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Abstract

We describe several new tools for modeling MPEC problems that
are built around the introduction of an MPEC model type into the GAMS
language. We develop subroutines that allow such models to be com-
municated directly to MPEC solvers. This library of interface routines,
written in the C language, provides algorithmic developers with access
to relevant problem data, including for example, function and Jaco-
bian evaluations. A MATLAB interface to the GAMS MPEC model
type has been designed using the interface routines. Existing MPEC
models from the literature have been written in GAMS, and computa-
tional results are given that were obtained using all the tools described.
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1 Introduction

The Mathematical Program with Equilibrium Constraints (MPEC) arises
when one seeks to optimize an objective function subject to equilibrium con-
traints. These equilibrium constraints may take the form of a variational
inequality or complementarity problem, or they may be implicitly defined
by a second-level optimization problem, the so-called bilevel programming
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problem. Problems of this form have existed for quite some time but have
recently become the subject of increased interest, as evidenced by the mono-
graph [23] describing the theoretical and algorithmic state of the art for these
problems. In this paper, we briefly examine the currently available modeling
and solution environments for MPEC problems. We then describe an ex-
tension to the GAMS [4] modeling language that aids effective modeling of
the MPEC problem and software libraries that allow MPEC solvers written
in C, Fortran, and MATLAB to access these MPEC models.

Currently, a person wishing to solve an MPEC problem might start by
choosing a solver designed for this purpose, most likely one written in C,
Fortran or MATLAB. They would then formulate their problem to inter-
face correctly with that particular solver. This would require them to code
the functions defining the problem, and perhaps first or second derivatives
as well. They would need to provide this information in the (non)sparse
format required by the solver, and satisfy any other requirements peculiar
to their algorithm of choice. Such an approach is undesirable from a mod-
eling standpoint simply because it ignores the organizational complexity of
correctly assembling (and reassembling) data from many different sources
into a single model. In addition, such an approach limits the modeler to
using the target solver. If this solver fails, major changes may be required
to put the problem into a form suitable for another solver.

These problems (and others) are exactly those that led to the develop-
ment and use of modeling languages, first for linear and then nonlinear pro-
gramming. These modeling languages help organize and automate the mod-
eling task and allow this to be done in a machine- and solver-independent
manner. In addition to GAMS, other modeling languages exist (e.g. AMPL
[14], AIMMS [3]) that have a great deal in common. However, GAMS is
currently the only one to support the mixed complementarity, or MCP [10],
model type, although a similar AMPL interface [12] is currently under con-
struction. The addition of the complementarity model to GAMS has been
well received, becoming widely used in economics, structural engineering
and other fields. In addition, the collection of models MCPLIB [6] and its
MATLAB interface [13] has been very useful to the community of algorithm
developers for the complementarity problem. It has been a convenient source
of test problems, a basis for computational comparison between algorithms,
and a factor in advancing the computational state of the art. We hope that
the tools described in this paper can be similarly useful to those modeling
and developing algorithms for MPEC problems.

The rest of the paper is organized as follows. In Section 2, we introduce
terminology and provide a definition of the MPEC problem, as well as an



example. Our definition is intimately related to the definition of the MPEC
model type in GAMS, the subject of Section 3. Once a problem is formulated
using the MPEC model type, the problem is made available to a solver via the
MPECIO software library described in Section 4. It is also possible to access
the problem from within MATLAB using an additional interface layer, the
subject of Section 5.

As an example of how all these tools can be used, we have formulated
several MPEC models from the literature in GAMS and have solved them
using C, Fortran, and MATLAB solvers. Preliminary computational results
are given in Section 6.

2 MPEC definition

An MPEC is a constrained nonlinear programming problem in which some or
all of the constraints are formulated in terms of the solution of a second level
problem. A popular form in which such constraints arise is as equilibrium
constraints. A simple example is that of maximizing revenue generated from
the tolling of roads on a traffic system subject to that traffic system being in
equilibrium. Another example involves generating optimal taxation policies
under the assumption that an economy is in equilibrium.

A crucial part of the MPEC problem definition is the system of equilib-
rium constraints. These can be defined in a number of ways. For example,
they can arise as the solution to an optimization problem or using general-
ized equations [30, 29], variational inequalities [17], the min operator [17], or
a complementarity problem [17]. In our case, we will assume that the equi-
librium system always takes the form of a mixed complementarity problem,
or MCP, defined in terms of some (possibly infinite) lower and upper bounds
€ (RU{—o0})" and u € (R U {400})" satisfying —oco < ¢; < u; < 400
and a nonlinear function F: B — R". Throughout the paper, we will use
the notation B to represent the box B := [{,u] = {y € R™:{; <y; < u;}.
The variable y € R"™ solves MCP(F,B) if the following holds:

Fi(y) =0 and ¢ <y <u;
or Fi(y)>0 and y; = (1)
or Fi(y) <0 and y; =u,.
The MCP definition is quite compact; only F' and B need be specified. It

is entirely equivalent to the box-constrained or rectangular VI. This allows
a certain simplicity in formulation and solution. However, the formulation



is general enough to include as special cases the nonlinear complementarity
problem (NCP) where B := [0,+00] and nonlinear systems of equations
where B := [—00,+00]. The box B allows both free variables and variables
with one or two finite bounds, hence the mixed nature of the problem. This
results in improved efficiency of modeling and problem solution, as compared
with the fixed box [0, 4+o00] of the NCP. We will use the shorthand notation
F(y) Ly € B for (1) as a generalization of the orthogonality that holds in
the case of the NCP.

