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ABSTRACT

We will start with special relativity and derive the velocity addition
formula and the Lorentz Transformation in one spatial dimension, and we
show that velocity addition yields a group law. We will then move into
higher spatial dimensions and prove that relativistic velocity addition,
although not a group operation, yields a gyrogroup.

Special Relativity

Definition 1. An inertial observer is an observer with no external forces
acting on the observer.

Definition 2. An inertial frame of reference is a frame of reference of an
inertial observer where isolated bodies are seen to move in straight lines at
constant velocities.

Definition 3. R" is called space-time where n—1 is the dimension of

space. An n-tuple in spacetime is called an event}. We assume the n"
coordinate of an event represents time.

To derive special relativity, we will use the following assumptions:

1. Newton'slaws are the same for all inertial observers.
2. All inertial observers seelight move at speed c.

First, let's assume that each inertial observer measures time and
distance with the same units and that they pass each other when t =0. We
will usually denote distance as d and time ast. We will also assume they
agree what a straight lineis, aswell as what horizontal and vertical lines are
at the moment they pass each other.

For our diagrams, let's assume O, isbald and O, has hair. Now,
let's assume O, and O, meet at t =0, the path traveled is the x-axis, O,
sees O, move at velocity v, and O, sees O, move at velocity -v. Let's
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also assume that there isarock at point A, which lies directly above point B
and a distance c from the origin. Suppose now that at t =0 aflashlight is
shone towards A from the origin. Then the light hitstherock at t =1, and

at=10, isaB.

()'s point of view at t=0

R

()'s point of view at t=1
B /-1

/'*'r_;-—r
g T X
B

Now for O,'s point of view. O, thinks light is moving straight
up. So, how far isit from A to B? Using the Pythagorean Theorem gives

Je2—v? =c1-v?/c?.

Let d be the distance from O, to B at t =0, according to O, , and
let 7 bethe time when B reaches O, , accordingto O,. So,since d =r7,

/ 2 2
M:\/l—vzlcz. Thismeans d =vy/1-Vv?/c® . Sotoan
c

observer in motion, the distance changes.

d=

Definition 4.
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In R, given two inertial observers where one is moving at velocity v with
respect to the other, y isthe factor by which time and space are contracted.

(N 's frame;
d dn
1y By As
O, Oy

To generalize, we need four physical markers, two in each
observer's frame. Let's imagine markers A and A, at the position of O,

and O, respectively. We will use B, and B, to represent markers a
distance d from A and A, respectively. More precisely, according to O,
A and B, are adistance d apart, and they are stationary. According to

O,, A, and B, areadistance d apart and are stationary.
at t=0 according to (N

1 B

A B,

EJ1 1 1 -

gy

it t=0 according to Oa:
-"_.-11 ﬂ_J"ﬁ

Ay B,

E}g T T

CJ

Let E betheevent A and A, meet. Let E, betheevent B, and
B, meet. According to O,, E, happens before E,. But, according to
O,, E, happensbefore E,. It'sbackwards.
Let the coordinates of E; withrespectto O, be E; ;. So,

e E,= (0,0
e E.=(00

d-d
° E2,1:[d! v 7}
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d —d
. Ez,zz(d’ yV j

We're assuming for now that space is 1-dimensional, so an event is
apointin R?. The transation of the event coordinates from O,'s frame to
O, 'sframeisafunction £:R* - R’.

Now, let's place our markers B, and B, strategically to determine
how the coordinates of a general event change from one reference frame to
another. So, given (Xx,t)e R that is the coordinates of our event E,
according to O,, we want to find the coordinates of E, according to O, .
So, let d; =X be the distance from A to B, accordingto O,. Let d,
denote the distance from A, to B, according to O,. Now, we know the

time coordinate must be the distance traveled divided by the velocity, and
we know the distance between A, and B, is d,y according to O,. Then

_x—vt

= G-y _vd27 s d,

according to O, is d;y. We can use these distances to find the

. We aso know the distance from A to B,

coordinates of our event according to O, , and we can see

52=dwﬂﬁlﬁJ
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X X—wt
X—vt y _(x—vt 72x—x+vtj
| y vy

[x—wt (1—v2/cz)x—x+vt]
Ly vy
[(x—wt —xv2/02+th
Ly v

[(x—wt —xv/c2+t]
Ly

[(x-wt t—xv/czj
Ly

Definition 5. The Lorentz Transformation, £, : R” — R isgiven by

, xvttxv/cJ
[

Theorem 1. £,'=L , where ve R and-c<v<c.

