricted free parameter, it can become difficult or even impossible to

recover in parameter estimation. This is because it is often easy to find arbitrarily large

values of L which cause the phase to wrap around the 2π-interval and yield the same

timing residual.

Interestingly, it is also because the phase wraps around 2π that we can even try to

measure R from the Fresnel formalism in the first place! This the key idea behind why it

is even possible to study Fresnel corrections, and why they aren’t always just completely

negligible. As discussed in more detail in Section 3.4, corrections of O
(
L
R

)
to the ampli-

tude of the timing residual model would likely be impossible to measure, however, when

they appear in the phase they can become appreciable over the 2π-interval.

In the monochromatic regimes, we can analytically compute the size of the deviation

in L that would still give the same timing residual. First let’s focus on the plane-wave

monochromatic regime. Looking at the form of the plane-wave timing residual we see

that from equations 3.35, 3.36, and 3.37, and the cyclic nature of sine and cosine, that

2Θp = 2Θp + 2πn for n ∈ Z. In other words, any 2π multiple added onto the phase would

result in the exact same timing residual. So let’s now ask the question, if we take the true

value of the pulsar distance L that appears in Θp and add some ∆L value to it, how large

would this deviation need to be in order to cause the phase to wrap and to thus give the
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same timing residual? Or in other words, defining L
′ ≡ L + ∆Ln, for what ∆Ln does

2Θp

(
L

′)
= 2Θp

(
L
)
+ 2πn?

From equation 3.36 this question becomes:

2θ0 + 2ω0

(
t− (1− r̂ · p̂) L

′

c

)
= 2θ0 + 2ω0

(
t− (1− r̂ · p̂) L

c

)
+ 2πn,

∴ −ω0 (1− r̂ · p̂)
L+∆Ln

c
= −ω0 (1− r̂ · p̂)

L

c
+ πn,

−→ ∆Ln = n
πc

ω0 (1− r̂ · p̂)
= n

λgw
(1− r̂ · p̂)

.

Note that in the final step we absorb a negative factor into n, since this is just any positive

or negative integer, and we recognize from equation 3.24 that this is a scaled multiple

of the gravitational wavelength. We can build our intuition of this result in the follow-

ing way. For a monochromatic gravitational wave, the gravitational wavelength remains

constant for the entire time the photon travels from the pulsar to the Earth, since there is

no frequency evolution in this case to cause the wavelength to be different at the pulsar

versus at the Earth. So physically the timing residual in the monochromatic regime only

depends on the difference in the phase of the gravitational wave strain at the pulsar when

the photon leaves, and the phase at the Earth when the photon arrives. We can see this

looking at equations 3.35 and 3.36. If the source and pulsar are perpendicular to each

other, such as what is depicted in Figure 3.4, then ∆Ln = nλgw, so moving our pulsar

closer or further away from the source by n multiples of the gravitational wavelength it-

self simply cycles the strain phase by that same multiple of the gravitational wavelength,

resulting in no change to the timing residual.

However, the geometrical alignment of our system also plays into this expression as a

scaling factor that either stretches or compresses the total distance we need to move along

the gravitational wavelength to return the phase to its original value. As we can see, in
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the limit that r̂ · p̂→ 1, that is the source-pulsar become aligned, ∆Ln →∞. Similarly, as

r̂ · p̂ → −1, that is the source-pulsar become anti-aligned, ∆Ln → nλgw
2

. This result tells

us something interesting and helpful, that as the source and pulsar become more aligned

with each other, the cyclic degeneracy of the timing residual in the monochromatic regime

actually vanishes naturally! Furthermore, the smallest possible ∆L we could shift our

pulsar by is half a gravitational wavelength, for n = 1 in an anti-aligned system.

The reason this becomes the “pulsar-wrapping problem” is because as stated in Sec-

tion 4.7, most pulsar distances are not measured to a high degree of accuracy. For this

reason we include the pulsar distances as free-parameters in our model. However, with-

out any restrictions on the searched values of L in our analyses, any L′
= L+∆Ln selected

will be just as “correct” mathematically as the true L value that we want to find. But if

we can measure the distances to our pulsars down to uncertainties on the order of ∆Ln,

then this knowledge can be added as prior knowledge to our parameter estimation search

(such as described in Section 4.5). Ideally we would like to be able to measure all pulsar

distances uncertainties σL < ∆L1, to ensure that our parameter search never wraps over

the phase simply by choosing too large of a value of L.

This poses an experimental challenge by today’s standards. Most pulsars in our PTA

are on the order of kiloparsecs in distance, but for typical sources of interest (ω0 ∼ 1 −

100nHz), the gravitational wavelength λgw can range roughly between tens of parsecs to

subparsec distances. Moreover, the geometric scaling factor can either help or hurt us

in this sense. If our pulsar happens to be within 90° of our source (r̂ · p̂ → 1), then the

condition relaxes and we don’t need as tight of an experimental uncertainty. But if our

pulsar happens to be more than 90° from our source (r̂ · p̂ → −1), then we require even

more precision in our measurement of L.

We can perform this same analysis in the Fresnel monochromatic regime by using
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our heuristic model equations 3.63 and 3.64. Once again, asking for what ∆Ln does

2Θp

(
L

′)
= 2Θp

(
L
)
+ 2πn, and for convenience defining A ≡ (1− r̂ · p̂) and B ≡ 1

2

(
1− (r̂ · p̂)2

)
,

we find:

2θ0 + 2ω0

(
t− R

c
− A

L
′

c
− B

L
′

c

L
′

R

)
= 2θ0 + 2ω0

(
t− R

c
− A

L

c
− B

L

c

L

R

)
+ 2πn,

∴ −2ω0A
L+∆Ln

c
− 2ω0B

(L+∆Ln)
2

cR
= −2ω0A

L

c
− 2ω0B

L2

cR
+ πn,

∴ B∆L2
n + (AR + 2BL)∆Ln + n

πcR

ω0

= 0,

−→ ∆Ln =
− (AR + 2BL)±

√
(AR + 2BL)2 + 4BnπcR

ω0

2B
,

where once again, just to keep consistency with our steps compared to what we did above

in the plane-wave monochromatic case, we absorb an extra negative factor into n.

In summary, for the monochromatic regimes, any L′
= L±∆Ln such that:

∆Ln ≡



n πc
ω0(1−r̂·p̂) = n λgw

(1−r̂·p̂) ,

(Plane-Wave, monochromatic)

−
(

R
(1+r̂·p̂) + L

)
+

√(
R

(1+r̂·p̂) + L
)2

+ n 2πcR

ω0(1−(r̂·p̂)2)
,

= −
(

R
(1+r̂·p̂) + L

)
+

√(
R

(1+r̂·p̂) + L
)2

+ n 2λgwR

(1−(r̂·p̂)2)
,

(Heuristic Fresnel, monochromatic)

(5.1)

for n ∈ Z will give the same timing residual as the timing residual evaluated at the true L.

We will refer to ∆L1 for the plane-wave monochromatic case as “one wrapping cycle.” When

solving the quadratic equation in the Fresnel monochromatic case, we only consider the

positive solution (discussed further in the box below). As with the Fresnel formalism in
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Figure 5.1: Here we show visually what the pulsar distance wrapping problem does to the
timing residual. These are the calculated timing residuals for each of our four regimes us-
ing Source 1 from Table B.1 set at R = 1 Gpc and Pulsar 1 from Table B.2. Here ∆L1 is the
wrapping cycle calculated from the plane-wave monochromatic formula given in equa-
tion 5.1. In this example, the relative difference between the ∆L1 values calculated using
the plane-wave vs. Fresnel cases is very small (∼ O (10−7)), which is why the plane-wave
∆L1 value here works visually just as well even in the Fresnel monochromatic regime.
As we can see, adding just a gravitational wavelength λgw to the pulsar distance doesn’t
give back the same timing residual, but accounting for the relative positions between the
source and pulsar as given by equation 5.1 does in the monochromatic regimes. In the fre-
quency evolving regimes, the wrapping cycle degeneracy is mathematically broken since
the source’s frequency is changing with time.

general, this result for ∆Ln does not hold for the natural plane-wave limit. In Table B.2

we provide for reference the values of the wrapping cycle ∆L1 proxy (from the plane-

wave monochromatic formula) for each pulsar in our PTA with Source 1 from Table B.1.

A visual of this pulsar distance wrapping problem is shown in Figure 5.1.
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Limit Check

As a sanity check, we do find that the ∆Ln result in the Fresnel monochromatic

case does reduce to the plane-wave monochromatic formula in the limit R→∞

(assuming r̂ · p̂ ̸= ±1). Note that if we consider the negative solution that comes

from the quadratic expression for the Fresnel monochromatic case, then take it’s

limit R→∞, we find:

∆Ln ≈ −
2R

(1 + r̂ · p̂)
− n λgw

(1− r̂ · p̂)
.

This expression in general produces an extremely large negative ∆Ln value (such

that the overall L′ would be negative, which is un-physical), unless an extremely

large negative value of n were chosen. This is why we choose to discard and

only consider the positive solution above.

We only perform this analysis in the monochromatic regimes. This same approach

doesn’t work in the frequency evolution regimes because they are time dependent. The

frequency of the gravitational wave (and hence its wavelength) is naturally different at

the pulsar and the Earth locations. Shifting the pulsar by some ∆L value will not only

shift the phase of the pulsar term, but also the frequency of the pulsar term, which in turn

will affect the amplitude of that term. This does not happen if the wave is monochromatic,

which is what made that analysis possible.

These relations give us a proxy of how well our observational uncertainties on the

pulsar distances σL need to be if we are to include them as free parameters in our models.

Namely σL ∼ ∆L1, one wrapping cycle, which means that the uncertainty on our pulsar

distance measurements needs to be on the order of the wavelength of the gravitational

wave λgw that we are trying to measure.
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In parameter estimation which includes the pulsar distances, this problem tends to be

worse in the Fresnel formalism than in the plane-wave formalism because of the distance

combinationL/R. Without any search boundaries on these two distances, arbitrarily large

values of L and R can preserve their ratio, wrap around the phase interval, and still

give the “correct” timing residual. The high covariance between these parameters then

introduces covariances with the other parameters in the model that then combine with

L, which can produce a “run-away” effect in the parameter estimation where none of the

parameters can be accurately measured. However, if the search values of L are set to lie

within a finite region of parameter space, then this will help to allow for the parameter

estimation to work. So if our parameter estimation method is to recover the true distance

L of a pulsar, we essentially need to restrict our parameter space to a search region on the

order of the λgw. These concepts can be seen visually in Figure 5.2.

In practice we found that this problem didn’t pose a significant issue in our Fisher ma-

trix analyses when using the plane-wave regime models IA and IB, but did pose a signifi-

cant issue when using with the Fresnel regime models IIA and IIB. In the case of the Fres-

nel regime models, if no restrictions were placed on the pulsar distance measurements at

all then parameter estimation was not possible because the Fisher matrices could not be

accurately inverted (their condition number exceeding 1014). Therefore we addressed this

problem in our simulations by adding an uncorrelated Gaussian prior to our knowledge

of the pulsar distances in our Fisher matrix (Wittman). This is accomplished by taking

the pulsar distance sub-matrix in equation 4.28 and adding to it F L′
= F L +

(
CovL

)−1
,

where:

CovL = diag
(
σ2
L

)
, (5.2)

represents pulsar distance measurement constraints placed on our experiments, each pul-

sar with its own distance uncertainty σL. In practice these uncertainties would likely come
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(a) (b)

(c) (d)

Figure 5.2: Here are four examples of timing residuals with simulated pulsar distance
uncertainties, that help to visualize the pulsar distance wrapping problem. The blue
dashed lines represent the true timing residual at Ltrue, and each realization plotted in
red indicates the timing residual using the value of L chosen from a Gaussian distribu-
tion centered at Ltrue with the σL uncertainties indicated in each panel. Each plot shows
1000 realizations, and they use pulsar 16 from Table B.2. Panels (a) and (b) use source 1,
and (c) and (d) use source 4 (Table B.1). The key concept shown here is the relationship
between ∆L1 (and λgw), and the uncertainty σL.

For panels (a) and (b), λgw = 1.017 pc and ∆L1 = 1.338 pc. We can see that in (a) the

uncertainty is of the same order as the gravitational wavelength and ∆L1, and as a result
the uncertainty envelope around the true timing residual is effectively saturated, with this
pulsar alone parameter estimation would likely be impossible. However, with the greater
distance precision shown in (b) where the uncertainty is now well below the gravitational
wavelength, the uncertainty envelope is restricted and thus we can now start to make an
informed measurement of the true distance to the pulsar.
However in panels (c) and (d), λgw = 30.522 pc and ∆L1 = 40.127 pc. In both of these

cases the simulated uncertainty is well below the gravitational wavelength and ∆L1,
therefore the uncertainty envelope in both is restricted.
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from electromagnetic observations of the pulsars.

In the case of the plane-wave regime models, we did find it possible to accurately

invert the Fisher matrix and recover the source parameters without the need for this ad-

ditional pulsar distance prior. Therefore we conclude that the cause for this is the intro-

duction of the distance parameterR in the Fresnel regimes which is not in the plane-wave

regimes. As we discuss in detail in Chapter 6 the parameter R is the most difficult param-

eter to measure from our models. This parameter enters the Fresnel models IIA and IIB

in the combination L/R, therefore it is highly sensitive to the pulsar distance wrapping

problem and requires the additional pulsar distance prior in order to constrain the mea-

surement.
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CHAPTER 6

Investigation of the Fresnel Models

In general we found from our Fisher matrix analyses of the Fresnel regimes (for both

monochromatic and frequency evolving models), that none of the model parameters can

be recovered if there are no pulsar distance priors. If the pulsar distances are completely

free variables, then the introduction of the new parameter R in the Fresnel regimes made

parameter estimation in all of our simulations completely impossible, for the reasons ex-

plained in Chapter 5. This is unlike the plane-wave regimes, in which we found that

it was possible to recover the source parameters in a Fisher matrix analysis (for both

monochromatic and frequency evolving models) without any pulsar distance priors.

For this study we used the PTA in Table B.2, an array of 40 of the pulsars from

NANOGrav’s PTA in Arzoumanian et al. (2018). A sky plot of this PTA is also shown

for reference in Figure B.1, as well as a visual overlay of the approximate locations on an

image of the Milky Way Galaxy in Figure B.2. In our simulations we timed each of these

pulsars for an observation time of 10 years, with a timing cadence of 30 observation-

s/year. Each of these pulsars were timed at the exact same times, and all of the timings

were evenly spaced over the observation period. Additionally we simulate timing un-

certainty σ in the residuals (see equation 4.27) and pulsar distance uncertainty σL (see

equation 5.2). Figures 5.2 and 6.1 show visual examples of these uncertainties. In studies

in this chapter we typically set to σ = 100 ns for the order of magnitude of present capa-

bilities (Cordes & Shannon, 2010; Liu et al., 2011; Arzoumanian et al., 2014, 2018). This

assumption is meant to represent a best-case scenario, as real pulsar timing experiments

model additional correlated red noise when estimating source parameters from their pul-

sar data sets (van Haasteren & Levin, 2013; Arzoumanian et al., 2018; Aggarwal et al.,
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(a) (b)

Figure 6.1: Here are two examples of timing residuals with simulated timing noise. The
blue dashed lines represent the true timing residual, and the red envelopes around them
indicate the uncertainty region with Gaussian noise added on top the true timing residual
(the timing uncertainties are indicated in each panel). Each plot shows 1000 noise realiza-
tions, and they use source 1 and pulsar 16 from Tables B.1 and B.2.

2019). Finally, in order to allow us to control the baseline distances to all of the pulsars in

our PTA we introduced a PTA distance “scale factor” term. Therefore a scale factor of 1

indicates that all of the pulsars in the PTA have their standard distances given by the L

column in Table B.2, and at most we increased the scale factor to 7 (because that would

place our farthest pulsar # 40 at roughly the distance of the Large Magellanic Cloud).

In a real pulsar timing experiment, there are other physical effects that create tim-

ing residuals which must also be included in a complete timing residual model (Lorimer

& Kramer, 2004; Lee et al., 2011; Arzoumanian et al., 2018). For simplicity we wanted

to focus solely on the effects of the gravitational waves, without simultaneously model-

ing other timing residual sources, to help ensure that the gravitational wave parameters

would not be degenerate with other model parameters. The sources we consider in this

work have high enough frequencies (with ω0 > 10 nHz) that we found their overall signal-

to-noise ratio was not significantly impacted by subtracting a quadratic fit to the timing

residual (which would roughly approximate of the impact of fitting a more complete tim-
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ing model). A simple analysis of this is provided in the next Section 6.1. This is in line

with Hazboun et al. (2019), who provides a much more in-depth analysis of the general

sensitivity of pulsar timing to gravitational waves.

In our work we use the coefficient of variation (CV) of a given model parameter x as

a proxy for that parameter’s measureability:

CVx ≡
Standard Deviation of x
Expectation Value of x

=


σ
µ
, Normal Distribution in x

√
eσ2 ln(10)2 − 1, Log10-Normal Distribution in x

(6.1)

where µ and σ are the distributions’ parameters. For a normally distributed x parame-

ter, µ and σ are also the distribution’s mean and standard deviation. For a log-normally

distributed x parameter, the CV only depends on the log-normal σ parameter. Equa-

tion 6.1 is effectively the fractional error of a given parameter x, or a measure of the

dispersion of that parameter’s distribution. Once we have the covariance matrix of our

parameters from our Fisher analysis, we take the σ values from that matrix and com-

pute the CVs based on how each respective parameter is distributed (in the case of the

regular normal distribution, µ is the parameter value we inject into the simulation). All

parameters within a model are normally distributed in a Fisher matrix approximation (see

again equation 4.19), so we only need the second line of equation 6.1 if we parametrize

a model parameter x as log10(x). Therefore a parameter with a small CV suggests to us

that it would be measurable from the experimental set-up, while a CV of order unity

or larger would suggest an unmeasurable parameter. If we compute the Fisher matrix

with a parametrization such that log10(x) is normally distributed, then the second line in

equation 6.1 gives us the CV of x (which is log-normally distributed).
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6.1 SIMPLE SIGNAL-TO-NOISE RATIO ANALYSIS

Here we outline a simple analysis to check that the gravitational wave signal-to-noise

ratio (SNR) is not impacted by including other timing effects in the model for our con-

sidered sources. This is important because if for example we considered a low frequency

gravitational wave source whose timing residual over our simulated 10 year observation

time didn’t complete a full wave cycle and appeared parabolic (like a half wave cycle),

then our parameter estimation results may be overly optimistic. This is because a real tim-

ing experiment would simultaneously fit a quadratic polynomial and the gravitational

wave signal to the timing data (as well as other models which we are not considering

for simplicity here). Therefore we would be less sensitive to a lower frequency source

whose gravitational wave timing residual predicted by one of our models from Chapter 3

resembled a parabola.

In order to help decide what source frequencies we should not consider in our Fisher

matrix analyses we first performed the following calculation. Using following proxy for

the SNR of our experiment:

SNR =

√√√√∑
a

(
Resa
σ

)2

, (6.2)

we calculated the SNR of just the gravitational wave timing residuals for every pulsar at

every time, using our IIB model (Section 3.6.2). Then we recalculated the SNR, but first

subtracted off a best-fit quadratic polynomial to the original gravitational wave timing

residual:

Respolyfit = Res−
(
a+ bt+ ct2

)
. (6.3)

This polynomial fitting procedure was done for every pulsar in the array, given its timing

data, meaning in a PTA of 40 pulsars there were 120 polynomial best-fit parameters. The
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result of this is given in Figure 6.2, which shows the fractional difference between these

two SNR values. If the fractional difference is low, then we can safely perform our Fisher

matrix analysis on that source given that PTA without needing to model the additional

parabolic timing residual. Therefore we considered only sources in this study where the

fractional difference in the SNR was small, that is with ω0 > 10 nHz.

Further restrictions on the searchable region of parameter space come from considera-

tion of the coalescence time (our fundamental assumption 1), as well as the strength of the

timing residual, which as a proxy can be estimated by the parameterAE,res (equation 3.74).

These are also indicated in Figure 6.2.

6.2 MEASURING SOURCE DISTANCE

As a point of reference we used Source 1 in Table B.1 as a fiducial reference. This is a

source worth considering because it has a low ∆τc and is therefore strongly chirping,

has a high AE,res even when the source is at R = 100 Mpc (which is good if our timing

uncertainty σ ∼ 100 ns), and a λgw ∼ 1 pc which sets the length scale of the typical

wrapping cycle.

