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ABSTRACT

DOUBLY STOCHASTIC MODEL WITH COVARIATES FOR REPLICATED POISSON POINT
PROCESSES

by
Shenyan Pan

The University of Wisconsin-Milwaukee, 2025
Under the Supervision of Professor Daniel Gervini

Poisson point processes (PPPs) are powerful tools for modeling random point occur-
rences in multidimensional spaces, with applications across various fields. Although the
traditional literature has focused on single realizations, replicated point processes are be-
coming increasingly common due to the growing availability of complex data. This disser-
tation develops a doubly stochastic model for replicated PPPs that incorporates covariates,
extending latent component models to capture external effects. The proposed model ex-
presses the log-intensity function as the sum of a mean function and latent component
scores that vary with covariates. To ensure identifiability, component scores are con-
strained to be zero-mean and uncorrelated via centering and orthogonality. Parameter es-
timation is performed using penalized maximum likelihood, employing Newton-Raphson
updates and the Laplace approximation for conditional distributions. Simulation stud-
ies assess the model’s stability across various covariate structures (linear and nonlinear),
baseline rates, and sample sizes. The results demonstrate decreasing error with increasing
sample size, confirming the estimators’ consistency. The model is applied to real data from
the Divvy bicycle-sharing system in Chicago, analyzing daily usage at a representative sta-
tion. The results reveal a nonlinear relationship between temperature and ridership, with
peak usage occurring at moderate temperatures and declines observed under extreme heat
or cold. This modeling framework improves the interpretability and predictive accuracy
of PPPs with covariates, offering practical insights for applications such as fleet allocation

in bicycle-sharing systems.
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1 INTRODUCTION

Poisson point processes (PPPs) are versatile theoretical models for applications involv-
ing the random occurrence of points in multidimensional spaces, where both the number
of points and their locations are treated as random variables. PPPs in time and space have
broad applications across fields such as neuroscience, ecology, astronomy, and seismol-
ogy. Examples are provided in classic textbooks such as Cox and Isham (1980), Diggle
(2013), Moller and Waagepetersen (2003), Streit (2010), and Snyder and Miller (2012), as
well as in the papers cited below.

However, the PPPs literature has primarily focused on single-realization cases, such
as the distribution of trees in a single forest (Jalilian et al., 2013) or cells in a single tis-
sue sample (Diggle et al., 2006). Situations with multiple replications of a process are
increasingly common, driven by the availability of complex data, making replicated point
processes more prevalent. This area remains relatively underexplored in the literature.
Relevant works include Diggle et al. (1991), Baddeley et al. (1993), Diggle et al. (2000),
Bell and Grunwald (2004), Landau et al. (2004), Wager et al. (2004), and Pawlas (2011).
These studies, however, focus on estimators for summary statistics rather than intensity
functions, which can provide more detailed insights.

When multiple replications are available, intensity functions can be estimated by bor-
rowing strength across replications. For instance, Wu et al. (2013) propose estimators
for the mean and principal components of independent and identically distributed re-
alizations of a temporal doubly stochastic process, using kernel estimators of covariance
functions. Gervini (2016) introduces an additive independent component model that uni-
ties temporal and spatial cases and extends easily to regression and multivariate settings.
Gervini and Baur (2020) further extend this method to marked point processes, offering
a robust framework for modeling complex spatio-temporal data.

Motivated by these studies, this dissertation develops a doubly stochastic model with



covariates for replicated Poisson point processes. The subsequent sections present a math-
ematical formulation that incorporates covariates to capture properties of the observed
data. The model accounts for both a simple linear trend and a more general nonlinear
trend in latent scores. We derive the penalized log-likelihood to balance model fit and
complexity, and apply the Newton—-Raphson method for efficient and stable estimation of
the model parameters. Later sections validate the model using simulated data and ap-
ply it to real-world bicycle-sharing system data, demonstrating its ability to predict usage
patterns and inform operational strategies. This work aims to provide a rigorous, data-
driven framework to enhance the efficiency and sustainability of bicycle-sharing systems,

improving their reliability and accessibility for urban users.



2 MODELING BICYCLE-SHARING SYSTEM

2.1 Introduction to Bicycle-sharing Systems

As cities worldwide seek sustainable transport options, bicycle-sharing systems have
gained widespread adoption, driven by their low environmental impact and operational
flexibility. These systems provide bicycles for short-term use, typically through a network
of automated docking stations where users can borrow a bicycle from one station and re-
turn it to another within the same network. Available either for a fee or free of charge,
bicycle-sharing systems cater to a wide range of users, supporting daily commutes, recre-
ational activities, and connections to public transit systems. In recent years, such systems
have gained widespread popularity in major urban centers, driven by increasing demand
for sustainable transportation options and supportive city planning initiatives that prior-
itize green mobility (Shaheen et al., 2010).

The smooth operation of a bicycle-sharing system depends on maintaining consistent
availability of both bicycles and docking spaces. When a user arrives at a station to find
no bicycles available or reaches a destination with no empty docks, they must seek out
alternative stations, which can lead to inconvenience and frustration. This often discour-
ages users from relying on the system, reducing its overall effectiveness. A key challenge
in these systems is the natural imbalance in bicycle flows: the movement of bicycles from
one station to another is rarely matched by an equal return flow. For example, during
morning commutes, users may ride from residential neighborhoods to business districts,
resulting in a surplus of bicycles at downtown stations and a shortage elsewhere (Nair and
Miller-Hooks, 2011). These spatial imbalances create operational challenges that must be
addressed to ensure reliable service.

To manage these imbalances, bicycle-sharing systems employ both short-term and long-

term strategies. In the short term, operators often use trucks or vans to manually redis-



tribute bicycles, typically during off-peak hours, to prepare the network for the next day’s
demand. This process involves moving bicycles from stations with excess supply to those
with shortages, ensuring that users can access bicycles when and where they need them.
Over the long term, effective planning of station locations and capacities is crucial. By
strategically placing new docking stations in areas with high demand or connectivity to
other transport modes, operators can minimize imbalances and enhance system efficiency.
Both short-term redistribution and long-term planning rely on a deep understanding of
bicycle usage patterns, which vary across time and space due to factors such as time of
day, day of the week, weather conditions, and urban land use patterns. This discussion
is supported by previous studies; see Bahadori et al. (2021), Lei et al. (2023), Seo et al.
(2022)

As previous literature has shown, understanding the spatio-temporal patterns of bi-
cycle demand is essential for optimizing fleet management and ensuring the success of
bicycle-sharing systems. Demand for bicycles fluctuates significantly throughout the day
and week. For instance, stations near office districts may experience high checkout rates
during morning rush hours as commuters travel to work, while the same stations may
see high return rates in the evening. Conversely, stations in recreational or residential ar-
eas may experience peak demand during weekends or evenings. External factors, such as
temperature, precipitation, or proximity to transit hubs, further influence usage patterns.
By analyzing these patterns, operators can predict when and where bicycles are needed
most, enabling proactive redistribution and informed infrastructure planning. This data-
driven approach not only improves user satisfaction but also enhances the integration of

bicycle-sharing systems into broader urban transportation networks.

2.2 Divvy: Chicago’s Bicycle-sharing System

The Divvy bicycle-sharing system in Chicago exemplifies the growing trend of urban

bicycle-sharing programs, offering a network of automated docking stations where users

4



can borrow bicycles for short-term trips and return them to any station within the system.
The Chicago Data Portal (https://data.cityofchicago.org) provides public ac-
cess to comprehensive trip data, recording every bicycle checkout and return within the
network. This dissertation analyzes trips from April 1 to November 30, 2016, a period
chosen to capture peak bicycle usage, as demand significantly declines during Chicago’s
winter months due to cold weather and reduced outdoor activity. Over these 244 days,
the Divvy system recorded 3,068,211 bicycle trips across 458 active stations, highlighting
the system’s extensive activity and the variability in demand across different locations in
the city.

Each bicycle trip is represented as an observation (¢, s) in a spatio-temporal process,
where ¢ denotes the trip’s starting time and s indicates the origin station. The 244 days
from April 1 to November 30 serve as n = 244 replications of this process, providing a
robust dataset for statistical analysis of usage patterns. Bicycle demand can be modeled
as a multivariate temporal point process, with each of the 458 stations corresponding to
a dimension of the process (Gervini and Khanal, 2018). Demand exhibits significant spa-
tial variation, driven by station location and surrounding urban context. For example,
station 386 on the South Side recorded only 29 trips annually, reflecting low usage in a
less dense area, while station 35 near Navy Pier, a popular tourist destination, recorded
85,314 trips, indicating high demand in a recreational hub. For stations with high daily trip
counts, such as those in downtown or near tourist attractions, the temporal distribution of
checkouts can be estimated using kernel smoothing or other density estimation methods,
offering insights into daily usage patterns (Silverman, 1986).

Analysis of the Divvy data reveals pronounced spatio-temporal patterns in bicycle de-
mand, reflecting the influence of both temporal and contextual factors. For example, stud-
ies of Station 166—located at the corner of Ashland and Wrightwood Avenues—identified
a strong weekly periodicity, with demand peaking on Sundays and dipping on Wednes-

days or Thursdays. A seasonal trend is also evident, with demand peaking during the


https://data.cityofchicago.org

summer months, when warmer weather encourages outdoor activity, and declining to-
ward late fall as temperatures drop (Gervini and Khanal, 2018). Additionally, distinct dif-
ferences emerge between weekday and weekend usage: weekday trips often occur early
in the morning with downtown destinations, suggesting commuter use, while weekend
trips are more frequent in the afternoon and remain within local neighborhoods, indicat-
ing recreational use (Gervini, 2022). These patterns highlight the need for models that
account for both temporal periodicity and spatial heterogeneity to better inform opera-
tional decisions.

This dissertation proposes a multivariate temporal point process model to characterize
bicycle demand, treating checkout times at each station as random events. The 244 daily
replications enable estimation of the intensity function, which varies across time, driven by
covariates such as external factors like temperature. The model can also be applied to re-
turn times, providing a comprehensive framework for understanding both borrowing and
returning behaviors. By incorporating covariates in latent scores, the model demonstrates
its ability to predict usage patterns and support operational strategies, such as truck-based
redistribution and strategic station placement, to enhance the Divvy system’s efficiency

and sustainability for Chicago’s urban users.

2.3 Poisson Point Processes

A point process X is a random countable set in a space ., where .7 is typically R for
temporal processes or R? for spatial processes (Mgller and Waagepetersen, 2003, Chap-
ter2; Streit, 2010, Chapter 2) . The process X is called locally finite if #(X N B) < oo with
probability one for any bounded set B C .. In this case, we define the count function
N(B) = #(X N B), which characterizes the process X. Let X be locally finite and define
Xp = (X N B). Given a locally integrable function A : . — [0, oc] such that, for any
bounded B C ., the integral [, A is finite, we say that X is a Poisson process with inten-

sity function A, denoted by X ~ Z()), if:



(i) N(B) follows a Poisson distribution with rate [, A, and

(ii) conditional on N(B) = m, the m points in X N B are independent and identically
distributed (i.i.d.) with density X = f 5
For X ~ Z()), the density function of Xp at xp = {t1,...,t,} is:

flxp) = f(m)f(ts, ... tm|m)

:ex{/B dt}{fB )™ f[ 21)

:exp{—/BA(t)dt}mHlA(tj)

where the probability density function (pdf) for a set-valued point process X, as under-
stood in the sense of Proposition 3.1 of Moller and Waagepetersen (2003), is defined with
respect to the family of locally finite subsets of .. Specifically, let 4/ = {A C . :
#(A N B) < oo for all bounded B C .7’} denote the collection of all locally finite subsets
of .. For any subset ' C ./, the probability measure of the point process X is defined

as follows:

P(XBGF):i/---/H({tl,...,tm}eF)f({tl,...,tm})dtl...dtm
ex B dt}

m=0 j=1

(2.2)

2.4 Basic Latent Model

Individual realizations of point processes are often modeled as Poisson processes with
tixed intensities A. However, for replicated processes, a single intensity A rarely provides
an adequate fit across all replications. Instead, it is more appropriate to assume that the

intensities vary from replication to replication. A convenient approach is to treat A as a
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random parameter, or latent random effect, leading to a doubly stochastic process (Moller
and Waagepetersen, 2003, Ch.5; Streit, 2010, Ch.8). A doubly stochastic process is a pair
(X,A), where X | A = ) is a Poisson process with intensity ), and A is a random function
that takes values in the space .7 of non-negative, locally integrable functions on .. The
replications can be viewed as n independent and identically distributed (i.i.d.) realiza-
tions (X1, A1), ..., (X,, A,) of the doubly stochastic process (X, A), where X is observable,
but A; is a latent process.

The latent process A is not explicitly measured, but it captures the distribution of the
point process X. Gervini and Khanal (2018), and Gervini (2017), propose a model for A
based on the Karhunen-Loeve expansion for stochastic processes (Ash et al., 2014). The

model is of the form:

p
log A(t) = u(t) + > Urn(t) (2.3)
k=1
where € L*(B), ¢1,...,¢, are orthonormal functions, and Uy, ..., U, are independent

N (0,0%) random variables. We refer to the ¢;s as components and the Uys as component

scores. Model (2.3) translates into a multiplicative model for A(?):

A() = Xo(t) [ Texp dn(1)™ (24)

k=1
with Ay = exp p as the baseline intensity function. For estimation, the mean function 1 and
each component ¢, are modeled using spline functions for temporal processes, or radial

Gaussian kernel functions for spatial processes.



3 THEORETICAL MODELS

3.1 The Covariates Model

In Model (2.3), the functional parameters p and ¢, require estimation. We adopt
a semiparametric approach, modeling them using basis functions f3i,..., 3,, such as B-
splines for temporal processes or radial Gaussian kernels for spatial processes. Specifi-
cally, we express pu(t) = ¢ B(t) and ¢x(t) = c¢if B(t), where 3 is the vector of basis functions

Br. Model (2.3) can then be expressed as:

log A(t) = (c, + CU)TA(t) (3.1)

where C = [cy,...,¢,)] and U = (Uy,...,U,)T. The orthonormality of the ¢;s is expressed
as CTJ,C = I, where J, = [ 38". Gervini (2017) and Gervini and Khanal (2018) study
different realizations of the component score U defined earlier, but they assume that the
Uys are independent random variables.

This dissertation extends Model (2.3) to accommodate covariates. We introduce an
observation Z, such as average daily temperature in the bicycle-sharing system, alongside
X. Then, our model has n replications of (X1, Ay, Z1), ..., (X,, Ay, Z,,), and we express the

component scores U in terms of covariate Z for each component:

Uk =gx(Zi) + e, i=1,...onk=1,...)p (3.2)

for unknown functions g;s and random errors &;;s.
We consider Z as univariate and the gs as either linear or nonlinear. The simple linear
form is modeled as gi(z) = diz, where dj, is a scalar. Alternatively, the nonlinear form

is modeled with spline functions: g.(z) = df~(z), where v(z) is a vector of spline ba-



sis functions and d, is a vector of coefficient. We assume the ¢;s follow N(0,07) and are
independent of Z. The parameters cy, ¢, and d, along with the o}s, are estimated by pe-
nalized maximum likelihood, conditionally on z, since no assumptions are made about

the covariate’s distribution.

3.2 Model Identifiability and Bias Correction

The proposed model (2.3) includes a baseline mean function /(¢) and component score
Uy, that introduce variability across observations. Identifiability in this context ensures that
the model parameters—particularly y(¢)—can be uniquely estimated. Specifically, we re-
quire that E[log A(t)] = p(t), so that u(t) corresponds to the expected log-intensity func-
tion. This condition is essential to avoid ambiguity in parameter estimation and to ensure
that the estimator 7i(t) accurately reflects the true mean. To achieve this, it is necessary to
impose identifiability constraints on the model parameters. We assume that E(u;) = 0,
ensuring that the component score does not systematically influence the mean intensity.
The following subsections describe the theoretical requirements, practical adjustments,

and implications of these identifiability conditions in data analysis.

3.2.1 Ensuring Zero-Mean Component Scores

The component score v, is modeled as:

ug = gk(2) + ek, (3.3)

where g;(2) is a function of the covariate z (e.g., temperature), capturing the systematic

effect of z, and ¢, ~ N(0,0}) is a noise term introducing random effect, with E(g;) = 0.
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The expectation of w, is:

E(ur) = Elgr(2)] + E(er) = Elgr(2)]- (34)

To satisfy E(uy) = 0, we must ensure:

Elgi(2)] = 0. (3.5)

This condition is pivotal, as any non-zero expectation of g;(z) introduces a systematic bias
in E[log A(t)], causing /i(t) to deviate from the true ;(¢). The noise term ¢;, poses no issue,
as its zero mean is guaranteed by the normal distribution. However, the function g(z)
requires careful design to satisfy the zero-expectation condition, since its expectation de-
pends on the distribution of z and the form of g;. The following subsections explore how
to achieve E[gx(z)] = 0 for different forms of g, (z), with theoretical considerations and

practical adjustments for both the simple linear model and more general cases.