Proof. Applying £, gives

0 xvttxv/cj
[

We now apply £, which gives

SIS R
5%

=(xt)
Since £, isalinear function and has aleft inverse £, theright inverse

must alsobe L, . 0
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Definition 6. The worldline of an object or person is

L ={x(t), y(t), z(t) |te R} where (x(t), y(t), z(t)) isthe

parameterization of the path of the object or person with respect to timet.
In our notation, when O, and Oj are inertial observers, Li' j will

represent the worldline of O, according to O; .

Now suppose we have 3 inertial observers, O, O,, and O;.
Suppose O, is moving at velocity v with respect to O, and that O, is
moving at velocity w with respect to O, in the same direction. How fast is

O, moving with respect to O,? (Note that we are taught at an early age

the answer is v+w, but we will seethisis not true.)
Assume all three observers met at t=0. The worldline of O,

accordingto O, is L,, ={(wt,t) |te R}. Applying the Lorentz
Transformation £, to agenera pointon L, will give agenera point on

theworldline L,,.

WE+ vt t—vvt(—v)/czj
o Y
:{t(w+v) t(1+wv/cz)]

L—v(\Nt’t) :(

7/,\/ }/fV
SoL,, - {t(w+v) ’t(1+wv/cz)J Ite ]R} |

Vo Vo
Since d=rt, the velocity of O, with respectto O, is

r=—
t

t(w+v)
T
t(1+wv/c?)

7
_ t(w+v)
t(1+wv/c?)
_ W+v
1+wv/c?

61



From Special Relativity to Gyrogroups

Definition 7. Let G={ve R|-c<v<c] and define®:GxG >R,

W+V
VOw=

c
Theorem 2. Gisclosed under @ .
Proof. Fix we G. Then,

For any W,VeG,1+M2>O,and 1+-— >0,
C
0 W+V

P >0.
aV1+—2
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. WHV w-C
jim w o w(—C)
vV——C —
1+— 1+—
c C
_ w-cC
1-wl/c
_—c(c—w)
c—w
=—C
Since isincreasing as afunction of v, and the limits are c and -c,
1+—
CZ
veweG. a

As an illustration of time-dilation, let's take the above worldline of
L;, ={(wt,t)|[te R} and apply the Lorentz Transformation £, to
find O;'s worldline according to O,. Because of the way we set up

our Lorentz Transformations, we expect the x-coordinate in his
worldline should be 0.

_ _ 2
£wtt)= wt vvt,t vvtw/c]
Y Y
_ 2
(ot th/cj
Y
t(l—wz/cz)
—lo~— "7/
Y
_ oﬁ]
Yo
=(0,ty,)
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So, £, (Ly,) ={(0,ty,) [te R} ={(0,t) [te R}. We can see that
O,'s x-coordinate is indeed 0 which means that he does not see himself
moving. Notice also that his time coordinate was transformed to ty,,. The

worldline of O, according to O, showed O,'s time coordinate as t. So,

each inertial observer will record a different time coordinate for the same
event. In particular, when a Lorentz Transformation is applied to an event
from the worldline of an inertial observer, the time coordinates will be off
by afactor of y.

Groups
The following definition isfrom [1].

Definition 8. Let G be a nonempty set together with a binary operation
(usually called multiplication) that assigns to each ordered pair (a,b) of

elements of G an element in G denoted by ab. We say G is a group under
this operation if the following three properties are satisfied.

1. Associativity. The operation is associative; that is, Va,b,ce G,
(ab)c=a(bc) .

2. ldentity. Thereis an element e (called the identity) in G such that
Vae G, ae=ea=a.

3. Inverses. For each element a in G, there is an element b in G
(called aninverse of a) suchthat ab=ba=e.
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Theorem 3. Velocity addition from Definition 7 forms a group.