6.2.1 Figure-of-Merit (F.O.M)

One of the primary goals of this work was to determine how well we could measure the

source distance R from the Fresnel corrections in our pulsar timing models. As a starting

question we asked, “What is the most important factor in governing the recoverability

of the source distance parameter?” The main take-away we found is that fundamentally,

in order to exploit the Fresnel corrections to our model to measure R, our precision is

governed by the tightest we can constrain the pulsar distance uncertainties σL on the

farthest pulsars in our PTA.
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Figure 6.2: The fractional difference in the gravitational wave timing residual SNR de-
fined in equation 6.2, with vs. without a quadratic polynomial best-fit subtracted from
the data, as a function of the source orbital frequency ω0 and chirp mass M. The frac-
tional difference in SNR is independent of timing uncertainty σ, and we also found that it
remains effectively unchanged for different values ofR (this specific result was computed
for R = 100 Mpc). For this study we want to consider sources where the fractional differ-
ence in SNR is negligible, since we are only modelling gravitational wave effects in our
Fisher matrix analyses. Here we see a low fractional difference of less than 0.1 at values
beyond ω0 > 10 nHz. Additionally contours of coalescence time ∆τc (equation 2.36) are
indicated, with a cut along ∆τc = 1 kyr due to assumption 1. Contours of AE,res

(
R

100 Mpc

)
are also indicated in red (see equation 3.74), which serve as a useful proxy for how strong
the timing residual signal is (especially when compared to the timing noise σ). The fidu-
cial sources from Table B.1 are also indicated by their number 1 and 2 here, and have
fractional SNR differences here of approximately 0.03 and 0.06, respectively. This was
computed using the IIB model (Section 3.6.2).
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To arrive at this conclusion we first simulated two PTA experiments, each with a selec-

tion of 39 “near” pulsars (L < 1 kpc) and a single “distant” pulsar (using the F.O.M. L val-

ues indicated in Table B.2). Source 1 was placed at a very nearby distance of R = 10 Mpc.

In the first case we simulated a prior distance constraint only on the single distant pulsar

to within its own wrapping cycle σL = ∆L1, while all near pulsars were unconstrained. In

the second case we did the opposite, placing no prior constraint on the position of the sin-

gle distant pulsar and giving all nearby pulsars priors equal to their wrapping cycles. For

both scenarios we built up the size of the PTA by first simulating the timing array with

only the single distant pulsar # 40. Then for every subsequent simulation we added in

one additional nearby pulsar, starting at pulsar # 1. For every simulation we recorded the

PTA’s ability to measure the source distance parameter R by calculating the CVR value.

Only the first scenario succeeded in producing a reliable measurement of the source

distance - the PTA with one well constrained distant pulsar, and many unconstrained

nearby pulsars. Results for this scenario are shown in the top panel of Figure 6.3. This

experimental set-up shows a marked improvement in the CVR value as the distance to

the furthest pulsar is increased (while still holding its σL fixed). However, in the opposite

scenario when all nearby sources were known to within their wrapping cycles but the

single distant pulsar was unconstrained, all measurements of CVR were well above unity.

Therefore even when increasing the distance of the distant pulsar in the array, we found

that prior knowledge only on the nearby pulsars was not enough to allow us to measure

the value of the source distance from the Fresnel corrections.

In summary, even if the distances of many nearby pulsars are known to a great deal

of precision, we cannot recover R unless we can strongly constrain the distance to the

furthest pulsars in the array. In fact that is all we need in principle - we don’t even need to

have distance measurement constraints on the nearest pulsars in the array a priori. Our
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Figure 6.3: Two figure-of-merit studies investigating what is needed in a PTA to measure
the source distance R from Fresnel corrections. See Table B.2 for the pulsars and their
F.O.M L values which were used in these calculations. Source 1 from Table B.1 is simu-
lated, at a distance R = 10 Mpc (therefore AE,res = 21 µs). Note that because this is simply
meant to be a figure-of-merit study to understand the general behavior of changing the
pulsar and PTA parameters, we purposefully simulated a very near and loud source. In
both panels we first simulated the PTA with only the single “distant” pulsar (pulsar # 40),
placed at the distances indicated, with a distance uncertainty constraint of a wrapping
cycle σL = ∆L1. For every subsequent simulation we added in one additional “nearby”
pulsar (L < 1 kpc) with no distance prior constraints, starting with pulsar # 1 through
pulsar # 39. In each simulation we calculated the CVR value for that experiment. In all
cases, we found that we needed a minimum PTA size of 3 in order to accurately invert our
Fisher matrix using SVD. Interestingly beyond 18 pulsars in the PTA, adding additional
pulsars didn’t seem to improve the recoverability of R. These results were computed us-
ing the IIB model (Section 3.6.2).
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conclusion for the reason that these two F.O.M. studies gave us these results is because

nearby pulsars will likely have negligible Fresnel numbers, meaning that we can’t probe

their Fresnel corrections to measure R. Even if these nearby pulsars have very well con-

strained distance measurements it is not enough since the actual magnitude of the Fresnel

corrections are too small for these pulsars. Therefore, in order to actually exploit knowl-

edge coming from the Fresnel corrections in our models we need to have distant pulsars

in the array, which have sufficiently high Fresnel numbers. But due to the pulsar distance

wrapping problem, if these distant pulsars are not well constrained then we once again

lose the ability to measure the source distance R.

We also explored the effects of increased observation cadence and improved timing

uncertainty σ on measuring R. Using again a single constrained distant pulsar and 39

nearby pulsars, the bottom panel of Figure 6.3 shows that if the PTA is small in size

a higher timing cadence does help, but timing resolution makes the largest difference.

However, what is interesting is that regardless of the experimental timing uncertainty

or cadence, all three schemes shown produce the same level of accuracy at recovering R

once our PTA is beyond about 17 pulsars in size. This means a small PTA with very well

timed pulsars is good, but if high timing precision can’t be achieved then adding more

pulsars to the PTA will help just as much. Similarly cutting a PTA in half and doubling

its observation cadence will produce roughly the same results.

More generally we observed during our studies that the CV of the model parameters

tended to follow the power law CV ∝
[
σ/
√
cadence

]p
. The parameters A, ι, ψ, and θ0

very strongly followed this law with p = 1, and ω0 followed with p ≃ 1 in most cases. For

the remaining model parameters the CV still appeared to behave as a univariate function

of σ/
√
cadence, but the power law dependence was not as strong as with the previous

parameters. In most observed cases the power law could be fit with differing values of
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p < 1 (based on the PTA set-up and source) for the parameters θ, ϕ, andM, and still held

valid over a large part of the σ − cadence parameter space. However, we found that the

CVR was only a very weak function of this variable.

As a final study, since we found that nearby pulsars don’t help with the measurement

of R we therefore investigated the effect of adding additional constrained distant pulsars

into the PTA. In Figure 6.4 we started the initial PTA with pulsars # 1-30 from Table B.2

(again using their F.O.M. L distances), and then consecutively added the final 10 (each of

these with the distances indicated in Figure 6.4). Again for this study, nearby pulsars were

unconstrained, while each added distant pulsar was simulated with its own wrapping

cycle prior σL = ∆L1. As suspected, we can see that adding additional well constrained

distant pulsars improves the measurement of R. In a separate study we also found that

if only the first of the distant pulsars was given a wrapping cycle prior constraint, then

adding additional unconstrained distant pulsars did not improve the measurement of R

notably. So it appears that the only way to improve and actually probe the source distance

from Fresnel corrections really is to have a PTA with numerous distance pulsars, whose

distances are very well measured.

6.2.2 Distant Sources

Based on our findings, a direct measurement ofR given current and near future standards

would be difficult, unless perhaps the source happened to be very nearby, such as in

the Virgo Cluster. But for consideration of the direction of future technologies, distant

sources on the order of 100 Mpc to 1 Gpc would require significant improvements in

our PTA. From our figure-of-merit studies we know that nearby pulsars don’t contribute

their Fresnel corrections towards improving the measurement of R - for this we need

many distant pulsars in the array with σL uncertainties on the order of their wrapping
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Figure 6.4: A figure-of-merit study that shows the improvement of measuring R as ad-
ditional constrained distant pulsars are added to a PTA. Here the base PTA consists of
nearby pulsars # 1-30 from Table B.2 using their F.O.M L values, with no prior knowledge
distance constraints. Pulsars # 31-40 are then added consecutively into the PTA, each with
the L distance indicated in the figure, and each with an uncertainty prior of its own wrap-
ping cycle σL = ∆L1. We used the same source and source distance R as in Figure 6.3.
These results were computed using the IIB model (Section 3.6.2).

distances. Therefore we focused our investigation on what scenarios would give us good

measurements of R, and how this might be useful in the future.

The left panel of Figure 6.5 shows how increasing the distances of all of the pulsars

with the distance scale factor improves the measurement of R. In effect we will need

pulsars across the entire span of our Galaxy, and ideally out to the Large and Small Mag-

ellanic Clouds, with distance uncertainties on the order of ∆L1 or λgw in order to probe

source distances beyond 100 Mpc. Since the Fresnel number scales as L2, increasing the

scale factor of our PTA yields a marked effect towards recovering R. If, however, the

pulsar distance uncertainties also scaled as L2, which we would expect for measurements

of pulsar distances made using parallax, then we found that these effects effectively can-

celled each other out, resulting in no improvement in the recovery of R even with larger

PTAs. Therefore it is crucial that as the pulsar distances in our PTA increases, that their

uncertainties continue to remain of the order of the wrapping cycle (a quantity which is
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independent of the pulsar’s distance).

Sources with certain physical properties will also be favored when measuring Fres-

nel corrections, as seen in the right panel of Figure 6.5. In terms of intrinsic parameters,

strongly chirping sources with coalescence times ∆τc ∼ kyr−Myr will yield the best mea-

surements of R through Fresnel corrections. The bias we see in this figure leans towards

lower frequency sources, largely because these sources will have larger wrapping cycles

and therefore require less pulsar distance precision than higher frequency sources (see

equations 5.1 and 3.24). Therefore keeping σL = 1 pc pinned means the lower frequency

sources benefit from a higher degree of precision than the higher frequency sources.

While our focus so far has been on the recovery of the distance parameter, we also

looked at the measurement of all source parameters and their covariances. An example

of this is shown in Figure 6.6, where Source 1 was placed at R = 500 Mpc. Again this

is a loud source and CVAE,res
= 0.0097 for our simulated σ = 100 ns timing uncertainty.

In this case CVR = 0.37, while all remaining parameters had their respective values of

CV ≤ 0.018. Sky angles tend to be measured well for the reasons discussed in Section 6.3.

Plus as this is a highly chirping source, chirp mass and frequency are well measured.

For this particular example, we found that improving the timing uncertainty by an

order of magnitude to σ = 10 ns improved the indicated CV values by one order of

magnitude for the parameters {AE,res, ι, ψ, θ0}, while all remaining parameter CV values

remained the same. In general we found that these four parameters were most sensitive

to timing accuracy, while mostly insensitive to pulsar distance accuracy. While the mea-

surement of R is the opposite of this as we have already discussed, we found that the

remaining four source parameters {θ, ϕ,M, ω0} could benefit from both improvements to

timing as well as pulsar distance uncertainties.
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Figure 6.5: Source distance measurement as a function of distance and as a function of
source intrinsic parameters M and ω0. In both panels the timing uncertainty σ = 100
ns, the pulsar distance uncertainty σL = 1 pc. The red circle indicates corresponding
points between the two graphs, and the red square corresponds to Figure 6.6. Note, a
scale factor of 7 puts the furthest pulsar in our PTA at roughly the distance of the Large
Magellanic Cloud. These results were computed using the IIB model (Section 3.6.2). (Left)
Here we measure R from Source 1 in Table B.1. Note that σL = 1 pc ∼ λgw for this
source. (Right) These sources have the same angular parameters as our fiducial Source
1 (indicated in Table B.1) and are set at R = 100 Mpc. The PTA has a scale factor of 7.
Contours of coalescence time ∆τc (equation 2.36) are indicated, with a cut along ∆τc = 1
kyr due to assumption 1. Bias leans towards lower frequencies, where using a fixed σL
value will benefit sources with larger wrapping cycles as compared to smaller ones (see
Section 6.2.2).
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Figure 6.6: Fisher matrix measurements of the parameters for Source 1, which has
been placed at R = 500 Mpc (therefore AE,res = 414 ns). Here the PTA has a scale
factor of 7 and all pulsars have been given σL = 1 pc ∼ λgw, with timing uncer-
tainty σ = 100 ns. This simulation and experimental set-up corresponds to the red
square indicated in Figure 6.5. The Fisher matrix analysis predicts that this source
can be recovered with:

{
CVAE,res

, CVR, CVθ, CVϕ, CVι, CVψ, CVθ0 , CVM, CVω0

}
=

{0.0097, 0.367, 3× 10−6, 10−6, 0.0148, 0.0175, 0.0182, 3.6× 10−5, 5.3× 10−5}. These re-
sults were computed using the IIB model (Section 3.6.2).
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6.3 SOURCE LOCALIZATION

As we investigated in the previous section, high precision measurements of pulsar dis-

tances (to within σL ∼ ∆L1) allow for the direct measurement of the source distance R

purely through Fresnel corrections. In this section, we show that this level of precision

can also improve localization of the source on the sky. As we will explain, this improved

sky localization mostly comes from phase and frequency parallax terms which can be

exploited when the pulsar distance measurements are well constrained. When we com-

bine the sky localization with the recovered distance information, there exists potential

for future PTAs to pinpoint the galaxy source of the gravitational waves, which could be

of great benefit to astronomers seeking electromagnetic counterparts to these coalescing

binary sources.

To measure the solid angle on the sky that our uncertainty in the measurement of

the source angles θ and ϕ sweeps out, we first compute the confidence ellipse area for

those two parameters ∆A = πχ2σθ′σϕ′ as outlined in Coe (2009)1. Here σθ′ and σϕ′ are

the measured uncertainties along the principle axes of the ellipse itself, and this quantity

represents an area in the θ-ϕ parameter space. On the sky, we can define a small solid

angle as ∆Ω ≈ sin(θ)∆θ∆ϕ. So to measure a small confidence ellipse on the sky we

connect these two quantities by multiplying ∆A by sin(θ) to get:

∆Ω ≈ πχ2 sin(θ)σθ′σϕ′ = πχ2 sin(θ)σθσϕ
√

1− ρ2. (6.4)

The uncertainties σθ and σϕ and the correlation coefficient ρ are are all measured from the

inverse of the Fisher matrix. In all of our results here we set χ2 = 2.279, which gives the

approximate 68% likelihood area for our source. In a similar calculation for small volume

1Note that in Coe (2009), equation 7 has a typo in that it is missing the factor of χ2 which we have
corrected here in equation 6.4.
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∆V ≈ 4π
3
R2 sin(θ)∆R∆θ∆ϕ we compute the volume uncertainty region for our source as:

∆V ≈ 4π

3
χ3R2 sin(θ)σR′σθ′σϕ′ , (6.5)

where again, primes on the uncertainty variables denote they are the uncertainties mea-

sured along the principle axes of the ellipsoid. In 3D space, the approximate 68% likeli-

hood volume of our source corresponds to a χ2 = 3.5059, which is what we used for all of

our results shown here. The values of the uncorrelated uncertainties along the principle

axes σR′ , σθ′ , and σϕ′ were found by applying SVD to the 3D sub-matrix of our inverted

Fisher matrix (for parameters R, θ, and ϕ). This mathematically decomposes the matrix

into three matrices, one of which is a rectangular diagonal matrix that contains the singu-

lar values, that is the uncorrelated uncertainties along the principle axes.

In all of our timing regimes, part of the measurement of the sky angles θ and ϕ comes

from the antenna patterns contained in the amplitudes of the Earth and pulsars terms of

the timing residuals (see equations 3.31 and 3.32). Additionally, all timing regimes also

have the “phase parallax” term (1− r̂ · p̂) L
c

which contains the sky angles, and appears in

the phase Θ(t) of the pulsar terms of each model (see equations 3.36, 3.46, 3.64, and 3.71).

In the frequency evolution regimes IB and IIB this becomes a “phase-frequency parallax”

term, because not only does it appear in the pulsar term phase Θ(t) but also in the pulsar

term frequency ω(t). Lastly, the Fresnel regimes add an additional small order correction

1
2

(
1− (r̂ · p̂)2

)
L
c
L
R

to these phase/phase-frequency parallax terms.

With this in mind we looked at examples of improvements to three PTA qualities

which can improve sky localization: timing precision σ, pulsar distance precision σL, and

PTA distance scale factor. Timing precision helps measure the sky angles from the overall

amplitude of the timing residual. Pulsar distance precision helps measure the sky an-

gles from the phase/phase-frequency parallax terms due to the L
c

factor. However this
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requires high precision measurements due to the pulsar distance wrapping problem. It

is partially for this reason that studies such as Aggarwal et al. (2019) choose to group

these parallax terms into separate phase parameters for every individual pulsar in their

models (which is a similar but alternative approach to introducing the pulsar distances as

free parameters in the model, as discussed in Section 4.7 and Chapter 5). This approach

sacrifices the additional sky localization information contained in these parallax terms, to

help avoid the wrapping problem. Finally, increasing the PTA scale factor can help im-

prove the sky angle measurements by amplifying the chirping effects (due to the greater

disparity between the Earth/pulsar frequencies), and boosting the size of the Fresnel cor-

rections.

Examples of improvements in these three PTA qualities as applied to Source 1 are

shown in Figure 6.7. It is very difficult to disentangle the many different factors that are

all competing to change the measurement of the source’s sky localization (including the

intrinsic source parameters which we discuss below). Therefore we emphasize here that

Figure 6.7 is only meant to serve as one specific illustration of the general comments that

we have made so far, for the PTA set-ups indicated in each panel, and for one particular

source.

We find that unlike pulsar distance precision and PTA scale factor, timing precision

behaves as a univariate function of σR. In the first panel of Figure 6.7 we expect that

most of the knowledge of our sky angles is coming from the overall amplitude of the

timing residual and not from the phase-frequency parallax or Fresnel corrections (due

to the large σL and standard scale factor). The second and third panels show the addi-

tional benefits that can be gained when probing the information in the phase-frequency

parallax and Fresnel corrections. Recall that λgw ∼ 1 pc for Source 1. In the middle

panel the Fresnel corrections are not likely adding a great deal of information towards
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Figure 6.7: Various effects of PTA improvements on source sky localization, shown here
for the example of Source 1. The bottom left corner of the first panel is excluded because
our SVD matrix inversion failed our condition number requirement (see Section 4.7),
therefore the Fisher matrix for these cases couldn’t be stability inverted. Nevertheless,
we can clearly see the trend is that the overall sky accuracy improves as the source gets
closer to us and the value of σ decreases, as we would expect. Compared to the other
PTA parameters, timing precision improvements behave as a univariate function of σR.
Furthermore, timing precision controls the largest range of magnitude differences in ∆Ω
as a function of source distance, followed by pulsar distance precision, then finally PTA
scale size. These results were computed using the IIB model (Section 3.6.2).
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the sky angles themselves since σL > λgw for most of these cases. However we still see

that information can be gained through the phase-frequency parallax as the precision of

the distance measurements to our pulsars improves. As σL decreases, we see for a given

∆Ω resolution there are turnover points where even small improvements to the pulsar

distance measurements can allow the same source to be localized with that precision at

much greater distances. Finally, with pulsar distance measurements on the order of the

source’s gravitational wavelength, the right panel shows that increasing the baseline dis-

tance between pulsars further improves our ability to measure the source’s sky angles.

Overall we see that timing precision controls the largest range of magnitude differences

in ∆Ω as a function of source distance, followed by pulsar distance precision, then finally

PTA scale size.

The source’s intrinsic parametersM and ω0 also affect localization. Figure 6.8 shows

that for the same distance (here R = 100 Mpc) and PTA set-up, different sources are

localized to ∼ O
(
0.1 deg2 − 10 arcsec2

)
. Notice that this PTA set-up matches that in the

right panel of Figure 6.5 so we know that the Fresnel corrections are being probed for the

sources where CVR < 1, since the distance parameter R is measured entirely from these

corrections in our model.