Simple Linear Model

The simple linear model, defined as:

g(z)=a+b-z, (3.6)

represents a straightforward relationship between the covariate z and the random effect,

where « is the intercept and b is the slope coefficient. To ensure E(g(z)) = 0, we compute:

Elg(z)] =Ela+0b- 2] = a + bE(z). (3.7)

11



This expectation is zero only if:

a+ bE(z) = 0. (3.8)

This condition is satisfied by setting the intercept a = 0 and ensuring the covariate z is
centered, i.e., E(z) = 0. In the context of this dissertation, where z represents daily tem-
perature, using the raw temperature 7" as z is problematic, as E(7") # 0. Instead, we define

the centered covariate:

z=T—E(T). (3.9)
For a sample of daily temperatures 71, 15, . . . , T,,, we estimate E(7") using the sample mean:

iy = iT (3.10)

HT = n - 19 .
and compute:

% =T, — fir. (3.11)

By setting a = 0, the model becomes ¢(z) = b - z, and:

E[g(2)] = bE(z) = b- 0 = 0, (3.12)

ensuring E(u) = 0. This centering process eliminates the systematic shift in the random
effects, addressing the possible bias in /i(¢). Centering = aligns the covariate’s distribution
around zero, preventing the intercept from introducing a constant offset that would oth-
erwise affect the model. This adjustment is straightforward to implement, requiring only

the subtraction of the sample mean from each temperature observation.

12



General Model

The general model, defined as:

g(2) = digv(2), (3.13)

where d;, is the coefficient vector, and ~(z) is the vector of spline basis functions. The

expectation is:

Elgi(2)] = Eld; 7(2)] = dy E[y(2)]. (3.14)

To satisfy E(gx(z)) = 0, we require:

di E[y(2)] =0, (3.15)

which holds if:
E[y(z)] = 0. (3.16)

This condition ensures that the basis functions, when averaged over the distribution of z,

do not introduce a systematic bias. To achieve this, we define a transformed covariate:

W =(z) — E[v(2)], (3.17)
so that:
E[W] = E[y(z) — E[y(2)]] = 0. (3.18)
The model then becomes:
gr(2) = dy W, (3.19)
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guaranteeing;:

Egi(2)] = di E[W] = 0. (3.20)
For a sample 21, 2o, . . ., 2, we estimate E[y(z)]| using the sample mean:
1 &
1) =) (3:21)
=1
and compute:
W, =7(z) —7(2). (3.22)

This transformation centers the feature vector v(z), analogous to centering z in the lin-
ear model, but applies to a vector of functions, accommodating more complex covariate
relationships. This approach is theoretically significant, as it generalizes the centering
principle to flexible model specifications, ensuring identifiability across a wide range of
applications. Our simulations employ the general form but focus on the quadratic func-
tion only. Itis included here to provide a comprehensive theoretical framework to facilitate

future extensions of the model to more complex covariate effects.

3.2.2  Uncorrelated Component Scores

We enforce the uncorrelatedness of component scores to guarantee the identifiability
of the component ¢ ():

Given uy, = gi(2) + ¢ and w; = g,(z) + ¢;, with ¢ independent of each other and of z, we

have E(exe;) = 0 for k # [. Thus, the correlation condition becomes:

E(urw) = El(gx(2) + er)(91(2) + &0)] = Elgr(2)0i(2)] + E(erer) = Elgr(2)au(2)].  (3.24)
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To satisfy E(u,w;) = 0, we require:

Elgr(2)gi(2)] =0 for k#1. (3.25)

For the general model gx(2) = df W, where W = v(z) — E[y(z)], we compute:

Elgi(2)gi(2)] = Eldy W (d) W)] = E[dy WWd)] = dy ETWW ]d,. (3.26)

This expectation is zero if:

drE(WWTd, =0 for k#1, (3.27)

Let:

E=EWWT] (3.28)

and the coefficients dis must satisfy the condition d}f =d; = 0 for k # [. This orthogonality
condition ensures that the coefficient vectors d; and d; are orthogonal with respect to the
covariance structure of W, preventing overlap between the component scores u;, and ;.
This is crucial for distinguishing the contributions of each ¢ (¢) in the model, as correlated
components would confound the estimation, leading to unreliable inferences.

In the simulations conducted, we assumed that the covariate z influences only a sin-
gle component score u;, and the algorithm is designed to update exclusively that com-
ponent’s parameters. Specifically, we pick a g;(z) function for uj;, assuming that other
components v; (for [ # k) are not directly affected by 2. To maintain uncorrelated random
effects, the algorithm initializes the coefficient vectors with orthogonal values, ensuring
that E[uzw;] ~ 0 for k # [. This approach leverages the independence of noise terms
¢ and the single-component update to simplify the correlation structure, mitigating po-

tential issues with non-orthogonality. By focusing updates on a single component, the
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correlation between component scores remains negligible, aligning with the theoretical
requirement for identifiability of ¢;(¢). This simulation design, while not implementing
the full orthogonality conditions, provides a practical framework for testing the model’s

performance under controlled conditions.

3.3 Parameter Estimation

Let 6 denote the collection of model parameters ¢, ¢, di, and a,%. We drop the subscript
B in Xp under the assumption that region B remains constant. The conditional density

of Xp at z is:

f(z|z; 0 /f (xle, 2) (3.29)

where, for z = {t1,..., t,},

exp{— [ A2 (t)dt} ﬁ A ()

Flale, ) = =L

(3.30)

with \..(t) = exp {u(t) + uT¢(t)}, and u = g(z) + € in nonlinear case. Thus, we have:

g(z) = d¥v(z), where 7(z) is a vector of spline basis functions, and:

Ao (t) = exp {p(t) + (9(2) + )T ()}

= exp {,u(t) + (gk( ) + 5k)¢k(t)} (331)

k=1

= exp {C(r')rﬂ(t) + ) (dEy(2) + ex) CkTﬁ(t)}

p

log A(t) = p(t) + > (gi(2) + )T ou(t) = g B() + Y (divu(2) +ex) e B(E)  (3.32)

k=1 k=1

bS]
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and

log f(z | g,2) = —/ e (t)dt + Zlog Aez (tj) —logm!
B

= /BGXP{ +Z dfve(2) + e Ck,ﬂ()} (3.33)
{e + D _(diw(z) +en)ct ) Z B(t;) — logm!

The simple linear case can be handled in a similar manner; more details are provided in

Appendix A.1. The expression (3.33) depends on the ¢;s only through

b= Bt (3.34)
j=1
For f(¢) we have
L 1 2
fle) = /H @rod)i eXP(—r‘g) (3.35)
So
- 1 > Eh
log f(e) = 2 <—§ log 2moy, — 27‘]%> (3.36)

The parameters c, cx, and dj, along with the variances a,%s of the ¢, are estimated by
penalized maximum likelihood, using the standard roughness penalty for spline smooth-
ing. The penalized maximum likelihood estimator 6 is then based on n independent real-

izations x1, ..., Z,:

6 = argmax/,,(0) (3.37)
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Where

p p

0 (0) = %Zlog f(xilzi) = &P () — & Z P(ér) — &3 Z P(g) (3.38)

k=1 k=1

&1, & and & are smoothing parameters for p, ¢xs, and gis. Since the ¢;s have unit norm but
w and the gs do not, it may be necessary to use &3, £ and &3 on different scales to achieve

the same degree of smoothness.

3.4 Roughness Penalty Functions

The roughness penalties P(u), P(¢y), and P(gi) in (3.38), as described in Ramsay and
Silverman (2005), take the form P(f) = [, ||Hf(¢) ||3.. Here, H denotes the Hessian matrix
of f, and ||-||5 denotes the squared Frobenius norm of a matrix.

For spatial processes, the roughness penalty is typically expressed as:

P<f):/{(a;_t§)2+2<atajéftg>2+(%)2}’ (3.39)

while for temporal processes, it simplifies to P(f) = [(f”)?, where f” denotes the second

derivative of f with respect to time.

Since the dimension ¢ of the functional basis 3 and « may be large, roughness penalties
are necessary to ensure that the estimated functions , ¢, and g5 are smooth.

When f(t) = c¢T8(t), the penalty P(f) becomes a quadratic form in ¢: P(f) = c¢TQec.
Consequently, we have P(u) = ¢ Q¢ and P(¢x) = cfF Qc.

For the temporal case, the matrix €2 is given by:

Q= /B 8" (13" (t) dt, (3.40)
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where the second derivative is applied component-wise to 3(t).

For the spatial case, €2 is decomposed as:
Q = Qqy + 2019 + Qo (3.41)

with Q;; = [ 87(t)3” (t)Tdt, where 3”(t) denotes the second derivative of 3(t) with re-
spect to t; and ;.
Similarly, the penalty for gy is given by P(gx) = df Ady. For temporal processes, A is

defined as:

A= /'y”(z)'y”(z)sz, (3.42)

and for spatial processes, it is decomposed analogously as:

A - All -+ 2A12 + AQQ. (343)
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4 MAXIMIZING THE PENALIZED LIKELIHOOD

4.1 Derivative of Coefficients

The derivatives of ¢, are derived as follows. First, note that if c generically represent
either ¢, or a ¢, then (omitting @ from the notation of f; note that z and ¢ are assumed to

be independent)

Velog f(x | ) = ﬁ / (Ve (x| 2.2)} F(e)de

1
- o7 [ (Velor @ |29} (e | 2)f )i -
— [(Velog f(a ] 2,20} (e | )
=E{V.log f(zle, z)|z}
From (3.33), we have:
Ve log f(x]e, 2) = —Ve / Aea(D)dt+ 3" Velog Az (1) (42)
and
v, / ML (t)dt = / Vol (t)dt
B B (4.3)
_ / (Velog A ()} Ao (1)t
B
we have
Velog f(x | e,2) = — / {Veclog A .(t) } A . (t)dt + Z Velog A .(t;) (4.4)
B

Jj=1
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Then
Velog f(z | 2) = —/ E[{Vclog A (1)} Ac2(t) | ] dt + ZE [Velog M., (t5) | ]
B o
Applying the same approach, we derive the result for the dj;:

Valog f( | 2) = — / E [{Valog A (D)} Ae(t) | 2] dt + 3 E[Valog Ao (1) | 2]

Jj=1
See Appendix A.2 for details.

For the o7 terms, notice that only f(z | ¢) is differentiated:

aiklogf(x\z /fx\sz 5f(e)}de
x|z [ 1 e G s pe e
_ / (G 0B 1€} | x)de

IE{%logf(e) 1)

Since
log f(e) = —=—= + 2
do & 207 2(0})?
we get
1 E@E|w)
1 =
0 og f(w2) 203 2(02)?

21
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(4.6)

(4.7)

(4.8)
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4.2 Newton-Raphson Algorithm

We apply a Newton—Raphson algorithm with coordinate-wise updates to maximize
(,; that is, we will update the parameters ¢y, cy, ..., ¢, di,...,d,, and 0%, ... ,af, one at a
time and in that order. For instance, we update o7} as follows:

From (3.38) and (4.9),

9, 1 1 1 ) ,
c%k Za log f(x; | z;) = — 5 2+2(ag)QH;E<€’“|xi>’ fori=1,...,n
(4.10)
We then obtain the explicit update by setting the above equation equal to zero:
new:—ZE gk |x (411)

421 Mean-Only Model

Ae-(t) = exp {u(t) + (9(z) + €)T@(t) } in 3.31, under the mean-only model, implies that

log \o(t) = u(t) = ¢f B(t), which is constant across replications, and

Ve, log Mo(t) = B(?) (4.12)

To update ¢y under the mean-only model, we proceed as follows, using 3.38:

1 n
Veoln(8) =~ > Ve log f (x| 2) — &290¢ (4.13)
i=1
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then from 4.5,

0= /B E [{ Ve, log Aa(6)} () | 2] dt

1 n - m;
+ E Z Z E [Vco lOg )\0 (tz]) ‘ Zﬂl] — 512QCO

i=1 j=1

:__Z/ t) | x| dt + = ZZE tij) | ] — £1282c0

21]1

:__Z/g (t)Xo(t)dt + — ZZB ij) — &1282¢0

'Ll]l

= ;/Bﬁ(t))\o(t)dt + - ;bi — &12Qc¢

with

bi= Y Blti)
j=1

For the second derivatives, we have:

=——Z/B ()T o (t)dt — £202

Since ¢y is unconstrained, we apply a standard Newton update:
Cr01ew _ C81(:1 . {Hcogn(aold )}71Vcogn(eold )

4.2.2 Estimation of Covariate Model Coefficients

(4.14)

(4.15)

(4.16)

(4.17)

For the coefficients related to the component score u, we discuss both a simple linear

relationship and a more general nonlinear relationship. For the general nonlinear model,
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defined as: g(z) = dif vx(z), the parameters ¢ and dj can be updated using the following
procedure.

Updating ¢;: From (3.32), (3.38), and (4.5) above, we have:

1 n
Veuln(0) = — Z Ve, log f (i | 1) — £:200 (4.18)
Since
Ve, 10g Ao (t) = (dFyi(z:) + ) B(t) (4.19)
we have

Ve 0n(0) = — % Zz:; /B E[{Ve, log Ao (t)} Ac 2 (t) | i) dt
+ % Xn; i E[Ve, log Ao.. (1) | 1] — €20y
=17
=——Z/ {(dP(2) + 2080} Ae(t) | ]
. Z ZE (P (z) + 0Bt | 7] — €200,
i=1 j=
:__Z/g [(dF5e(z0) + ) Aes(t) | 2] dt
+~ Z E [(df k() + ex) | @] jiﬂ(tij) — &20cy,
:__Z/ﬁ [(dFyi(zi) + e)Aea(t) | 2] dt

+ = Z]E (dFyi(2) +ex) | 1] by — £29c;, (4.20)

For the second derivatives, it is best to use the approximation (which ignores the fact that
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[E depends on 6):

VeE{A () | 7} = E{VcA . (1) | 73}

= E[{Velog A (t)}Ac2(t) | ]

(4.21)

So, for the particular case of ¢, we have:

Ve B{(di (i) +er)Aez (1) | i} = B{(di v (2i) + €r) Vo, Ao (t) | i}
= E[(diw(z:) + e){Ve, log A o ()} Ao 2 (8) [ 2] (4:22)

= E[(dkT’Yk(Z) + 5k)26(t))‘6,Z(t) | xl]

Thus,

——Z/ﬂ (Y E[(dfr(zi) + €1)*Acz (1) | mi]dt — 6220 (4.23)

Since the components are aggregated sequentially, we update only the last component at
each stage. Given that ¢;, ..., ¢;,_1 have already been updated letl'beagx{q—(k—1)}

orthonormal basis of {Joc7*", ..., J oc”e“’} where Jo = [, B(t)3(t)"dt:

—neW — FFT Old -T {FTHckgn (eold ) F}fl FTkagn (Oold )

new __ —=new —new \T 7 —=new 1/2 (424)
Cp. = Cy, {(Ck ) JOCk }
Update dj: To update dy, notice that from (3.32), we have:
de log )\s,z( ) = ’Y]g(ZZ)CkT (t) (425)

25



Then, from (3.38), we obtain:

Va,ln Z Va, log f (z; | z) — &2Ad,, (4.26)
Vo, :——}j/ [{Va, 108 Aei ()} Aur(t) | 1]
+ = 2; 2 E[Va, log A (t;;) | ;] — £&52Ad,
:F—Z/ (B (t) | 2] di + gfvamwunm
_ £&2Ad,
=22 [ Bl TBOA) [ [ YR Dt ] 380
_ £&2Ad,

(4.27)

For the second derivative, we proceed as before:

Va, E((z:)ck Bt (1) | 25) & B{y(z:)ck BV Aea(t) | @i}
= E[y(2:)cg B(t){Va, log Ae-()}A- 2(1) | 2 (4.28)

= E[(2:) (FB))* A ()T (24) | ]

Ha,l, ——Z / M (21) (EEB())* A s (D (2) | aildt — E22A (4.29)

Since dj, is a single vector, we apply a standard Newton update:

A = A {Hy, 0,(6°9)) 7'V, 0,(6%) (4:30)
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The simple linear model can be handled in a similar manner; more details are provided in

Appendix A.3.