Proof.
(Associative law)

(vow)®z= @z
WV

z(1+wWw/ c? )+ w+v
1+wv/c?
z(W+V)+¢* (1+ww/c?)
c?(1+w/c?)

z(1+vw/cz)+w+v

2

(z(w+v)+c* (1+wic?))/c

Z+ 2W/C* +W+V
(zw+ zv+c2+vw)/c2

_ v(rawiet)+zrw
~(v(z+w)+c*+2w)/c?
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v(I+zw/c®)  zyw
V(1+2w/c?)+z+w e wld e
(V(z+w)+c?+2zw)/c? viw . cCaw
¢ (1+zw/c?) ¢ (1+2w/c?)

Z+W
1+ 2w/ c?

- Y, Z+W
THESA
c \1+zw/c

v@( Z+W 2)
1+2w/c

=v® (WO z)

V+

(Identity Element)

(Inverses)
—-V+V

1+v(-v)/c?
B 0
C1-V?/c?
=0

VO (-v) =
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V+(-V)
1+ (-Vv)v/c?
_ 0
1-v?/c?
=0
Velocity addition (in R ) is associative, has an identity (namely 0), and
each element v has an inverse (namely -v) so it does form a group.

—-Vev=

We note that £z, = £, and we know that the composition

of functions is associative, so this provides a simpler way to show
associativity of velocity addition. 0

Definition 9. The Special Orthogonal Group (the set of all n-dimensional
rotation matrices) is

0,(R)={Re M, (R)|R"R=1,det(R) =1}
Theorem 4. (SO, ,matrix multiplication) forms a group.
Proof. Let A,B,Ce SO, .

nxn

(Closure)
(AB)" (AB)=B"A"AB
=B'IB
=1
(Associativity)
It isawell known fact that matrix multiplication is associative.
(Identity)
Using the identity matrix |, 171 =11 =1_,and det(l,)=1
0 l,e 0,.
Al =1 A=A
(Inverse)

det(A) =1so A" exists.
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ATA=1
(A))TATA= (AT,
A=(A)
AAT=(AT) T AT
| =(A)" A*
| =(A)*AT
| = (A—l)T Al
1

Additionally, A™ = A". Wealso know det(A™) :mzl. So,

A'le 0,. i

Definition 10. The Lorentz Group in N—1 spatial dimensions, where
n>2,is
L, ={Ae M (R)|AVA=V, det(A) =1 A , > 0]
2

where V is adiagonal matrix with diagonal entries of 1 except V, , =—C”.

Theorem 5. (L, matrix multiplication) forms a group.

Proof. Let AB,CeL=1L,
(Closure)
(AB)'V(AB) = B" A'VAB
=B'VB
=V
Also, det(AB) =det A-detB=1-1=1. Since Be L weknow

that the last column must satisfy the equation
bZ, +...+b%,, —c?h? =—c (1)

,N
To seeif thelast entry of AB is positive, it will help to know an
equation that the last row of A satisfies. We know

A'VA=V

AVAV™ = |
VAV =AT

VAV AT = |
AV AT =V
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So we know the last row of A must satisfy
2 2 1., 1
a'n,1+"'+an,n—l_?an,n__?

Rewriting these equations gives us by +...+ b’

n-1,n

2
=c*(b;, -1
and &7, +...+a2 = C—lz(ain -1). Letd'=<a,,,..,a,,, > and
b'=< B ,s. 0,4, >. Using the Cauchy-Schwartz inequality, we have

|a~b'i<ja’||b’|
= 1@, -1’0}, -1
= (@, ~ D, -1

< \ a'rinbr?,n

= an,nbn,n
So, (AB),, >0 which means ABe L.
(Associativity)
It isawell known fact that matrix multiplication is associative.
(Identity)

Using the matrix identity I, 1 'VI = IVI =V , and det(l) =1 so
lelL.

Al =1A=A
(Inverse)

det(A) =1so A" exists. Let B=A™".
A'VA=V
(A7) ATVA= (A7)
VA= (A1)
VAAT = (AT) VA
V = (AT) VA
V = (AY)TVA?