In general we conclude that the Fresnel corrections themselves don’t significantly im-

prove sky localization of a source. Figure 6.8 shows ∆Ω predicted from the Fisher matrix

analysis using the fully generalized IIB timing residual model (Section 3.6.2). We repeated

the same calculations of the sky angles for these sources using the IB model which re-

moves the Fresnel corrections (Section 3.5.3), and the IA model which removes both the

Fresnel corrections and the frequency evolution effects (Section 3.5.2), in order to compare

the predictions between models. It is important to note that this isn’t directly compara-

ble, because fundamentally these three models will compute different timing residuals
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Figure 6.8: Source sky localization, as a function of source frequency and chirp mass.
These are for sources at R = 100 Mpc, with the same angular parameters as our fiducial
sources (indicated in Table B.1), timing uncertainty σ = 100 ns, pulsar distance uncer-
tainty σL = 1 pc, and a PTA scale factor of 7. Contours of coalescence time ∆τc (equa-
tion 2.36) are indicated, with a cut along ∆τc = 1 kyr due to assumption 1. Bias leans
towards lower frequencies, where using a fixed σL value will benefit sources with larger
wrapping cycles as compared to smaller ones (see Section 6.2.2). These results were com-
puted using the IIB model (Section 3.6.2). When we re-calculated this plot using the IB
model (Section 3.5.3) and IA model (Section 3.5.2) we found that the relative difference in
∆Ω between these two models and the original fully general IIB model was about 0.1 and
0.7, respectively.
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for the same source (see again Figure 3.10 - the level of difference will depend on what

regime the source is actually in). And the Fisher matrix analysis only asks how well can

we recover the parameters from a given model. Nevertheless, comparing the results of these

sets of calculations still gives us an idea of how different the sky localization is with vs.

without the Fresnel corrections. What we found was that the magnitude of the relative

difference between ∆Ω computed using the models IIB vs. IB and IIB vs. IA was at most

about 0.1 and 0.7 for what is shown in Figure 6.8, respectively. This suggests that we lose

some sky localization precision when we leave out Fresnel corrections, but we lose more

precision when we don’t account for frequency evolution. However, even with these

relative differences we still find that in the IB and IA models (which don’t include Fres-

nel corrections) sky localization ranges from ∼ O
(
0.1 deg2 − 10 arcsec2

)
depending on

the intrinsic source parameters. This along with the earlier observations and statements

about Figure 6.7 is what leads us to believe sky localization itself is not greatly improved

by the inclusion of Fresnel effects.

In their separate studies Corbin & Cornish (2010) reported sky localization could be

measured with ∼ O
(
1− 10 deg2

)
while Deng & Finn (2011) reported sky localization

could be measured with ∼ O (100 arcsec2), which is a significant improvement. The re-

sults and discussion here from our study help to explain why. These studies use different

physical models (with and without Fresnel corrections), different example sources and

PTAs, and simulate very different pulsar distance uncertainties. Corbin & Cornish used

values of σL ∼ O (1− 100 pc), while Deng & Finn used σL ∼ O (0.001− 0.01 pc). Here

we see in Figure 6.8 approximately five orders of magnitude difference in sky localiza-

tion depending on the type of source, and in the middle panel of Figure 6.7 another five

orders of magnitude difference between σL = 1 − 100 pc. Therefore we easily found

scenarios where ∆Ω ranged from arcsec2 to > 10 deg2 precision, simply by accounting for
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these different effects, PTA qualities, and sources.

While Fresnel corrections in our models may not add much precision to source sky

localization, we can combine the distance measured from Fresnel corrections with this sky

location, to pinpoint our source to within an uncertainty volume of space. An example for

Source 1 is shown in Figure 6.9. The results have only been given where all points have a

corresponding CV < 1 for the parameters R, θ, and ϕ. Since the source distance R is the

hardest parameter to measure in general, our ability to localize the source to within some

uncertainty volume in space is most directly determined by how well we can measure that

parameter. Some parts of the sky are less sensitive than others, and even if we lose the

sensitivity within our PTA required to measure the volume localization ∆V , we can still

typically measure a sky location ∆Ω with striking precision. The right panel of Figure 6.9

shows even at 1 Gpc, Source 1 was measured here with sub-square arcminute precision

no matter where it was located on the sky.

6.4 MEASURING CHIRP MASS FROM A MONOCHROMATIC SOURCE

Another important novelty of the Fresnel regime is that it allows a measurement of the

source’s chirp mass even if the source is producing monochromatic gravitational waves.

For a monochromatic source, Fresnel corrections break the R-M degeneracy in the IIA

regime (see Section 3.6.1). As long as we can measure AE,res, R, and ω0, then from equa-

tion 3.74 we can infer the the chirp mass. As pointed out in Section 6.1, within the limi-

tations of this study, low frequency sources below ω0 < 10 nHz require a greater analysis

of the impact of other timing residual sources before confidently measuring the gravita-

tional wave parameters and their uncertainties. Therefore what we show here is simply

meant to be a proof-of-concept.

For this we use the fiducial Source 2 in Table B.1. An ideal monochromatic source
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Figure 6.9: Source sky and volume and localization calculated for Source 1, with timing
uncertainty σ = 100 ns, and pulsar distance uncertainty σL = 1 pc ∼ λgw. The areas and
volumes represent the 68% likelihood regions of our source. These results were computed
using the IIB model (Section 3.6.2). (Right) The top panel shows volume localization of
the source at R = 100 Mpc (therefore AE,res = 2 µs). In the bottom panel the source is at
R = 1 Gpc (thereforeAE,res = 207 ns), and although we can no longer measure its distance
with this PTA (and hence calculate the volume localization), we can still measure the sky
angles from the chirping in the signal to localize it on the sky. In both the top and bottom
panel the PTA has a scalefactor of 5.
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would have infinite ∆τc, so we chose a low chirp mass source on the edge of our SNR

limitation. At R = 100 Mpc, the amplitude of such as source would be very small, so we

also simulate a future timing experiment capable of σ ∼ 1 ns timing uncertainties. In a

future study, it would be interesting to simulate the measurement of a higher chirp mass

system with an orbital frequency ω0 ∼ 1 nHz, as this type of source would produce a

stronger amplitude.

The left panel of Figure 6.10 shows an example of the uncertainty propagation to our

measurement of the system’s chirp mass. We found that measuringMwas most strongly

correlated to measuring AE,res and R. Since measuring AE,res depends on the timing un-

certainty σ, and measuring R depends on the pulsar distance uncertainty σL, this means

different experimental set-ups may depend more on timing or parallax for the recovery of

the system chirp mass. As an example, this can be seen in the right panel of Figure 6.10.

Initially, increasing the PTA scale factor notably improves the recovery of M, since the

higher Fresnel numbers and improved parallax measurements allow for better recovery

of R (similar to what was shown earlier in the left panel of Figure 6.5). However, around

a scale factor of 5 we reach the threshold where timing precision dominates over parallax

in our ability to recoverM. Moreover for this source we found that increasing σ > 1 ns

more dramatically made the recovery ofM dependent on the recovery of AE,res.

6.5 CONCLUSIONS

The work in this and the preceding chapters constitutes the first major investigation of

my PhD work. To summarize everything thus far, in this work we motivate the impor-

tance of Fresnel corrections in the effects of gravitational waves on pulsar timing residual

models, and develop what we call the “Fresnel” timing regime, separate from the previ-

ously established plane-wave regimes which are currently used in pulsar timing searches
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Figure 6.10: Error propagation to the measurement of the source’s chirp mass M for a
monochromatic source recovered from the measurements of AE,res, R, and ω0, calculated
here in both panels for Source 2. Here all pulsars have been given timing uncertainty
σ = 1 ns, and pulsar distance uncertainty σL = 1.5 pc ∼ λgw. Note that in this study we
chose to parametrize the model in the log of the parameters {AE,res, R, ω0}. These results
were computed using the heuristic IIA model (Section 3.6.1). (Left) Here we show the
recovery and correlations of the log of the parameters {AE,res, R, ω0} in the triangle plot,
and in the upper right corner we show the propagated uncertainty on the measurement
of the log of M. Source 2 has been placed at R = 100 Mpc (therefore AE,res = 0.15 ns),
and here the PTA has a scale factor of 5. In this particular example, we find that the un-
certainty on the chirp mass is dominated by the pulsar distance uncertainty σL, which
most strongly affects the recovery of R. The Fisher matrix analysis predicts that this
source can be recovered with:

{
CVAE,res

, CVR, CVθ, CVϕ, CVι, CVψ, CVθ0 , CVω0

}
=

{0.32, 0.23, 7× 10−6, 4× 10−6, 0.48, 0.58, 0.59, 5.4× 10−5}. Uncertainty propagation
gives an inferred CVM = 0.23 . (Right) For small PTA scale factors, recovery ofM is dom-
inated by pulsar distance uncertainty σL. As the scale factor increases, the larger Fresnel
numbers make the measurement of R more precise, and as a result for scale factors above
about 5 the measurements ofM don’t improve because they become dominated by tim-
ing uncertainty σ. Note a scale factor of 7 puts the furthest pulsar in our PTA at roughly
the distance of the Large Magellanic Cloud.
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for continuous waves (Zhu et al., 2014; Babak et al., 2015; Aggarwal et al., 2019). We de-

rive the Fresnel monochromatic model analytically, study it asymptotically, and provide

a more simple and heuristically motivated model which is easier to implement in timing

simulations and analyses. With this we build a well motivated conjecture of the Fresnel

frequency evolution timing residual model, which fully generalizes the previously stud-

ied plane-wave frequency evolution models with Fresnel order corrections to the phase

and frequency of the timing residual. Surrounding this we also offer a framework for

understanding the relevant limits of each model, namely by considering the coalescence

time of the source and the size of its Fresnel number with the pulsars in the timing array.

Then we perform a Fisher matrix analysis for parameter estimation within these Fres-

nel regimes, using a representative NANOGrav-related PTA as the base for the exper-

imental design within our simulations. This was meant to build upon and bridge the

gap between the studies by Corbin & Cornish (2010) and Deng & Finn (2011). The main

challenge in measuring the source distance purely from Fresnel corrections is the pulsar

distance wrapping problem. We offer a new look at this problem and show how well

measured the pulsar distances will need to be in order to accurately recover the source

distance from our searches. In general distance constraints are needed on the order of

the wrapping cycle on the most distant pulsars in the PTA, but not on the nearby pulsars

whose Fresnel corrections are negligible.

One way to increase the Fresnel corrections in the timing residuals is by including

pulsars at farther distances, since the Fresnel number scales as F ∝ L2 (see equation 3.23).

Intrinsic source properties M and ω0 also play an important role as they control both

the amount of frequency evolution in the residuals and the characteristic wrapping cycle.

In our simulations we find that future PTAs with distant pulsars across the Milky Way

Galaxy whose distances are constrained to the order of the wrapping cycle can measure
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the source distance with a CVR ≲ 0.1 for sources at out to O(100 Gpc) distances.

High precision pulsar measurements not only allow us to probe the Fresnel correc-

tions, but they also help localize the source through the combined phase-frequency par-

allax of all of the pulsars in the PTA. The previous studies of source localization by Deng

& Finn and Corbin & Cornish had shown many orders of magnitude difference in the sky

angle ranging fromO(100 arcsec2 − 10deg2). In this work we explain that this difference

is due to many factors including the timing accuracy σ, the pulsar distance accuracy σL,

the PTA scale factor, and the intrinsic source parameters. We also show how knowledge

of the source distance through Fresnel corrections can be combined with the sky angle

measurements in order to localize the source to a volume of space. Even for sources near

∼ 1 Gpc in distance could be localized to within a volume ∆V < 1 Mpc3. This would

allow us to localize the galaxy source of the gravitational waves which could then be tar-

geted with an in-depth multi-messenger follow-up, such as what was done recently in

Arzoumanian et al. (2020).

A novelty of the Fresnel formalism is that it offers a way of measuring the chirp mass

of a monochromatic source, which is something that cannot be done using the plane-wave

formalism. As long as the amplitude, distance, and frequency parameters can be mea-

sured, then the chirp mass can be calculated. Furthermore, the Fresnel formalism opens

a path for future cosmological studies using PTAs. As discussed recently in D’Orazio

& Loeb (2020), when the Fresnel models are generalized to a cosmologically expanding

universe, then the distance parameter R which comes from the Fresnel corrections be-

comes the comoving distance Dc (assuming a spatially flat universe). If the source is also

significantly chirping, then the system’s observed (redshifted) chirp mass can be mea-

sured. Combining this with the measured observed frequency and amplitude parameters

produces a measurement of the system’s luminosity distance DL, which is related to the
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comoving distance through DL = (1 + z)Dc. Therefore in the full Fresnel frequency evo-

lution regime IIB, frequency evolution effects allow for the measurement of the source

DL, and Fresnel corrections allow for the measurement of the source Dc. If both of these

distances are recovered from the timing residual model then a measurement of H0 can

be obtained (as shown in D’Orazio & Loeb). Or alternatively if only one of these two

distances can be measured accurately, but localization of the gravitational wave source

and multimessenger counterparts identify the host galaxy, then the source host galaxy’s

redshift can be measured. Combining the redshift with either of the measured source

distances once again provides a measurement of H0.

While we acknowledge that many of our “best-case” scenarios required simulating

idealized PTAs well beyond our current experimental capabilities, timing and pulsar

measurements will continue to improve (Lam et al., 2018). The Five hundred meter

Aperture Spherical Telescope is now operational and offers exciting prospects for dis-

covering many new pulsars (Smits et al., 2009). The MeerKAT and MeerTime projects

could provide high precision timing of pulsars with absolute timing errors on the or-

der of 1 ns (Bailes et al., 2020), and the future Square Kilometer Array is going to pro-

vide even greater sensitivity and will greatly increase the number of pulsars that we can

time (Janssen et al., 2015). Furthermore Lee et al. (2011) and Smits et al. (2011) discuss

how pulsar distance measurements can be improved through timing parallax, which will

improve with these more sensitive future experiments and could help push the pulsar

distance precision closer to what is needed for this work. In general this suggests the

potential for future studies that could be made possible from the Fresnel timing regimes.

For example, seeing the direct impact that PTA size has on parameter estimation hope-

fully offers strong motivation to actively search for and include more distant pulsars with

higher precision distance measurements in our current PTAs. Smits et al. (2009) even dis-
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cusses the possibility of detecting extragalactic pulsars. While it is unlikely such pulsars

would have the precision constraints necessary for the measurements proposed in this

work, it still points to new frontiers in the future of PTA science which could make this

work possible.

Finally, we reiterate here that in this work thus far we have explicitly assumed a flat

static universe for the sake of simplicity and to help isolate the measurement of the dis-

tance parameter R (see assumption 2). More generally, for an expanding universe the

fully generalized Fresnel frequency evolution model contains both a luminosity and a co-

moving distance parameter. We will explore this generalized model in greater detail in

Chapter 7, and the intriguing cosmological implications that the Fresnel regime may offer

to future PTAs.
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CHAPTER 7

Generalizing the Fresnel Models & Measuring the Hubble

Constant
Update

At the time of finishing this dissertation, the work shown in this chapter was still

a work-in-progress. It was refined and published in McGrath et al. (2022). Some

changes have been updated into this dissertation, but there may still be changes

that were implemented in the final paper that were not yet realized here.

Of notable interest is the ability of a gravitational wave based experiment to measure

cosmological parameters such as the Hubble constant H0. These new gravitational wave

based method measurements will become very important in helping to resolve the cur-

rent tension between experimental measurements of H0 (Abbott et al., 2017; Feeney et al.,

2019). In this study we are motivated by the recent work of D’Orazio & Loeb (2020)

and myself McGrath & Creighton (2021) (the results of which were given in the pre-

vious Chapter 6). D’Orazio & Loeb demonstrated how a measurement of the Hubble

constant could be made from a purely gravitational wave-based method, by measuring

the source’s luminosity distance DL and it’s comoving distance Dc. In this approach DL

is recovered from frequency evolution in the timing residual signal, and Dc comes from

probing the curvature of the wavefront across the Earth-pulsar baseline of the PTA ex-

periment. In this chapter we show that more generally, the distance measured from the

curvature of the wavefront is the “parallax distance” Dpar, which is equivalent to Dc in

the flat universe case.

For comparison of other experimental methods that seek to measure the Hubble con-

stant, the “standard sirens” approach (Schutz, 1986; Holz & Hughes, 2005) produces
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a measurement of H0 through a hybrid gravitational wave/electromagnetic technique,

from a source producing messengers in both of these channels. Here the luminosity dis-

tance DL is measured from gravitational waves from a chirping source, while the redshift

z is measured from the host galaxy through electromagnetic observations. Combining

these measurements of DL and z then allow an inference of H0 to be made. As an exam-

ple of a purely gravitational wave-based measurement of H0, Messenger & Read (2012)

explained that gravitational wave signals from binary neutron star (BNS) mergers could

be used to obtain both measurements of the source’s luminosity distance DL and red-

shift z. This would require well constrained knowledge of the neutron star equation of

state from many BNS detections, which may be possible with future Einstein Telescope

era gravitational wave observatories. The approach presented in this paper is also purely

gravitational wave-based, but here we are trading the redshift measurement for a second

distance measurement made from the Fresnel wavefront curvature effects.

In this study we take the models we have developed in the previous chapters and fur-

ther generalize them to a cosmologically expanding universe. So far our previous results

were made under the fundamental assumption that the universe was flat and static. Here

we remove the assumption that the universe is static on cosmological scales and re-derive

the formulae in a cosmologically expanding universe. To list the important changes we

make in this chapter:

Assumptions:

1. The universe is described by the FLRW metric with comoving coordinates

(t, r, θ, ϕ) and curvature constant k.
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2. The FLRW scale factor a does not change appreciably over the time scale

of the travel time of the photon from the pulsar to the Earth: ȧ(t0)∆tp→E.

3. All “local” distances and times between the pulsar and the Earth are on

a Minkowski background, gµν = ηµν = diag(−c2, 1, 1, 1). The transition

from the global cosmological FLRW background to the local Minkowski

background requires that all points of interest have comoving coordinate

distance separations much smaller than the background curvature of spa-

tial slices (r2 ≪ 1
|k| ), and that the observation time of our experiment is

much smaller than the present day age of the universe ( tobs
t0
≪ 1).

In general we find that in order to recover the parallax distance parameter (and hence

measure H0), we require highly accurate measurements of the distances to the pulsars in

our array. The results presented in this work also demonstrate how the same methods

used to measure H0 also yield improved measurements of the pulsar distances, which is

an additional important result in its own right.

7.1 INCORPORATING COSMOLOGICAL EXPANSION & THE HUBBLE CONSTANT

In our cosmological framework we divide spacetime into two types of frames: a “global

cosmological frame” where the background metric is Friedmann–Lemaître–Robertson

–Walker (FLRW), and “local frames” where the background metric is Minkowski (see

assumption 7). The gravitational waves (as described by the metric perturbation below)

are generated in the local source frame, propagate over the cosmological frame, and reach

the Milky Way galaxy where we assume they are in the local observer frame. Therefore

the cosmological effects of an expanding universe only need to be considered during the
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gravitational waves propagation between the local source and observer frames.

As a general starting point we begin by assuming that the FLRW metric describes our

global spacetime background between the Earth and our gravitational wave source:

ds2 = −c2dt2 + a2(t)

[
dr2

1− kr2
+ r2dΩ2

]
,

= a2
[
−c2dη2 + dχ2 + r(χ)2dΩ2

]
, (7.1)

where dΩ2 ≡ dθ2 + sin2(θ)dϕ2, a(t) is the universe scale factor, and k is the spacetime

curvature constant. The coordinates (t, r, θ, ϕ) are the comoving coordinates, while the

version shown in the second line is made through the change to conformal time dη ≡ dt
a

(i.e. η ≡
∫ t dt′

a
) and the spatial coordinate transformation:

r(χ) ≡



1√
k
sin
(√

kχ
)
, k > 0

χ , k = 0

1√
|k|

sinh
(√
|k|χ

)
, k < 0

(7.2)

Here we are using the convention that the curvature parameter carries units of
[
length−2

]
,

where k > 0, k = 0, or k < 0 for closed, flat, and open spatial geometries, respectively.

This therefore implies that our time dependent scale factor a is unitless. We also choose

to normalize a(t0) ≡ 1 at the present day time t0, but we will often write it explicitly in

our derivations here. Therefore, the Gaussian curvature of a spatial slice of our universe

at the present time is k.

It is well understood that solving the wave equation for the gravitational wave metric

perturbation in the FLRW metric introduces the redshift parameter z into the amplitude

of the wave (see for example, Maggiore, 2008). Without an independent measurement
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of the source’s redshift (either from electromagnetic observations, or as we will explain,

from effects of the curvature of the wavefront itself), this redshift parameter cannot be

disentangled from the R,M, and ω0 parameters. The result is that we can only observe

the luminosity distance DL = (1+ z)R, a redshifted system chirp massMobs ≡ (1 + z)M,

and a redshifted orbital frequency parameter ω0,obs =
ω0

(1+z)
.