4.3 Laplace Approximation

The conditional densities f(z | z) are computed by Laplace approximation. We have

flo|z) = / f(le, 2)f(e)de

(4.31)
= / exp g(e)de
with
g(e) =log f(x | &, 2) + log f(e) (4.32)
If ¢ = arg max g(¢), then g(¢) = g(&) + (¢ — &)THg(¢)(c — £) and
x| 2) ~ exp{g(é)}(2m)% det(S)? (4.33)
with
S = {~Hy(&)}™ (4.34)
In effect, we are approximating:
f(xle,2) f(e) ~ exp{g(£)}(2m)% det(S)?p(e)(<) (4.35)
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where ¢: g)(¢) denotes the pdf of a N,(¢,S),so ¢ | = N, (¢, S). Then we can also approx-

imate the moments:

E(e|x)~¢é
(4.36)
E(ec™ | z) ~ S +eeT

We find € by a few steps of Newton-Raphson method for each z;, since

m p 2
1 €
g<5> - _/)\s,z<t)dt + E IOg >\6,z (tj> - logm! + E <_§ IOg 27“713 - sz) (437)
j=1 k=1 k

the derivatives with respect to ¢ are, with ¥ = diag (o%),

Voe) = - [Aalpat+ > ¢(t) - = (4.38)
and
Hy(e) = - [ A(t0o((0)"dt - 57 (4.39)
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5 SIMULATION

5.1 Design of Simulation Study

We implemented the algorithms in MATLAB to compute the proposed estimators. To
assess their finite-sample performance, we conduct a series of simulation studies. Specif-
ically, we simulate data from model (2.3) in a one-dimensional setting, as the estimation
procedure is applied separately to each dimension. The simulations evaluate the con-
sistency of the estimators by examining how their accuracy improves as the sample size
increases.

We simulate data from model (2.3) for p = 1. Two types of simulations are conducted
to evaluate the estimators under different conditions. In the first setting, the component
score u follows a linear trend; in the second, u follows a quadratic trend. In both cases, u
is modeled as the sum of a deterministic function g and a random error term ¢, consistent
with the structure assumed in the model. These trends are designed to reflect patterns
that may arise in the real data application. We also examine the effect of the expected
number of observations per replication, specifically the baseline rate ff Ao(t)dt, which is
determined by (x(t). For the temperature, we use the 2016 temperature range, which can
be partitioned into the desired sample sizes.

We consider the model with p(t) = sin(nt) 4+ c and ¢(t) = /2sin(nt) 4 c for t € [0, 1].
Since fol expsin(nt)dt ~ 1.98, we set ¢ = log 5 and ¢ = log 15, corresponding to approximate
baseline rates of 10 and 30, respectively. For simulation, we use sample sizes of 91, 183, and
366, corresponding to one quarter, half a year, and a full year of daily data, respectively.

For the estimation of the functional parameters, B-splines are widely used because they
provide smooth, flexible approximations with strong numerical stability. Their recursive
definition, introduced by de Boor (1972), enables efficient and stable computation of basis

functions, even at higher degrees. This structure supports adaptability to complex data,
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making B-splines especially valuable for smoothing tasks. We adopt a cubic B-spline basis
with 10 equally spaced knots in (0, 1), which has dimension ¢ = 14. This is large enough
for the smooth functions we are estimating. The smoothness parameters used in the sim-
ulation are chosen based on preliminary tests. Specifically, for p, value of 1 x 1072 is used;
for ¢, a value of 1 x 10~* is used; and for g, a value of 1 x 107 is selected. These choices
reflect the differing magnitudes and characteristics of the respective functions, ensuring
appropriate smoothing for each component.

We examine three estimators: y, ¢, and g. For i and g, we define the bias as ||E(iz — p)||
and |[E(g — g)||, respectively; the standard deviation as [E ||i — E(f1)|*] ? and [Eg-E@)|] %;
and the RMSE as {E |7 — u\|2}% and {E|[g — gH2}%, where ||-|| denotes the usual L2[0, 1]
norm. For ¢, we could not use these quantities directly due to sign indeterminacy (i.e.,
it is not possible to determine whether gg estimates ¢ or —¢). Instead, we consider the bi-
variate estimators ¢/(\s)¢/(t\) for ¢(s)¢(t), which are sign-invariant. We then define the bias,
standard deviation, and root mean squared error as before, except that ||-|| is taken to be
the bivariate L? norm on [0, 1] x [0, 1]. Expectations of these 3 functions are approximated
using Monte Carlo simulation with 200 independent replications for each simulation sce-
nario. We anticipate that, when the sample size is sufficiently large, the component score

estimators exhibit consistency across a range of settings.

5.2 Initialization

This dissertation, as an extension of previous work Gervini (2017) and Gervini and
Khanal (2018), preserves several features of the earlier model—especially in the mean-
only formulation. For parameter initialization, we follow the approach proposed in earlier
research, with appropriate modifications to accommodate the specifics of our setting.

The initialization of the mean function begins by setting ¢, = c1, where each element
of the vector takes the same constant value c. Since B-spline basis functions satisfy the

partition of unity property, 5(t)*1 = 1, this specification implies that the mean function
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is constant over time, i.e., ;1(t) = ¢, and consequently, the baseline intensity function is
Ao(t) = e°. Therefore, we have f: Ao(t) dt = e°(b— a), and under the mean-only model, the
m;s are independent and identically distributed as &2 < f; Ao(t) dt). A natural estimator
for e°(b — a) is the empirical average count /m, leading to the initialization ¢ = log (;2-).
We then initialize the first component with ¢; = a1, which corresponds to a constant
function ¢, (t) = a. Enforcing the unit norm condition yields || 41 ||* = fab aldt = a*(b—a) =

1, implying o = (b_la)% . For the one-component initial model, we have \;(t) = Ao(t)e""* =

Ao(t)erGoFen)e and hence [ A;(t) dt = el G)F=a)e [\, Given that m; approximates [ \;,

. . log ( 7% rs . .
we estimate ¢;; as &;1 = % — g1(zi), up to a scale factor. The initial variance 0% is then

estimated as the sample variance of the ¢;; values.

For each subsequent component, we first define the initial variance recursively as 6} =
6’2
%. Then, let ¢, be the orthogonal projection of 1 onto the space {Jocy, ..., J Ock_l}L ; that

is, if I" denotes a ¢ x (¢ —k+1) orthonormal basis of {Joc, . .., Jock_1 }l, then the projection
Ck

(éEJgék)

is given by ¢, = IT'T"1. We then define ¢; =

[N

5.3 Analysis of Simulation Results: Linear Model

For the simple linear model, we assume u = g(z) + ¢, where ¢g(z) = d - z captures the
linear trend, »z denotes the mean-centered temperature data, and € is a random error term.
Since the component function is constrained to have unit norm, we cannot scale v arbitrar-
ily large, as doing so would compromise numerical stability. To balance interpretability
and robustness, the slope d is set to 0.3, and the error term ¢ is assigned a moderate stan-
dard deviation of 0.03.

The simulation results are presented in Table 1 and Table 2 below. For these estimators,
all three performance metrics—bias, standard deviation, and RMSE—steadily decrease
with increasing sample size at both baseline rates, indicating improved accuracy and sta-

bility of estimation. Notably, the bias for /i remains relatively stable across different sample
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sizes and baseline rates, while its standard deviation and RMSE exhibit the expected de-
cline. In contrast, the estimators § and ¢ show clear convergence toward the true functions
g and ¢, with consistent improvements observed at both baseline rates. This demonstrates

the model’s robustness under different baseline rates.

Table 1: Simulation Results for Baseline Rate = 10, Linear u

Parameter N =091 N =183 N = 366
p-Bias 0.0768 0.0747 0.0725
u-STD 0.0520 0.0376 0.0268
1-RMSE 0.0997 0.0865 0.0791

®, (Bivariate)-Bias 0.0842 0.0643 0.0525

&, (Bivariate)-STD 0.2021 0.1499 0.1107

&, (Bivariate)-RMSE 0.2186 0.1629 0.1223
g-Bias 5.6317 x 1074 3.7867 x 10~%  2.2905 x 10~*
g-STD 0.0311 0.0212 0.0157
g-RMSE 0.0338 0.0248 0.0192

Note: Bias, standard deviation (STD), and root mean square error

(RMSE) of parameter estimators i, ®3, and g.

Table 2: Simulation Results for Baseline Rate = 30, Linear u

Parameter N =091 N =183 N = 366
u-Bias 0.0756 0.0730 0.0720
pu-STD 0.0356 0.0247 0.0184
u-RMSE 0.0856 0.0781 0.0750

&, (Bivariate)-Bias 0.0608 0.0505 0.0430

&, (Bivariate)-STD 0.1457 0.1039 0.0709

&, (Bivariate)-RMSE 0.1577 0.1154 0.0828
g-Bias 6.8061 x 10~*  2.9093 x 10~ 2.3724 x 1074
g-STD 0.0177 0.0122 0.0082
g-RMSE 0.0241 0.0157 0.0141

Note: Bias, standard deviation (STD), and root mean square error

(RMSE) of parameter estimators y, ®3, and g.
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Figure 3: Fitted p (Linear model); Sample: 183, Rate:
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Figure 5: Fitted p (Linear model); Sample: 366, Rate:
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Figure 2: Fitted p (Linear model); Sample: 91, Rate:
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Figure 4: Fitted p (Linear model); Sample: 183, Rate:
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Figure 6: Fitted p (Linear model); Sample: 366, Rate: 30
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Figure 7: Fitted ¢ (Linear model); Sample: 91, Rate:
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Figure 9: Fitted ¢ (Linear model); Sample: 183, Rate: 10
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Figure 11: Fitted ¢ (Linear model); Sample: 366, Rate: 10
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Figure 8: Fitted ¢ (Linear model); Sample: 91, Rate: 30
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Figure 10: Fitted ¢ (Linear model); Sample: 183, Rate: 30

15 True vs Esti d ¢ (366 Samples and rate=30)
. Tre s T T T T T
Mean Estimated ¢ (366)
s ]
05r N
0 . . . . . . . . .

Figure 12: Fitted ¢ (Linear model); Sample: 366, Rate: 30
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Figure 13: Fitted g (Linear model); Sample: 91, Rate: 10 Figure 14: Fitted g (Linear model); Sample: 91, Rate: 30
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Figure 15: Fitted g (Linear model); Sample: 183, Rate: 10 Figure 16: Fitted g (Linear model); Sample: 183, Rate: 30
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Figure 17: Fitted g (Linear model); Sample: 366, Rate: 10 Figure 18: Fitted g (Linear model); Sample: 366, Rate: 30
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The above figures display the curve fitting results for Function x, Function ¢, and Func-
tion g, where the estimated curves represent the mean of 200 replications obtained from
independently simulated datasets under the linear model. The estimated ¢ and g functions
exhibit consistently good fits across different sample sizes and baseline rates, indicating
the robustness of the estimation procedure under varying conditions. In comparison, the
estimated p functions tend to show slightly larger deviations from the true curves. How-
ever, when the estimated mean function 1 is rescaled to 97% of its original magnitude, the

overall curve fit improves substantially, as illustrated in the figures below.

True vs Esti d 1 (366 S
2.8
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Figure 19: Fitted p (Linear model), Rescaled; Sample: 366, Rate: Figure 20: Fitted p (Linear model), Rescaled; Sample: 366, Rate:
10 30

This minor discrepancy—on the order of 3%—is well within an acceptable error mar-
gin and may be attributed to inherent numerical approximations used in the estimation
algorithm, which inevitably introduce minor computational inaccuracies as well as bias
from penalization used to enforce smoothness. Despite these factors, the general shape

and trend of p are still well captured, supporting the reliability of the approach.

5.4 Analysis of Simulation Results: Quadratic Model

T

For the quadratic model, we assume u = g(z) + ¢, where g(z) = d"vy(z) captures the

quadratic trend, z denotes temperature, v(z) represents the mean-centered quadratic B-
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spline basis functions with no interior knots on z, and ¢ is a random error term. The func-
tion g(z) was selected in a manner similar to the simple linear model, with a standard
deviation of 0.3, and the random error term was assigned a standard deviation of 0.03.
The simulated results are displayed in Table 3 and Table 4. We observe performance
patterns that are highly consistent with those in the linear case. Most of the three met-
rics—bias, standard deviation, and RMSE—decrease with increasing sample sizes at both
baseline rates, reaffirming that estimation accuracy improves as more data becomes avail-
able. An exception occurs at the intermediate sample size of 183 at baseline rate 30, where
the bias of /i slightly increases before decreasing again at 366. This fluctuation is minor, and
given the overall improvement trend, we still consider the estimator to be consistent. Asin
the linear model, the bias of /i remains relatively stable across sample sizes, while its stan-
dard deviation and RMSE show notable reductions. The estimators g and 9/5 again show
strong convergence toward the true functions, even under the more complex quadratic

structure.

Table 3: Simulation Results for Baseline Rate = 10, Quadratic u

Parameter N=91 N=183 N = 366
u-Bias 0.0599 0.0586 0.0580
u-STD 0.0519 0.0364 0.0258
1-RMSE 0.0876 0.0731 0.0657

&, (Bivariate)-Bias 0.0804  0.0648 0.0512
®, (Bivariate)-STD 0.2188 0.1616 0.1154
®, (Bivariate)-RMSE ~ 0.2328 0.1739 0.1261

g-Bias 0.0104 0.0087 0.0082
g-STD 0.0344 0.0251 0.0173
g-RMSE 0.0358 0.0265 0.0191

Note: Bias, standard deviation (STD), and root mean
square error (RMSE) of parameter estimators y, ®»,

and g.
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Table 4: Simulation Results for Baseline Rate = 30, Quadratic u

Parameter N=91 N=183 N = 366
u-Bias 0.0574 0.0599*  0.0562
u-STD 0.0356 0.0249 0.0181
u-RMSE 0.0699 0.0665 0.0598
®, (Bivariate)-Bias 0.0468 0.0446 0.0399
®, (Bivariate)-STD 0.1544 0.1035 0.0801
&, (Bivariate)-RMSE ~ 0.1611 0.1125 0.0893
g-Bias 0.0065 0.0063 0.0019
g-STD 0.0200 0.0157 0.0106
g-RMSE 0.0209 0.0169 0.0108

Note: Bias, standard deviation (STD), and root mean

square error (RMSE) of parameter estimators y, ®o,

and g.

The fitted curves for Function j, Function ¢, and Function g shown below represent

the mean of 200 replications obtained from independently simulated datasets under the

quadratic model.

26

2.4

2.2

Figure 21: Fitted p (Quadratic model); Sample: 91, Rate: 10
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Figure 22: Fitted 1 (Quadratic model); Sample: 91, Rate: 30
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Figure 25: Fitted p (Quadratic model); Sample: 366, Rate: 10
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Figure 27: Fitted ¢ (Quadratic model); Sample: 91, Rate:
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Figure 24: Fitted p (Quadratic model); Sample: 183, Rate: 30
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Figure 28: Fitted ¢ (Quadratic model); Sample: 91, Rate: 30
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Figure 29: Fitted ¢ (Quadratic model); Sample: 183, Rate: 10 Figure 30: Fitted ¢ (Quadratic model); Sample: 183, Rate: 30
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Figure 31: Fitted ¢ (Quadratic model); Sample: 366, Rate: 10 Figure 32: Fitted ¢ (Quadratic model); Sample: 366, Rate: 30
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Figure 33: Fitted g (Quadratic model); Sample: 91, Rate: 10 Figure 34: Fitted g (Quadratic model); Sample: 91, Rate: 30
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Figure 35: Fitted g (Quadratic model); Sample: 183, Rate: 10
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Figure 36: Fitted g (Quadratic model); Sample: 183, Rate: 30
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Figure 37: Fitted g (Quadratic model); Sample: 366, Rate: 10

Figure 38: Fitted g (Quadratic model); Sample: 366, Rate: 30

These curves illustrate the estimation performance clearly. Both ¢ and ¢ are consis-
tently well estimated across different sample sizes and baseline rates, reflecting the ro-
bustness of the estimation method under a nonlinear model. Although 1 shows slightly
larger deviations from the true function, rescaling its magnitude to 98% significantly im-
proves the visual fit, as shown in the rescaled Function p below. As with the linear case,
this 2% minor discrepancy likely arises from inherent numerical approximations in the
estimation procedure or penalization bias. Overall, the general trend and shape of all
three functions are well recovered, confirming the reliability of the approach even in the

presence of nonlinear covariate effects.
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Figure 39: Fitted p (Quadratic model), Rescaled; Sample: 366, Figure 40: Fitted p (Quadratic model), Rescaled; Sample: 366,
Rate: 10 Rate: 30

We conducted simulation studies under both linear and nonlinear covariate models
to evaluate the performance of the proposed model. Across a range of sample sizes and
baseline rates, the estimators for 1, ¢, and ¢ consistently exhibited decreasing bias, stan-
dard deviation, and RMSE as sample size increased, confirming improved accuracy with
more data. In both the linear and quadratic cases, the estimators (;AS and g demonstrated
strong convergence to their true functions. While i showed slightly larger deviations, the
magnitude of these errors remained small. The overall trends of all functions were well

recovered—supporting the stability and robustness of the method under varying covari-

ate structures.
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6 EMPIRICAL APPLICATION

6.1 Description of Divvy Data

Previous research has shown that the Divvy dataset exhibits pronounced temporal pat-
terns in bicycle demand, shaped by both seasonal trends and weekly usage cycles. Build-
ing on these findings, we now introduce the covariate-based modeling framework to this
dataset in order to extract deeper insights and quantify the effects of external factors such
as temperature on temporal demand variation.