V =B'VB
Using equation (2), we know that the last row in A must satisfy

aﬁl+...+a§n_1—i2 2n:_i2_ We also know from (2) that the last
’ et c
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column of A™ must satisfy b, +...+b%, , —c’b?, =—c*. So, let
a'=<a,,..,a,,, > ad b'=< b ,,..s00,1, >. Then we know
EXCNSENEN
= 1/ c2(a2, -1)|/c*(b?, ~1)
=@, b5, -1

< V@b,
= an,n |bn,n |
Now, we know that a_,b . +...+a, ;b ., +a, b =1 Knowing that

a,b,+..+a b ,<a |b |adtha &, 6 >0 weseetha b, , >0

becauseif b, , <0 then
ab,+..+a b, +a b, wouldbea most0. Also, we
1

know that det(A™")=———=1,s0 A'eL. i
det(A)

Gyrogroups

To see where the first examples of gyrogroups came from, let's
start by choosing V to be a velocity vector in R® such that |V |<c. Then

we wish to define afunction £, :R* — R*.

In our 1-dimensional case, all motion was along was the x-axis.
So, in R? if the motion is along the x-axis, the ] component is the one that
changes, while the I and K components do not change. Therefore, we
have the following special caseswhere v=|V| andy =7, :

_ X—vt t—xv/c?
e L. i(XYZ)>|— Y, Z,———
v v
_ _ 2
. L@:(x,y,z,t)H(x,y Vt,Z,t wic
v

. z-wvt t—2v/c?
o L. (XY.ZD)P| XY, ,
/4 /4
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What if our velocity vector V points in a more general direction?
Well, we know that physics does not care which way we orientate our
coordinate axes. So, we could imagine that the direction of V is the
direction of our positive x-axis. Well, then we have a formula for that
Lorentz Transformation. It is our special case transformation in the i
direction. Now that we understand the physics, we need to look at it
mathematically. We can rotate any vector in R® to point in any direction
we wish, so, let's rotate V to point in the i direction. This rotation is

equivalent to doing a change of basis of one coordinate system with respect
to another. Notice that our Lorentz Transformation is a function from

R* > R*, but our rotation is a function from R®*— R®*. We can

compensate for this by having our rotation map R* — R*; we will just
leave the fourth parameter, time, untouched. We will call this a spatial
rotation.

Definition 11. Let R e SO,(R) be a spatial rotation satisfying
R(1)=

| <

. Then, the general Lorentz Transformation is a composition,

L\‘/ = %me %_l

Where [Wlf isour special case Lorentz Transformation in the | direction.

<

Notice that even though R, is not uniquely determined by V,

nevertheless £, iswell defined.
As an example of our Lorentz Transformations, let's take a vector
V=<0,v,0> and apply our general Lorentz Transformation from

definition 11. First we need a rotation that will take iA to the direction of
V. Wefind that one such rotation is

0100
|1 000
Fev_001o
0001

SinceR, € S0, (R), we know that RV_T = RV_‘l. Now,
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L\‘/ZRVLWH”R;l
010 0) y y (0100
|1 000f0 1 01000
"loo10/l0 01 0|l0010
0001—_\/20010001
yC 14
0 1 0
vif01 00
7 y 111 0 0 O
10 01 o0/Jloo 1o
—_\/20010001
ycC /4
1 00 O
_ /4 /4
0 01 O
__Vzool
yC /4

Now, looking at our specia case ij, we see that our vector is
transformed the same as when we use our general Lorentz Transformation
formula.

Theorem 6. If Ac L;, then A=RL.R, for some spatial rotations
R,R, e SO,(R) and some ve R.

Proof. Given Ae L, let'sleft multiply Aby R, where V isthe first two

entries of the third column of Aand R, rotates | to the direction of V. We

know that R, must have its last row and column all zeros except the
bottom right corner must have a 1 to preserve time. This gives
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A"=R A
2 2 0)(? ? ?
=|? 2 0||? 2 2
00 1)(? 2 2
2?2 2
=2 20
2?2 2

Now, in our new matrix, let's call W the first two entries of the
third row of A. We can now right multiply A" by the transpose of the

rotation that takes W to the i direction. Because we still need to preserve
time, this rotation will leave our last column untouched.

A'=A'R,
2 2 ?2\(? 2?2 0
=2 2 ?[|?2 2 0
2 22001
?2 2 7
=2 20
2 0 ?