Next we need to calculate the expression for the retarded time of the wave (see for

example, Caldwell, 1993). Crucially, if we make the assumption that the a(η) does not

evolve appreciably over the time it takes a photon to travel from our pulsar to the Earth

(see assumption 7), then ηret − η ≈ 1
a(t0)

(tret − t) and we can write:

ηret = η −
∣∣x⃗′ − x⃗

∣∣
c

,

∴ tret ≈ t− a(t0)
∣∣x⃗′ − x⃗

∣∣
c

. (7.3)

Next we must calculate
∣∣x⃗′ − x⃗

∣∣ in the three possible spatial geometries of our universe.

The details of this are shown in the box below, and the result is that regardless of the

background curvature of the spatial slices of our cosmology, the generalized expression

for the retarded time evaluated at the pulsar’s position is (compared to equation 3.21):

tret (t, Lp̂) ≈ t − Dc

c︸︷︷︸
“Far Field”

+ (r̂ · p̂) a(t0)
L

c︸ ︷︷ ︸
“Plane−Wave”

− 1

2

(
1− (r̂ · p̂)2

)
a2(t0)

L

c

L

Dpar︸ ︷︷ ︸
“Fresnel”

+ . . . (7.4)

Now the source distance measurement R in our Fresnel number proxy (equation 3.23)

is replaced with the more general parallax distance Dpar, and the orbital frequency ω0

parameter is replaced with its observed ω0,obs quantity:

F ≡ L2

λgw,obsDpar

, (7.5)
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and λgw,obs ≡
πc

ω0,obs

≈ (30.5 pc)
(
1 nHz
ω0,obs

)
. (7.6)

There are two notable and interesting results that come out of the expression in equa-

tion 7.4. The first is that we find that two cosmological distance measurements to the same

source appear when working out to the Fresnel term in the expansion - the line-of-sight

comoving distance Dc, and the parallax distance Dpar. In practice, however, we can only

measure Dpar from our timing residual models. This is because in addition to Dc

c
appear-

ing as the first term in the expression for the retarded time measured at the pulsar, it

also appears in the expression for the retarded time measured at the Earth (for the Earth,

just set L = 0 in equation 7.4). Therefore, when the rest of our timing residual model is

worked out (see for example the IIB model in equations 7.16 and 7.17), we can simply

choose the fiducial time t0 = −Dc

c
and all dependence on Dc vanishes (this was a point of

discussion in the derivations of the four timing models in Chapter 3).

The second is that in principle we could also choose to include the cosmological cur-

vature constant k as a parameter to attempt to directly measure it from the gravitational

wave signal. Equation A.9 provides the connection between Dpar and DL, and therefore

would introduce both z and k as additional model parameters. However, since the Fresnel

corrections are already smaller order corrections and k is currently understood to be very

close to zero, we will restrict our attention in this work to a geometrically flat universe

and assume k = 0.

Therefore, working under the assumption of a geometrically flat universe, the rela-

tionships given in Appendix A provide us the connection to the Hubble constant:

k = 0 −→


DL = (1 + z)Dpar,

H0 =
c
R

∫ z
0

dz
′

E(z
′ )
= c

Dpar

∫ DL/Dpar−1

0
dz

′

E(z
′ )
.

(7.7)
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By procuring a measurement of both the distances DL and Dpar from our pulsar timing

model (see Section 7.3) we can directly measure the source’s redshift. By then assum-

ing values of the cosmological density parameters which appear in the Hubble function

(see equation A.1), we can directly measure the Hubble constant H0. In practice in our

work, we can also bypass equation 7.7 when using the small redshift approximation,

which doesn’t require assumptions of the density parameters (see the discussion of equa-

tion 7.19).

The Retarded Time Calculation

The goal is to calculate
∣∣x⃗′ − x⃗

∣∣ in equation 7.3, where x⃗′ is the source location

and x⃗ is the field point. For our problem, we will primarily be interested in

setting our field point at the pulsar. With the center of our coordinate system at

the Earth, let the source be at the coordinate r = R (i.e. χ = χS) with unit vec-

tor r̂, and let the pulsar be at the coordinate r = L (i.e. χ = χP ) with unit vector p̂.

Next we can use the law of cosines for Euclidean, spherical, and hyperbolic ge-

ometries:

cos
(√

k
∣∣x⃗′ − x⃗

∣∣) = cos
(√

kχS

)
cos
(√

kχP

)
+sin

(√
kχS

)
sin
(√

kχP

)
(r̂ · p̂) , k > 0∣∣x⃗′ − x⃗

∣∣ = χ2
S + χ2

P − 2χSχP (r̂ · p̂) , k = 0

cosh
(√
|k|
∣∣x⃗′ − x⃗

∣∣) = cosh
(√
|k|χS

)
cosh

(√
|k|χP

)
− sinh

(√
|k|χS

)
sinh

(√
|k|χP

)
(r̂ · p̂) . k < 0

(7.8)
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Recall from Section 7.1 that at the present time the Gaussian curvature is k. One

approach to solving these equations is to Taylor expand in the small parameter√
|k|χP in the closed and open universe cases, and in the small parameter χP

χS
the

flat universe case. The result is:

∣∣∣x⃗′ − x⃗
∣∣∣ ≈ χS − (r̂ · p̂)χP +

1

2

(
1− (r̂ · p̂)2

)


χ2
P

1√
k
tan(

√
kχS)

, k > 0

χ2
P

χS
, k = 0

χ2
P

1√
|k|

tanh
(√

|k|χS

) . k < 0

(7.9)

Additionally, using equation 7.2 we see that χP ≈ L for each universe geometry

case (Taylor expanding once again for the closed and open cases in
√
|k|χP ).

Consider for a moment a gravitational wave propagating directly from the

source to the Earth. The wave leaves it’s position at redshift z and time tret,

and arrives at Earth at redshift z = 0 at time t (recall the boundary conditions

from Appendix A). In this case our field position x⃗ = 0, so ηret = η − χS

c
from

equation 7.3. Therefore using equation A.4 we can write:

−χS
c

= ηret − η =

tret∫
t

dt
′

a
,

= − Dc

a(t0)c
.

This gives us a connection between χS and the comoving coordinate distanceDc,

namely that χS = Dc

a(t0)
, which we can now substitute into equation 7.9. The result

is that we can now see that the relevant distance which appears in the Fresnel

term in our Taylor expansion is the parallax distance Dpar (equation A.9).
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Therefore the final form of equation 7.9 which is then used in equation 7.4 is:

∣∣∣x⃗′ − x⃗
∣∣∣ ≈ Dc

a(t0)
− (r̂ · p̂)L+

1

2

(
1− (r̂ · p̂)2

)
a(t0)

L2

Dpar

. (7.10)

Note that in the flat universe case Dpar = Dc, which is consistent with the result

of D’Orazio & Loeb (2020) given that this was their working assumption.

7.2 GENERALIZING FROM A STATIC TO EXPANDING UNIVERSE

First we need to update our previous expressions equations 2.22 and 2.23 to include the

effects of cosmological expansion as described in Section 7.1:



h+(tobs) ≡ −h(tobs) cos
(
2Θ(tobs)

)
,

h×(tobs) ≡ −h(tobs) sin
(
2Θ(tobs)

)
,

h(tobs) ≡ 4(GMobs)
5/3

c4DL
ω(tobs)

2/3,

h0,obs ≡ 4(GMobs)
5/3

c4DL
ω
2/3
0,obs,

(7.11)

and the angular phase and frequency functions Θ(tobs) and ω(tobs) from equations 2.33,

2.34, 2.37, 2.38, 2.36, and 2.39 to:

Monochromatism
(A)


ω(tobs) = ω0,obs ,

Θ(tobs) = θ0 + ω0,obs(tobs − t0,obs) ,
(7.12)
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Frequency Evolution
(B)



ω(tobs) = ω0,obs

[
1− tobs−t0,obs

∆τc,obs

]−3/8

,

Θ(tobs) = θ0 + θc

[
1−

(
ω(tobs)
ω0,obs

)−5/3
]

,

∆τc,obs ≡ 5
256

(
c3

GMobs

)5/3
1

ω
8/3
0,obs

,

= (1 + z)∆τc ,

θc = 1
32

(
c3

GMobsω0,obs

)5/3
,

≡ 8
5
∆τc,obsω0,obs =

8
5
∆τcω0 .

(7.13)

Here t0,obs here (and below) denotes the fiducial time for the model (note that tobs = 0

would correspond to the present day start of our experiment on Earth). The frequency

evolution regime is governed by the physically significant quantities ∆τc,obs which is the

“observed coalescence time,” and θc which is the “coalescence angle” (the total angle

swept out before the system coalesces). Notice that now in the FLRW universe the coa-

lescence time is redshifted in our local observer frame but the angle is not, the number of

orbital cycles the binary system will complete is independent of reference frame.

Once in the local observer frame the gravitational waves will affect the timing of local

pulsars. The math and derivation at this point remains mostly unchanged to what was

shown in Chapter 3. The only minor change is the notational distinction that we are now

working with “observed” quantities (rather than the source frame quantities from a static

universe). Therefore (referring back to equations 3.13 and 3.17) the gravitational wave

induced fractional shift of the pulsar’s period T is now:

∆T

T
(tobs) ≈

1

2
p̂ip̂jE r̂A

ij

tobs∫
tobs−L

c

∂hA

(
tobs,ret

(
t
′

obs, x⃗
) )

∂t
′
obs

∣∣∣∣∣
x⃗=x⃗0(t′obs)

dt
′

obs, (7.14)

where tobs is the time a pulsar’s photon is observed arriving at Earth, tobs,ret is the retarded
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time of the gravitational wave, and x⃗0(tobs) is the spatial path of the photon between the

pulsar and the Earth. Finally the gravitational wave induced timing residual is now:

Res(tobs) =

∫
∆T

T

(
t
′

obs

)
dt

′

obs =

∫
Tobs

(
t
′

obs

)
− T

T
dt

′

obs = Obs(tobs)− Exp(tobs). (7.15)

The key ideas behind this work again stem from consideration of the retarded time tobs,ret(tobs, x⃗)

in equation 7.14, which will now be replaced with the new result for equation 7.3 (for ex-

ample, the pulsar term retarded time will be equation 7.4).

7.3 THE FRESNEL, FREQUENCY EVOLUTION MODEL - REVISITED

Chapter 3 details the four gravitational wave induced timing residual model regimes IA-

IIB, characterized by frequency evolution and curvature effects. Generalizing to a flat cos-

mologically expanding universe does not change the math of the derivation behind those

four models, it only changes the interpretation of the model parameters as has already

been discussed as well as adds one new parameter. Crucially, the luminosity distance DL

becomes the parameter measured from the amplitude of the metric perturbation (equa-

tion 7.11), while the parallax distance Dpar (i.e. DM or Dc in our flat universe) becomes

the distance parameter measured in the retarded time. Furthermore we now recognize

that the chirp mass and orbital frequency parameters are measured in the observer frame

of reference, and are no longer equivalent to their values in the source frame. This means

the most general IIB model now becomes:

Res(tobs) =
FA

4

hA

(
ω0E,ΘE − π

4

)
ω0E

−
hA

(
ω0P ,ΘP − π

4

)
ω0P

 , (7.16)

for A ∈ [+,×],
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where
(t0,obs = −Dc

c )



ω0E ≡ ω0,obs,

ω0P ≡ ω0,obs

[
1 +

(1−r̂·p̂)L
c
+ 1

2(1−(r̂·p̂)2)L
c

L
Dpar

∆τc,obs

]−3/8

,

θ0E = θ0,

θ0P = θ0 + θc

(
1−

[
1 +

(1−r̂·p̂)L
c
+ 1

2(1−(r̂·p̂)2)L
c

L
Dpar

∆τc,obs

]5/8)
,

ΘE = θ0E + ω0Etobs,

ΘP = θ0P + ω0P tobs,

(7.17)


∆τc,obs ≡ 5

256

(
c3

GMobs

)5/3
1

ω
8/3
0,obs

,

θc = 1
32

(
c3

GMobsω0,obs

)5/3
,

(7.13 r)


h+ ≡ −h(ω) cos

(
2Θ
)
,

h× ≡ −h(ω) sin
(
2Θ
)
,

(7.11 r)

h(ω) ≡ 4(GM)5/3

c4DL

ω2/3, (7.11 r)
f+ ≡ p̂ip̂jer̂+ij

(1−r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1−r̂·p̂) ,

f× ≡ p̂ip̂jer̂×ij
(1−r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1−r̂·p̂) ,

(3.31 r)


F+ ≡ p̂ip̂jEr̂+

ij

(1−r̂·p̂) = 1
2
(1 + cos2(ι)) [cos(2ψ)f+ + sin(2ψ)f×] ,

F× ≡ p̂ip̂jEr̂×
ij

(1−r̂·p̂) = cos(ι) [− sin(2ψ)f+ + cos(2ψ)f×] ,

(3.32 r)

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)
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Figure 7.1: A revisited and revised version of Figure 3.5. Importantly, in a cosmologically
expanding universe the frequency evolution regimes allow for the direct measurement of
the source luminosity distance DL, and the Fresnel regimes allow for the direct measure-
ment of the source parallax distance Dpar. In the fully general IIB model, both of these
distances can be independently measured, and therefore through equation 7.7 a value of
H0 can be inferred.

The introduction of DL and Dpar into the timing residual model is significant in how

they break the degeneracy between other parameters within the four model regimes. Fol-

lowing the discussion in Section 3.8, frequency evolution allows for the measurement of

the source’s chirp mass Mobs, while Fresnel corrections allow for measurement of the

source’s parallax distance Dpar. This means that regime IB can measure the source’s lu-

minosity distance (through equation 7.18 from measurements of AE,res, Mobs, and ω0,obs

parameters), but not the parallax distance. Regime IIA can measure the source’s parallax

distance, but not the luminosity distance. And regime IIB can measure both distances DL

and Dpar. This is summarized in Figure 7.1.
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Therefore by using the IIB model, under the flat universe assumption if we can recover

the source’s two distance parameters DL and Dpar, equation 7.7 lets us make a direct

measurement of the source redshift as well as the Hubble constant.

7.4 METHODS

The main two analyses we used for the studies presented in this Chapter were Fisher ma-

trix and Markov Chain Monte Carlo (MCMC) analyses. As shown in Chapters 4 and 6,

a Fisher matrix is a useful tool for quick parameter estimation forecasting of a model un-

der specified experimental constraints. Computationally, this is efficient and can quickly

allow us to test many different experiments. But it does require that one assume a real

search (such as with an MCMC analysis) could successfully identify the true mode from

any potential secondary modes. This limitation is again due to the fact that the Fisher

matrix is only meant to approximate the shape of the posterior near the maximum likeli-

hood. If for example the posterior is multi-modal (see Section 5), then the Fisher matrix

will not capture this behavior. For a more in-depth (and computationally expensive) tar-

geted study of the posterior, we use MCMC.

As we did in Chapters 4 and 6, for this work we assume that the timing residual data is

the sum of the underlying gravitational wave induced residual plus some random noise,

that is
−→
Res =

−→
Restrue + N⃗ . For simplicity the noise we model is white noise, uncorrelated

between observations/pulsars, and for each experiment the timing uncertainty σ is uni-

form across all pulsars, that is Σ = diag [σ2]. Therefore the likelihood function we propose

and use in this work is:

L
(−→
Res | θ⃗

)
=

1√
(2π)ddet(Σ)

exp

[
−1

2

(
−→
Res−

−→
Res

(
θ⃗
))T

Σ−1

(
−→
Res−

−→
Res

(
θ⃗
))]

,
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=
1√

(2π)dσd

∏
c

exp

[
−1

2

1

σ2

(
Resc − Resc

(
θ⃗
))2]

. (4.25 common σ)

With this the Fisher matrix is again:

Fij =
∑
c

1

σ2

∂Resc
(
θ⃗true

)
∂θi

∂Resc
(
θ⃗true

)
∂θj

 . (4.27 common σ)

We also continue to use the coefficient of variation (CV) as a useful metric for quantifying

the measurability of a given parameter when performing a Fisher matrix analysis, as

shown in equation 6.1.

Model parametrization was chosen as follows. In this cosmological framework, the

gravitational wave timing residual in the full IIB regime is governed by the source pa-

rameters: s⃗ = {DL, Dpar, θ, ϕ, ι, ψ, θ0,Mobs, ω0,obs}. Following the explanation given in

Section 3.8 we swap the DL parameter in our model with the “observed Earth term tim-

ing residual amplitude” parameter, defined as:

AE,obs ≡
h0,obs
4ω0,obs

=
(GMobs)

5/3

c4DLω
1/3
0,obs

≈ (140 ns)
(
Mobs

109M⊙

)5/3(
100 Mpc
DL

)(
1 nHz
ω0,obs

)1/3

. (7.18)

Log-parameters were also used for the non-angular parameters: {log10 (AE,obs/AE,obs,true) ,

log10 (Dpar/Dpar,true) , log10 (Mobs/Mobs,true) , log10 (ω0,obs/ω0,obs,true)}.

There are two approaches one can take to measure H0 from the model. The first is

to use the described parametrization thus far, and make measurements of AE,obs, Mobs,

ω0,obs (equation 7.18 then gives us DL), and Dpar. These measurements could be from

either a Fisher and/or MCMC analysis. Then we use equation 7.7 to calculate H0. Note

that this does require we make some assumptions for the density parameters that go into

the Hubble function in that expression (see equation A.1).
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The second approach is to swap out the parallax distance parameter Dpar and replace

it directly with H0 in our model, using the small redshift approximation. For a flat k = 0

universe and for z ≪ 1, z ≈ H0

c
DL, so we can combine equations A.9 and 7.18 to write:

Dpar ≈

[
c4AE,obsω

1/3
0,obs

(GMobs)
5/3

+
H0

c

]−1

. (for k = 0, z ≪ 1) (7.19)

This second approach is particularly useful when working with the two source problem

described in Section 7.7, as equation 7.19 will reduce the dimensionality of the model by

one (Dpar,1 andDpar,2 are both replaced byH0), therefore giving us the direct joint posterior

of H0 from the two sources. With the first approach, one must make an estimate of the

joint posterior on H0 (for example, using a kernel density estimate) using the measured

parameters from both sources. The second approach builds into our model the additional

knowledge that H0 is a constant irrespective of the source we are detecting. But again

the approximation is truly only valid for z ≪ 1. In practice we find that the fractional

difference between the value of AE,obs using equation 7.18 vs. re-arranging equation 7.19

is less than 0.1 out until Dpar ≃ 1.5 Gpc.1

For our priors, we required all of the physical parameters be non-negative (AE,obs,

Mobs, ω0,obs, DL, Dpar, L, H0), and that Dpar ≤ DL (which assumes z > 0 in equation A.8).

For the angular parameters we placed the general boundaries: 0 < θ, ι, θ0 < π, and

0 < ϕ, ψ < 2π.

For our MCMC simulations we used the PYTHON emcee package (Foreman-Mackey

et al., 2013). For the jump proposal we found that a combination of differential evolu-

tion proposals and Gaussian Metropolis steps worked well. The Metropolis jumps were

made using a scaled version of the inverse Fisher matrix for the injection as the covariance

1Note that for this calculation we used the flat ΛCDM cosmology model in the PYTHON As-
tropy.Cosmology package to get DL from our injected value of Dpar and H0 (and assuming Ωm = 0.3)
when solving equation 7.18.
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matrix for the Gaussian distribution. We found that if our covariance matrix was multi-

plied by some small scale-factor (for example, 0.25), then these jumps helped improve

the mean jump acceptance fraction, especially when the walkers were being initialized

about the true mode. However in general we found that the differential evolution jumps

drastically improved the mixing of the walkers, which improved the overall efficiency of

the MCMC simulation.

To assess the convergence of the samples in our simulations, the integrated autocorre-

lation time of our parameters was periodically checked. We typically ran our simulations

for 100, 000 iterations, but if the chain reached longer than 100 times the estimated auto-

correlation time of every model parameter, and if this estimate changed by less than 1%,

then we ended the simulation there. The walkers were typically initialized in very small

Gaussian “balls” about the true injectioned parameters using the inverse Fisher matrix

prediction multiplied by some small scale-factor. This helped them more quickly find

and explore the local distributions around the true parameters.