We define the MPEC over the design variables x € X C R" and state
variables y € Y C R™. There is an objective function #: R"*™ — R
to be optimized, subject to two types of constraints. The first type of
constraints require (possibly joint) feasibility of the variables (x,y) and are
determined by the functions h: R® — R* and ¢g: R"*™ — RP” and the box
X. The equilibrium constraints are defined by the box Y and the function
F:R™™ — R™. The latter constraints require the state variables y to solve
the MCP defined by Y and (parametrically) by F'(z,-). Put succinctly, we
have

minimize 6(z,y) (2a)

subject to h(z) € H (2b)
reX

g9(z,y) € G (2¢)

and y solves MCP(F'(z,-),Y) (2d)

where the sets G and H are used to signify that the given constraint could
either be an inequality or an equation.

Note that the definition above is quite general in allowing for feasibility
constraints of the form (2b) and (2c¢). The models from the literature do
not require constraints of the form (2c¢); many omit the constraints (2b)
as well. This is due primarily to the scarcity of techniques applicable to
problems with the joint feasibility constraint (2¢). We include this constraint
in the hope that solvers for this type of model will soon become available,
and because it is a programmatically trivial task to generalize from (2b) to
(2¢) in the GAMS model definition and in the solver interface routines of
Section 4.

As an example, the following problem exercises the full generality of our



definition:
minimize  0(x,y) ;= (z — 1 —y)?

subject to 2% <2
(<z<u (3)
(@—1)°+(@y-1)°<3
y—a224+1 L y>0

The final line above represents the fact that y solves the NCP with F(z,y) =
y — 22 + 1. The MPEC model as we have defined it generalizes both the
nonlinear program and the MCP. Those doing modeling work in comple-
mentarity are eager to adapt existing MCP models to take advantage of this
framework. For example, one can optimize revenue or congestion in traffic
equilibrium problems over a set of feasible tolls [9], or convert a Nash equilib-
rium model to a Stackelberg (leader-follower) game [33]. Typically, the op-
timization problem has relatively few design variables and many more state
variables. This approach has implications for algorithm design, which can
exploit the fact that the number of design variables and “side constraints”
h and g is very small.

One can also view the problem as an NLP generalized to include some
equilibrium constraints. This approach is taken by chemical process engi-
neers, who have equations that are valid only for certain states of the system
[28]. In these models, the contraints g and A may dominate, requiring a dif-
ferent kind of algorithm. In either case, the problem fits well into the MPEC
framework, and into the GAMS MPEC model, which we now describe.

3 The MPEC model type

The MPEC definition (2) combines components of NLP and MCP defini-
tions. In the same way, the GAMS MPEC model type borrows from both
the NLP and MCP model types. This makes the programming task easier,
but more importantly, it allows users to move from MCP or NLP to MPEC
models with little difficulty. The use of the usual GAMS constructs (e.g.
sets, parameters, variables, equations, control structures) is unchanged; the
only changes are those made to the GAMS model and solve statements.
The model statement is used to associate a model name with a list of
equations and equation-variable pairs that define the model. In the MPEC
case, there must be one (equality constrained) equation that defines the
objective variable (one specifies an objective variable in GAMS, not an ob-
jective row). The objective variable must appear linearly in this equation,



and must not appear in any other equation of the model, so that it can be
substituted out by the interface, leaving an objective function of the form
(2a). Typically, an equation “cost” is declared of the form:

cost.. theta =e= some gams expression;

The objective equation can appear (unpaired) anywhere in the model list. In
addition, other equations defining constraints to be satisfied can be included
in the model list, just as in an NLP. These define the constraints (2b) and
(2¢); the partition occurs automatically.

Mathematically, the equilibrium constraints (2d) are defined by match-
ing the state variables y with equations. In GAMS, this is done by including
an equation-variable pair in the model list. Each pair defines a complemen-
tarity relationship between the function determined by the equation and the
variable in the pair. In the case of equations and variables indexed by sets,
functions and variables with matching indices are paired. These define the
equilibrium constraints (2d) in exactly the same way as for the GAMS MCP
model type. It also specifies the partition into design and state variables.
Variables appearing in pairs are state variables, while those not appearing
are design variables. Note a subtle difference between the MPEC model
statement and the MCP model statement: in the MCP model, there can be
equations that are not explicitly paired with (free) variables. In the MPEC
case, any equation which is not matched is assumed to be a side constraint,
while unmatched variables are deemed to be design variables. In GAMS,
variable bounds are attributes of the variables, so the boxes X and Y are
given as well, and the problem (2) is completely specified.