In the simulation study, we considered baseline rates of 10 and 30 and demonstrated
the model’s stability under both linear and nonlinear trends. The real data used in the
application exhibits a similar scenario, so the model’s stability in this context is supported
by the simulation results. We selected a specific time period (April 1 to November 30,
2016) and Station 166, located at the corner of Ashland and Wrightwood Avenues. This
combination was chosen because the average daily number of bicycle trips at this station
during this time falls within a moderate range, consistent with the simulation’s assumed
rate levels. Such consistency helps ensure that the stability observed in simulations—with
comparable sample sizes—is maintained when applied to real data. This time frame offers
n = 244 daily replications of the temporal process, providing a robust basis for statistical
analysis. The temperature data is the daily average temperature collected from https:

//www.weather.gov/wrh/Climate?wfo=1o0ot.

6.2 Evaluation of the Mean-Only Model

We begin the empirical results with the mean-only model. The following figures dis-
play the estimated p and ¢ functions obtained from the algorithm for the linear and quadratic
models. In the simulation studies, the 1z and ¢ functions exhibit relatively simple trends,

characterized by smooth sinusoidal patterns. In contrast, when applied to real data from
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the Divvy bicycle-sharing system, the estimated ;. and ¢ functions display more complex
fluctuations in both models, reflecting intricate daily bike usage patterns. These varia-
tions highlight the model’s ability to capture complexities in the real data, providing a
more detailed depiction of ridership behavior compared to the idealized trends observed

in simulations.
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Figure 43: p Function from Divvy Station 166 for Quadratic Figure 44: ¢ Function from Divvy Station 166 for Quadratic
model model

The model in Equation 2.4 can then be understood by plotting the baseline intensity func-

tion plus and minus a multiple of the ¢ function, as shown below:
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Figure 45: Daily Baseline Intensity Function with Shift for Figure 46: Daily Baseline Intensity Function with Shift for
Divvy station 166 (Linear) Divvy Station 166 (Quadratic)

The linear and the quadratic cases exhibit many similarities in the mean-only model.
The solid line represents the baseline intensity function of daily bicycle usage at Station
166 in the Divvy bicycle-sharing system. We can observe three peaks: the first and largest
around 7:30-8:00 a.m., the second around 12:30-1:00 p.m., and the last around 5:30-6:00
p-m. The dashed and dotted lines represent the baseline multiplied by the exponent of the
component in Equation 2.4, evaluated at positive and negative component scores, respec-
tively. A negative component score u corresponds to a flattening of the baseline function,
while a positive score corresponds to a sharpening of it. The u effects vary across the time

periods, and we will discuss the aggregate effect in the next section.

6.3 Assessing Covariate Effects on Bicycle Usage

We investigate the effect of temperature on bicycle usage by comparing two models
based on observed data from the Divvy bicycle-sharing system. Both models share the
following general form:

u=g(z)+e,

where v denotes the latent score related to bicycle usage, » represents temperature, and ¢

is a random error term.
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e Linear model: ¢(z) = d - z, where z is the mean-centered temperature variable,

capturing a simple linear dependence on temperature.

e Quadratic model: g(z) = d%v(z), where 7(z) is a mean-centered quadratic B-spline

basis with no interior knots, enabling a global quadratic relationship.

The figures below display results from real Divvy bicycle-sharing data, illustrating the
estimated temperature effect on bicycle usage under two models: linear and quadratic.
From these figures, the quadratic model appears to better capture the relationship between

temperature and bicycle usage.

Estimated Effect u vs. Temperature
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Figure 47: Temperature vs. v (Linear model)
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Figure 48: Temperature vs. u (Quadratic model, Line plot) Figure 49: Temperature vs. u (Quadratic model, Scatter plot)
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The linear model reflects a simple upward trend—suggesting that bicycle usage in-
creases as temperature rises. However, it fails to account for more complex behavioral
responses to extremely hot weather. In contrast, the quadratic model reveals a more real-
istic and detailed pattern: bicycle usage peaks at moderate temperatures (approximately
75°F), when outdoor conditions are most favorable, and declines at both low and high tem-
peratures. Although the u values decrease during periods of extreme heat, they remain
positive, indicating that summer tends to elevate the baseline function, whereas winter,
with negative u values, tends to lower it. This nonlinear relationship is clearly depicted in
the figures and aligns with common behavioral intuition—people are more likely to ride

bicycles when the weather is neither too cold nor too hot.
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Figure 50: Bicycle Usage and Temperature: Normalized Trends

The figure above shows the normalized trends of u, which represent bicycle usage,
along with the corresponding temperatures over the time period. Both exhibit quadratic
trends with considerable fluctuations over time. In general, bicycle usage is greater on
warm days than on cold days. During spring (April through late May) and during fall
and winter (after late September), bicycle usage exhibits a positive relationship with tem-
perature; increases in temperature are accompanied by increases in usage, and decreases
in temperature are accompanied by decreases in usage. In summer (mid-June through

early September), a noteworthy pattern emerges: when temperatures reach very high lev-
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els, many of the temperature peaks coincide with reductions in bicycle usage, consistent
with intuitive expectations regarding the deterrent effect of extreme heat.

These findings suggest that the nonlinear model more accurately reflects real-world
bicycle usage patterns and provides meaningful insights into how temperature influences
demand. From an operational standpoint, this has practical implications for fleet manage-
ment: bicycles can be strategically redistributed to match demand peaks during moderate
weather and scaled down during periods of extreme temperatures, improving overall ef-

ticiency and service quality.
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7 CONCLUSION AND RESEARCH OUTLOOK

In this dissertation, we developed a doubly stochastic model with covariates for repli-
cated Poisson point processes and applied it to real-world data from the Divvy bicycle-
sharing system. We incorporated temperature as a covariate in the component score func-
tion, which in turn reflects bicycle usage. By comparing linear and nonlinear forms of
this function, we investigated the pattern by which temperature influences bicycle usage.
Empirical findings show that while a linear model captures a general upward trend in bi-
cycle usage with rising temperature, it fails to reflect behavioral changes at temperature
extremes. The nonlinear model—implemented using a quadratic B-spline basis—better
captures the demand sensitivity to both cold and hot conditions. Specifically, bicycle us-
age peaks in a moderate temperature range, and drops at both low and high extremes,
aligning well with practical expectations about rider comfort and behavior.

These results highlight the value of incorporating nonlinear covariate structures into
temporal point process models, especially when external factors influence behavior in
complex ways. The ability to estimate smooth nonlinear functions offers interpretability
with improved flexibility, making the method well-suited for real-world applications.

Overall, this dissertation provides a flexible, data-driven modeling framework that can
be extended and refined to accommodate a wide variety of data patterns. However, this
dissertation focuses on the effect of a single covariate—daily average temperature. Tem-
perature, as a covariate, is relatively straightforward to interpret and verify intuitively,
making it a natural starting point for exploring covariate effects. Future work may ex-
tend this approach in several important directions. First, incorporating multiple covari-
ates (e.g., wind speed or humidity) may help build a more comprehensive understanding
of the data. Second, introducing categorical or event-based covariates, such as “rainy day”
versus “sunny day,” which require grouping or interaction terms, may facilitate a more ef-

tective comparison of the data. Third, some other covariates may introduce more complex
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effects such as periodic patterns, so the model may need to be adapted with more flexible
structures to better capture these patterns.

This dissertation focuses on data from a single station which limits generalizability
across the whole bicycle-sharing system, so applying the model to other stations may re-
veal additional spatial patterns beyond the temporal features explored here. Investigating
spatial heterogeneity across multiple locations could support a spatio-temporal extension

of the model.
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APPENDIX

A1 ) in Simple Linear Model

For \..(t) = exp {u(t) + uT(t)}, with u = g(z) + ¢ in the simple linear case. We have:

u=dz+¢

Aeo(t) = exp {u(t) + (9(2) + )" d(t) }

bS]

= exp {M(t) + > (gr(2) + 5k)¢k(’f)}

k=1

= exp {coTﬂ(t) + Z (dpz +€p) ckTﬁ(t)}

hS]

log A(t) = p(t) + Y (gr(2) +24) " du(t) = cF BE) + Y (duz + ) B(2)
k=1

k=1

and

log f(z | e, z) = —/ e (t)dt + Zlog e (t;) — log m!
B

7j=1

= /Bexp{ +Z dk2+5k)ck5(t)}+

k=1

{ef + ) (drz+ex)cf } Y B(t;) — logm!
k=1 Jj=1
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A.2 Derivative of Coefficient d

de%jK$|Z)==;G}V5¥/{VthKI&Z)}f@ﬁk

1
" flx|2) /{leogf(f [ &:2)} (@ |, 2) f(e)de

(A4)
:/Wﬂ%ﬂﬂadﬁkmwe
= E{Vaqlog f(z]e, z)|x}
Since
Valog f(zle, z) = —Vd/ Aeo(t)dt + Z Valog A . (t;) (A.5)
B =1
and
V4 / ML (t)dt = / V. (t)dt
B B (A.6)
_ / (Valog A ()} Ao (£)d
B
we have
Valog f(z | &,2) = — / {Valog Ao ()}A--(1)dt + Y Valog A -(t;) (A7)
B j=1
Then

Valog f(x | 2) = —/ E[{ValogA-.(t)} Ao .(t) | ] dt + ZE [Valog .. (t;) | ©]  (A.8)
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A.3 Coefficient Update Procedure under Simple Linear Model

The simple linear model is defined as: u;, = gi(2) + e, = dpz + €,

Update cy:
p p
log A(t) = u(t) + Y (diz + )" dr(t) = g B(t) + > (diz + &) ci B(t) (A.9)
k=1 k=1
Ve, log Ao (t) = (diz +,)B(t), fori=1,... n. (A.10)
1 n
Ve ln(0) = — Z Ve, log f (@i | 2i) — £&2€cy, (A.11)

Ve ln(®) =~ 13 /B E [{Ve, 1og Aora(6)} A () | 1] dt

1 no m;
+ E Z Z E [Vck IOg )\572 (tlj) | l’z] — 6229(%

i=1 j=1

:——Z/ dkzz‘f‘gk )}/\sz()lml]dt

+ n Z ZE [(drzi +er)B(ti;) | 23] — £220c¢;,

i=1 j=1 (A12)
=—— Z/ BRE [(drzi + ex) e (t) | 2] dt
+ = Z]E (dezi +ex) | 2 Z — &2y

=1 7=1

=_ = Z/ B(t)E [(drzi + er) e 2 (1) | 23] di

+ - Z]E [(drzi + €r) | 7] by — £20¢;,
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Ve B{(drzi + ex)Aeo(t) | wi} = B{(drzi + €x) Ve Aeo(T) | 21}
— E[(dpzi + e){Ve, 10g Aeo () }Aea(t) | 2] (A.13)

= ]E[(dkz, + 8k)2,3<t>)\s,z<t> ’ SI}@]

“Z/ﬁ (OTE[(drzi + &) A (1) | wildt — €20 (A.14)

Since the components are aggregated sequentially, we update only the last component at
each stage. Given that ¢y, ..., ¢4 have already been updated, let 'bea g x {¢ — (k — 1)}

n
orthonormal basis of {Jocf®, ..., Jocp®

—new _ FFT Old -T {FTHCkEn (001d> 1-\}_1 FTkagn (OOId)

(A.15)
1/2
cl]’;ew — CkeW/ {( neW) Jo—new}
Update d:
log A(t) = p(t) + Y (diz + )" dult) = g B(E) + > (diz + ex) ¢ B(t) (A.16)
k=1 k=1
Va, log A\ .(t) = zic; B(t) (A17)
Va.ln(6) = > Va 108 f (s | %) — &2d, (A18)
Vaulul0) = - —Z/ (Va0 108 Aen (60} Acr(t) | 2]
* n Z Z E[Va,logAc: (tij) | ] — £52Ad,
i=1 j=1
—_—Z/ ,zZ ]91:1 dt+ ZZE zicr 3 (ti; ]xl}

11]1
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— §32Ady
1 & i
S Z/ zzck Ae 2 (t) | 2] dt + - ZE [zickT | @) Zﬁ(tij)
=1 j=1

— &2Ady

—_ % 3 / E [2:cf B()A.(t) | 2] dt + % Y E [zc} | 2] b — &2Ad, (A19)
i—1 /B i=1

Va,E(zicg B0A-(1) | 2:) = E{zici B(H)Va, Ao (t) | 2}
= E[zicF B(1){Va, log Ae . (1) }Ae 2 (t) | 73] (A.20)

= E[(Zi)z(cgﬁ(t))%‘a,zu) | xl]

Ha, ln ——Z / (2)? )2 Az (t) | @)dt — £22A (A.21)

Since d}, is a single value, we apply a standard Newton update:

A = At — {Ha,£,(67)} 'V, 0, (67) (A22)
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A4 MATLAB Code for B-Spline Function

$save as bspl.m

function y = bspl(x,k,t,r)

if nargin<4

error ('Not_enough,_input_arguments’)
end

if size(t,1)>1

m = length(x);

n = length(t);

y = zeros (m,n+k-2);
if r==
tt = [t(l)*ones(l,k-1), t, t(n)+*ones(l,k-1)1;

n = length(tt);
b = zeros(l,k);
dr = zeros(l,k-1);
dl = zeros(l,k-1);

for 1 = I:m

i = find(tt<=x(1),1,"last’);
if i==n, i = n-k; end

for j = 1:k-1

dr (3) = tt(i+3)-x(1);

dl(j) = x(1)-tt(i+1-3);

saved = 0;

for o = 1:j

term = b(o0)/ (dr(o)+dl (j+1-0));
b (o) = saved + dr(o)x*term;

saved = dl(j+1-o0)*term;

b(j+1l) = saved;
end

y(l,i-k+1:1) = b;

tt = [repmat(t(l),1,k-2), t, repmat(t(n),1,k-2)];

B = bspl(x,k-1,t,r-1);

msp = ((k-1)./(ones(m, 1) (tt (k:n+2x(k-2))-tt(l:n+k-3)))) .*B;
y(:,1) = - msp(:,1);

v(:,2:n+k-3) = msp(:,1l:n+k-4) - msp(:,2:n+k-3);

y(:,n+k-2) = msp(:,n+k-3);

end
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A.5 MATLAB Code for Simulating Linear Data

$save as simu_data_1.m

function [X_all, M_all, U_all, T_all, Mu_all, Phi_all,xFit] = simu_data_1(c,
X_all = cell(l, m);

M_all = cell(l, m);

U_all = cell(1l, m);

T_all = cell(l, m);

Mu_all = cell(l, m);

Phi_all = cell(1l, m);

[ulin, 7, xFit]= linear(n, scale, temperature,v);
for i = 1:m

[X, M, U, T, Mu, Phi] = genl(c, n,ulin);
X all{i} = Xx;

M all{i} = M;

U_all{i} = U;

T_all{i} = T;

Mu_all{i} = Mu;

Phi_all{i} = Phi;

end

end

function [x, m, u, t, mu, phi] = genl(c, n,ulin)
t = linspace (0, 1, 300);

mu = sin(pixt) + c;

phi = sqrt (2) *sin(pixt);

u=ulin;

lmb = exp(ones(n, 1) * mu + u’ % phi);
Ilmb = sum(lmb, 2) » (t(2) - t(1));

Mlmb = max(lmb, [], 2);

m = poissrnd(Ilmb);

x = cell(n, 1);

for i = 1:n

x{i} = zeros(m(i), 1);

if m(i) > 0

k =0;

while k < m(1i)

tt = rand(1);

y = Mlmb (i) * rand(1l);

Imb_tt = interpl(t, lmb(i, :), tt);

if y <= lmb_tt

k =k + 1;

x{i} (k) = tt;

end

end

end

end

end

function [ulin, y,xFit] = linear(n, scale, temperature,v)

z = (temperature(:,1)
xFit=linspace (min(z), max(z),
y = scale x xFit;

ulin = y-mean/(y)

end

- mean (temperature(:,1) ))

+v * randn (1,

/ std(temperature(:,1));

n);

n;

n,

m,

temperature, scale,v)
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A.6  MATLAB Code for Simulating Quadratic Data

$save as simu_data_g.m

function [X_all, y_true,xCentered,M_all, U_all, T_all, Mu_all, Phi_all,coefficients] = simu_data_g(c, n, m, temp,a, v,std_target);
X_all = cell(l, m);

M_all = cell(l, m);

U_all = cell(1l, m);

T_all = cell(l, m);

Mu_all = cell(l, m);

Phi_all = cell(1l, m);

[uguad, y_true,xCentered,coefficients] = quad(n, temp,a, v, std_target);
for i = 1:m