Finally, in Chapter 6 we chose to simulate a NANOGrav-like PTA, simulating pul-

sars that are currently timed by the NANOGrav collaboration. In this chapter, however,

we decided to construct our own fiducial PTA ad hoc. In order to make the PTA physi-

cally motivated, we used a simple Milky Way galaxy structure model to create a density

distribution of pulsars npsr, in order to sample pulsars from the galactic disk (Schneider,

2015):

npsr ∝ exp

(
− r

hR

)[
exp

(
− |z|
hthin

)
+ 0.02 exp

(
− |z|
hthick

)]

× exp

(
−1

2

[( x
R

)2
+
( y
R

)2
+
( z
R

)2])
H(r − rmin), (7.20)

where the center of the coordinate system is at the Earth’s position, the Galactic center is at
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xMW ≈ 8 kpc, and r ≡
√

(x− xMW)2 + y2. Here hR is the scale-length of the Galactic disk

(hR ≈ 3.5 kpc), hthin is the scale height of the thin disk (hthin ≈ 0.325 kpc), and hthick is the

scale height of the thick disk (hthick ∼ 1.5 kpc). The first term in this expression creates the

distribution of stars in the Milky Way, while the second term simply places preference on

stars within a Gaussian ball centered on Earth. The motivation for including this second

term is simply the idea that we will likely be more sensitive to timing pulsars within some

scale distance R from the Earth. We also placed a minimum distance rmin on this sphere

(hence the Heaviside function). For our fiducial PTA we chose R = 5 kpc and rmin = 0.5

kpc. An example of 1000 pulsars generated from this distribution is shown in Figure B.3.

7.5 PULSAR DISTANCE WRAPPING PROBLEM (REVISITED) & THE ERROR EN-

VELOPE

Perhaps the most challenging problem in this work, in terms of parameter estimation,

is the pulsar distance wrapping problem, explained in detail in Chapter 5. Although in

the frequency evolution regimes IB and IIB this “wrapping cycle” doesn’t mathematically

exist as the frequencies are now time-dependent (which technically breaks this L timing

residual degeneracy), we still find some support in parameter estimation at L modulo

these cycle distances in equation 5.1.

Consider the problem now in terms of parameter estimation using the likelihood func-

tion equation 4.25. If we work entirely in one of the monochromatic regimes IA or IIA,

meaning we use one of these models to both calculate the timing residuals of our injected

simulation source
−→
Res and recover the parameters

−→
Res

(
θ⃗
)

, then the likelihood function is

perfectly multimodal at every L ± ∆Ln for every pulsar in the PTA. Therefore in either

of these regimes, we cannot identify the true pulsar distance with this likelihood since all

modes will have equal probability.
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If instead we work in one of the frequency evolution regimes IB or IIB, we find that

this likelihood function is still multimodal for every pulsar for each pulsar’s true distance

modulo its wrapping cycle. However, as moving out a wrapping cycle no longer returns

the same exact timing residual as the true timing residual, these modes become less and

less probable for every additional cycle away from the true distance. Corbin & Cornish

(2010) identified this in their model as an “error envelope” which forms about the true

pulsar distance. The width of each of these secondary modes can blend with the primary

mode, increasing the overall uncertainty that we would expect to recover on an individual

pulsar distance parameter. An example of this is shown in Figure 7.2.

However, Corbin & Cornish didn’t fully classify the properties of the error envelope.

Namely the geometric factors in the wrapping cycle equation 5.1 are of crucial importance

in deciding if and how the error envelope will form for a given pulsar with a given source.

We find that the following are useful set of criteria for classifying the pulsar distance error

envelope:

∆L1

σL,Fisher
∼


< 4 , Error Envelope

4− 8 , Error Envelope begins to separate

> 8 , No Error Envelope

(7.21)

where σL,Fisher is the uncertainty of a given pulsar as predicted by the Fisher matrix anal-

ysis (that is, the standard deviation of a pulsar distance L calculated from the inverse

Fisher matrix, C = F−1). These criteria come from considering the uncertainty width

about each mode and the separation of the modes from the true distance value (see for

example Figure 7.6 for a visual). In general the predictions on uncertainty coming from

the Fisher matrix analysis are only valid around the true mode, and therefore cannot accu-

rately forecast the multimodal behavior of the pulsar distances. However in practice we

have observed in our tests that the widths of the secondary modes at each of the pulsar
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Figure 7.2: An example of the error envelope demonstrated from an MCMC simulation
of a PTA (using the IIB model). In the full simulation there were 40 pulsars (shown in
Figure 7.3) - this corner plot singles out three (namely the pulsars numbered 24, 2, and
12). To create a clear example, this simulation pinned theDpar, θ, and ϕ parameters at their
true values, and set the timing uncertainty very low to σ = 1 ns across all pulsars. The
blue line shows the injected parameter value, the dashed green lines are ±λgw references,
the dashed orange lines are ∆Ln (for n = {−2,−1, 1, 2}), and the red histograms are
the Fisher matrix predictions. The bottom row shows the (unnormalized) log-likelihood
values ln (L). Here we see that in both L2 and L12 the secondary modes are somewhat
separated away from the primary mode, while the secondary modes in L24 clearly blend
to form an error envelope, which further widens the uncertainty. We expect that there are
likely additional modes for L24 beyond just the first±2 which the MCMC walkers simply
had not yet begun to explore in the given simulation time.
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distance wrapping cycles are approximately the same as the width of the primary mode.

Therefore, we use σL,Fisher as our proxy in defining equation 7.21. This effectively assumes

that the behavior of the likelihood function near each wrapping cycle will look the same

as the behavior of the likelihood function near the true mode. As an example the pulsars

shown in Figure 7.3 have been sorted explicitly by this criteria.

The criteria in equation 7.21 is a rather useful tool, because it only requires a Fisher

matrix calculation, it doesn’t require a full MCMC simulation. However, we see here that

the criteria tracks the more precise results of an MCMC run very well. Therefore this gives

us a bridge between our Fisher and MCMC results. It serves as a quick calculation tool

that we can employ as a proxy to survey large parameter sets and PTA simulations. For

example, if we run a simulation and check the value of this ratio for all of our pulsars, we

can quickly get a sense of whether or not we would likely be able to identify each pulsar’s

true position (if there is “no error envelope”). MCMC follow-ups can then be run to check

the validity of these results.

7.6 THE 1 SOURCE PROBLEM

With only a single source generating a residual in the pulsar timing data, we find the

biggest obstacle to measuringH0 comes from the pulsar distance wrapping problem. Our

ability to recover H0 accurately requires that we can measure the Fresnel corrections and

the parallax distance Dpar. However, this is the most challenging parameter to recover

from the model. An example showing the recovery of DL compared to Dpar is shown in

Figure 7.4.

Therefore like we found in Chapter 6, with a single gravitational wave source we must

know a priori our pulsar distances to sub-gravitational wavelength uncertainties in order

to avoid the pulsar distance wrapping problem entirely. Only then did we find that Dpar
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Figure 7.3: The complete set of 1D posteriors for the same results shown in Figure 7.2.
Here we have sorted the pulsars in ascending value by their ratio of ∆L1

σL,Fisher
. As we

can see, this particular criteria successfully shows the progression of the error envelope,
which motivated our classification in equation 7.21. For ratios less than about 4, we see
that uncertainties about each mode are both sufficiently large and sufficiently close to the
primary mode that they blend together, and therefore create an otherwise wider error
envelope about the true value. However, for ratios between about 4 − 8 these secondary
modes begin to separate away from the primary mode far enough that they start to be
distinguishable from the true mode. Finally, for ratios greater than about 8, we see that
the secondary modes are completely distinguishable from the true mode. In practice this
therefore motivates us to search our results to see what the value of this ratio is for each
of our pulsars. If it is greater than 8, then we would expect that the true distance to that
pulsar would be identifiable.
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Figure 7.4: An example comparison of the Fisher predicted uncertainties of the two dis-
tance parameters DL and Dpar. For this simulation, we set uniform uncertainties σ = 100
ns and σL = 0.1λgw, for a source withMobs = 109 M⊙ and ω0,obs = 20 nHz. This was for
a PTA of 100 pulsars (with Lavg = 8.3 kpc and Lmax = 19.9 kpc). The light orange region
shows the uncertainty range on the parallax distance, while the light green region shows
the uncertainty range on the luminosity distance. Generally, the luminosity distance is
easier to measure from the frequency chirping in our signal, as compared to the parallax
distance from the Fresnel corrections.
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could be recovered with sufficient accuracy that we could obtain a measurement of the

Hubble constant through equation 7.7. However, this level of precision is far beyond cur-

rent capabilities, making this a very challenging measurement. In conclusion, throughout

our tests we did not find a very meaningful way of procuring the H0 measurement in this

way.

What seems to us a perhaps more useful way of exploiting the Fresnel effects with

just a single gravitational wave source is to instead reverse the question. If we already

knew the source location a priori, could we then use the Fresnel corrections in our model

to better measure the distances to the pulsars in our PTA? For this scenario, we imag-

ine a case where our source has already been identified, perhaps by an electromagnetic

counterpart (Xin et al., 2021). To represent a best-case-scenario, we fix the distance and

angular parameters (DL, Dpar, θ, ϕ) in our model, and we do not add any prior pulsar

distance knowledge. Now we look at how knowledge of our gravitational wave source

can inform us about the distances to the pulsars in our PTA.

An ideal measurement of a pulsar’s distance would pinpoint its location to an uncer-

tainty smaller than that pulsar’s wrapping cycle for the given gravitational wave source.

Otherwise an error envelope will form. So for a given known source, we ideally want to

ask how many of the pulsars in our PTA will satisfy the “no error envelope” criteria in

equation 7.21? In principle, if for a known source one of our pulsars satisfies this criteria,

then a full Bayesian MCMC analysis may be able to distinguish the true distance from the

secondary modes due to the wrapping cycle (see again Figure 7.3), since these modes will

be less probable.

Interestingly, we find that the source’s chirp mass and the number of pulsars in the

array have a pivotal effect on deciding if the error envelope forms or not. The left panel

of Figure 7.5 shows that around ∼ 109 M⊙ there is a rapid transition from a low number
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of pulsars in the PTA satisfying the no error envelope criteria, to a complete 100% in

the array satisfying this condition. This is in spite of the fact that these pulsars all have

different sky angles with respect to the source, which is one of the key factors in deciding

the wrapping cycle distance (see equation 5.1). Furthermore, the right panel of Figure 7.5

shows that increasing the number of pulsars in the array can also drive up the percentage

of total pulsars which satisfies this criteria. It seems that the network as a whole will

“self-calibrate” as more pulsars are added, in the sense that with a known source the

knowledge of the timing residual solution is shared across all pulsar distance parameters

in the array, reducing the uncertainty around each pulsar’s true mode. Even with current

timing standards of around σ ∼ 100 ns, this suggests that future Square Kilometer Array-

like PTAs with upwards of 1000 pulsars and a nearby known source O (100 Mpc) could

yield around 10% of those pulsars with distances known to O (λgw). With better timing,

this could even reach as high as 100%.

7.7 THE 2 SOURCE PROBLEM

The pulsar distance wrapping problem makes the measurement of H0 from a single grav-

itational wave source very difficult, even with advanced future PTAs. Seeing this as the

primary challenging, we began to look for ways in which we could perhaps help break

the wrapping cycle degeneracy to remove the secondary modes and the error envelope.

So we asked the question, what if there were two (or more) gravitational wave sources

in the collected timing residual data? With a single source, every pulsar will have a spe-

cific wrapping cycle distance (equation 5.1). This distance primarily depends on the fre-

quency of the source and the angular sky separation between the source and the pulsar.

And the degeneracy occurs because L±∆Ln will produce another mode in the likelihood

function. But if there are two sources, then every pulsar will have two wrapping cycle
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Figure 7.5: An example of the total percentage of pulsars classified with “no error enve-
lope” by equation 7.21, for a single known gravitational wave source (with pinned Dpar, θ,
and ϕ parameters). For both figures, the source was simulated at Dpar = 100 Mpc. These
results were computed using the IIB model (Section 7.3). (Left) In this simulation, σ = 1
ns, and there are 100 pulsars in the array (with Lavg = 8.3 kpc and Lmax = 19.9 kpc). As we
did in Chapter 6, the ∆τc,obs = 1 kyr line is indicated for reference. More massive sources
are more likely to result in a higher number of pulsars in the array being identified with
no error envelope. (Right) Here the source was simulated withMobs = 3 × 109 M⊙ and
ω0,obs = 30 nHz. Generally adding more pulsars in the array should help “self-calibrate”
the PTA, and improve the measurements of all of the pulsar distances in the array.
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distances. As long as the two sources differ in either frequency and/or angular sky po-

sition, then the key idea is that the two sets of wrapping cycle distances will not be the

same. Therefore, the joint likelihood for both sources will now only contain secondary

modes in an individual pulsar’s distance at common multiples of both the wrapping cycle

distances.

Using the same logic as before to create the error envelope classification criteria in

equation 7.21, we can create two more criteria to try and predict where we would get a

double source common mode, and whether or not that new mode would contribute to

the error envelope about the true pulsar distance. Consider the illustration in Figure 7.6.

The joint likelihood should find some support at distances where the uncertainties around

the two separate wrapping cycle distances overlap. The amount of overlap between these

individual modes will decide how strongly the joint likelihood supports that distance, so

as a rough proxy we could say:

∣∣∆LS1
n −∆LS2

m

∣∣
σL,Fisher

∼


0− 2 , “strong” support

2− 4 , “weak” support
(7.22)

where LS1
n and LS2

n are the nth and mth wrapping cycles of source 1 and source 2, respec-

tively. As an example, if this quantity equalled 0 then the nth and mth modes would

directly overlap, hence there would be strong support for a mode here. At a value of

2 then center point of the nth and mth peaks would be 1 − σ from each peak, and at a

value of 4 the center would be 2 − σ from each peak. For locations where there is strong

support, we would then expect this new “common” wrapping cycle distance to be at

approximately the average distance between these individual modes.

Therefore we can then re-write our error envelope criteria equation 7.21 for the double
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Figure 7.6: Here we show a simplified visual representation of the 1D likelihood in any
of our pulsar distance parameters, for two different sources “S1” and “S2.” As long as the
sources are located on different parts of the sky and/or have different frequencies, they
will have different sets of pulsar distance wrapping cycles (equation 5.1). In the individual
likelihoods, both sources will agree on the true pulsar distance Ltrue and will support that
as the primary mode. Secondary modes will then form at ∆LS1

n and ∆LS2
m for sources 1

and 2, respectively. The joint likelihood for both sources will find support at the distances
where there is some common overlap between ∆LS1

n and ∆LS2
m . As a proxy, in this study

we forecast that the width of these individual modes will be approximately the same
width as predicted by the Fisher matrix analysis about the true mode, σL,Fisher. This then
leads us to our criteria for predicting the strength of the new “common” secondary modes
in the joint posterior (equation 7.22). The location of these modes could be estimated
as the average distance between the two individual modes, that is at

∣∣∆LS1
n +∆LS2

m

∣∣ /2.
Equation 7.23 then provides a criteria for when that common mode will be close enough
to the primary to blend the error envelope.
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source problem:

∣∣∣∆LS1
n +∆LS2

m

2

∣∣∣
σL,Fisher

∼


< 4 , Error Envelope

4− 8 , Error Envelope begins to separate

> 8 . No Error Envelope

(7.23)

This condition checks if the uncertainties around the common wrapping cycle between

the nth andmth wrapping cycles of sources 1 and 2 will be close enough to the uncertainty

around the true distance as to blend those uncertainties into a greater envelope. Once

again, in order to make this prediction we are assuming as a proxy that the width of the

true mode predicted by the Fisher matrix for the joint source likelihood also approximates

the secondary modes at the individual source wrapping cycles.

We think that this has a great potential towards helping to remove the wrapping cycle

problem for the pulsars in our array. Considering any given pulsar, at minimum the new

common wrapping cycle mode in the joint likelihood function will occur at the larger

of the two wrapping cycle distances for the case where one wrapping cycle is already a

multiple of the other. But even better is when the two individual wrapping cycle distances

are not multiples of one another - then the new common mode can be pushed further

away from the true mode. This should also increase the separation between modes in the

joint likelihood in general, making it harder for an error envelope to form.

Furthermore, from Section 7.5 recall that in the regimes IB and IIB, frequency evolu-

tion itself nominally breaks the wrapping cycle degeneracy. Therefore two sources with

significant frequency evolution should even further constrain the pulsar distances. In

summary, with two sources the distance modes are further separated and with frequency

evolution modes further from the true distance will find even less support in the likeli-
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hood. All of this coupled with prior knowledge on our pulsar distances thanks to electro-

magnetic observations should now give us a total of three separate means of localizing

the pulsars in our PTA.

Mathematically, in our likelihood function equation 4.25 we now have
−→
Restrue =

−→
Restrue,1

+
−→
Restrue,2 for sources “1” and “2.” Fortunately adding a second source does not double

our parameter space, since both sources will share the pulsar distance parameters L⃗. We

simply double the number of source parameters, so θ⃗ = θ⃗1 ∪ θ⃗2 =
[
s⃗1, s⃗2, L⃗

]
. If we de-

compose our likelihood function, we can write it as the product of the likelihood function

of just source 1, the likelihood of just source 2, and their cross terms. That is the squared

term in equation 4.25 becomes:

(
Resc1 +Resc2 − Resc1

(
θ⃗
)
− Resc2

(
θ⃗
))2

=
(
Resc1 − Resc1

(
θ⃗
))2

+
(
Resc2 − Resc2

(
θ⃗
))2

+ 2

[
Resc1Res

c
2 − Resc1Res

c
1

(
θ⃗
)
− Resc2Res

c
2

(
θ⃗
)

+Resc1

(
θ⃗
)
Resc2

(
θ⃗
)]2

. (7.24)

Thanks to the two sets of wrapping cycles, the joint likelihood can help calibrate the

PTA by more precisely identifying the true pulsar distances. At the same time, the more

precisely recovered pulsar distances then better recover the parallax distance and hence

the Hubble constant. So the two source problem helps overcome the pulsar distance

wrapping cycle obstacle, which has been the biggest challenge so far, and allows us to

probe the Fresnel curvature effects in the model. Critically, in all of the results that we now

present here, we never specified any prior knowledge of our pulsar distances when performing any

of our analyses!

Previously, even when performing a Fisher matrix analysis, the only way to accurately
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invert the Fisher matrix required that we first add in pulsar distance priors which would

constrain the uncertainty on the pulsar distances down to the order of the wrapping cy-

cle. Otherwise, the Fisher matrix’s condition number would be too large to allow us to

accurately invert the matrix because of the strong covariances introduced from the pulsar

distances and parallax distance parameter. However, with two sources we found that this

was no longer a required step for the Fisher-based results, further proving the benefit of

combining the knowledge of two gravitational wave sources to parameter estimation!

As mentioned in Section 7.4, we can use the small redshift approximation (equa-

tion 7.19) to replace the parallax distance Dpar parameter with H0 directly. With two

sources this actually removes one of of the parameter dimensions (rather than having

Dpar,1 and Dpar,2 parameters for the two sources, now we just have H0) and gives us the

joint posterior recovery of H0.

Figure 7.7 shows Fisher analysis surveys of the H0 measurability in terms of intrinsic

source chirp mass and frequency, as well as PTA characteristics like timing accuracy and

number of pulsars. Not surprisingly, we measure H0 best from sources with high chirp

mass and frequency, since these will have produce strong frequency evolution effects in

the signal. For reference, we include a rough estimate of the NANOGrav 11yr continuous

wave strain upper limit, h0,11yr ≈ 10−6 ω0

π(1 Hz)
(see Figure 3 of Aggarwal et al., 2019).

As the right panel of Figure 7.7 shows, timing precision makes a significant differ-

ent in improving the measurement of H0. For an order of magnitude improvement in

σ, we gain approximately an order of magnitude improvement in CVH0 . But perhaps

more interesting is the inclusion of additional pulsars in the PTA. We find that even for a

population of pulsars with fixed spatial extent, simply adding more pulsars improves the

entire network’s ability to recover H0. In summary, we observe that generally our ability

to measure H0 scales roughly as CVH0 ∼ σ/
√
Np.
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Figure 7.7: H0 recovery for the 2 source problem as a function of the observed source
chirp mass and orbital frequency intrinsic parameters, and as a function PTA qualities
(timing uncertainty and number of pulsars). For simplicity, both sources are assumed to
be completely identical (hence the “1/2” notation in the left panel for sources 1 and 2 in
this figure) except for being located on different parts of the sky (different θ and ϕ param-
eters). (Left) Here 100 pulsars (Lavg = 8.3 kpc and Lmax = 16.8 kpc) are timed with σ = 1
ns uncertainty. Both sources are placed at Dpar = 100 Mpc. The results of Aggarwal et al.
(2019) are used to include a reference rough estimate of NANOGrav’s 11yr continuous
wave strain upper limit, h0,11yr ≈ 10−6 ω0

π(1 Hz)
. (Right) Here both sources are located at

Dpar = 100 Mpc, withMobs = 109 M⊙ and ω0,obs = 20 nHz. The PTA pulsar population
used here has Lavg = 8.4 kpc and Lmax = 23.4 kpc. Improving the timing precision of our
pulsars gives the largest improvement in the recovery of H0. But interestingly we also
found that simply adding more pulsars to the array generally improves the measurement
of H0, scaling as roughly CVH0 ∼ σ/

√
Np.
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The results of a targeted MCMC search is shown in Figure 7.8. In order to help verify

our previous discussion about how two sources help to break the pulsar distance wrap-

ping cycle degeneracy, when initializing the walkers in our MCMC we used equation 7.22

to predict where the nearest secondary modes would likely form in each pulsar distance

parameter. Then we initialized multiple “balls” of walkers - one about the true mode,

and additional balls around the locations of these predicted secondary modes. In the

examples we tested, we found that the set of walkers near the true mode were able to

explore the parameter space near that mode quite well, while the walkers placed at the

secondary modes simply wandered around parameter space for the duration of our sim-

ulation without settling down. This is actually what we expected to observe, because as

we found in examples like Figure 7.2 (with a single source) if the secondary modes did

exist then our walkers could settle and explore those modes. Given that our walkers did

not find meaningful secondary modes in these simulations, this supports our conclusion

about how two sources can help break the wrapping cycle degeneracy.