From the modeler’s perspective, the solve statement for MPEC models is
no different than for other model types; it simply instructs GAMS to solve
the model indicated. The modeler indicates that this is an MPEC model, the
variable to optimize, and whether to maximize or minimize. GAMS will do
a number of checks (bound consistency, nonlinear functions defined at initial
point, functions smooth) before writing the problem to disk as a sequence
of scratch files and calling an MPEC solver. This MPEC solver will use the
interface library routines of Section 4 to read and interpret the scratch files,
evaluate functions and gradients, and write solution data.

As an example, we include the GAMS code for the simple example (3)
in Figure 1. The file three.gms that is depicted in Figure 1 can be obtained
from the MPEC Web site http://www.gams.com/mpec/. Other example
files can also be found at this site, along with the codes that form the
content of the next two sections.



* simple MPEC model

variables

theta,

X ’design variables’,
y ’state variables’;
x.lo = -1;

X.up = 2;

equations
cost,

h,

g,
F;

cost .. theta =e= sqr(x-1-y);
h .. sqr(x) =1= 2;

g .. sqr(x-1) + sqr(y-1) =1= 3;

F .. y-sqr(x) + 1 =g=0;

model three / cost, h, g, F.y /;

option mpec=bundle;
solve three using mpec minimizing theta;

Figure 1: GAMS Model for (3)



4 MPECIO

In Section 3, we described how an MPEC model is processed by GAMS and
sent to a solver. This communication is currently done via files, but could
also be done in (virtual) memory, via the Internet, or using some other
physical layer. This involves many details that depend on the operating
system, the file system, the compilers used, etc. The GAMS I/O library
insulates the solver from these details and allows access to the problem in a
standard form. In this section, we describe the interface to an extension of
the GAMS I/O library that will read and interpret the scratch files, evaluate
functions and gradients for the MPEC problem, and write solution data.
The reader is assumed to have some familiarity with C, since the interface
we now describe is written in that language.

Interface Initialization

int mpecInit (char *controlFileName, int indexStart,
int diagRequired, conType_t conType,
mpecRec_t **mpec) ;
void sparseInit (mpecRec_t *mpec, int colPtrx[], int cpxdim,
int rowIdxx[], int rixdim,
int colPtryl[], int cpydim,
int rowIdxy[], int riydim,
int colPtrh[], int cphdim,
int rowIdxh[], int rihdim,
int colPtrgl[], int cpgdim,
int rowIdxgl[], int rigdim);

The first task of the solver is to call the mpecInit routine to read in the
scratch files and construct a problem of the form (2). If there is any incon-
sistency in the MPEC specification, it is detected during this initialization
phase. It is here that the variables are partitioned into design and state
variables, and the required maps are set up to support efficient function
and gradient evaluation by other routines. Parameters to mpecInit exist
allowing the user to specify if index ranges must begin with 0 (C style) or 1
(Fortran style), and whether or not extra space should be allocated to store
all the zero elements of the diagonal of the Jacobian. Since there is some
overhead in allowing for the side constraints h (2b) and g (2¢) and many
solvers will not be able to handle these constraints if they are present, the pa-
rameter conType exists to indicate whether to allow for no side constraints,
those of the form (2b) or (2¢) only, or both (2b) and (2c). A pointer to



a record containing all information specific to this model (e.g. dimensions,
nonzero estimates) is passed back to the calling routine. This pointer will
be passed on all subsequent MPECIO calls.

In order to fully initialize the MPEC model, some space is required for
the row indices and column pointers used to store the sparse Jacobians.
Rather than allocating this space inside the library, the mpecInit routine
returns estimates of the amount of space required for this to the calling
routine. A second routine, sparseInit, must then be called, which passes
in these arrays, as well as the number of elements actually allocated for
them. This routine completes the initialization, using the space provided to
it. The assumption here is that the user will not modify these arrays, as
they are used by both the solver and the interface library. This assumption
saves having to store two copies of the sparsity structure and copy it to the
user’s data structure at each derivative evaluation.