Let's start by naming our unknowns. This gives

a b d
A=le f O
g 0 h

SinceAR,,R,e L,weknowA'e L,s0 ATVA'=V whereVis
asin Definition 10. So,
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1 0 O a e g1 0 O)a b d
01 O |=|b f 0O 1 O0|e f O
0 0 -¢ d 0 h)loO 0 —c®*)lg 0 h
a e —gc’)(a b d
=|b f 0 e f O
d 0 -hc®/lg 0 h
a’+e’—g°’c® ab+ef ad-ghc?
= ab+ ef b?+ f? bd
ad — ghc? bd d?—hc?

We also know the determinant of A' must be one. Thisgivesthe
following equations.

a’+ef—g’c®=1 (3)
ab+ef =0 (4)
ad—ghc*=0 (5)
b2+ f2=1 6)
bd =0 @)
d*—h%c*=-c? (8)
afh—beh—-dfg=1 9

By Error! Reference source not found. we know either b=0 or
d=0. We will start with the case b=0. We know by
Error! Reference source not found. that f=+1 so e=0 by
Error! Reference source not found.. Now, if h=0, then by
Error! Reference source not found. d*>=-c®* so de C-R,but de R

so h#0. Let V:% and let 7:%. Then d=—Y and h="=. By

1
4 Y
Error! Reference sour ce not found. we know
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2
Since h>0 by definition, y=,[1-— .
Cc

Solving Error! Reference sour ce not found. and

. . \%
Error! Reference source not found. simultaneously gives g =+— and
C

1 . . .
a=1—. Using our determinant equation
4
Error! Reference source not found. we find the following.
1 9 ¥
v v
A=l 0 1 O
Y 1
F— 0 =
yc 4

Multiplying by arotation matrix in SO;(R) we get

1 v 1 5z

y y |(¥f1 0 O y Y

0 1 O 0O #1 0|=| O 1 O =L
¢L2 0 1 0 01 __VZ 0 1

yC 4 yC 4
Now for the case when d=0. We know from

Error! Reference source not found. that h=%£1 and then from
Error! Reference source not found. we see g =0. But, by definition,

h>0so h=1. If
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7

is arotation, then we should have the following equations.

a’+€e’ =1

ab+ef =0

b+ f%=1

af —be=1
These correspond to Error! Reference source not found.,
Error! Reference source not found.,
Error! Reference source not found., and
Error! Reference source not found. respectively. This gives a matrix that
isasgpatial rotation matrix. a

Corollary 1. If Ae L,,then A=r,R for some Ve R?,Re S0O;.

Proof. Let Ae L;. Then
A=RL R, for someve R,R,R, e S0,(R) by Theorem 6
=(RL;RI(RR).
Let V=VR . Thenwecanseethat R(V)=|V|i ssR =R, . So,
A=(RL;RD(RR)
=,,RwhereR=RR,.

0

Theorem 7. The decomposition A= £,R in Corollary 1 isunique.

Proof. Assume 3V,We R?,R,R, e SO, suchthat £,R = £,R,.
Thenz, = ,RR*. Let R, =R,R™. Then £, = £,R,. So, weknow
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We also know

So, we can see that
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0 0

t t
L I i
Y |_| Y
L
T i

If two matrices are equal, they must have the same dimensions and the

, . . t t
corresponding entries must be equal. This gives us —=—_ We also

Yoo Yw
know that ﬂ:ﬂ So we know V =W. Now, we can say
Yoo Vw
LR =L;R,
LR=LR,
So, since L, isinvertible, R = R, . O

Definition 12. A groupoid isa set with a binary operation.
Definition ~ 13. The groupoid (G,,®) is defined as

G,={VeR"| |Vkc] ad V&OW=2 where £,£,=L,R. We aso
denote thisunique Rby R, .

Theorem 8. If we have (G,,®) asin Definition 13 and a,b,ce G, and
a®@b=a®c then b=c. Thisiscaled the Left Cancellation Law.

Proof. Since a®b=a®c,

La@b = La@c (10)
LLy = Logy Ra,b (11)
[’aLc = La@c Ra,c (12)

Substituting (10) into (11) gives £, L, = LR, . We can now solve for

L. and substitute the solution into (12). This gives
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Laﬁc = Laﬁ’b R;t) Ra,c
Lo=LRGR,
LR = LRy

By Theorem 7 we know b=c. 0

The following definition isfrom [3.]