[X, M, U, T, Mu, Phi] = genl(c, n,uquad);

X_all{i} = X;

M_all{i} = M;

U_all{i} = U;

T_all{i} = T;

Mu_all{i} = Mu;

Phi_all{i} = Phi;

end

end

function [x, m, u, t, mu, phi] = genl(c, n,uquad)
t = linspace (0, 1, 300);

mu = sin(pixt) + c;

phi = sqgrt (2) *sin(pix*t);

u = uquad;

lmb = exp(ones(n, 1) % mu + u’ % phi);
Ilmb = sum(lmb, 2) » (t(2) - t(1));
Mlmb = max(lmb, [], 2);

m = poissrnd(Ilmb);

x = cell(n, 1);
for i = 1:n
x{i} = zeros(m(i), 1);

if m(i) > 0

k =0;

while k < m(1i)

tt = rand(1);

y = Mlmb (i) * rand(1l);

Imb_tt = interpl(t, lmb(i, :), tt);
if y <= lmb_tt

k =k + 1;

function [uquad, y_true, xCentered, coefficients] = quad(n, temp, a, v, std_target)
z = (temp(:,1) — mean(temp(:,1))) / std(temp(:,1));

x_min = min(z);

x_max = max(z);

X_center = (x_min + x_max) / 2;

xFit = linspace(x_min, x_max, n);
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xCentered = xFit - x_center;

b

0;

c = 0;

y_raw = a % xCentered.”2 + b * xCentered + c;
y_centered = y_raw - mean(y_raw);

current_std = std(y_centered);

y_true = y_centered » (std_target / current_std);

uquad = y_true + v * randn(l, n);

scale_factor = std_target / current_std;
coefficients = [a, b, c] = scale_factor;
end
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A.7 MATLAB Code for Computing Simulated Linear Data

$need the scrpit: bspl.m
$save as linsimu.m

function [c0,C_j,D,s2,e,logf] = linsimu(x,z,d,basis,p,j,itmax, sml, sm2,sm3)

n = length(x);

m = zeros(n,l);

a = basis.rng(1);
b = basis.rng(2);
for i = 1:n

x{i} (x{i}<a) = [];
x{i} (x{i}>b) = [];

m(i) = length(x{i});

g = basis.or + basis.nk;

t = linspace(a,b,300);

knt = linspace (a,b,basis.nk+2);

BO = bspl(t,basis.or,knt,0);

J0 = (BO’*B0) «dt;

if basis.or>2

B2 = bspl(t,basis.or,knt,2);

J2 = (B2’ xB2)*dt;

else

J2 = zeros(q,q);

end

sumB = zeros(n,q);

for i = 1:n

B_i = bspl(x{i},basis.or,knt,0);
sumB (i, :) = sum(B_i,1);

end

z=(z-mean(z))’;

c0 = log(mean (m)/ (b-a))=*ones(q,1);
logf = complogf0 (sumB,c0,dt,B0,m);
OF = mean (logf)-smlxc0’*J2xc0;
disp (’ -——>_Computing_mean’)
disp([’Iteration: 0, _Pen._loglik: ' num2str (OF)])
errCO = 1;

total_iter = 0;

while errCO >le-3 && total_iter<itmax
total_iter = total_iter + 1;

c00 = cO0;

OF0 = OF;

[gc0,Hc0] = derivcO (sumB,c0,dt,B0);
gpll = gcO0-2xsml*J2%c0;

Hpll = HcO0-2xsml*J2;

direction = Hpll\gpll;

OF = -Inf;

k = 0;

while OF<=0F0 && k<6

step = 0.77k;
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c0 = c00-stepxdirection;
logf = complogfO (sumB,c0,dt,B0,m);

OF = mean (logf)-smlxc0’*J2xc0;

k = k+1;
end
if OF<=0F0 || "all(isfinite(c0))

disp (' No_further_improvement_in_obj. _func._is_possible’)

c0 = c00;

OF = OFO0;

end

errC0 = norm(c0-c00)/norm(c00);

disp([’Iteration:’ num2str(total_iter) ’, _Pen. loglik: '
num2str (OF) ', Error: ' num2str(errCO0)])

end

C = zeros (g, p);
u = zeros(n, p);
D = d;

fprintf (' Initial _D:_%.6f\n’, D);

P = null(C(:,1l:ic-1)" % JO);

end

C(:,ic) = (P » P’) * ones(q,1);

C(:,ic) = C(:,1ic) / sqrt(C(:,ic)’ * JO % C(:,ic));
if ic == 1

Ilmb0 = sum(exp (BO x c0)) = dt;

u(:,ic) = sqrt(b - a) *» log(max(m,1) / IlmbO0);
else

u(:,ic) = u(:,ic-1) / 2;

end

end

e=(u(:,3)-Dxz)/10;

s2 = var(e);
errC = 1;

errD = 1;
max_C_iter = 10;
max_D_iter = 10;
min_C_iter = 5;
min_D_iter = 5;

[e, e2, logf] = compeff (sumB, c0, C_j, D, s2, dt, BO, m, e, z);
OF = mean(logf) - sml % cO0’ % J2 % cO0 - sm2 % C_3j’ * J2 = C_j — sm3 = D"2;
while (errC > le-4 || errD > le-4 || d_iter < min_D_iter) && total_iter < itmax

d_iter = 0;

while (errD > le-4 || d_iter < min_D_iter) && d_iter < max_D_iter && total_iter < itmax
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total_iter = total_iter + 1;
d_iter = d_iter + 1;
d00 = D; e00 = e; e200 = e2;

OF0 = OF; k = 0;

[gd, Hd] = derivD(sumB, <0, C_j, D, dt, BO, z, e00);
gdp = gd - 2 x sm3 * D;
Hdp = Hd - 2 % sm3;

directionD = Hdp \ gdp;

if "all(isfinite(directionD)
warning (' Non-finite_directionD_encountered’);

end

OF = -Inf;

eps_obj = le-8;

while (OF < OF0 - eps_obj) && k < 10
step = 0.77k;

D = d00 - step * directionD;

[e, e2, logf] = compeff (sumB, <0, C_j, D, s2, dt, BO, m, €00, z);

OF = mean(logf) - sml % c0’ x J2 » cO0 - sm2 %= C_j’ x J2 = C_j - sm3 = D"2;
k =k + 1;

end

if OF <= OF0 || "all(isfinite(D))

D = d00; e = e00; e2 = e200;

end

s2 = mean(e2, 1);
errD = norm(D - d00) / norm(d00);

fprintf (' Iteration: %d, D Iteration: %d,0F:_%.6f, Error_D: %.6f\n’, total_iter, d_iter, OF, errD);

robl
end

c_iter = 0;

while (errC > le-4|| c_iter < min_C_iter) && c_iter < max_C_iter && total_iter < itmax

total_iter = total_iter + 1;

c_iter = c_iter + 1;

c00 = C_Jj; e00 = e; e200 = e2;

[gc, Hc] = derivC(sumB, <0, C_j, D, dt, BO, z, e00);
gcp = gc — 2 * sm2 x J2 % C_Jj;

Hcp = Hc - 2 % sm2 * J2;

directionC = P » ((P’ % Hcp = P) \ (P’ % gcp));

if "all(isfinite(directionC(:)))
warning (' Non-finite_directionC_encountered’);

end

OF0 = OF; 1 = 0;

while OF <= OF0 && 1 < 10
step = 0.471;

C_j = c00 - step x directionC;

C_j =C_j / sqrt(C_j’" = J0O = C_Jj);

[e, e2, logf] = compeff (sumB, c0, C_j, D, s2, dt, BO, m, e, z);
OF = mean(logf) - sml % c0’ x J2 » cO0 - sm2 %= C_3j’ x J2 = C_j - sm3 = D"2;
1 =1+1;
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if OF <= OF0 || "all(isfinite(C_j))
C_j = c00; e = e00; e2 = e200;

end

s2 = mean(e2, 1);
errC = norm(C_3 - c00) / norm(c00);
fprintf (' Iteration: _%d, _C_Iteration: %d,0F:_%.6f, Error_C:_%.6f\n’, total_iter, c_iter, OF, errC);

end

end

if total_iter >= itmax

disp (' Maximum_number _of_iterations_reached_before_convergence.’);
end

fprintf ('Final D _estimate: $.6f\n’, D);

end

function logf = complogf0 (sumB,c0,dt,B0,m)

logf = —sum(exp (BOxc0))*dt + sumBxcO - gammaln (m+l);
end
function [gc0,Hc0] = derivcO (sumB,c0,dt,B0)

q = size(B0,2);

HcO = —(BO’ = ( (exp (BO*c0) xones (1,q)) .+B0)) xdt;

gcO0 = -BO’ xexp (BOxc0) xdt + mean (sumB,1)’;

end

function [e,e2,logf] = compeff (sumB,c0,C_j,D,s2,dt,B0,m,e_ini, z)
[n,p] = size(e_ini);

Phi = BO*C_j;

logf = zeros(n,1);

e = e_ini;

e2 = e_ini."2;
for i = 1:n
el = e_ini(i);

ulL = Dxz (i) + el;
D_gi = zeros(l,p);
H_gi = eye(p);

for steps = 1:5

el = el - D_gi/H_gi;

Imbi = exp (BOxc0+BOxC_j*ul);

D_gi = —-lmbi’*Phi*dt + sumB(i,:)*C_j- eL/s2;

H_gi = -Phi’ % (lmbi .x Phi) % dt - 1/s2;

end

gi = -sum(lmbi)xdt + sumB (i, :)* (cO0+C_j*ul) - gammaln (m(i)+1)
-sum(eL. 2./ (2+s2)) - .5xsum(log(2*pi*s2));

logf(i) = gi + (p/2)*log(2+pi) - 0.5+log(-H_gi);

S = -1/H_gi;

e(i) = eL;

e2(i) = S + eL"2;

end

end

function [gc,Hc] = derivC(sumB,c0,C_j,D,dt,B0,z,e)

n = length (e);

67




g = length(c0);

ng = size(BO,1);

u_j=Dxz+e;

u_j2=u_j."2;

1mbC = exp (BOxcO*ones (1,n)+B0*C_Jj+u_3j’);

ulmbC = (ones(ng,1l)*u_j’) .*1lmbC;

u2lmbC = (ones(ng,1l)*u_j2’) .+1mbC;

gc = (-B0’»*mean (ulmbC,2))+dt + (sumB’*u_3j/n);

Hc = — (B0’ * ((mean (u2lmbC, 2) xones (1,q)) .+B0) ) »dt;
if "all(isfinite(gc(:))) || “all(isfinite(Hc(:))
warning (‘Non-finite_gradient _or Hessian_encountered.’);
end

end

function [gd,Hd] = derivD (sumB,c0,C_j,D,dt,B0,z,e)
n = length(e);

1mbD = exp (BOxcOxones (1,n)+B0«C_j* (Dxz+e)’);

gd = —(z’+ ((BO#C_3j)’*1lmbD)’) /n* dt + (z’* (sumBxC_j)/n);
Hd = —(z.72"% (((B0%C_j)."2)’ = 1lmbD)’) * dt/n;
if "all(isfinite(gd)) || "all(isfinite (Hd))

warning (‘Non-finite_gradient _or _Hessian_encountered.’);
end

end
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A.8 MATLAB Code for Computing Simulated Quadratic Data

$need the scrpit: bspl.m

$save as quadsimu.m

function [c0,C_3j,D,s2,e,logf,rl,z] = quadsimu(x,z,basis,p,j,itmax, sml,sm2, sm3)
co = [];

D = [];

s2 = [];

e = 1];

logf = [1;

if “iscell(x)

disp (’Error: X must_be_cell_array’)

return

else

[mx,nx] = size(x);

if (mx>1 && nx>1)

disp ('Error: X must_be a,one-dimensional_cell _array’)
return

end

end

if “isvector(z)

disp (’Error:_Z _must_be_vector_array’)

return

else

[mt, nt] = size(z);

if (mt > 1 && nt > 1)

disp ('Error:_z must_be _a _one-dimensional_array’)
return

else

if length(x) “= length(z)

disp ('Error:_the_dimension_of_ X and_Z_must _be_the_same ')

return

n = length(x);

m = zeros(n,1);

a = basis.rng(1l);

b = basis.rng(2);

for i = 1:n

x{i} (x{i}<a) = [I;

x{i} (x{i}>b) = [I;

m(i) = length(x{i});

end

if any (m==0)

disp ('Warning: _Some_x{i}s_have_no_data_within_basis _range’)
end

if any (m>=200)

disp ('Warning: Some_x{i}s _have _more_than_200_observations’)
disp (' This,_may, cause_Inf _yvalues, in_the likelihood_function’)

disp (' This _method_is_intended_for_relatively _small_x{i}s’)
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disp (’For _large_x{i}s_you_can_just_use_kernel_smoothing’)

end

g = basis.or + basis.nk;

t = linspace(a,b,300);

knt = linspace(a,b,basis.nk+2);
BO = bspl(t,basis.or,knt,0);

JO0 = (B0’ *B0) »dt;

if basis.or>2

B2 = bspl(t,basis.or,knt,2);

J2 = (B2’ *B2)xdt;

else

J2 = zeros(q,q);

end
sumB = zeros(n,q);
for i = 1:n

B_i = bspl(x{i},basis.or,knt,0);
sumB(i,:) = sum(B_i,1);

end

minz=min(z) ;

maxz=max (z) ;

kntz = linspace (minz,maxz,2);
r0 = bspl(z’,3,kntz,0);

rl = r0 - mean (r0);
zz=linspace (minz,maxz,n);
dz=zz (2)-zz (1) ;

if basis.or>2

r2 = bspl(z,3,kntz,2);

r3 = r2-mean(r2);

R3 = (r3’*r3)*dz;
else
R3 = zeros(3,3);
end

c0 = log(mean (m)/ (b-a))*ones(q,1);
logf = complogf0 (sumB,c0,dt,B0,m);
OF = mean (logf)-smlxc0’*J2xc0;
disp (/' -——>_Computing_mean’)

disp ([’ Iteration: 0, _Pen._loglik:_ ' num2str (OF)])

errCO = 1;
iter = 0;

while errC0 >le-3 && iter<itmax

iter = iter + 1;
c00 = cO0;
OF0 = OF;

[gc0,Hc0] = derivcO (sumB,c0,dt,B0);
gpll = gcO0-2+smlxJ2*c0O;

Hpll = HcO-2+smlxJ2;

direction = Hpll\gpll;

OF = -Inf;

k = 0;

while OF<=0F0 && k<6

step = 0.77k;

c0 = c00-stepxdirection;
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logf = complogfO (sumB,c0,dt,B0,m);

OF = mean (logf)-smlxc0’*J2xc0;
k = k+1;
end

if OF<=0F0 || "all(isfinite(c0))

disp (' No_further_improvement_in_obj._func. _is_possible’)

c0 = c00;

OF = OFO0;

end

errCO = norm(cO-cO

disp([’Iteration: /'

num2str (OF)

end

C = zeros (g, p);
D= [0.1,0.1,0.1]"
u = zeros(n, p);

for ic = 1:p
if ic==
P = eye(q)

else

P =

i,ic) =

i,ic) = C(:

1,ic) =

:,ic) = u(:,ic-1)

(u(:,3) - rl =
)i

1;

s2=var (e
errC =
errD = 1;

total_iter =
max_C_iter =
max_D_iter =
c_j =cC(:,

[e, e2, logf] =
OF =
fprintf (' log:%f\n’
while (errC > le-4
d_iter = 0;

while errD >

r, Error: '

,ic)/sqrt (C

compeff (sumB,

0) /norm (c00) ;

num2str (iter)

i

null(C(:,1:ic-1)’*J0)

(P«xP’) xones (q, 1)

(:,ic)

sum (exp (BO*c0) ) »dt;

/2;

D) /20;

OF)

total_iter = total_iter + 1;
d_iter = d_iter + 1;

d00 = D; e00 = e; e200 = e2;
OF0 = OF;

c0,

errD > le-4)

', _Pen._loglik: '

num2str (errC0)])

"«J0xC(:,1ic));

sqrt (b-a) »log (max (m, 1) /I1mb0) ;

c_j, D, s2, dt, BO, m, e,

mean (logf) -sml*c0’ *J2xc0-sm2xC_Jj’ xJ2+C_Jj-sm3xD’ *R3xD;

&& total_iter < itmax

rl);

le-4 && d_iter < max_D_iter && total_iter < itmax
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[gd, Hd] = derivD(sumB, c0, C_j, dt, D, BO, rl, e00);
gdp = gd - 2 * sm3 * R3 * D;
Hdp = Hd - 2 % sm3 x* R3 + le-4 x eye(size(Hd));

directionD = Hdp \ gdp;

OF = -Inf;
while OF <= OF0 && k < 10
step = 0.77k;

D = d00 - step * directionD;