Variable Bounds and Level Values

void getxBounds (mpecRec_t *mpec, double 1b[], double ubl[]);
void getxLevels (mpecRec_t *mpec, double x[]);
void setxbar (mpecRec_t *mpec, double xbar[]);
void getyBounds (mpecRec_t *mpec, double 1b[], double ub[]);
void getyLevels (mpecRec_t *mpec, double y[]);

The routines to obtain variable bounds and initial level values are for the
most part self-explanatory. The setxbar routine is used to store a vector of
design variables  in MPECIO for use in subsequent calls to function and
gradient routines that pass only state variables y. This is useful for solvers
that implement a two-level solution scheme in which the inner solver (an
MCP code) has no knowledge of the variables = in the outer optimization
problem. In our current implementation, the box Y does not depend on x, so
the getyBounds routine would be called only once. A possible generalization
is to allow Y to depend on z, in which case a new function with the input
parameter x would be required. This function would of course be called
whenever z is changed.

Function and Jacobian Evaluation

int getF ( mpecRec_t *mpec, double x[], double yl[],
double F[]);

int getdF (mpecRec_t *mpec, double x[], double yl[],
double F[],
double Jx[], int colPtrx[], int rowIdxx[],



double Jy[], int colPtry[], int rowlIdxyl[]);
int getFbar ( mpecRec_t *mpec, int n, double y[], double F[]);
int getdFbar (mpecRec_t *mpec, int n, int nnz, double yl[],
double F[],
double Jy[l, int colPtry[], int rowIdxyl[l);

The routine getF takes the current point (x,y) as input and outputs
the value of the function F' at this point. The routine getdF computes the
derivative of F' as well. The derivative of F w.r.t. x and y is returned in
separate matrices, both of which are stored sparsely in row index, column
pointer fashion. The routines getFbar and getdFbar are similar, but in
these routines, the input z is assumed to be the constant value z fixed in
the previous call to setxbar. In this case, derivatives w.r.t.  and objective
function values and derivatives are not passed back. These routines are
designed for use by an algorithm solving an inner (MCP) problem.

int getObj ( mpecRec_t *mpec, double x[], double y[],
double *obj);

int getdObj ( mpecRec_t *mpec, double x[], double yI[],
double *obj,
double d0bjDx[], double d0bjDy[]);

In some cases, a solver may need information about the objective func-
tion @ only. This is supported efficiently in the current library via the get0bj
and getd0bj routines. The derivative of § w.r.t. = and y is returned as two
dense vectors.

int getConEqSense (mpecRec_t *mpec, int hEqSensel[],
int gEqSensel[]);

int getCon ( mpecRec_t *mpec, double x[], double yl[],
double h[], int eqSemnsel[]);

int getdCon (mpecRec_t *mpec, double x[], double yl[],
double h[], double gl[],
double dh[], int hColPtr[], int hRowIdx[],
double dgl[], int gColPtr[], int gRowIdx[]);

The sense of the upper-level constraints (>, <,=) is determined by a
call to getConEqSense. In order to evaluate the side constraints h and g,
one must use the getCon and getdCon routines. The level values of h and
g are returned in h[] and g[]. The derivatives of h and g, if requested,
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are returned in row index, column pointer format. These calls return data
for constraint types consistent with the model initialization (see mpecInit
above). For example, if the model was initialized to allow for no side con-
straints, it is an error to call getCon or getdCon.

Solver Termination

void putxLevels (mpecRec_t *mpec, double x[]);
void putyLevels (mpecRec_t *mpec, double y[]);
void putObjVal (mpecRec_t *mpec, double obj);
void putStats (mpecRec_t *mpec, solStats_t *s);
int mpecClose (mpecRec_t *mpec);

Once a solution has been found, the solver must pass this solution on
to the interface library. This is done via the putxLevels, putyLevels, and
putObjVal routines. The putStats routine is used to report the model sta-
tus (e.g. local optimum found, infeasible, unbounded, intermediate nonop-
timal) and solver status (e.g. normal, iteration limit, out of memory, panic
termination) via integer codes, as well as information about execution times,
iterations used, function evaluation errors, etc. All of this information is
stored in the mpec data structure and written to disk when the mpecClose
routine is called. When the solver terminates, these files are read by GAMS
so that the solution information is available for reporting purposes, as data
to formulate other models, and to continue the execution of the GAMS
model.

5 Interfacing to MATLAB solvers

As an example of the intended use of MPECIO, we have developed an in-
terface to the MATLAB programming environment. Our implementation
is based on that developed for GAMS/MCP in [13]. We have attempted
to make the interface to MPEC models more robust and portable than the
MCP interface, while maintaining the ease of use of the tools within MAT-
LAB.

The main difference between the MPEC interface and the MCP interface
is in how the data is stored and accessed from within MATLAB. In the MCP
interface, a large vector containing all the global data from the problem in
question is copied to the user workspace. This technique is not very portable,
since this large vector is stored in a machine-specific form, and requires
different data files for different machine types. In addition, a special GAMS
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Create foo.gms or Download foo.zip
gams foo.gms scrdir foo unzip -aa foo.zip

matlab

>> [x,xlb,xub,y,ylb,yub,optS] = mpecinit(’foo’);
>> % type any matlab commands you wish, e.g.
>> [F,domerr| = mpecf(x,y);

>> H = mpecd2obj(x,y);

>> spy(H);

>> mpecclose;

Figure 2: Two ways to run Matlab on a given problem.