7.8 CONCLUSIONS

In this work we have shown that future PTA experiments could make purely gravita-

tional wave based measurements of the Hubble constant. This is made possible largely

by accounting for the Fresnel curvature effects in the wavefront across the Earth-pulsar

baseline. By using the fully general Fresnel frequency evolution timing residual model,

we can obtain two separate distance measurements to the source: the luminosity distance

DL (from the frequency evolution effects) and the parallax distance Dpar (from the Fresnel

effects).

There do exist other gravitational wave-based techniques for measuring the Hubble

constant. These include the hybrid gravitational wave/electromagnetic standard sirens
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Figure 7.8: An MCMC targeted simulation of the recovery of H0 for two sources (again,
made identical for simplicity, except for having different sky angles θ and ϕ). Both panels
are of the same simulation, showing just the recovery of the two sources’ distances (DL

and Dpar), and the joint recovery of H0. The bottom row of the corner plot shows the
log-posterior values. These are not normalized - what matters is simply the order of
magnitude difference in values being spanned by the walkers. The blue line indicates the
injected true parameter, and the red histograms are the Fisher matrix based predictions. In
this example, CVH0 = 0.065. (Left) For the full simulation we initialized multiple “balls”
of walkers - one about the true mode, and two additional balls around locations predicted
by equation 7.22. The bottom row shows many orders of magnitude difference between
the walkers centered on the true mode and the walkers away from the true mode. If we
ran the MCMC simulation longer, we would expect that these low-probability walkers
would eventually find and settle on the true mode. (Right) This is the same corner plot,
but now with all of the walkers initialized away from the true mode removed from the
data set.
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approach (Schutz, 1986; Holz & Hughes, 2005; Abbott et al., 2017), and the pure gravita-

tional wave-based binary neutron star merger approach (Messenger & Read, 2012). Our

proposed approach is also purely gravitational wave-based, and distinct in that it ob-

tains two distance measurements to the same source, rather than a distance and a redshift.

Therefore the systematic approach is different for this method, and could prove beneficial

to be an important novel tool towards helping to resolve the Hubble tension.

We find that the largest hurdle to overcome in making this measurement possible

will likely be the pulsar distance wrapping problem. Currently many pulsar distances

are not known to a high degree of accuracy, therefore we include the pulsar distances as

free parameters in our Bayesian model and parameter search. However, due to the way

the pulsar distance enters the timing residual model (described in Section 7.5) there exist

degeneracies in the model at the pulsar distance wrapping cycles. Because the parallax

distance Dpar is measured from Fresnel effects, it is highly sensitive to uncertainties in the

pulsar distances (see equation 7.5). Therefore uncertainties in the distances to the pulsars

in our array will propagate and potentially wash out our ability to accurately measure

H0.

However, as we show in Section 7.6, the Fresnel timing models could still be beneficial

to measuring the pulsar distances, if we are lucky enough to identify the source and its

location through an electromagnetic counterpart. With known distances and sky angles

to our source, we can use the gravitational wave signal itself to help identify the true

distances to the pulsars in our PTA, down to uncertainties of O (λgw). In fact we find that

with this method the PTA will self-calibrate, in that as more and more pulsars are added

to the array, the additional knowledge of the larger network of pulsars will work together

to constrain each individual pulsar’s location.

While measuringH0 from a single unknown gravitational wave source presents a very
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difficult challenge, we also investigated an alternative scenario - simultaneously search-

ing over parameter space for two sources. The key insight that we show is that with two

sources, the pulsar distance wrapping cycle degeneracy is further broken, thanks to the

fact that two different sources will have different wrapping cycle distances for each pul-

sar. The net effect of this is that two or more sources will actively calibrate the PTA by

helping to identify the true pulsar distances from the degenerate secondary modes. This

when combined with the nominal wrapping cycle degeneracy break caused by a source’s

frequency evolution, and any prior electromagnetic knowledge of the pulsar distances,

now give us three separate ways to constrain the distance to every pulsar in the PTA.

For the two source problem we show that with sufficiently precise timing and a large

enough array, we can find values of CVH0 < 0.1, suggesting measurements of the Hubble

constant with relative uncertainties less than about 10%. Adding more pulsars to the

array scales as approximately CVH0 ∼ σ/
√
Np, so if future SKA-like PTAs could time

hundreds of pulsars, this could also push down the uncertainty on our Hubble constant

measurement.

These results conclude the second major investigation of my PhD, generalizing the

work of the previous chapters, and building a cosmological tool that could employ pulsar

timing towards making novel measurements of our universe. The results presented in

this chapter are currently being prepared for publication.

−→ Update: This work was refined and published in McGrath et al. (2022).
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CHAPTER 8

General Doppler Tracking

Although the title of this dissertation acknowledges that the work presented here is for

application in pulsar timing experiments, the background theory of all of this work gen-

erally falls under “Doppler tracking” (Estabrook & Wahlquist, 1975; Tinto, 1997; Arm-

strong, 2006). Thus for this chapter only, I present a “side-project” that I spent some time

on during my PhD, working to generalize the results of the previous chapters to Doppler

tracking experiments.

In Chapter 3 we developed the theory behind the effect a gravitational wave will have

on the observed period of a flashing pulsar. The key idea was that in the presence of

a gravitational wave, the observed pulsar period will differ periodically from what we

would expect. This difference, the timing residual, we can then measure experimentally,

and from the difference then infer the parameters of the gravitational wave that is causing

the fluctuation.

In that formalism we assumed a pulsar “clock” was sending a signal to the Earth,

where the Earth was the center of our coordinate system. This one-way transfer of infor-

mation to the Earth is often referred to as a “downlink.” But we could also imagine that

instead of a pulsar we launch a satellite with a clock which establishes this downlink and

performs the experiment. Building on this idea, if we are using a satellite to send us a

signal, then this offers us the unique chance to also send a signal to the satellite. If we use

a clock on Earth to send the time to a satellite, it can similarly measure the fluctuation in

the period of that Earth clock which it observes, and also attempt to measure the presence

of a gravitational wave. This one-way transfer of information from the Earth to a satellite

is referred to as an “uplink.”
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If we use a master clock on Earth to first beam the time to a satellite, and if that satellite

then re-transmits the signal directly back to Earth, we make use of both the uplink and

downlink to extend the distance that the photons have to travel, and hence the amount

of time that they will be affected by any passing gravitational wave. We can then ob-

serve the final full “round-trip” signal as it returns to Earth and compare that back to our

expectation of what we should see from the original master clock time, giving us once

again an experimentally measured timing residual which can be compared to our the-

ory. In principle this original clock signal could be bounced back and forth any arbitrary

number of times, and with each pass the photons would be altered by the presence of the

gravitational wave. The final observed times of our clock after whatever desired number

of passes have been made would contain then the integrated effect of the gravitational

wave with each pass.

This type of gravitational wave experiment is known as Doppler tracking, as it ex-

ploits the effect of Doppler shifted clock signals on satellites in order to measure the

presence of gravitational waves. And in all of this, we have been assuming that com-

munication must always take place with Earth as one of the two ends, but one could

imagine developing this same experiment but using two satellites which communicate

with each other (and later send all of the data back to Earth). Regardless of whether we

use two satellites or one satellite and the Earth for the communication, there are a number

of benefits that Doppler tracking has over strictly one-pass pulsar timing experiments:

1. We have full control of the master clock. Although the best pulsars rival the pre-

cision of our best atomic clocks, we cannot control their period or other physical

effects which can sometimes slightly alter their rotation rates.

2. Round-trip signals will look different from single-pass signals and will increase the

overall amount of time the photons are traveling between relays, and hence the

204



amount of time that they are affected by the presence of a gravitational wave.

3. If using two satellites to perform the experiment, then all of the noise sources inher-

ent to sending a light signal through the Earth’s atmosphere to and from its surface

are removed.

The primary benefit of pulsar timing is size of those experiments. The pulsars we tend

to use are on the order of kiloparsecs away in distance, so although they only use the

downlink part of the Doppler tracking method, that length scale is still far greater than

what we can achieve by launching a satellite.

Nevertheless, motivation for this type of study may be taken from the following.

Atomic clocks are being developed to ever greater precision (Marti et al., 2018), and be-

cause of this some scientists have already begun to consider future space-based Doppler

tracking missions using atomic clocks to search for gravitational waves (Loeb & Maoz,

2015; Kolkowitz et al., 2016). Furthermore, given the success of past deep space missions

such as the Voyager probes and the New Horizons spacecraft, scientists have also begun

to develop plans for a future space-based probe which could reach 1000 AU (Provornikova

et al., 2021). At a distance like this, the probe-Earth baseline may become large enough

to be able to measure the Fresnel effects from gravitational wave sources within our own

Galaxy, which then ties back into the primary focus of this dissertation.

Here we will build off of the previous work in Chapter 3 to derive the general round-

trip Doppler tracking formula for an arbitrary number of uplinks/downlinks. The solu-

tion process will be nearly identical to that chapter, except now we account for two-way

motion of the photons (before we had only one-way motion). Therefore most of our as-

sumptions will carry over from before, but we name a few changes here:
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Assumptions:

1. The source we are looking for is still the same type of source we were con-

sidering before (i.e. a binary system), so all of the assumptions and ideas

in Chapter 2 will still hold.

2. Our coordinate system is attached to one of our two satellite endpoints in

the Doppler tracking experiment. If communication is between the Earth

and a satellite, then we will consider the Earth to be the center of the coor-

dinate system.

3. The two satellites are located at fixed angular sky positions and distances

from each other.

4. Once the photons in our signal arrive at one of the satellite endpoints, they

are immediately re-transmitted. There are no time delays - the signal trav-

els between satellites continuously.

5. All additional assumptions from Chapter 3 still hold.

8.1 THE OBSERVED CLOCK PERIOD AND TIMING RESIDUAL

Again, we begin by asking what is the path that a photon traveling between satellites

will take? In order to carry over the notation we employed from Chapter 3, our “primary

satellite” will be the center of our coordinate system, and the “secondary satellite” will be

a distance L away with position vector given by equation 3.3. The primary satellite will

send the master clock time to the secondary satellite (the uplink), and the time that the

secondary clock observes will be immediately re-transmitted back to the primary satellite
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(downlink). This will then be repeated an arbitrary N number of times.

We again use the metric in equation 3.1 to set up the path that the photon will take

(i.e. where ds = 0) which gives us:

± dr = cdt[
1 + p̂ip̂jE r̂A

ij hA
]1/2 , (3.4 r)

≈
[
1− 1

2
p̂ip̂jE r̂A

ij hA

]
cdt.

Radially outbound “uplink” photons take the (+) sign, and radially inbound “downlink”

photons take the (−) sign. We attach the coordinate system to one of the two satellites

so that the photons will travel along the radial path that links the two satellites, which

means that dθ = dϕ = 0. If we use two satellites but reference them to the center of a

coordinate system attached at the Earth’s position, then dθ ̸= dϕ ̸= 0 and the math is

more complicated.

Now consider a photon bouncing back and forth between the two endpoints. The

photon will leave at the emitted time tem, travel the distance L along the uplink vector

x⃗↑ and arrive at some time t1, then return the distance L along the downlink vector x⃗↓

arriving back at the first endpoint at some time t2. This will repeat some N times and at

the end of the full path it will be observed at time tobs. Integrating equation 3.4 gives us

the photon’s path:

+

L∫
0

dr −
0∫

L

dr + . . . +

0∫
L

dr ≈
t1∫

tem

[
1− 1

2
p̂ip̂jE r̂A

ij hA (x⃗↑)

]
cdt

+

t2∫
t1

[
1− 1

2
p̂ip̂jE r̂A

ij hA (x⃗↓)

]
cdt
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+ . . . +

tobs∫
tN

[
1− 1

2
p̂ip̂jE r̂A

ij hA (x⃗↓)

]
cdt,

2NL ≈ c (tobs − tem) −
1

2
p̂ip̂jE r̂A

ij

 t1∫
tem

hA (x⃗↑) cdt +

t2∫
t1

hA (x⃗↓) cdt

+ . . . +

tobs∫
tN

hA (x⃗↓) cdt

 . (8.1)

Just like before we see that to “zeroth order” with no metric perturbation, the path the

photon takes is 2NL ≈ c (tobs − tem), or tobs ≈ tem − 2NL, which is what we would expect

for flat unperturbed spacetime. And just like before, since we are only interested in the

solution to first order in the metric perturbation, we can use this to replace the limits of in-

tegration t1, t2, to tN in this expression with the approximate zeroth order time limits, and

then evaluate the metric perturbation along the zeroth order path (the overall integrand

is still first order). To do this, we first note that in general, we can express the zeroth order

path that the photon takes as follows:

x⃗0(t) ≡


x⃗0,↑(t)

x⃗0,↓(t)

≡



[
ct−

(
ctem + (2n− 2)L

)]
p̂,

→ tem + (2n− 2)L
c
≤ t ≤ tem + (2n− 1)L

c
,[

(ctem + 2nL)− ct
]
p̂,

→ tem + (2n− 1)L
c
≤ t ≤ tem + 2nL

c
,
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≈



[
ct−

(
ctobs + (2n− 2− 2N)L

)]
p̂,

→ tobs + (2n− 2− 2N)L
c
≤ t ≤ tobs + (2n− 1− 2N)L

c
,[(

ctobs + (2n− 2N)L
)
− ct

]
p̂,

→ tobs + (2n− 1− 2N)L
c
≤ t ≤ tobs + (2n− 2N)L

c
,

(8.2)

where n denotes the “nth”-round-trip out of the total N round-trips. This describes the

desired path - i.e. x⃗0 = 0 when the photon begins along an uplink or arrives at the end of

a downlink, and x⃗ = Lp̂ when the photon arrives at the end up an uplink or begins along

a downlink. Now we can write:

tobs ≈ tem + 2N
L

c
+

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tem+(2n−1)L
c∫

tem+(2n−2)L
c

hA
(
t, x⃗0,↑(t)

)
dt

+

tem+2nL
c∫

tem+(2n−1)L
c

hA
(
t, x⃗0,↓(t)

)
dt

 . (8.3)

As we did before, we have considered the path that a photon will travel between the

satellites and now we have an expression equation 8.3 which gives the difference in emit-

ted and observed times of the photon at the end of N round-trips. Next we imagine that

after the first clock time was emitted, one period later the second clock time is emitted,

and we repeat the exact same steps above for a photon one period later. Now the emitted

time is t′em = tem + T and the observed time is t′obs. As we saw before:

x⃗
′

0(t) ≡ x⃗0(t, tem → t
′

em) = x⃗0(t− T ). (3.7 r)

209



The expression one period later changes to:

t
′

obs ≈ tem + T + 2N
L

c
+

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tem+T+(2n−1)L
c∫

tem+T+(2n−2)L
c

hA
(
t, x⃗0,↑(t− T )

)
dt

+

tem+T+2nL
c∫

tem+T+(2n−1)L
c

hA
(
t, x⃗0,↓(t− T )

)
dt

 ,

= tem + T + 2N
L

c
+

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tem+(2n−1)L
c∫

tem+(2n−2)L
c

hA
(
t+ T, x⃗0,↑(t)

)
dt

+

tem+2nL
c∫

tem+(2n−1)L
c

hA
(
t+ T, x⃗0,↓(t)

)
dt

 , (8.4)

where just like before, in the second line we performed the substitution/coordinate-shift

t̃ = t−T . This shifts the limits of integration, and since the label of the coordinate of inte-

gration in an integral is arbitrary, we can let t̃ → t. The difference between equations 8.3

and 8.4 is the observed clock period after N round-trips between the satellites:

Tobs ≡ t
′

obs − tobs ≈ T +∆T,

where ∆T =
1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tem+(2n−1)L
c∫

tem+(2n−2)L
c

[
hA
(
t+ T, x⃗0,↑(t)

)
− hA

(
t, x⃗0,↑(t)

)]
dt

+

tem+2nL
c∫

tem+(2n−1)L
c

[
hA
(
t+ T, x⃗0,↓(t)

)
− hA

(
t, x⃗0,↓(t)

)]
dt

 ,

=
1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tem+(2n−1)L
c∫

tem+(2n−2)L
c

[
hA

(
tret
(
t+ T, x⃗0,↑(t)

))
− hA

(
tret
(
t, x⃗0,↑(t)

))]
dt
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+

tem+2nL
c∫

tem+(2n−1)L
c

[
hA

(
tret
(
t+ T, x⃗0,↓(t)

))
− hA

(
tret
(
t, x⃗0,↓(t)

))]
dt

 .
(8.5)

Following the notation we introduced in equation 3.16, we define:


t0ret,↑/↓ ≡ tret

(
x⃗ = x⃗0,↑/↓(t)

)
,

ω0
↑/↓ ≡ ω

(
t0ret,↑/↓

)
,

Θ0
↑/↓ ≡ Θ

(
t0ret,↑/↓

)
.

(8.6)

As we did in equation 3.13, we can write the fractional change in the clock period with

time due to the presence of a gravitational wave after N round-trip passes in a number of

useful ways:

∆T

T
≈ 1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tu,↑∫
tl,↑

∂hA (tret (t, x⃗))

∂t

∣∣∣∣∣
x⃗=x⃗0,↑(t)

dt +

tu,↓∫
tl,↓

∂hA (tret (t, x⃗))

∂t

∣∣∣∣∣
x⃗=x⃗0,↓(t)

dt

 ,
=

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tu,↑∫
tl,↑

dhA
(
t0ret,↑

)
dt0ret,↑

dt +

tu,↓∫
tl,↓

dhA
(
t0ret,↓

)
dt0ret,↓

dt

 ,
=

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 tu,↑∫
tl,↑

[
2

3
hA
(
t0ret,↑

) ω̇ (t0ret,↑)
ω0
↑

+ 2hA

(
ω0
↑,Θ

0
↑ +

π

4

)
ω0
↑

]
dt

+

tu,↓∫
tl,↓

[
2

3
hA
(
t0ret,↓

) ω̇ (t0ret,↓)
ω0
↓

+ 2hA

(
ω0
↓,Θ

0
↓ +

π

4

)
ω0
↓

]
dt

 , (8.7)
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where



tu,↑ = tem + (2n− 1)L
c
≈ tobs + (2n− 1− 2N)L

c
,

tl,↑ = tem + (2n− 2)L
c
≈ tobs + (2n− 2− 2N)L

c
,

tu,↓ = tem + 2nL
c

≈ tobs + (2n− 2N)L
c

,

tl,↓ = tem + (2n− 1)L
c
≈ tobs + (2n− 1− 2N)L

c
.