[e, e2, logf] = compeff (sumB, c0, C_j, D, s2, dt, B0, m, e00, rl);

OF = mean(logf) - sml % c0’ % J2 % c0 - sm2 % C_J’ % J2 = C_j - sm3 % D’ % R3 % D;
k =k + 1;

end

OF_drop = OF0 - OF;

if (OF_drop > le-4) && (norm(D - d00)/norm(d00) < 5e-4)
D = d00; e = e00; e2 = e200;

OF = OFO0;

fprintf ('D_update_rejected: OF _dropped, too_much\n’);
else

errD = norm(D - d00) / norm(d00);

end

s2 = mean(e2, 1)’;
fprintf ('D_Iteration: %d, _OF:_%.6f, Error D:_ %.6f\n’, d_iter, OF, errD)

end

c_iter = 0;

while errC > le-4 && c_iter < max_C_iter && total_iter < itmax
total_iter = total_iter + 1;

c_iter = c_iter + 1;

c00 = C_j; e00 = e; €200 = e2;

[gc, Hc] = derivC(sumB, c0, C_j, D, dt, BO, rl, e00);

gcp = gc — 2 % sm2 x J2 * C_j;

Hcp = Hc - 2 » sm2 *x J2;

directionC = P % ((P’ * Hcp * P) \ (P’  gcp));

OF0 = OF; 1 = 0;

while OF <= OF0 && 1 < 10
step = 0.771;

C_j = c00 - step x directionC;

C_j =C_3j / sqrt(C_j" = J0 = C_3);

[e, e2, logf] = compeff (sumB, cO, C_j, D, s2, dt, BO, m, e, rl);

OF = mean(logf) - sml % c0’ % J2 % c0 - sm2 % C_J’ % J2 % C_j - sm3 = D’ % R3 % D;
1=1+1;

end

OF_drop = OF0 - OF;

if (OF_drop > le-4) && (norm(C_j - c00)/norm(c00) < 5e-4)
C_j = c00; e = e00; e2 = e200;

OF = OFO0;

fprintf (' C_update_rejected: OF_dropped_too_much\n’);

else
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errC = norm(C_j - c00) / norm(c00);

end

s2 = mean(e2, 1)’;
fprintf ('C_Iteration: _%d, _OF: _%.6f, Error C:_%.6f\n’, c_iter, OF, errC)
end

end

if total_iter >= itmax
disp (’Maximum_number _of iterations_reached before_convergence.’);
end

end

function logf = complogf0 (sumB,c0,dt,B0,m)

logf = -sum(exp (BOxc0))*dt + sumBxcO - gammaln (m+1);
end
function [gc0O,Hc0] = derivcO (sumB,c0,dt,B0)

g = size(B0,2);

HcO = — (B0’ ((exp (BO*c0) xones (1,q)) .*B0))*dt;

gc0 = -B0’ xexp (BOxc0) »dt + mean (sumB,1)’;

end

function [e,e2,logf] = compeff (sumB,c0,C_j,D,s2,dt,B0,m,e_ini,rl)
[n,p] = size(e_ini);

Phi = BO*C_j;

logf = zeros(n,1);
e = e_ini;

e2 = e_ini."2;

for i = 1:n

eL = e_ini(i,:);

uL = rl(i,:) » D + eL;
D_gi = zeros(l,p);
H_gi = eye(p);

for steps = 1:10

el = el - D_gi/H gi;

lmbi = exp (BOxc0+B0*C_j*ul’);

D_gi = -lmbi’*Phixdt + sumB(i,:)*C_j- eL./s2’;

H_gi = -Phi’ % (lmbi .% Phi) * dt - 1/s2;

end

gi = —sum(lmbi)*dt + sumB(i,:)«* (cO+C_j*ul’) - gammaln(m(i)+1)
-sum(eL."2./(2%s2")) - .5xsum(log(2+pixs2));

logf (i) = gi + (p/2)*log(2+pi) - 0.5+log(-H_gi);

S = -1/H_gi;

e(i,:) = elL;

e2(i,:) = S + elL"2;

end

end

function [gc,Hc] = derivC(sumB,c0,C_j,D,dt,BO,rl,e)

n = length(e);

g = length(c0);
ng = size(BO,1);
u_Jj=rlxD+e;
u_j2=u_j."2;

1mbC = exp (BOxcOxones (1,n)+B0xC_j*u_j’);

73




ulmbC = (ones(ng,1l)*u_j’) .x1lmbC;

u2lmbC = (ones(ng,1)*u_3j2’) .x1lmbC;

gc = (-BO’+mean (ulmbC,2))*dt + (sumB’=*u_j/n);

Hc = —(BO’ = ((mean (u2lmbC, 2) xones (1,q)) .*B0)) *xdt;
end

function [gd,Hd] = derivD (sumB,c0,C_j,dt,D,B0,rl,e)

n = length(e);
u_Jj=rlxD+e;

1mbD = exp (BOxcOxones (1,n)+B0xC_jxu_3j’);

gd = —((rl”*((BO%C_j)’*1mbD)’)/n)*dt + (rl’*sumB+C_j)/n;
Hd = -(rl’sdiag(mean(((B0O+C_j)."2)’*1lmbD,2))*rl) /nxdt;
end
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A.9 MATLAB Code for Linear Model Error Estimation and Curve

Fitting Results at Baseline Rate 10

¢need the "temp2016_simu" variable in Rawdata.mat
$need the scrpit: bspl.m

%need linsimu.m

cl=log(5);

basis_simu = struct(’rng’, [0 1], 'or’, 4, 'nk’, 10);
t = linspace (0, 1, 300);

knt = linspace(0,1,basis_simu.nk+2);

BO = bspl(t,basis_simu.or,knt,0);

[x_c1_91] = simu_data_1l(cl, 91, 200, temp2016_simu,0.3,0.03);
xx_cl_91 = cell (91, 200);

for i = 1:200

for j = 1:91

xx_cl_91{j, i} = x_cl_91{i}{j};

end

end

numCols_91 = size(xx_cl_91, 2);

c0_cl_91 = cell(l, numCols_091);

C_cl_91 = cell(l, numCols_091);

D_cl_91 = zeros(l, numCols_91);

z = (temp20l16_simu - mean (temp2016_simu)) / std(temp2016_simu);
xFit_91=linspace (min(z), max(z), 91);

for i = l:numCols_091

x_col = xx_cl_91(:, 1i);

[c0,C_j,D,s2,e,logf] = linsimu(x_col,xFit_91,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001);
c0_cl_91{i} = cO0;

C_cl_91{i} = C_j;

D_cl_91(i) = D;

end

[x_c1_183] = simu_data_1l(cl, 183, 200, temp2016_simu,0.3,0.03);
xx_cl_183 = cell (183, 200);

for i = 1:200

for j = 1:183

xx_cl1_183{]j, i} = x_cl_183{i}{j};

end

end

numCols_183 = size(xx_cl_183, 2);

c0_cl_183 = cell(l, numCols_183);

C_cl_ 183 = cell(l, numCols_183);

D_cl_183 = zeros(l, numCols_183);

z = (temp2016_simu - mean (temp2016_simu)) / std(temp2016_simu);
xFit_183=linspace (min(z), max(z), 183);

for i = l:numCols_183

x_col = xx_cl_183(:, 1);

[c0,C_j,D,s2,e,logf] = linsimu(x_col,xFit_183,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001);
c0_cl1_183{i} = c0;

C_cl_183{i} = C_3j;

D_cl_183(i) = D;

end
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[x_cl_366] = simu_data_1l(cl, 366, 200, temp2016_simu,0.3,0.03);
xx_cl_366 = cell(366, 200);

for i = 1:200

for j = 1:366

xx_cl_366{3j, 1} = x_cl_366{i}{J};

end

end

numCols_366 size(xx_cl_366, 2);

c0_cl_366 = cell(l, numCols_366);
C_cl_366 = cell(l, numCols_366);
D_cl_366 = zeros(l, numCols_366);
z = (temp2016_simu - mean (temp20l6_simu)) / std(temp2016_simu);

xFit_366=linspace (min(z), max(z), 366);

for i = l:numCols_366

x_col xx_cl_366(:, 1);

[c0,C_3j,D,s2,e,1logf]

c0_cl_366{i} = c0;

C_cl_366{i} = C_3j;

D_cl_366(i) = D;

end

mu_true_cl = sin(pixt) + cl;
phi_true_cl = sqrt(2) x sin(pixt);
mu_simu_cl_91 = zeros (300, 200);

for i = 1:200

mu_simu_cl_91(:, i) = BO % cO_cl_91{i};

end

mu_mean_cl_9l=mean (mu_simu_cl_91, 2);

figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);
hold on;

plot (t, mu_mean_cl_91, ’b’, ’LineWidth’, 2);

legend (' True_\mu’, ’'Mean_Estimated_\mu_(91)’, ’Location’,

title (' True_vs_Estimated _\mu_ (91 _Samples, and_rate=10)');

mu_simu_cl_183 = zeros (300, 200);

for i 1:200

mu_simu_cl_183(:, i) = BO * c0_cl_183{i};

end

mu_mean_cl_1l83=mean (mu_simu_cl_183, 2);

figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);
hold on;

plot (t, mu_mean_cl_183, ’'b’, ’LineWidth’, 2);

legend (' True_\mu’, ’'Mean_Estimated_\mu_(183)’, ’Location’,

title (' True _vs,_Estimated \mu_ (183 _Samples_and_rate=10)");

mu_simu_cl_366 zeros (300, 200);

for i 1:200

mu_simu_cl_366(:, i) = BO * c0_cl_366{i}

end

mu_mean_cl_366=mean (mu_simu_cl_366, 2);

linsimu(x_col,xFit_366,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001)

"Best’);

"Best’);
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figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_mean_cl_366, 'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(366)’, ’Location’, ’'Best’);

title (' True_vs,_Estimated_\mu_ (366 _Samples_and_rate=10)');

phi_simu_cl_91 = zeros (300, 200);

for i = 1:200

phi_simu_cl_91(:, i) = BO % C_cl_91{i};
end

phi_mean_cl_9l=mean (phi_simu_cl_91 , 2);

figure;

plot (t, phi_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, phi_mean_cl_91, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’‘Mean_Estimated_\phi_(91)’, ’Location’, ’Best’);

title (' True_vs _Estimated_\phi, (91 _Samples, and_rate=10)");

phi_simu_cl_183 = zeros (300, 200);

for i = 1:200

phi_simu_cl1_183(:, i) = BO x C_cl_183{i}
end

phi_mean_cl_183=mean (phi_simu_cl_183 , 2);

figure;

plot (t, phi_true_cl, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_mean_cl_183, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’'Mean_Estimated_\phi_(183)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (183_Samples_and_rate=10)");

phi_simu_cl_366 = zeros (300, 200);

for i = 1:200

phi_simu_cl_366(:, i) = BO » C_cl_366{1i};
end

phi_mean_cl_366=mean (phi_simu_cl_366 , 2);

figure;

plot (t, phi_true_cl, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_mean_cl_366, ’'b’, ’LineWidth’, 2);

legend (' True_\phi’, ’Mean_Estimated_\phi_(366)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (366 _Samples_and_rate=10)");
bias_mu_cl_91 = norm(mu_mean cl_91 - mu_true_cl’)/sqrt (numel (mu_mean_cl_91));
bias_mu_cl_183 = norm(mu_mean_cl_183 - mu_true_cl’)/sqrt (numel (mu_mean_cl_183));

bias_mu_cl_366 = norm(mu_mean_cl_366 - mu_true_cl’)/sqrt (numel (mu_mean_cl_366));

deviation_mu_cl_91 = mu_simu_cl_91 - mu_mean_cl_91;

std_mu_cl_91 = sqrt (mean (var (deviation_mu_cl_91, 0, 1)));

deviation_mu_cl_183 = mu_simu_cl_183 - mu_mean_cl_183;

std_mu_cl_183 = sqrt (mean (var (deviation_mu_c1_183, 0, 1)));
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deviation_mu_cl_366 = mu_simu_cl_366 - mu_mean_cl_366;

std_mu_cl_366 = sqrt (mean (var (deviation_mu_cl_366, 0, 1)));

error_mu_cl_91=mu_simu_cl_91 - mu_true_cl’;

rmse_mu_cl_91 = norm(error_mu_cl_91, ’'fro’) / sqgrt(numel (error_mu_cl_91));

error_mu_cl_183=mu_simu_cl_183 - mu_true_cl’;

rmse_mu_cl_183 = norm(error_mu_cl_183, ’‘fro’) / sqrt(numel (error_mu_cl_183));

error_mu_cl_366=mu_simu_cl_366 - mu_true_cl’;

rmse_mu_cl_366 = norm(error_mu_cl_366, ’fro’) / sqrt(numel (error_mu_cl_366));

shifted_phi_true_cl = circshift (phi_true_cl, 1, 1);

bi_phi_true_cl = phi_true_cl.* shifted_phi_true_cl;

shifted_phi_cl_91 = circshift (phi_simu_cl1_91, 1, 1);
bi_phi_cl1_91 = phi_simu_cl_91.* shifted_phi_cl_91;
mean_bi_phi_cl_91=mean(bi_phi_cl_91, 2);

bias_bi_phi_cl_91 = norm(mean_bi_phi_cl_91 - bi_phi_true_cl’)/ sqrt (numel (mean_bi_phi_cl_91));

shifted_phi_c1_183 = circshift (phi_simu_c1_183, 1, 1);
bi_phi_c1_183 = phi_simu_cl_183.* shifted_phi_cl_183;
mean_bi_phi_cl_183=mean(bi_phi_cl_ 183, 2);

bias_bi_phi_cl_183 = norm(mean bi_phi_cl 183 - bi_phi_true_cl’)/ sqrt(numel (mean_bi_phi cl_183));

shifted_phi_cl_366 = circshift (phi_simu_cl_366, 1, 1);
bi_phi_cl1_366 = phi_simu_cl_366.* shifted_phi_cl_366;
mean_bi_phi_cl_366=mean (bi_phi_cl_366, 2);

bias_bi_phi_cl_366 = norm(mean_bi_phi_cl 366 - bi_phi_true_cl’)/ sqrt(numel (mean_bi_phi_cl_366));

deviation_phi_cl_91 = bi_phi_cl_91 - mean_bi_phi_cl_91;

std_phi_cl_91 = sqrt (mean(var (deviation_phi_cl_ 91, 0, 1)));

deviation_phi_c1_183 = bi_phi_cl1_183 - mean_bi_phi_cl_183;

std_phi_cl 183 = sqrt (mean (var (deviation_phi_cl_ 183, 0, 1)));

deviation_phi_cl_366 = bi_phi cl_366 - mean_bi phi_cl_366;

std_phi_cl_366 = sqrt (mean (var (deviation_phi_cl_366, 0, 1)));

error_phi_cl_91=bi_phi_cl1_91 - bi_phi_true_cl’;

rmse_phi_cl_91 = norm(error_phi_cl_91, ’‘fro’) / sqrt(numel (error_phi_cl_91));

error_phi_cl_183=bi_phi_cl_183 - bi_phi_true_cl’;

rmse_phi_cl_183 = norm(error_phi_cl 183, ’"fro’) / sqrt (numel (error_phi_cl_183));

error_phi_cl_366=bi_phi_cl_366 - bi_phi_true_cl’;

rmse_phi_cl_366 = norm(error_phi_cl 366, 'fro’) / sqgrt(numel (error_phi_cl_366));

g_true_cl_91=0.3+xxFit_91;
g_mean_cl_9l=mean (D_cl_91)*xFit_91;

bias_g_cl_91 = mean(g_mean_cl_91 - g_true_cl_91)/ sqgrt (numel (g_mean_cl_91));
g_true_cl_183=0.3xxFit_183;

g_mean_cl_183=mean(D_cl_183)*xFit_183;

bias_g_cl_183 = mean(g_mean_cl_183 - g_true_cl_183)/ sqrt (numel (g_mean_cl_183));
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g_true_cl_366=0.3%xxFit_366;
g_mean_cl_366=mean (D_cl_366)*«xFit_366;

bias_g_cl_366 = mean(g_mean_cl_366 - g_true_cl_366)/ sqrt(numel (g_mean_cl_366));

g_simu_cl_91=D_cl_91’*xFit_91;
deviation_g_cl_91 = g_simu_cl_91 - g_mean_cl_91;

std_g_cl_91 = sqgrt (mean(var (deviation_g_cl_91, 0, 1)));

g_simu_cl_183=D_cl_183"+«xFit_183;
deviation_g_cl_183 = g_simu_cl_183 - g_mean_cl_183;

std_g_cl_183 = sqrt (mean (var (deviation_g_cl_183, 0, 1)));

g_simu_cl_366=D_cl_366’xxFit_366;
deviation_g_cl_366 = g_simu_cl_366 - g_mean_cl_366;

std_g_cl_366 = sqgrt (mean(var (deviation_g_cl 366, 0, 1)));

error_g_cl_91=g_simu_cl_91 - g_true_cl_91;

rmse_g_cl_91 = norm(error_g_cl_91, ’'fro’) / sqrt(numel (error_g_cl_91));

error_g_cl_183=g_simu_cl_183 - g_true_cl_183;

rmse_g_cl_183 = norm(error_g_cl_183, ‘fro’) / sqrt(numel (error_g_cl_183));

error_g_cl_366=g_simu_cl_366 - g_true_cl_366;

rmse_g_cl_366 = norm(error_g_cl_366, 'fro’) / sqgrt(numel (error_g_cl_366));

figure;

plot (xFit_91, g_true_cl_91, ’'r’, ’LineWidth’, 2);

hold on;

plot (xFit_91, g_mean_cl_91, ’b’, ’'LineWidth’, 2);

legend ('’ True _g’, ’'Mean_Estimated g (91)’, ’'Location’, ’Best’);

title (' True _vs, Estimated _g_(91_Samples_and_rate=10)");

figure;

plot (xFit_183, g_true_cl_183, ’r’, ’LineWidth’, 2);

hold on;

plot (xFit_183, g_mean_cl_183, ’'b’, ’LineWidth’, 2);
legend ('’ True _g’, ’Mean _Estimated g (183)’, 'Location’, ’Best’);

title (' True_vs_Estimated_g_ (183 _Samples _and_rate=10)");

figure;

plot (xFit_366, g_true_cl_366, ’'r’, ’LineWidth’, 2);

hold on;

plot (xFit_366, g_mean_cl_366, ’'b’, ’LineWidth’, 2);

legend ('’ True_g’, ’Mean_Estimated_g_(366)’, ’Location’, ’Best’);

title (' True_vs _Estimated g (366_Samples_and_rate=10)");

figure;

plot (t, mu_true_cl, ’r’, ’LineWidth’, 2);

hold on;

plot (t, mu_mean_cl_366 %= 0.97, 'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’'Estimated_\mu,(scaled_to_ 97%)’, ’'Location’, ’Best’);

title (' True _vs _Estimated \mu_ (366 _Samples, rate=10, Estimated \mu_rescaled_to, 97%)");
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A.10 MATLAB Code for Linear Model Error Estimation and Curve