“solver” is required to create this large vector. In contrast, the MPEC
interface to MATLAB accesses the data in exactly the same manner that
a normal solver for GAMS does, using MPECIO as a machine-independent
layer between it and the GAMS data files. Therefore, the only issues are to
build or obtain MPECIO for the required platform and provide the machine
dependent (or independent) files that are typically accessed by a solver.

We have provided a solver “mpecdump”, callable from GAMS, that cre-
ates relevant scratch files on the user’s platform in binary format. In this
manner, any GAMS user can write their own MPEC problems in GAMS
and generate all the relevant scratch files on their own machine. The
solver mpecdump is freely available for download from the MPEC Web site
http://www.gams.com/mpec/.

For users without access to GAMS, we have created a collection of MPEC
problems that can be downloaded to any machine running MATLAB and
used in conjunction with the interface routines we now describe. These
problems are all stored in compressed “zip” format and can be downloaded
from the MPEC Web site. For portability purposes, each zip file contains
the ASCII files defining a single problem. It is intended that this collection
grow into a library of test problems for MPEC. Figure 2 depicts the two
ways that can be used to access the data of a particular problem.

The remainder of the MATLAB interface consists of a single MEX file
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and several simple accompanying m-files. The idea behind using a single
MEX file, mpecfunc.c, is to allow all the m-files to access a single mpec
structure, namely the mpecRec_t structure provided by MPECIO, without
explicitly declaring this structure in the MATLAB workspace. Further-
more, since we envision that the structure used by MPECIO may be modified
in the future to enable further enhancements to the modeling format, any
changes to the MATLAB interface will be transparent to the MATLAB
user. The source code of the mpecfunc routine is available via the MPEC
Web site http://www.gams.com/mpec/. Together with the object code of
MPECIO, this source allows any user to build a version of the MATLAB
interface for their architecture, which they can then use to read in the prob-
lem data files they download and those they create from their own GAMS
models. All of this can be done independently of the authors of this paper.

Currently, mpecfunc can be called with 0, 2, or 3 input arguments. The
call with a string argument and an integer allows a simple implementation
of the initialization routine:

[x,x1b,xub,y,ylb,yub,optS[,gEql] = mpecinit(’foo’);

The purpose of the routine is to set up the mpec structure and to assign
values of the design and state variables into the MATLAB users workspace.
First of all, the routine removes any previous mpec structure that is in
the MATLAB workspace. It then checks whether a directory “foo” exists,
containing the scratch files generated by GAMS, and aborts with an error
message if they do not. The new mpec structure is created by calls to
the MPECIO routines mpeclnit and sparselnit. The bounds on the design
and state variables are returned by this routine, using appropriate calls
to the MPECIO routines get*Bounds and get*Levels. For simplicity, the
MATLAB interface provides the constraints h(z) and g(z,y) in a single
vector g. The optional return argument gEq informs the user if each of
the constraints is a less than inequality (-1), an equality (0) or a greater
than inequality (1). The mpecfunc routine allows the user to split these
constraints into h and g respectively; interested users should examine the
source code of mpecfunc.c.

We note here a nice feature of our m-file implementation, namely that
the mpecinit m-file can be edited to explicitly call gams via a system call if
the scratch files do not exist, but a model file “foo.gms” does exist. Other
specializations of the MATLAB interface are just as easy to carry out.

In order to release the memory used by the mpec structure, a clean up
routine is also provided. This function is implemented as an m-file that calls
mpecfunc with no input arguments.
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mpecclose;

As is to be expected, there are no return arguments for this function.

The remaining m-files pass three arguments to mpecfunc. The first ar-
gument is an internal code to indicate the function to be performed, the
second passes the values of the design variables x, and the third argument
passes the values of the state variables y. The particular internal codes can
be seen by inspecting the source code to the m-files or mpecfunc.c.

The actual MATLAB routines currently provided are as follows:

[F,domerr] = mpecf(x,y);
[F,J,domerr] = mpecdf(x,y);

Here x and y are the values of the state and design variables respectively.
The return arguments F and J contain the MCP function F'(x,y) and its
Jacobian, while domerr is the number of domain errors encountered in the
nonlinear function evaluator. Note that J is returned to the MATLAB user
as a sparse matrix.

The following functions all return information about the objective func-
tion 6.

[theta,domerr] = mpecobj(x,y);
[theta,g,domerr] = mpecdobj(x,y);
H = mpecd2obj(x,y);

The first derivatives of # are returned in the vector g; the second derivative
matrix H as a sparse matrix. Note that H is calculated by finite differ-
encing, since GAMS does not currently have the ability to provide second
derivatives.