Definition 14. A groupoid (G,®) is a gyrogroup if its binary operation

satisfies the following axioms.

1.

In G, there is at least one element, O, called a left identity,
satisfying
Oda=a
foral ae G.
There is an element Oe G satisfying axiom 1 such that for each
ae G, there is an element —ae G, caled a left inverse of a,
satisfying
—a®a=0
Moreover, for any a,b,ze G, there exists a unique element
gyr[a,b]ze G such that
ad®(b®z)=(a®b)® gyr[a,b]z
Thisis called the Left Gyroassociative Law.
If gyr[a,b] denotes the map gyr[a,b]:G— G given by
Z+> gyr[a,b]z then
gyr[a,b]le Aut(G,®)
And gyr[a,b] is caled the Thomas gyration, or the
gyroautomorphism of G, generated by a,be G. The operation
gyr :GxG — Aut(G,®) iscaled the gyrodperation of G.
The gyroautomorphism gyr[a,b] generated by any a,be G
satisfies
gyr[a,b] = gyr[a® b, b]
Thisis called the Left Loop Property.

Theorem 9. The groupoid (Gn,@) from Definition 13 forms a gyrogroup.

Proof. Let U,V,We G, .
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(axiom 1)
Weknow £, =1 s0 L;L; =L SO 0D W=\
(axiom 2)
Let R. bearotation such that —it>i and —W> W. Then

Lol =Rl RGRL R

—W |W|I W
=R,R: L RIR/R.L,RY
- RNR, i :}Lw’Rﬂ
=RiL |w||RN
=RR!
=
(axiom 3)
We know that

La(£58:) = £ £50.R )
=L Lb@z& 2

= ﬁa@(ﬁ@z) Ra,B@z RB,z
We also know

(Lﬁﬁﬁ ) ﬁi = (ﬁaeaﬁ Ra,B ) [:2
= La@ﬁ Ra,k}Li
Then we know
La@(b@z) Ra b®z R‘y,z La@ﬁ Ra,ﬁﬁz
_ -1
= Laos (R LRFR 5

_ﬁaeab(R I:\,7L|z||R21 _1 B

Now, we want to know what Lorentz Transformation Ré1

c'l"‘

R,
givesus. So, wesolve R'R;

RW=|Z|i andwefindthat W=R .2
a,b b
(R LR R,

a,

a@b RabZRab

a@b)@RAbz(Ra(Bb) Ry52 Ra )

=L L
=L
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So we know tha &a®(b®2)=(ESb)SRZ and
Rie:R. = R(é®b),Rd,52Ra,6 by Theorem 7, and we see that we should take
ayrfa,b]=R;;.

To show that gyr[a,b]z is unique, we will show that if 3Se G
such tha a®(b®z)=(a®b)®S=(a®b)®gyr[a,b]z then
S=gyr[a,b]z. Since (a®b)® S=(a®b)® gyr[a,b]z we can use
the Left Cancellation Law of Theorem 8to say S= gyr[a,b]z.

(axiom 4)

To show that gyr[a,b]e Aut(G,®) we must show gyr[a,b] isa
bijection and satisfies gyr[a,b](x® y) = gyr[a,b]x® gyr[a,b]y .

Clearly, gyr[a,b] isabijection becauseit is a spatial rotation. Let
X, ye G. We can see that LRaYbXLRabe =L Noting that

R: x = R,pR, wecanalso seethat

LRa‘hXLRa.by = RRa,bXlelf RF_Qa]jbX RRa,byL|y|f R’;:,by
= Ra,b Rx£’|x|f R:l R;,]!; Ra,b Ry£’|y|f le R;,Jk-)
= Ra,bﬁx R;t Rd,bﬁy R;})
= Ra,bLXLy Rj)
= Ra,be®y Rx,y Ra_t
= Ra,b£x®y R;t Ra,b I:{gy Ra_:lt-)

= LRavb(x@)y) Ra,b |%«y R;t
So, by Theorem 7, we see that R X®R,,)y=R, (X®Yy) so
gyr[a,b]le Aut(G,®).

RipX®OR, pY RRa,bX’Ra,by '

(axiom 5)
This can be proven using the definitions of @ and gyr[a,b] and a
computer algebra system such as Maple© version 7. a
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