Fitting Results at Baseline Rate 30

¢need the "temp2016_simu" variable in Rawdata.mat
$need the scrpit: bspl.m

%need linsimu.m

c2=log(15);

basis_simu = struct(’rng’, [0 1], 'or’, 4, 'nk’, 10);
t = linspace (0, 1, 300);

knt = linspace(0,1,basis_simu.nk+2);

BO = bspl(t,basis_simu.or,knt,0);

[x_c2_91] = simu_data_1l(c2, 91, 200, temp2016_simu,0.3,0.03);
xx_c2_91 = cell (91, 200);

for i = 1:200

for j = 1:91

xx_c2_91{3, 1} = x_c2_91{i}{j};

end

end

numCols_91 = size(xx_c2_91, 2);

c0_c2_91 = cell(l, numCols_091);

C_c2_91 = cell(l, numCols_091);

D_c2_91 = zeros(l, numCols_91);

z = (temp20l16_simu - mean (temp2016_simu)) / std(temp2016_simu);
xFit_91=linspace (min(z), max(z), 91);

for i = l:numCols_091

x_col = xx_c2_91(:, 1i);

[c0,C_j,D,s2,e,logf] = linsimu(x_col,xFit_91,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001);
c0_c2_91{i} = cO0;

C_c2_91{i} = C_j;

D_c2_91(i) = D;

end

[x_c2_183] = simu_data_1l(c2, 183, 200, temp2016_simu,0.3,0.03);
xx_c2_183 = cell (183, 200);

for i = 1:200

for j = 1:183

xx_c2_183{7j, i} = x_c2_183{i}{j};

end

end

numCols_183 = size(xx_c2_183, 2);

c0_c2_183 = cell(l, numCols_183);

C_c2_183 = cell(l, numCols_183);

D_c2_183 = zeros(l, numCols_183);

z = (temp2016_simu - mean (temp2016_simu)) / std(temp2016_simu);
xFit_183=linspace (min(z), max(z), 183);

for i = l:numCols_183

x_col = xx_c2_183(:, 1);

[c0,C_j,D,s2,e,logf] = linsimu(x_col,xFit_183,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001);
c0_c2_183{i} = c0;

C_c2_183{i} = C_3j;

D_c2_183(i) = D;

end
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[x_c2_366] = simu_data_1l(c2, 366, 200, temp2016_simu,0.3,0.03);
xx_c2_366 = cell(366, 200);

for i = 1:200

for j = 1:366

xx_c2_366{3j, 1} = x_c2_366{i}{J};

end

end

numCols_366 size (xx_c2_366, 2);

c0_c2_366 = cell(l, numCols_366);
C_c2_366 = cell(l, numCols_366);
D_c2_366 = zeros(l, numCols_366);
z = (temp2016_simu - mean (temp20l6_simu)) / std(temp2016_simu);

xFit_366=linspace (min(z), max(z), 366);

for i = l:numCols_366

x_col XX_C2_366(:, 1);

[c0,C_3j,D,s2,e,1logf]

c0_c2_366{i} = c0;

C_c2_366{i} = C_3J;

D_c2_366(i) = D;

end

mu_true_c2 = sin(pixt) + c2;
phi_true_c2 = sqrt(2) x sin(pixt);
mu_simu_c2_91 = zeros (300, 200);

for i = 1:200

mu_simu_c2_91(:, i) = BO x cO0_c2_91{i};

end

mu_mean_c2_91l=mean (mu_simu_c2_91, 2);

linsimu(x_col,xFit_366,-0.1,basis_simu,1,1,100,0.001,0.0001,0.00001)

figure;

plot (t, mu_true_c2, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_mean_c2_91, ’b’, ’LineWidth’, 2);

legend ('’ True_\mu’, ’'Mean_Estimated_\mu,(91)’, ’Location’, ’'Best’);
title (' True_vs_Estimated _\mu_ (91 _Samples, and_rate=30)');
mu_simu_c2_183 = zeros (300, 200);

for i = 1:200

mu_simu_c2_183(:, i) = BO » c0_c2_183{i};

end

mu_mean_c2_183=mean (mu_simu_c2_183, 2);

figure;

plot (t, mu_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, mu_mean_c2_183, ’'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(183)’, ’Location’, ’'Best’);

title (' True _vs, Estimated \mu_ (183 _Samples_and_rate=30)");

mu_simu_c2_366 zeros (300, 200);

for i 1:200

mu_simu_c2_366(:, i) = BO * c0_c2_366{i}

end

mu_mean_c2_366=mean (mu_simu_c2_366, 2);
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figure;

plot (t, mu_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, mu_mean_c2_366, 'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(366)’, ’Location’, ’'Best’);

title (' True_vs,_Estimated_\mu_ (366 _Samples_and_rate=30)');

phi_simu_c2_91 = zeros (300, 200);

for i = 1:200

phi_simu_c2_91(:, i) = B0 % C_c2_91{i};
end

phi_mean_c2_91=mean (phi_simu_c2_91 , 2);

figure;

plot (t, phi_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_mean_c2_91, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’'Mean_Estimated \phi_(183)’, ’Location’, ’'Best’);

title (' True_vs _Estimated_\phi, (91 _Samples, and_rate=30)');

phi_simu_c2_183 = zeros (300, 200);

for i = 1:200

phi_simu_c2_183(:, i) = BO x C_c2_183{i}
end

phi_mean_c2_183=mean (phi_simu_c2_183 , 2);

figure;

plot (t, phi_true_c2, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_mean_c2_183, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’'Mean_Estimated_\phi_(183)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (183_Samples_and_rate=30)");

phi_simu_c2_366 = zeros (300, 200);

for i = 1:200

phi_simu_c2_366(:, i) = BO » C_c2_366{1i};
end

phi_mean_c2_366=mean (phi_simu_c2_366 , 2);

figure;

plot (t, phi_true_c2, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_mean_c2_366, ’'b’, ’LineWidth’, 2);

legend (' True_\phi’, ’Mean_Estimated_\phi_(366)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (366 _Samples_and_rate=30)");
bias_mu_c2_91 = norm(mu_mean_c2_91 - mu_true_c2’)/sqrt (numel (mu_mean_c2_91));
bias_mu_c2_183 = norm(mu_mean_c2_183 - mu_true_c2’)/sqrt (numel (mu_mean_c2_183));

bias_mu_c2_366 = norm(mu_mean_c2_366 - mu_true_c2’)/sqrt (numel (mu_mean_c2_366));

deviation_mu_c2_91 = mu_simu_c2_91 - mu_mean_c2_91;

std_mu_c2_91 = sqrt (mean (var (deviation_mu_c2_91, 0, 1)));

deviation_mu_c2_183 = mu_simu_c2_183 - mu_mean_c2_183;

std_mu_c2_183 = sqrt (mean (var (deviation_mu_c2_183, 0, 1)));
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deviation_mu_c2_366 = mu_simu_c2_366 - mu_mean_c2_366;

std_mu_c2_366 = sqrt (mean (var (deviation_mu_c2_366, 0, 1)));

error_mu_c2_91=mu_simu_c2_91 - mu_true_c2’;

rmse_mu_c2_91 = norm(error_mu_c2_91, ’‘fro’) / sqgrt(numel (error_mu_c2_91));

error_mu_c2_183=mu_simu_c2_183 - mu_true_c2’;

rmse_mu_c2_183 = norm(error_mu_c2_183, ‘fro’) / sqrt(numel (error_mu_c2_183));

error_mu_c2_366=mu_simu_c2_366 - mu_true_c2’;

rmse_mu_c2_366 = norm(error_mu_c2_366, ’fro’) / sqrt(numel (error_mu_c2_366));

shifted_phi_true_c2 = circshift (phi_true_c2, 1, 1);

bi_phi_true_c2 = phi_true_c2.* shifted_phi_true_c2;

shifted_phi_c2_91 = circshift (phi_simu_c2_91, 1, 1);
bi_phi_c2_91 = phi_simu_c2_91.* shifted_phi_c2_091;
mean_bi_phi_c2_91=mean(bi_phi_c2_91, 2);

bias_bi_phi_c2_91 = norm(mean_bi_phi_c2_91 - bi_phi_true_c2’)/ sqrt (numel (mean_bi_phi_c2_91));

shifted_phi_c2_183 = circshift (phi_simu_c2_183, 1, 1);
bi_phi_c2_183 = phi_simu_c2_183.* shifted_phi_c2_183;
mean_bi_phi_c2_183=mean(bi_phi_c2_183, 2);

bias_bi_phi_c2_183 = norm(mean bi_phi_c2_ 183 - bi_phi_true_c2’)/ sqrt(numel (mean_bi_phi_c2_183));

shifted_phi_c2_366 = circshift (phi_simu_c2_366, 1, 1);
bi_phi_c2_366 = phi_simu_c2_366.* shifted_phi_c2_366;
mean_bi_phi_c2_366=mean (bi_phi_c2_366, 2);

bias_bi_phi_c2_366 = norm(mean_bi_phi_c2_ 366 - bi_phi_true_c2’)/ sqrt(numel (mean_bi_phi_c2_366));

deviation_phi_c2_91 = bi_phi_c2_91 - mean_bi_phi_c2_91;

std_phi_c2_91 = sqrt (mean (var (deviation_phi_c2_91, 0, 1)));

deviation_phi_c2_183 = bi_phi_c2_183 - mean_bi_phi_c2_183;

std_phi_c2_183 = sqrt (mean (var (deviation_phi_c2_183, 0, 1)));

deviation_phi_c2_366 = bi_phi_c2_366 - mean_bi_phi_c2_366;

std_phi_c2_366 = sqrt (mean (var (deviation_phi_c2_366, 0, 1)));

error_phi_c2_91=bi_phi_c2_91 - bi_phi_true_c2’;

rmse_phi_c2_91 = norm(error_phi_c2_91, ’'fro’) / sqrt(numel (error_phi_c2_91));

error_phi_c2_183=bi_phi_c2_183 - bi_phi_true_c2’;

rmse_phi_c2_183 = norm(error_phi_c2_ 183, ’"fro’) / sqrt(numel (error_phi_c2_183));

error_phi_c2_366=bi_phi_c2_366 - bi_phi_true_c2’;

rmse_phi_c2_366 = norm(error_phi_c2_ 366, 'fro’) / sqrt(numel (error_phi_c2_366));

g_true_c2_91=0.3+xFit_91;
g_mean_c2_91l=mean (D_c2_91) *xFit_91;

bias_g_c2_91 = mean(g_mean_c2_91 - g_true_c2_91)/ sqgrt (numel (g_mean_c2_91));
g_true_c2_183=0.3xxFit_183;

g_mean_c2_183=mean (D_c2_183) xxFit_183;

bias_g_c2_183 = mean(g_mean_c2_183 - g_true_c2_183)/ sqrt (numel (g_mean_c2_183));
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g_true_c2_366=0.3%xxFit_366;
g_mean_c2_366=mean (D_c2_366) «xFit_366;

bias_g_c2_366 = mean(g_mean_c2_366 - g_true_c2_366)/ sqrt(numel (g_mean_c2_366));

g_simu_c2_91=D_c2_91’«xFit_91;
deviation_g_c2_91 = g_simu_c2_91 - g_mean_c2_91;

std_g_c2_91 = sqgrt (mean(var (deviation_g_c2_91, 0, 1)));

g_simu_c2_183=D_c2_183" «xFit_183;
deviation_g_c2_183 = g_simu_c2_183 - g_mean_c2_183;

std_g_c2_183 = sqrt (mean (var (deviation_g_c2_183, 0, 1)));

g_simu_c2_366=D_c2_366' xxFit_366;
deviation_g_c2_366 = g_simu_c2_366 - g_mean_c2_366;

std_g_c2_366 = sqgrt (mean(var (deviation_g_c2_366, 0, 1)));

error_g_c2_91=g_simu_c2_91 - g_true_c2_91;

rmse_g_c2_91 = norm(error_g_c2_91, 'fro’) / sqrt(numel (error_g_c2_91));

error_g_c2_183=g_simu_c2_183 - g_true_c2_183;

rmse_g_c2_183 = norm(error_g_c2_183, ‘fro’) / sqrt(numel (error_g_c2_183));

error_g_c2_366=g_simu_c2_366 - g_true_c2_366;

rmse_g_c2_366 = norm(error_g_c2_366, 'fro’) / sqgrt(numel (error_g_c2_366));

figure;

plot (xFit_91, g_true_c2_91, ’'r’, ’LineWidth’, 2);

hold on;

plot (xFit_91, g_mean_c2_91, ’'b’, ’'LineWidth’, 2);

legend ('’ True _g’, ’'Mean_Estimated g (91)’, ’'Location’, ’Best’);

title (' True _vs, Estimated _g_(91_Samples_and_rate=30)");

figure;

plot (xFit_183, g_true_c2_183, ’'r’, ’LineWidth’, 2);

hold on;

plot (xFit_183, g_mean_c2_183, ’'b’, ’'LineWidth’, 2);
legend ('’ True _g’, ’Mean _Estimated g (183)’, 'Location’, ’Best’);

title (' True _vs _Estimated_g_(183_Samples,and rate=30)");

figure;

plot (xFit_366, g_true_c2_366, ’'r’, ’LineWidth’, 2);

hold on;

plot (xFit_366, g_mean_c2_366, ’'b’, ’LineWidth’, 2);

legend ('’ True_g’, ’Mean_Estimated_g_(366)’, ’Location’, ’Best’);

title (' True_vs _Estimated g (366_Samples_and_rate=30)");

figure;

plot (t, mu_true_c2, ’r’, ’LineWidth’, 2);

hold on;

plot (t, mu_mean_c2_366 x= 0.97, 'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’'Estimated_\mu,(scaled_to_ 97%)’, ’'Location’, ’Best’);

title (' True _vs _Estimated \mu_ (366 _Samples, rate=30, Estimated \mu_rescaled_to, 97%)");
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Fitting Results at Baseline Rate

A.11 MATLAB Code for Quadratic Model Error Estimation and Curve

10

¢need the "temp2016_simu" variable in Rawdata.mat
$need the scrpit: bspl.m

$need quadsimu.m

cl=log(5);

basis_simu = struct(’rng’, [0 1], 'or’, 4, 'nk’, 10);
t = linspace (0, 1, 300);

knt = linspace(0,1,basis_simu.nk+2);

B0 = bspl(t,basis_simu.or,knt,0);