The side counstraints are provided by the following routines, along with
their derivatives.

[g,domerr] = mpeccon(x,y);
[g,Jg,domerr] = mpecdcon(x,y);

Details of the calling sequence for the MPECIO routines within the
MATLAB interface can be obtained directly from the source code mpec-
func.c that can be found at http://www.gams.com/mpec/. Also, by editing
the “m” files that implement mpecdf, mpecdobj and mpecdcon respectively,
it is possible to return derivatives with respect to x and y to the MATLAB
environment separately.
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6 Computational results

We have linked a number of MPEC solvers to the collection of models we
have put together using the MPECIO library from Section 4 and the MAT-
LAB interface from Section 5. This has provided a thorough test of our
interface routines and has helped to modify and improve their design. In
addition, it allows us to perform some computational experiments using
these codes and report on the results. Before doing so, a word on interpret-
ing our results is in order. While computational work on the MPEC has not
advanced to a stage where any of the solvers can be considered well known
or completely robust, the techniques used in the solvers we report on are
representative of the current state of the art in this area. It is hoped that
the work described in this paper will allow more algorithms to be developed
that robustly solve all these problems and other problems of interest to the
larger optimization community.

Two of the solvers we test use an implicit programming approach in
which the MPEC is reformulated as an NLP. In order to do this, our code
assumes for simplicity that there are no side constraints (2b) or (2c) and
further that there is a (locally) unique solution y of the equilibrium problem
MCP(F(z,-),Y) for each value of xz. We denote this solution by y(x). Under
these assumptions, the problem (2) is equivalent to the implicit program:

minimize O(z) = 0(x,y(z)) n

subject to z € X.

This implicit programming formulation has the advantage of simple con-
straints, but a rather complex, in fact nondifferentiable objective function
0, even though the original functions # and F' may be smooth. Nonsmooth-
ness results from the underlying equilibrium conditions.

One solution strategy for the implicit program (4) is to apply a “bundle
method”, an algorithm specifically designed to solve nonsmooth optimiza-
tion problems. This idea is presented in [20, 21, 25, 26]. The implementation
of the bundle method we used, btncbc [31], is a Fortran subroutine devel-
oped for nonconvex bound constrained problems. One of the arguments to
this subroutine is a routine to evaluate the objective function and a gener-
alized gradient at an algorithm-specified point. We coded this routine in C,
using the formulas developed in [26] for the MPEC formulation (2) without
the side constraints (2b) and (2c). This C routine uses the MPECIO library
and a version of PATH [7, 8] modified to return the basis at the solution to
the inner MCP.
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Another solver we have implemented also uses the implicit approach to
reformulate (2) as (4). In this case, the latter problem is solved by SolvOpt
1.1 [22], a C implementation of Shor’s R-algorithm [32] for unconstrained,
nondifferentiable optimization problems. In order to handle the constraints
z € X, an exterior penalty amounting to the weighted maximum constraint
violation was used. In version 1.0 of SolvOpt, it was necessary to add
this penalty to the objective function explicitly; version 1.1 provides some
support for this, including automatic adjustment of the penalty parameter.

The SolvOpt user is required to write separate routines to compute 8 and
elements of its subdifferential 6. The constraint violations are penalized
through 6, but in other respects, these routines are similar to the function
/ generalized gradient routine passed to the bundle code btncbc. Both
SolvOpt and the bundle code are implemented to run as GAMS subsystems,
using the MPECIO library as their interface to GAMS.

In order to test the MATLAB interface of Section 5, we obtained a
prototype MATLAB implementation [19] of the penalty interior point ap-
proach (PIPA) code ([23], Chapter 6) from H. Jiang and D. Ralph. This
code (that we call PIPA-N) is specialized for problems whose equilibrium
constraints (2d) take the form of an NCP. The PIPA algorithm computes
a search direction via a solution to a uniquely solvable QP subproblem and
performs an Armijo search using this direction. In order to use the PIPA
implementation with our MATLAB interface library, it was necessary to
provide m-files f.m (to compute the objective function 6 and the equilib-
rium function F'), df.m (to compute derivatives of f.m), and d2f.m (to
compute second derivative information for 6 only). The first two files f£.m
and df .m are trivial, and amount to little more than wrapper functions for
our interface routines. The right choice for d2f .m is not so obvious.

In [23], the description of and proofs of convergence for PIPA assume
only that the matrix @ in the direction-finding QP is symmetric positive
semidefinite; it is not necessary to use any second-order information. Com-
putationally, this is very appealing, since this makes d2f .m trivial (one can
use the identity matrix, for example), but our results using the identity ma-
trix were quite discouraging. This was also the experience of the authors
of the code, hence their use of the Hessian of . Unfortunately, second or-
der information is not currently available in GAMS, nor consequently to
MPECIO or the MATLAB interface. To improve our results, we modified
the MATLAB code to compute a BFGS approximation to the Hessian of 6.
This was an improvement over using an identity matrix (), but the results
were still not what we had hoped, so we implemented a simple finite differ-
ence scheme for computing the Hessian of 8, in which our only enhancement
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was to recognize variables appearing linearly in € and avoid computing the
corresponding columns of the Hessian.