In equation 8.7 we need to evaluate the retarded time along the path of the photon as

it travels the uplinks and downlinks between the satellites. For a flat static universe, we

found in Section 3.3 that:

tret(t, xp̂) = t− R

c
+ (r̂ · p̂) x

c
− 1

2

(
1− (r̂ · p̂)2

) x
c

x

R
+ . . . , (3.20 r)

So explicitly evaluating the retarded time in equation 8.6 along the photon path equa-

tion 8.2 gives us:

t0ret,↑ = t− R

c
+ (r̂ · p̂) ct− ctobs − (2n− 2− 2N)L

c

− 1

2

(
1− (r̂ · p̂)2

) (ct− ctobs − (2n− 2− 2N)L)2

cR
+ . . . , (8.8)

t0ret,↓ = t− R

c
+ (r̂ · p̂) ctobs + (2n− 2N)L− ct

c

− 1

2

(
1− (r̂ · p̂)2

) (ctobs + (2n− 2N)L− ct)2

cR
+ . . . . (8.9)

Now we can proceed to evaluate these integrals under the different formalisms we have

discussed so far.
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8.2 PLANE-WAVE FORMALISM (I)

Keeping only terms in the plane-wave regime in equations 8.8 and 8.9 we have:

t0ret,↑ ≈ t− R

c
+ (r̂ · p̂) ct− ctobs − (2n− 2− 2N)L

c
,

=

[
−R
c
− (r̂ · p̂)

(
tobs + (2n− 2− 2N)

L

c

)]
+ (1 + r̂ · p̂) t, (8.10)

t0ret,↓ ≈ t− R

c
+ (r̂ · p̂) ctobs + (2n− 2N)L− ct

c
,

=

[
−R
c
+ (r̂ · p̂)

(
tobs + (2n− 2N)

L

c

)]
+ (1− r̂ · p̂) t. (8.11)

All of the math works out the same as it did in Section 3.5 when solving the integral

in equation 8.7. Once again, the crux of the plane-wave formalism is that the quantity
∂t0

ret,↑/↓
∂t

= (1± r̂ · p̂), which is time-independent and can therefore be directly pulled out

of the integral. This in turn means that the observed fractional change in the clock period

doesn’t directly depend on the functional form of the metric perturbation (e.g. whether

it is monochromatic or frequency evolving), and only depends on the endpoints of the

photon’s motion (as it traverses the uplinks/downlinks).

Notice here that
∂t0

ret,↑/↓
∂t

= (1± r̂ · p̂) will also result in two separate antenna patterns,

one for the uplink and one for the downlink:


f+
↑/↓ ≡ p̂ip̂jer̂+ij

(1±r̂·p̂) =
p̂ip̂j θ̂iθ̂j−p̂ip̂j ϕ̂iϕ̂j

(1±r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1±r̂·p̂) ,

f×
↑/↓ ≡ p̂ip̂jer̂×ij

(1±r̂·p̂) =
p̂ip̂j ϕ̂iθ̂j+p̂

ip̂j θ̂iϕ̂j
(1±r̂·p̂) =

2(p̂·θ̂)(p̂·ϕ̂)
(1±r̂·p̂) ,

(8.12)


F+
↑/↓ ≡ p̂ip̂jEr̂+

ij

(1±r̂·p̂) = 1
2
(1 + cos2(ι))

[
cos(2ψ)f+

↑/↓ + sin(2ψ)f×
↑/↓

]
,

F×
↑/↓ ≡ p̂ip̂jEr̂×

ij

(1±r̂·p̂) = cos(ι)
[
− sin(2ψ)f+

↑/↓ + cos(2ψ)f×
↑/↓

]
,

(8.13)
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where the (+) sign corresponts to the uplink (↑) and the (−) sign corresponds to the

downlink (↓). The downlink is the antenna pattern that we discussed before in Sec-

tion 3.5.1. The uplink antenna pattern is the “mirror” of the downlink pattern, in the

sense that the strong and weak parts of the antenna are reversed. So considering as an

example Figure 3.6, the respective uplink antenna pattern of that has the red and blue

patterns in the same locations, but the strong and weak parts of that antenna pattern

(corresponding to opposite parts of the sky) are flipped.

Following the same steps as we did in Section 3.5 we can write the expression for the

fractional change in the clock’s period as:

∆T

T
(tobs) =

1

2

N∑
n=1

[
FA
↑

(
hA

(
ω0
P ,Θ

0
P

)
− hA

(
ω0
E,↑,Θ

0
E,↑

))

+ FA
↓

(
hA

(
ω0
E,↓,Θ

0
E,↓

)
− hA

(
ω0
P ,Θ

0
P

))]
, (8.14)

=
1

2
p̂ip̂jE r̂A

ij

N∑
n=1

hA

(
ω0
P ,Θ

0
P

)
− hA

(
ω0
E,↑,Θ

0
E,↑

)
(1 + r̂ · p̂)

+
hA

(
ω0
E,↓,Θ

0
E,↓

)
− hA

(
ω0
P ,Θ

0
P

)
(1− r̂ · p̂)

 ,
=

1

2
p̂ip̂jE r̂A

ij

N∑
n=1

−hA

(
ω0
E,↑,Θ

0
E,↑

)
(1 + r̂ · p̂)

− 2
(r̂ · p̂)hA

(
ω0
P ,Θ

0
P

)
(
1− (r̂ · p̂)2

) +
hA

(
ω0
E,↓,Θ

0
E,↓

)
(1− r̂ · p̂)

 ,

where



ω0
E,↑ ≡ ω

(
tobs − R

c
− (2N − 2n+ 2)L

c

)
,

ω0
E,↓ ≡ ω

(
tobs − R

c
− (2N − 2n)L

c

)
,

ω0
P ≡ ω

(
tobs − R

c
− (2N − 2n+ 1− r̂ · p̂) L

c

)
,

Θ0
E,↑ ≡ Θ

(
tobs − R

c
− (2N − 2n+ 2)L

c

)
,

Θ0
E,↓ ≡ Θ

(
tobs − R

c
− (2N − 2n)L

c

)
,

Θ0
P ≡ Θ

(
tobs − R

c
− (2N − 2n+ 1− r̂ · p̂) L

c

)
.

(8.15)
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To get the timing residual we now integrate equation 8.14 over our observation time:

Res(t) =

∫
∆T

T
(tobs) dtobs. (3.17 r)

8.2.1 Plane-Wave, Monochromatic (IA)

For a monochromatic gravitational wave the frequency remains constant, so ω0
E,↑/↓ =

ω0
P = ω0, and integration of equation 8.14 proceeds just as in Section 3.5.2. The final

result can be expressed compactly as:

Res(t) =
1

4ω0

N∑
n=1

[
FA
↑

(
hA

(
ΘP −

π

4

)
− hA

(
ΘE,↑ −

π

4

))

+ FA
↓

(
hA

(
ΘE,↓ −

π

4

)
− hA

(
ΘP −

π

4

))]
, (8.16)

for A ∈ [+,×],

where
(t0 = −R

c )



ΘE,↑ ≡ Θ
(
t− R

c
− (2N − 2n+ 2)L

c

)
≡ θ0 + ω0

(
t− (2N − 2n+ 2)L

c

)
,

ΘE,↓ ≡ Θ
(
t− R

c
− (2N − 2n)L

c

)
≡ θ0 + ω0

(
t− (2N − 2n)L

c

)
,

ΘP ≡ Θ
(
t− R

c
− (2N − 2n+ 1− r̂ · p̂) L

c

)
≡ θ0 + ω0

(
t− (2N − 2n+ 1− r̂ · p̂) L

c

)
,

(8.17)


h+ ≡ −h0 cos

(
2Θ
)
,

h× ≡ −h0 sin
(
2Θ
)
,

(3.37 r)

h0 ≡
4(GM)5/3

c4R
ω
2/3
0 , (3.38 r)
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
f+
↑/↓ ≡ p̂ip̂jer̂+ij

(1±r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1±r̂·p̂) ,

f×
↑/↓ ≡ p̂ip̂jer̂×ij

(1±r̂·p̂) =
2(p̂·θ̂)(p̂·ϕ̂)

(1±r̂·p̂) ,
(8.12 r)


F+
↑/↓ ≡ p̂ip̂jEr̂+

ij

(1±r̂·p̂) = 1
2
(1 + cos2(ι))

[
cos(2ψ)f+

↑/↓ + sin(2ψ)f×
↑/↓

]
,

F×
↑/↓ ≡ p̂ip̂jEr̂×

ij

(1±r̂·p̂) = cos(ι)
[
− sin(2ψ)f+

↑/↓ + cos(2ψ)f×
↑/↓

]
,

(8.13 r)

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

8.2.2 Plane-Wave, Frequency Evolution (IB)

In the frequency evolution model the most important assumption that we continue to

make is that the frequency of the gravitational waves are not changing appreciably on the

observation time scale. They do however evolve for every pass that the photon makes

along the clock baseline. Again we choose our fiducial time to be t0 = −R
c

. Once more
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performing a Taylor expansion of equation 8.15 in the small parameter tobs
∆τc

gives us:

choosing
t0 = −R

c



ω0
E,↑ ≈ ω0

[
1 +

(2N−2n+2)L
c

∆τc

]−3/8

≡ ω0E,↑ ,

ω0
E,↓ ≈ ω0

[
1 +

(2N−2n)L
c

∆τc

]−3/8

≡ ω0E,↓ ,

ω0
P ≈ ω0

[
1 +

(2N−2n+1−r̂·p̂)L
c

∆τc

]−3/8

≡ ω0P ,

Θ0
E,↑ ≈

[
θ0 + θc

(
1−

[
1 +

(2N−2n+2)L
c

∆τc

]5/8)]
+ ω0E,↑tobs

≡ θ0E,↑ + ω0E,↑tobs ,

Θ0
E,↓ ≈

[
θ0 + θc

(
1−

[
1 +

(2N−2n)L
c

∆τc

]5/8)]
+ ω0E,↓tobs

≡ θ0E,↓ + ω0E,↓tobs ,

Θ0
P ≈

[
θ0 + θc

(
1−

[
1 +

(2N−2n+1−r̂·p̂)L
c

∆τc

]5/8)]
+ ω0P tobs

≡ θ0P + ω0P tobs ,
(8.18)

Here we point out and emphasize and intriguing conceptual uniqueness that this

Doppler tracking experiment has over our pulsar timing experiment. In pulsar timing,

the Earth-pulsar baseline distance is on the order of kiloparsecs, meaning light travel

time for the photons are on the order of thousands of years. The assumption with PTAs is

that the gravitational wave frequency would not evolve over the observation time scales,

but could potentially evolve over the Earth-pulsar “baseline” timescale, L
c
. So in PTA

experiments, tobs < L
c

naturally.

But with Doppler tracking experiments using human-made satellites, this baseline

distance is much shorter, and we can easily imagine the observation time scale of our

experiment lasting longer than this baseline timescale. Thus potentially with Doppler

tracking experiments, L
c
< tobs. While at first it may seem that this would fundamen-
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tally require us to evaluate this new problem differently than we did for PTAs, nothing

actually changes mathematically (just conceptually). The above Taylor approximations

only required that tobs ≪ τc. No requirements were made about the time scale of L
c

com-

pared to tobs or τc. But we can see than in the limit that L
c
→ 0 we will just recover the

monochromatic results as we would expect.

We must now point out that in a Doppler tracking experiment, if L
c
< tobs, then because

tobs ≪ τc, necessarily L
c
≪ τc. This case implies that every individual pass of the clock

signal will experience an effectively monochrome gravitational wave, because with one

pass we are also assuming now that not enough time is passing for the gravitational wave

to evolve appreciably. This also suggests that we may need a huge number of N passes

of the signal before we might start to suss out the frequency evolution effect within the

timing residual.

One final point of clarification to keep in mind in our discussion of Doppler tracking.

While it is possible that the observation time tobs > L
c
, that does not also imply the ob-

servation time is greater than the total amount of time the signal is sent back and forth

between our satellites, that is tobs ≯ N L
c
. In fact, as we have just said, we will likely need

to allow the clock signal to bounce back and forth between our satellites for a very long

time, before we then actually begin to “observe” the data.

As a simple conceptual example, imagine two satellites separated by a distance of

1/2-light day, i.e. L
c
= 12 hours (this would be a distance of about 86.6 A.U., or roughly

0.6 times the present distance to Voyager 1). Let’s say we generate a series of timestamps

that span a single day, and bounce them continuously between our satellites for several

years (such that N L
c
∼ O (years)). After that period, our actual “observation” time would

only last a day. Thus L
c
< tobs < N L

c
, but hopefully given the source and its rate of

orbital evolution, over the timescale N L
c

the gravitational wave frequency would have
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had enough time to evolve appreciably within the signal that is observed over tobs.

So in summary, if here in our Doppler tracking experiment tobs < L
c
, then conceptually

our time scales are the same as with the PTA time scales. If L
c
< tobs, that is still fine

mathematically, but due to our assumption that tobs ≪ τc, we will likely need a very large

number N of passes, such that N L
c
≫ tobs in order to allow any frequency evolution to

become measurable.

Now returning to our approximations in equations 8.18, the orbital frequencies are

once again just constants within every integral under the assumption that tobs
∆τc
≪ 1, so we

can continue with the integration of equation 8.14 just as we did in Section 3.5.3. The final

result is:

Res(t) =
1

4

N∑
n=1

FA
↑

hA

(
ω0P ,ΘP − π

4

)
ω0P

−
hA

(
ω0E,↑,ΘE,↑ − π

4

)
ω0E,↑


+FA

↓

hA

(
ω0E,↓,ΘE,↓ − π

4

)
ω0E,↓

−
hA

(
ω0P ,ΘP − π

4

)
ω0P

 , (8.19)

for A ∈ [+,×],
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where
(t0 = −R

c )



ω0E,↑ ≡ ω0

[
1 +

(2N−2n+2)L
c

∆τc

]−3/8

,

ω0E,↓ ≡ ω0

[
1 +

(2N−2n)L
c

∆τc

]−3/8

,

ω0P ≡ ω0

[
1 +

(2N−2n+1−r̂·p̂)L
c

∆τc

]−3/8

,

θ0E,↑ ≡ θ0 + θc

(
1−

[
1 +

(2N−2n+2)L
c

∆τc

]5/8)
,

θ0E,↓ ≡ θ0 + θc

(
1−

[
1 +

(2N−2n)L
c

∆τc

]5/8)
,

θ0P ≡ θ0 + θc

(
1−

[
1 +

(2N−2n+1−r̂·p̂)L
c

∆τc

]5/8)
,

ΘE,↑ ≡ θ0E,↑ + ω0E,↑tobs ,

ΘE,↓ ≡ θ0E,↓ + ω0E,↓tobs ,

ΘP ≡ θ0P + ω0P tobs ,

(8.20)


∆τc ≡ 5

256

(
c3

GM

)5/3
1

ω
8/3
0

,

θc ≡ 8
5
∆τcω0,

(2.36, 2.39 r)


h+ ≡ −h(ω) cos

(
2Θ
)
,

h× ≡ −h(ω) sin
(
2Θ
)
,

(2.22 r)

h(ω) ≡ 4(GM)5/3

c4R
ω2/3, (2.23 r)

f+
↑/↓ ≡ p̂ip̂jer̂+ij

(1±r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1±r̂·p̂) ,

f×
↑/↓ ≡ p̂ip̂jer̂×ij

(1±r̂·p̂) =
2(p̂·θ̂)(p̂·ϕ̂)

(1±r̂·p̂) ,
(8.12 r)


F+
↑/↓ ≡ p̂ip̂jEr̂+

ij

(1±r̂·p̂) = 1
2
(1 + cos2(ι))

[
cos(2ψ)f+

↑/↓ + sin(2ψ)f×
↑/↓

]
,

F×
↑/↓ ≡ p̂ip̂jEr̂×

ij

(1±r̂·p̂) = cos(ι)
[
− sin(2ψ)f+

↑/↓ + cos(2ψ)f×
↑/↓

]
,

(8.13 r)
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

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

8.3 FRESNEL FORMALISM (II)

Note that the same assumptions in Section 3.6 still apply here. Keeping out to the Fresnel

regime in equations 8.8 and 8.9 we can write (like we did in equation 3.47):

t0ret,↑ ≈
(
tobs −

R

c
+ (2n− 2− 2N)

L

c

)
+
R

c
(1 + r̂ · p̂) u↑ −

1

2

R

c

(
1− (r̂ · p̂)2

)
u2↑, (8.21)

t0ret,↓ ≈
(
tobs −

R

c
+ (2n− 2N)

L

c

)
− R

c
(1− r̂ · p̂) u↓ −

1

2

R

c

(
1− (r̂ · p̂)2

)
u2↓, (8.22)

where


u↑ ≡ ct−ctobs−(2n−2−2N)L

R
,

u↓ ≡ ctobs+(2n−2N)L−ct
R

.

(8.23)

We can use these to perform the appropriate change of variables to u↑/↓ as we did in

Section 3.6 to write:

∆T

T
≈ 1

2
p̂ip̂jE r̂A

ij

N∑
n=1

 L/R∫
0

[
2

3
hA
(
t0ret,↑

) ω̇ (t0ret,↑)
ω0
↑

+ 2hA

(
ω0
↑,Θ

0
↑ +

π

4

)
ω0
↑

]
R

c
du↑

+

0∫
L/R

[
2

3
hA
(
t0ret,↓

) ω̇ (t0ret,↓)
ω0
↓

+ 2hA

(
ω0
↓,Θ

0
↓ +

π

4

)
ω0
↓

]
−R
c
du↓

 ,
=

1

2

R

c
p̂ip̂jE r̂A

ij

N∑
n=1

 L/R∫
0

[
2

3
hA
(
t0ret,↑

) ω̇ (t0ret,↑)
ω0
↑

+ 2hA

(
ω0
↑,Θ

0
↑ +

π

4

)
ω0
↑

]
du↑
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+

L/R∫
0

[
2

3
hA
(
t0ret,↓

) ω̇ (t0ret,↓)
ω0
↓

+ 2hA

(
ω0
↓,Θ

0
↓ +

π

4

)
ω0
↓

]
du↓

 . (8.24)

8.3.1 Fresnel, Monochromatic (IIA)

For a monochromatic gravitational wave, ω
(
t0ret,↑/↓

)
= ω0, ω̇ ≡ 0, h(t) = h0, and integra-

tion of equation 8.24 proceeds just as in Section 3.6.1. We begin by taking the same partial

derivatives as we did in equation 3.49 for both the uplinks and downlinks:

hA

(
Θ0

↑/↓ +
π

4

)
=



2h sin
(
2Θ
(
t0ret,↑(u)

))
= 2h sin (A↑ + B↑u− Cu2) , (+)

−2h cos
(
2Θ
(
t0ret,↑(u)

))
= −2h cos (A↑ + B↑u− Cu2) , (×)

2h sin
(
2Θ
(
t0ret,↓(u)

))
= 2h sin (A↓ − B↓u− Cu2) , (+)

−2h cos
(
2Θ
(
t0ret,↓(u)

))
= −2h cos (A↓ − B↓u− Cu2) , (×)

(8.25)

where
(t0 = −R

c )



A↑ ≡ 2θ0 + 2ω0

(
tobs − (2N − 2n+ 2)L

c

)
,

A↓ ≡ 2θ0 + 2ω0

(
tobs − (2N − 2n)L

c

)
,

B↑ ≡ 2ω0
R
c
(1 + r̂ · p̂) = 2C

(1−r̂·p̂) ,

B↓ ≡ 2ω0
R
c
(1− r̂ · p̂) = 2C

(1+r̂·p̂) ,

C ≡ ω0
R
c

(
1− (r̂ · p̂)2

)
= ω0

R
c
(1− r̂ · p̂) (1 + r̂ · p̂) .

(8.26)

The downlink contributions are solved in exactly the same way as in Section 3.6.1, the

only change we have to make in the final answer is to use the slightly different terms A→

A↓ and B → B↓. However, for the uplinks there is an important difference. Following
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what we had in equation 3.52, for the uplinks we need to solve:


g+,↑ ≡

L/R∫
0

sin (A↑ + B↑u− Cu2) du,

g×,↑ ≡ −
L/R∫
0

cos (A↑ + B↑u− Cu2) du.
(8.27)

We employ the same solution process as used in equation 3.53, but this time noting that:

A↑ + B↑u− Cu2 =

(
A↑ +

B2
↑

4C

)
− (2Cu− B↑)

2

4C
≡ Φ↑ −

π

2
x2,

where for these uplink integrals, we make the substitution
√

π
2
x =

2Cu−B↑
2
√

C
. The limits of

integration under this transformation then become η1,↑ =
−B↑√
2πC

and η2,↑ = η1,↑

[
1− 2C

B↑

L
R

]
.

The end result is that for the uplinks, the definitions of Φ↑, η1,↑, and η2,↑ are slightly differ-

ent than what we had found originally. However, the integral in equation 3.53 is still the

same, which means that for the uplinks all of the subsequent math works out identically

to the math for the downlinks (e.g. the solutions to the g+,↑ and g×,↑ integrals are still of

the form given in equation 3.56), we just use these new definitions in the final solution for

the uplink contributions.