During our computational tests, we discovered that many of the problems
we wanted to solve had equilibrium constraints that did not take the form
of an NCP. In some cases, problems had variables whose lower bounds could
be shifted to 0, but more often there were free variables or variables with
upper and lower bounds, so that a transformation into NCP form is much less
appealing. Fortunately, we were able to obtain a second implementation [19]
of PIPA (that we call PIPA-M) that allowed problems of the more general
form

minimize  6(z,y,w, 2)

subject to Ax <b
(<z<u (5)
F(x7 y? w7 z) = 0
0<w L y>0

where z € R”, y,w € R™, z € R!, and F:R*mtmtl _ RmHl - The
requirements for using PIPA-M are similar to using the NCP version: three
MATLAB m-files f.m, df .m, and d2f .m. However, the transformation from
(2) to (5) is more complex. Lower-bounded variables from (2) need to be
shifted so that their lower bound is zero, while upper bounded variables
are first negated, along with their bounds, and then shifted. Free variables
require no transformation. In the most difficult case, variables from (2)
with finite upper and lower bounds are converted as follows: each scalar
pair F(z) L z € [¢,u] becomes

O0<wy=(z—4) L y>0
0<wy,=@w—2) L y,>0
F(2)—yr+ya=0 L 2z

While this transformation does increase the problem size, it does so quite
sparsely, adding 2 equations and 6 nonzeroes for each double-bounded vari-
able.

Our computational tests of these solvers and the interface tools of Sec-
tion 4 and Section 5 were carried out using a preliminary version of MPECLIB,
a library of MPEC models formulated in the GAMS language. We do not
describe all of these models here, because most of them have been described
elsewhere and due to the fact that we have made the GAMS source for
these models available via the Web http://www.gams.com/mpec/. The
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file fjql.gms contains problems 1-4 from [11], desilva.gms is described in
[5], hql.gms in [18], 0z3.gms in [26], mss.gms in [24], qvi.gms in [16], and
bard3.gms in [2]. For bard3 and o0z3, we move the constraints (2b) into the
complementarity problem. In the problems where the second level prob-
lem is an optimization problem or variational inequality, we add explicit
multipliers to rewrite the second level problem as an MCP.

All of our computation was done on a Sun Ultra Enterprise 2 with 256
MB of RAM and two 300MHz processors running Solaris 2.5 and equipped
with the standard C, F77, and MATLAB (version 5.1.0) cmex compilers.
Table 1 contains results obtained from the GAMS subsystems BUNDLE and
SolvOpt. We report the number of generalized gradient evaluations, the final
objective value 6 for the original problem, and the CPU time in seconds. For
SolvOpt, we also report the number of evaluations of the implicit objective
function in the column headed kg, while in the BUNDLE code, the objective
and a generalized gradient are always returned together. We report the
iteration count k for BUNDLE, since some of its iterations may need to
compute multiple generalized gradients. Iterations that terminated with a
non-optimal solution or status are marked with a T in the grad column. In
some cases, the BUNDLE and SolvOpt codes failed due to an unsolved inner
problem or failed internal tolerance checks; these are indicated as “fail”.

It is interesting to note that the optimal value of 0 for the 0z3 problem
in Table 1 is quite an improvement over the value of 4.999375 reported in
[11].

In our computational work, we tested 6 distinct MATLAB codes: both
the general and the NCP-constrained code were tested using a constant
@ matrix for the QP subproblem, using an approximate Hessian of 6 ob-
tained via BFGS updating, and using a difference approximation to the
Hessian. However, the results obtained using the constant ) were disap-
pointing, so are not included in Table 2. Since many of the models were not
NCP-counstrained, we do not report on the BFGS version of this algorithm
either. We are left with algorithm PIPA-N (the NCP-constrained version of
PIPA with a difference approximation to the Hessian), PIPA-M (the MCP-
constrained version of PIPA, difference approximation), and PIPA-B (the
MCP-constrained version of PIPA using BFGS updates). For each of these
three techniques, we report the iteration count & (maximum 1000), the final
objective value 0, and the CPU time in seconds. Each iteration involves
the solution of one direction-finding QP subproblem; these subproblems are
solved using the standard MATLAB QP solver.

Where a model was not NCP-constrained and PIPA-N could not be
applied, this is so indicated in Table 2. We also indicate cases where the
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BUNDLE SolvOpt

model k grad 0 secs | grad ke 0 secs
bard3 1 1 -12.678 .01 | 157 16 -11.80
desilva 9 9 -1 .01 15 70 -1 .03
epowplan | fail 127 485  -451.5 6.0
figl a |10 10 3208 .02 | 2f 8 3.309

fijgl b |10 12 3.208 .02 1f 1 4.502

fija2 a |13 13 3.449 .01 14 42 3.450 .05
fie2 b |12 12 3.449 01 | 24 28 13.60 .02
fijg3 a 8 83 4.604 02 | 157 19 5.552 .03
fig3 b | 9 86 4604 .04 | 248 27 1770 .03
fjagd a |13 89 6.593 .03 11 25 6.593 .03
fjlud b |13 13 6.593 03 | 12f 31 6.595 .03
gauvin 13 13 20 .01 14 66 20 .02
hql 13 13 -3266.67 .01 16 89  -3266.67 .04
mss 1 |14 15  -343.35 .03 13 62 -343.35 .09
mss 2 |16 16 -3.16 .04 14 73 -3.16 14
mss 3 |11 180 -5.35 21 11 43 -5.35 .05
0z3 2 2 0 .01 | fail

qvi 11 12 3.07e-9 .02 14 121 le-18 .06
ralphmod | fail fail

tollmpec 7 7 -20.83  11.8 | fail

Table 1: Implicit Algorithms
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PIPA-N PIPA-M PIPA-B
model k  secs 0 k secs 0 k secs 0
bard3 MCP 1000 65 -12.63 | fail
desilva 218 5.9 -1 135 4.9  -.999999 | 145 4.6 -.999999
epowplan | MCP stepsize stepsize
fjgl a | MCP 1000 627 3.274 1000  62° 3.2320
figl b | MCP 1000 60F  3.262 | 1000 637 3.267
fjg2 a | MCP 1000 627 3.450 59 1.6 3.449
fjig2 b | MCP 1000 51t 3.450 18 .38 3.449
fjg3 a | MCP 1000 547 4.594 35 .90 4.604
fig3 b | MCP 1000 53T 4.594 26 .61 4.604
fjg4 a | MCP 15 37 6.593 24 .56 6.593
fjg4 b | MCP 18 45 6.593 52 1.5 6.593
gauvin 15 .18 20 18 37 20 18 .34 20
hql 12 .12 -3266.67 | 18 3 -3266.67 | 18 26 -3266.67
mss 1 | MCP 24 1.2 -343.35 29 1.3 -343.35
mss 2 | MCP 52 2.8 -3.16 52 2.8 -3.16
mss 3 | MCP 21 1.0 -5.35 21 1.5 -5.35
073 MCP 1000 657  57.50 [ 1000 1047  5.172
qvi MCP 1000 18 0 1000 14 0
ralphmod | 107 138 -683.03 | 224 1782 -683.03 | 1000 44887  -563.4
tollmpec | MCP memory use memory use

Table 2: MATLAB PIPA codes
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PIPA algorithms failed to converge with a T in the seconds column. There
are a number of case where this occurred. For model 0z3, the PIPA-B code
was getting close to the optimal 6 value of 4.999375 reported in [11], but the
same cannot be said of PIPA-M. Both of these algorithms had difficulty with
the bilevel programs in fjql - fjq4, hitting the iteration limit before reaching a
solution. PIPA-M seemed to get quite close to the optimal value of -12.67871
from [11], but this may or may not have been at a feasible point, while
PIPA-B failed completely on this model. The electric power planning model
epowplan led to immediate failure in the linesearch phase of PIPA, while the
memory required to solve the tollmpec model via PIPA was too much for
our computing platform. The ralphmod model is a linear complementarity
constrained MPEC with a quadratic objective, so the PIPA-N and PIPA-M
codes use exact Hessians.

It is clear that more algorithmic development work for MPEC problems
is required. New algorithms, such as those outlined in [11, 15, 19, 27] hold
great potential to take advantage of the tools we have developed here.

7 Conclusions

This paper has described some enabling technology for modeling and solving
MPEC problems. The cornerstone for all of these is the addition of the
MPEC model type to the GAMS language. These models are constructed
and passed to the solvers by MPECIO, a new library of routines to ease
problem data access. To exhibit the use of these routines we have linked
various MPEC solvers directly to GAMS.

As another example of the utility of the interface library, we have pro-
vided simple MATLAB functions to access the problem data from within
MATLARB, thus allowing the prototyping of algorithms within this environ-
ment.

It is our hope that the interface we have created between the MPEC
modeler and MPEC algorithm developer will spur development within both
of these groups by fueling a powerful synergy between them.

We gratefully acknowledge those who have assisted us in this work. H.
Jiang and D. Ralph provided the MATLAB codes used in our tests and
were generous with comments on the MATLAB interface. A. Kuntsevich
and F. Kappel have made SolvOpt publicly available. J. Outrata provided
guidance on the use of bundle methods for these problems.
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