Therefore, the final answer can be expressed as:

Res(t) = p̂ip̂jE r̂A
ij

√
πR/c

8ω0

(
1− (r̂ · p̂)2

) N∑
n=1

[{
C (η2,↑)− C (η1,↑)

}
hA

(
Θ

′

↑

)
+
{
S (η2,↑)− S (η1,↑)

}
hA

(
Θ

′

↑ −
π

4

)
+
{
C (η2,↓)− C (η1,↓)

}
hA

(
Θ

′

↓

)
+
{
S (η2,↓)− S (η1,↓)

}
hA

(
Θ

′

↓ −
π

4

)]
,

(8.28)
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for A ∈ [+,×],

where
(t0 = −R

c )



Θ
′

↑ ≡ Θ
(
t+ 1

2
R
c
(1+r̂·p̂)
(1−r̂·p̂) − (2N − 2n+ 2)L

c

)
≡ θ0 + ω0

(
t+ 1

2
R
c
(1+r̂·p̂)
(1−r̂·p̂) − (2N − 2n+ 2)L

c

)
,

Θ
′

↓ ≡ Θ
(
t+ 1

2
R
c
(1−r̂·p̂)
(1+r̂·p̂) − (2N − 2n)L

c

)
≡ θ0 + ω0

(
t+ 1

2
R
c
(1−r̂·p̂)
(1+r̂·p̂) − (2N − 2n)L

c

)
,

(8.29)



η1,↑ ≡ −
√

2ω0R/c(1+r̂·p̂)
π(1−r̂·p̂) ,

η2,↑ ≡ η1,↑

[
1− (1− r̂ · p̂)

(
L
R

) ]
,

η1,↓ ≡
√

2ω0R/c(1−r̂·p̂)
π(1+r̂·p̂) ,

η2,↓ ≡ η1,↓

[
1 + (1 + r̂ · p̂)

(
L
R

) ]
,

(8.30)


h+ ≡ −h0 cos

(
2Θ
)
,

h× ≡ −h0 sin
(
2Θ
)
,

(3.37 r)

h0 ≡
4(GM)5/3

c4R
ω
2/3
0 , (3.38 r)

f+
↑/↓ ≡ p̂ip̂jer̂+ij

(1±r̂·p̂) =
(p̂·θ̂)

2
−(p̂·ϕ̂)

2

(1±r̂·p̂) ,

f×
↑/↓ ≡ p̂ip̂jer̂×ij

(1±r̂·p̂) =
2(p̂·θ̂)(p̂·ϕ̂)

(1±r̂·p̂) ,
(8.12 r)


F+
↑/↓ ≡ p̂ip̂jEr̂+

ij

(1±r̂·p̂) = 1
2
(1 + cos2(ι))

[
cos(2ψ)f+

↑/↓ + sin(2ψ)f×
↑/↓

]
,

F×
↑/↓ ≡ p̂ip̂jEr̂×

ij

(1±r̂·p̂) = cos(ι)
[
− sin(2ψ)f+

↑/↓ + cos(2ψ)f×
↑/↓

]
,

(8.13 r)
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

r̂ =
[
sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)

]
,

θ̂ =
[
cos(θ) cos(ϕ), cos(θ) sin(ϕ), sin(θ)

]
,

ϕ̂ =
[
− sin(ϕ), cos(ϕ), 0

]
,

p̂ =
[
sin(θp) cos(ϕp), sin(θp) sin(ϕp), cos(θp)

]
.

(2.28, 3.3 r)

(Make special note of the subtle differences of when (1± r̂ · p̂) are used above in equa-

tions 8.29 and 8.30).

Asymptotic Model

Once more we note the result when considering the asymptotic expansion of the Fres-

nel integrals. Both |η2,↑/↓| ≫ 1 and |η1,↑/↓| ≫ 1, so long as we are not looking at a source

that is nearly perfectly aligned or anti-aligned (where r̂ · p̂ ≈ ±1). In this case, after re-

placing the Fresnel integrals with their asymptotic expansions given in equation 3.55 and

dropping O
(
L
R

)
terms in the amplitude, the result simplifies to:

Res(t) ≈ 1

4ω0

N∑
n=1

[
−FA

↑

{
1

1− (1− r̂ · p̂)
(
L
R

) sin(π
2
η22,↑

)
− sin

(
π

2
η21,↑

)}
hA

(
Θ

′
)

− FA
↑

{
−1

1− (1− r̂ · p̂)
(
L
R

) cos(π
2
η22,↑

)
+ cos

(
π

2
η21,↑

)}
hA

(
Θ

′ − π

4

)
+ FA

↓

{
1

1 + (1 + r̂ · p̂)
(
L
R

) sin(π
2
η22,↓

)
− sin

(
π

2
η21,↓

)}
hA

(
Θ

′
)

+ FA
↓

{
−1

1 + (1 + r̂ · p̂)
(
L
R

) cos(π
2
η22,↓

)
+ cos

(
π

2
η21,↓

)}
hA

(
Θ

′ − π

4

)]
,

≈ 1

4ω0

N∑
n=1

[
−FA

↑

{
sin

(
π

2
η22,↑

)
− sin

(
π

2
η21,↑

)}
hA

(
Θ

′
)

− FA
↑

{
− cos

(
π

2
η22,↑

)
+ cos

(
π

2
η21,↑

)}
hA

(
Θ

′ − π

4

)
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+ FA
↓

{
sin

(
π

2
η22,↓

)
− sin

(
π

2
η21,↓

)}
hA

(
Θ

′
)

+ FA
↓

{
− cos

(
π

2
η22,↓

)
+ cos

(
π

2
η21,↓

)}
hA

(
Θ

′ − π

4

)]
, (8.31)

and once again we see the Fresnel formalism solution more closely resembles that of the

plane-wave solution, as they both share the same dominant amplitude term.

8.4 FUTURE DIRECTIONS

By the completion of my PhD and this dissertation, this was as far as I had taken the

work on this side-project. However, the next natural step would be to extend the Doppler

tracking model to the fully general IIB regime. Then we could carry out a similar investi-

gation as was presented in Chapter 6, in order to understand if the Fresnel regime offers

an novel measurements to be made.

Additionally, it would be interesting to alter the residuals calculated here for different

types of gravitational wave sources, such as rotating deformed neutron stars (Zimmer-

mann & Szedenits, 1979; Lasky, 2015). In this chapter we simply carried over the math-

ematics for binary systems (namely for SMBHBs) producing gravitational waves, which

is still certainly useful (see for example, Soyuer et al., 2021). In these binary systems, the

coalescence of the source causes the frequency to “spin-up” and increase with time. How-

ever, isolated deformed neutron stars would be expected to “spin-down” as energy is lost

from the system from the gravitational radiation, causing their frequency to decrease with

time (Creighton & Anderson, 2011).
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APPENDIX A
Cosmological Distances

For a gravitational wave propagating from our source to the Earth (“infalling”), we define
the following “boundary” conditions:

Source: r = R, z
′
= z, t

′
= tret,

Earth: r = 0, z
′
= 0, t

′
= t,

where our reference frame is centered on the Earth. From the Friedmann equations and
the definition of the redshift in terms of the present day t0 scale factor, 1 + z = a(t0)

a(t)
, we

explicity list the following important quantities (Weinberg, 1972; Hogg, 1999; Schneider,
2015):

Expansion Rate
(
ȧ(t)

a(t)

)2

≡ H2 = H2
0

[
Ωr

a4(t)
+

Ωm

a3(t)
+ ΩΛ +

Ωk

a2(t)

]
,

= H2
0

[
(1 + z)4

a4(t0)
Ωr +

(1 + z)3

a3(t0)
Ωm + ΩΛ +

(1 + z)2

a2(t0)
Ωk

]
,

≡ H2
0E

2, (A.1)

Curvature Density Ωk ≡ a2(t0)

[
1− Ωr

a4(t0)
− Ωm

a3(t0)
− ΩΛ

]
= −kD2

H , (A.2)

Hubble Distance DH ≡
c

H0

, (A.3)

Line-of-Sight
Comoving Distance Dc ≡ DH

z∫
0

dz
′

E
,

= ca(t0)

t∫
tret

dt
′

a
, (A.4)

Parallax Distance Dpar ≡ a(t0)
R√

1− kR2
, (A.5)

where H0 is the Hubble constant, Ωr, Ωm, and ΩΛ are the radiation, matter, and vacuum
density parameters, and E is the “Hubble function.” For completeness here we will con-
tinue to write the present day scale factor explicitly, but typical convention is to normalize
this to a(t0) ≡ 1. The two forms of the line-of-sight comoving distance in equation A.4 are
made through the change of variables t→ z using the definition of z and equation A.1.

The luminosity distance of our source is defined by considering the energy flux Fobs

(in this case, of our gravitational waves) as measured by the observer (Maggiore, 2008).
In a cosmologically expanding universe the observed energy Eobs is redshifted compared
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to the energy that was emitted in the source frame Es, such that Es = (1 + z)Eobs. Ad-
ditionally, time dilation means the time measured by the observer and source clocks are
related by ts = tobs

(1+z)
. Finally, from the FLRW metric equation 7.1, the flux at time t will be

spread over a total area of A(t) = 4πa2(t)R2. This means that we can write:

Fobs(t) ≡
Lobs

A(t)
=

Ls

(1 + z)24πa2(t)R2
=

Ls

4π
[
(1 + z)2a2(t)R2

] ≡ Ls

4πD2
L

, (A.6)

where in the final equality we define our luminosity distance DL such that the observed
flux matches our standard notion of flux, but as a function of the source frame luminosity
Ls. Therefore at the present time, we have:

DL ≡ (1 + z)a(t0)R. (A.7)

Next we draw the connection between the comoving coordinate distance R, the lu-
minosity distance DL, and the line-of-sight comoving distance Dc. Integrating the metric
equation 7.1 along the radial (dθ = dϕ = 0), null (ds = 0), infalling path of the gravita-
tional wave, and using equation A.4 gives us:

R ≡ DM =


1√
k
sin
( √

k
a(t0)

Dc

)
, k > 0

1
a(t0)

Dc, k = 0

1√
|k|

sinh

(√
|k|

a(t0)
Dc

)
, k < 0

 ,

=


DH√
|Ωk|

sin

( √
|Ωk|

a(t0)DH
Dc

)
, Ωk < 0

1
a(t0)

Dc, Ωk = 0

DH√
Ωk

sinh
( √

Ωk

a(t0)DH
Dc

)
, Ωk > 0

 ,

=
DL

a(t0)(1 + z)
, (A.8)

where DM is introduced as the “transverse comoving distance” following Hogg, which
is just a re-naming of the comoving coordinate distance. Thus depending on the global
universe geometry, the relationship between the various distances R, DL, Dc, and DM

are given by equation A.8, and notably in a flat universe (with a(t0) = 1 normalization)
R = DM = Dc = DL/(1 + z).

One final and very important distance for our consideration is the “parallax distance”
Dpar in equation A.5 (Weinberg, 1972). Substituting equation A.8 into equation A.5 lets us
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write:

Dpar ≡
a(t0)R√
1− kR2

=
a(t0)DM√
1− kD2

M

,

=


a(t0)√
k
tan
( √

k
a(t0)

Dc

)
, k > 0

Dc, k = 0

a(t0)√
|k|

tanh

(√
|k|

a(t0)
Dc

)
, k < 0

 ,

=
DL

(1 + z)
√
1− kD2

L

a2(t0)(1+z)2

. (A.9)

As a final note, the closed universe case needs further special consideration, as the paral-
lax distance not only diverges, but can take on negative values, which is not immediately
obvious from equation A.9. This is unique to just the closed geometry, and is discussed
further in the box below.

Dpar in a Closed Universe (k > 0)

It should be noted that there are some interesting implications of the formulas as
written here for the closed universe case. For example, note that in equation A.9
the parallax distance becomes infinite at R = Rmax =

1√
k
. Recalling equation 7.2,

this happens at χ = 1√
k
π
2
, but χ is defined on the interval 0 ≤ χ ≤ 1√

k
π. The

coordinate R decreases back to zero after it reaches its maximum value, but
what happens to Dpar?

Conceptually, consider a point at the north pole of a globe generating some
wave. As the wave propagates away from the source, in the northern hemi-
sphere two points on the wavefront (constant latitude) would produce a positive
parallax measurement Dpar back to the source (the wavefront curves toward the
source and away from the direction of propagation). At the equator, however, all
points along the wavefront experience effectively a plane-wave. Therefore there

233



is no well defined parallax distance at this location, the value of Dpar → ∞,
which is what we see at χ = 1√

k
π
2

(i.e. R = 1√
k
).

Then interestingly, in the southern hemisphere two points on the wavefront (con-
stant latitude) would now produce a negative parallax measurement Dpar back
to the source (the wavefront curves away the source and toward the direction of
propagation - toward the source antipode). This is consistent when carefully con-
sidering the math. For closed geometry, the expression for Dpar in equations A.5
and A.9 really has a ± sign in front of the expression. Again using equation 7.2
and including the ± sign we see that:

Dpar = ±
a(t0) sin

(√
kχ
)

√
k

√
1− sin2

(√
kχ
) = ±

a(t0) sin
(√

kχ
)

√
k

√
cos2

(√
kχ
) =

a(t0)√
k

tan
(√

kχ
)
.

When written in terms of χ, the sign ambiguity in equations A.5 and A.9 is re-
solved. In summary, for values 0 ≤ χ < 1√

k
π
2

(the northern hemisphere) the
parallax distance is positive, for χ = 1√

k
π
2

(the equator) the parallax distance di-
verges, and for values 1√

k
π
2
< χ ≤ 1√

k
π (the southern hemisphere) the parallax

distance is negative.
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APPENDIX B
Supporting Material

B.1 ORDER OF MAGNITUDE ESTIMATES

The following are helpful order of magnitude estimates of important quantities that ap-
pear in this paper.

∆τc ≈ (430 million years)
(
109M⊙

M

)5/3(
1 nHz
ω0

)8/3

, (2.36 r)

θc ≈ (3.5× 106 cycles)
(
109M⊙

M

)5/3(
1 nHz
ω0

)5/3

, (2.39 r)

F ≈ 0.0003
( ω0

1 nHz

)( L

1 kpc

)2(
100 Mpc

R

)
, (3.23 r)

λgw ≈ (30.5 pc)
(
1 nHz
ω0

)
, (3.24 r)

h0 ≈ 5.5× 10−16

(
M

109M⊙

)5/3(
100 Mpc

R

)( ω0

1 nHz

)2/3
, (3.38 r)

AE,res ≈ (140 ns)
(
M

109M⊙

)5/3(
100 Mpc

R

)(
1 nHz
ω0

)1/3

, (3.74 r)

Residual ∼ AE,res. (B.1)

The final equation B.1 of course ignores the many effects such as the antenna patterns and
constructive/destructive interference effects of the Earth and pulsar terms, but as a rough
proxy it is useful.
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B.2 DATA REFERENCE TABLES

M
[109 M⊙]

ω0

[nHz]
∆τc
[kyr]

F
(L = 1 kpc,
R = 100 Mpc)

λgw
[pc]

Source 1 10 30 1.076 0.0098 1.017
Source 2 0.03 20 5.085× 104 0.0066 1.526

Table B.1: These are the parameters of the example SMBHB sources we used in the
study in Chapter 6. We fixed the angular parameters for each source at the same val-
ues: {θ, ϕ, ι, ψ, θ0} =

{
π
2
, 5π

3
, π

4
, π

3
, 1
}

rad. Source coordinate distance R varied in each
simulation and is indicated in the figures. For quick reference we include the coalescence
time of each source (computed from equation 2.36), a representative value of the Fresnel
number (computed from equation 3.23) for that source placed at R = 100 Mpc (e.g. the
approximate distance of the Coma Cluster) with a pulsar at L = 1 kpc, and the gravita-
tional wavelength of each source (computed from equation 3.24).
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Name F.O.M.
L [kpc]

L
[kpc]

θp
[rad]

ϕp
[rad]

F
(ω0 = 10 nHz,
R = 100 Mpc)

∆L1

[pc]
(Source 1)

1. J0030+0451 0.53 0.36 1.49 0.13 0.0004 1.65
2. J1744-1134 0.55 0.40 1.77 4.64 0.0005 5.39
3. J2145-0750 0.57 0.53 1.71 5.70 0.0009 8.89
4. J2214+3000 0.60 0.60 1.05 5.82 0.0012 3.68
5. J1012+5307 0.63 0.70 0.64 2.67 0.0016 0.68
6. J1614-2230 0.68 0.70 1.96 4.25 0.0016 2.08
7. J1643-1224 0.68 0.74 1.79 4.38 0.0018 2.82
8. J0613-0200 0.69 0.78 1.61 1.63 0.0020 0.54
9. J0645+5158 0.70 0.80 0.66 1.77 0.0021 0.64
10. J1832-0836 0.71 0.81 1.72 4.85 0.0021 12.13
11. J2302+4442 0.72 0.86 0.79 6.03 0.0024 2.03
12. J1918-0642 0.72 0.91 1.69 5.06 0.0027 45.35
13. J0740+6620 0.72 0.93 0.41 2.01 0.0028 0.73
14. J1455-3330 0.73 1.01 2.16 3.91 0.0033 1.27
15. J1741+1351 0.73 1.08 1.33 4.63 0.0038 5.04
16. J1909-3744 0.74 1.14 2.23 5.02 0.0043 4.46
17. J2010-1323 0.75 1.16 1.80 5.28 0.0044 37.55
18. J1713+0747 0.75 1.18 1.43 4.51 0.0046 3.92
19. J1923+2515 0.76 1.20 1.13 5.08 0.0047 9.55
20. B1855+09 0.77 1.20 1.40 4.96 0.0047 19.62
21. J1024-0719 0.78 1.22 1.70 2.73 0.0049 0.57
22. J0023+0923 0.78 1.25 1.41 0.10 0.0051 1.71
23. J2043+1711 0.79 1.25 1.27 5.43 0.0051 16.20
24. J1453+1902 0.80 1.27 1.24 3.90 0.0053 1.30
25. J1853+1303 0.81 1.32 1.34 4.95 0.0057 15.40
26. J1944+0907 0.82 1.36 1.41 5.17 0.0061 67.61
27. J2017+0603 0.83 1.40 1.47 5.31 0.0064 130.45
28. J2317+1439 0.84 1.43 1.31 6.10 0.0067 2.73
29. J1738+0333 0.84 1.47 1.51 4.62 0.0071 5.49
30. J1640+2224 0.84 1.50 1.18 4.36 0.0074 2.49
31. J1910+1256 0.85 1.50 1.34 5.02 0.0074 20.71
32. J0340+4130 0.85 1.60 0.85 0.96 0.0084 0.77
33. J2033+1734 0.85 1.74 1.26 5.38 0.0099 17.61
34. J1600-3053 0.85 1.80 2.11 4.19 0.0106 1.78
35. J2229+2643 0.86 1.80 1.10 5.89 0.0106 3.48
36. J1903+0327 0.87 1.86 1.51 4.99 0.0113 31.90
37. B1937+21 0.88 3.50 1.19 5.15 0.0401 13.55
38. J0931-1902 0.88 3.72 1.90 2.49 0.0453 0.54
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Name F.O.M.
L [kpc]

L
[kpc]

θp
[rad]

ϕp
[rad]

F
(ω0 = 10 nHz,
R = 100 Mpc)

∆L1

[pc]
(Source 1)

39. B1953+29 0.89 6.30 1.06 5.22 0.1300 7.96
40. J1747-4036 — 7.15 2.28 4.66 0.1675 2.80

Table B.2: This is the pulsar timing array we used in the study in Chapter 6, which con-
sists of 40 pulsars from the NANOGrav PTA in Arzoumanian et al. (2018). The “Figure-
of-merit” (F.O.M.) pulsar distance values were used only in the studies in Section 6.2.1.
Note the final pulsar has no F.O.M. L value because it was a variable and is indicated in
the discussion and figures of that section. The pulsar data in the L, θp, and ϕp columns
was taken from version 1.57 of the ATNF catalogue (Manchester et al., 2005). For quick
reference we include a representative value of the Fresnel number (computed from equa-
tion 3.23) for that pulsar with a source with an orbital frequency of ω0 = 10 nHz and a
distance of R = 100 Mpc (e.g. the approximate distance of the Coma Cluster), as well
as the monochromatic plane-wave pulsar wrapping cycle distance computed from equa-
tion 5.1 for Source 1 (Table B.1).

Figure B.1: A sky map of the pulsars in Table B.2 that we used in our timing residual
simulations in Chapter 6. See also Figure 6.9.
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Figure B.2: The approximate locations of the pulsars in Table B.2 (used in Chapter 6) are
overlaid here on a highly accurate artistic representation of the Milky Way Galaxy. Milky
Way Image Credit: NASA/JPL-Caltech/ESO/R. Hurt
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Figure B.3: An example of the fiducial PTA we used for our studies in Chapter 7, gener-
ated from the distribution given in equation 7.20. A population of 1000 pulsars are shown
here. The top left panel gives a histogram of their distances, the top right panel shows
their distribution in the disk of the Milky Way (the center of the coordinate system here is
at the Earth’s position, with the Milky way at xMW ≈ 8 kpc), and the bottom panel shows
pulsar angular positions on the sky (Galactic center is at ϕ = 0◦).
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