[y_cl_91,y_true_cl_91,xCentered_cl_91] = simu_data_g(cl, 91, 200, temp2016_simu,0.1, 0.03
yy_cl_91 = cell(91, 200);

for i = 1:200

for j = 1:91

yy_cl _91{(j, i} = y_cl _91{i}{J};

end

end

numCols_91 = 2);

size(yy_cl_91,

c0_cl_91 = cell(l, numCols_91);
C_cl_91 = cell(l, numCols_091);
D_cl_91 = cell(l, numCols_091);

z = (temp20l16_simu - mean (temp2016_simu)) / std(temp2016_simu);

yFit_91=linspace (min(z), max(z), 91);

for i 1:numCols_91

y_col = i);

yy_cl_91(:,

[c0,C_j,D,s2,e,logf,rl_cl_91] quadsimu(y_col,yFit_91’,basis_simu,1,1,100,0.001,0.0001,0

cO_cl_91{i} c0;

C_cl_91{i} C

_Ji

D_cl_91{i} = D;

end

[y_c1_183,y_true_cl_183,xCentered_cl_183] = simu_data_g(cl, 183, 200, temp2016_simu,0.1,
yy_cl_183 = cell (183, 200);

for i = 1:200

for j = 1:183

yy_cl_183{j, i} = y_cl_183{i}{]j};

end

end

numCols_183 = size(yy_cl_ 183, 2);

c0_cl_183 = cell(l, numCols_183);
C_cl_ 183 = cell(l, numCols_183);
D_cl_183 = cell(l, numCols_183);

z = (temp20l6_simu - mean (temp2016_simu)) / std(temp2016_simu);

yFit_183=linspace (min(z), max(z), 183);

for 1 1l:numCols_183

y_col yy_cl_183(:, 1i);

[c0,C_j,D,s2,e,logf,rl_cl_183] quadsimu(y_col,yFit_183’,basis_simu,1,1,100,0.001,0.0001

c0_cl1_183{i}

= c0;
C_cl_183{1i}
D_cl_183{1i}

end
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[y_cl_366,y_true_cl_366,xCentered_cl_366] = simu_data_g(cl, 366, 200, temp2016_simu,0.1,

yy_cl_366 = cell(366, 200);

for i = 1:200

for j = 1:366

yy_cl_366{j, i} = y_cl_366{i}{j};

end

end

numCols_366 = size(yy_cl_366, 2);
c0_cl_366 = cell(l, numCols_366);
C_cl_366 = cell(l, numCols_366);
D_cl_366 = cell(l, numCols_366);

z = (temp2016_simu - mean (temp20l6_simu)) / std(temp2016_simu);
yFit_366=linspace (min(z), max(z), 366);
for i = l:numCols_366

y_col = yy_cl _366(:, 1i);

0.03,0.3);

[c0,C_3,D,s2,e,1logf,rl_cl_366] = quadsimu(y_col,yFit_366’,basis_simu,1,1,100,0.001,0.0001,0.00001);

c0_cl_366{i} = c0;
C_cl_366{i} = C_3;
D_cl_366{i} = D;

end

mu_true_cl = sin(pixt) + cl;

phi_true_cl = sqrt(2) x sin(pixt);

mu_g_simu_cl_91 = zeros (300, 200);

for i = 1:200

mu_qg_simu_cl_91(:, i) = BO * cO_cl_91{i};
end

mu_g_mean_cl_9l=mean (mu_g_simu_cl_91, 2);

figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_cl_91, ’'b’, ’LineWidth’, 2);

legend ('’ True_\mu’, ’'Mean_Estimated_\mu,(91)’, ’Location’, ’'Best’);

title (' True_vs_Estimated _\mu_ (91 _Samples, and_rate=10)');

mu_qg_simu_cl_183 = zeros (300, 200);

for i = 1:200

mu_qg_simu_cl_183(:, i) = BO » c0_cl_183{i}
end

mu_g_mean_cl_183=mean (mu_qg_simu_cl_183, 2);

figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_cl_183, ’'b’, ’LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(183)’, ’Location’, ’'Best’);

title (' True _vs,_Estimated \mu_ (183 _Samples_and_rate=10)");

mu_qg_simu_cl_366 = zeros (300, 200);

for i = 1:200

mu_qg_simu_cl_366(:, i) = BO » c0_cl_366{1i}
end

mu_qg_mean_cl_366=mean (mu_qg_simu_cl_366, 2);
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figure;

plot (t, mu_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_cl_366, ’'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(366)’, ’Location’, ’'Best’);

title (' True_vs,_Estimated_\mu_ (366 _Samples_and_rate=10)');

phi_g simu_cl_91 = zeros (300, 200);

for i = 1:200

phi_g simu_cl_91(:, i) = BO = C_cl_91{i}
end

phi_g mean_cl_9l1=mean (phi_g_simu_cl_91 , 2);

figure;

plot (t, phi_true_cl, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, phi_g mean_cl_91, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’‘Mean_Estimated_\phi_(91)’, ’Location’, ’Best’);

title (' True_vs _Estimated_\phi, (91 _Samples, and_rate=10)");

phi_g_simu_cl_183 = zeros (300, 200);

for i = 1:200

phi_g simu_cl_183(:, i) = BO % C_cl_183{i}
end

phi_g mean_cl_183=mean(phi_g simu_cl 183 , 2);

figure;

plot (t, phi_true_cl, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_g mean_cl_183, ’'b’, ’‘LineWidth’, 2);

legend (' True \phi’, ’'Mean_Estimated_\phi_(183)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (183_Samples_and_rate=10)");

phi_g _simu_cl_366 = zeros (300, 200);

for i = 1:200

phi_g simu_cl_366(:, i) = BO » C_cl_366{1i};

end

phi_g mean_cl_366=mean(phi_g simu_cl_366 , 2);

figure;

plot (t, phi_true_cl, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_g mean_cl_366, ’b’, ’‘LineWidth’, 2);

legend (' True_\phi’, ’Mean_Estimated_\phi_(366)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (366 _Samples_and_rate=10)");

omu
bias_mu_g cl_91 = norm(mu_g mean_cl_91 - mu_true_cl’)/ sqrt (numel (mu_g mean_cl_91));
bias_mu_g cl_183 = norm(mu_g mean_cl_183 - mu_true_cl’)/ sqrt (numel (mu_qg mean_cl_183));

bias_mu_g cl_366 = norm(mu_qg mean_cl_366 - mu_true_cl’)/ sqrt (numel (mu_qg mean_cl_366));

deviation_mu_g cl1_91 = mu_qg_simu_cl_91 - mu_g mean_cl_91;
std_mu_g cl_91 = sqgrt (mean(var (deviation_mu_g cl1_91, 0, 1)));
deviation_mu_qg _cl_183 = mu_g_simu_cl_183 - mu_g_mean_cl_183;
std_mu_g_cl 183 = sqrt (mean(var (deviation_mu_g cl_183, 0, 1)));

deviation_mu_g_cl_366 = mu_g_simu_cl_366 - mu_g_mean_cl_366;
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std_mu_g_cl_366 = sqrt (mean(var (deviation_mu_g_cl_366, 0, 1)));

error_mu_g cl_91=mu_qg simu_cl_91 - mu_true_cl’;

rmse_mu_g _cl_91 = norm(error_mu_g_cl_91, 'fro’) / sqgrt(numel (error_mu_qg cl_91));
error_mu_g_cl_183=mu_qg simu_cl_183 - mu_true_cl’;

rmse_mu_g _cl_183 = norm(error_mu_g_cl_183, ’'fro’) / sqgrt(numel (error_mu_g cl_183));
error_mu_g_cl_366=mu_qg_simu_cl_366 - mu_true_cl’;

rmse_mu_g cl_366 = norm(error_mu_qg cl_366, 'fro’) / sqrt(numel (error_mu_q cl_366));

$phi
shifted_phi_true_cl = circshift (phi_true_cl, 1, 1);

bi_phi_true_cl = phi_true_cl.* shifted_phi_true_cl;

shifted_phi_g cl_91 = circshift (phi_g simu_cl_91, 1, 1);

bi_phi_g cl_91 = phi_g simu_cl_91.+ shifted_phi_g cl_91;

mean_bi_phi_g cl_91=mean (bi_phi_g cl_91, 2);

bias_bi_phi_g cl_91 = norm(mean_bi_phi_g cl_91 - bi_phi_true_cl’)/ sqgrt (numel (mean_bi_phi_qg cl_91));
shifted_phi_qg c1_183 = circshift(phi_g simu_c1_183, 1, 1);

bi_phi_g c1_183 = phi_qg simu_cl_183.% shifted_phi_g c1_183;

mean_bi_phi_g cl_183=mean(bi_phi_g cl1_183, 2);

bias_bi_phi_g c1_183 = norm(mean_bi_phi_qg c1_183 - bi_phi_true_cl’)/ sqrt (numel (mean_bi_phi_g c1_183));
shifted_phi_qg _cl1_366 = circshift (phi_qg_simu_cl_366, 1, 1);

bi_phi_qg cl1_366 = phi_g_simu_cl_366.% shifted_phi_qg _cl_366;

mean_bi_phi_g cl_366=mean(bi_phi_g cl_366, 2);

bias_bi_phi_g cl_366 = norm(mean_bi _phi_g cl_366 - bi_phi_true_cl’)/ sqrt(numel (mean_bi_phi_g cl_366));

deviation_phi_g cl1_91 = bi_phi_g cl_91 - mean_bi phi g cl_91;
std_phi_g cl_91 = sqrt (mean(var (deviation_phi_g c1_91, 0, 1)));
deviation_phi_g c1_183 = bi_phi_g c1_183 - mean_bi_phi_g cl1_183;
std_phi_g c1_183 = sqgrt (mean(var (deviation_phi_g c1_183, 0, 1)));
deviation_phi_g cl_366 = bi_phi_g cl_366 - mean_bi_phi_g cl_366;

std_phi_g cl_366 = sqrt (mean(var (deviation_phi_g cl1_366, 0, 1)));

error_phi_qg cl_91=bi_phi_g cl_91 - bi_phi_true_cl’;

rmse_phi_g cl_91 = norm(error_phi_g cl_91, ’"fro’) / sqrt(numel (error_phi_g cl_91));
error_phi_g cl _183=bi_phi_g c1_183 - bi_phi_true_cl’;

rmse_phi_g cl1_183 = norm(error_phi_g cl 183, ’fro’) / sqrt(numel (error_phi_g cl_183));
error_phi_g cl_366=bi_phi_g cl_366 - bi_phi_ true_cl’;

rmse_phi_g cl_366 = norm(error_phi_g cl_366, 'fro’) / sqrt(numel (error_phi_qg cl_366));

o

g

g_g _true_cl_91=y_true_cl_91;

mean_D_qg_cl_91 = mean(cell2mat(D_cl_91), 2);

g_g mean_cl_91=rl_cl_9lsmean_D_qg cl_91;

bias_g_g cl_91 = norm(g_g mean_cl_91 - g_g_true_cl_91’)/ sqrt(numel (g_g mean_cl_91));
g_g_true_cl_183=y_true_cl_183;

mean_D_qg_cl_183 = mean(cellZ2mat (D_c1_183), 2);

g_g mean_cl_183=rl_cl_183xmean_D_qg cl_183;

bias_g_g cl 183 = norm(g_g mean_cl_183 - g_g true_cl_183")/ sqrt (numel (g_g mean_cl_183));
g_g_true_cl_366=y_true_cl_366;

mean_D_qg cl_366 = mean(cell2mat (D_cl_366), 2);

g_g mean_cl_366=rl_cl_366+mean_D_qg cl_366;

bias_g_g cl_366 = norm(g_qg mean_cl_366 - g_qg true_cl_366’)/ sqrt(numel (g_g mean_cl_366));

g_qg simu_cl_91 = rl_cl_91xcell2mat(D_cl_91);

deviation_g_g cl_91 = g_qg _simu_cl_91 - g_g mean_cl_91;
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std_g_g_cl_91 = sqrt (mean (var (deviation_g_g cl_91, 0, 1)

g_g_simu_cl1_183 = rl_cl_183xcell2mat (D_cl_183);

deviation_g_g c1_183

g_g_simu_cl_183 - g_g mean_cl_183

std_g_g_cl_183 = sqrt (mean (var (deviation_g_g cl_183, 0,

g_g _simu_cl_366 = rl_cl_366xcell2mat (D_cl_366);

deviation_g_ g cl_366 = g_g simu_cl_366 - g_g mean_cl_366

std_g_g cl_366 = sqrt (mean(var (deviation_g_g cl_366, 0,

error_g_qg _cl_91=g_qg _simu_cl_91 - g_g true_cl_91’;

rmse_g_qg_cl_91 = norm(error_g_g cl_91, ’'fro’) / sqgrt (num

error_g_qg_cl_183=g_qg simu_cl_183 - g_qg true_cl_183";

rmse_g_g_cl_183 = norm(error_g_g_cl_183, 'fro’) / sqrt(n

error_g_g_cl_366=g_g_simu_cl_366 - g_g_true_cl_366";

rmse_g_g cl_366 = "fro’) / sqrt(n

norm(error_g_g_cl_366,

figure;

plot (xCentered_cl_91, g_g true_cl_91, ’r’, ’LineWidth’,

hold on;

plot (xCentered_c1_91, g_g mean_cl_91, 'b’, ’'LineWidth’,

legend ('’ True,_g’, ’Mean_Estimated_g_(91)’, ’'Location’, ’'B

title (' True _vs, Estimated _g_(91_Samples_and_rate=10)");

figure;

plot (xCentered_c1_183, g_g_true_cl_183, ’'r’, ’LineWidth’

hold on;

plot (xCentered_c1_183, g_g mean_cl_183, ’'b’, ’'LineWidth’

’

legend ('’ True_g’, ’'Mean_Estimated g, (183)’, ’Location’,

title (' True_vs_Estimated_g_ (183 _Samples _and_rate=10)");

figure;

plot (xCentered_cl1_366, g_qg true_cl_366, ’'r’, ’LineWidth’
hold on;

plot (xCentered_cl_366, g_g mean_cl_366, ’'b’, ’LineWidth’

legend ('’ True_g’, ’Mean_Estimated_g_(366)’, ’Location’, ’

title (' True_vs _Estimated g (366_Samples_and_rate=10)");

figure;

plot (t, mu_true_cl, ’r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_cl_366 % 0.98, 'b’, ’'LineWidth’, 2);
legend (' True_\mu’, ’Estimated_\mu_(scaled_to_98%)’, ’Loc

title (' True _vs _Estimated_\mu_ (366 _Samples, rate=10, Esti

)) i

;

D))

i

1))

el (error_g_qg cl_91));

umel (error_g_g cl_183));

umel (error_g_qg cl_366));

2);

2);

est’);

2);

’

2);

’

Best’);

2);

’

2);

’

Best’);

ation’, ’Best’);

mated,_\mu_rescaled, to, 98%)");
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Fitting Results at Baseline Rate

A.12 MATLAB Code for Quadratic Model Error Estimation and Curve

30

¢need the "temp2016_simu" variable in Rawdata.mat
$need the scrpit: bspl.m

$need quadsimu.m

c2=log(15);

basis_simu = struct(’rng’, [0 1], 'or’, 4, 'nk’, 10);
t = linspace (0, 1, 300);

knt = linspace(0,1,basis_simu.nk+2);

B0 = bspl(t,basis_simu.or,knt,0);

[y_c2_91,y_true_c2_91,xCentered_c2_91] = simu_data_g(c2, 91, 200, temp2016_simu,0.1, 0.03
yy_c2_91 = cell(91, 200);

for i = 1:200

for j = 1:91

yy_c2_91{(j, i} = y_c2 91{i}{j};

end

end

numCols_91 = 2);

size(yy_c2_91,

c0_c2_91 = cell(l, numCols_91);
C_c2_91 = cell(l, numCols_091);
D_c2_91 = cell(l, numCols_091);

z = (temp20l16_simu - mean (temp2016_simu)) / std(temp2016_simu);

yFit_91=linspace (min(z), max(z), 91);

for i 1:numCols_91

y_col = i);

yy_c2_91(:,

[c0,C_3j,D,s2,e,logf,rl_c2_91] quadsimu(y_col,yFit_91’,basis_simu,1,1,100,0.001,0.0001,0

c0_c2_91{i} c0;

C_c2_91{1i} C

_Ji

D_c2_91{i} = D;

end

[y_c2_183,y_true_c2_183,xCentered_c2_183] = simu_data_g(c2, 183, 200, temp2016_simu,0.1,
yy_c2_183 = cell (183, 200);

for i = 1:200

for j = 1:183

yy_c2_183{3, i} = y_c2_183{i}{]j};

end

end

numCols_183 = size(yy_c2_183, 2);

c0_c2_183 = cell(l, numCols_183);
C_c2_183 = cell(l, numCols_183);
D_c2_183 = cell(l, numCols_183);

z = (temp20l6_simu - mean (temp2016_simu)) / std(temp2016_simu);

yFit_183=linspace (min(z), max(z), 183);

for 1 1l:numCols_183

y_col yy_c2_183(:, 1i);

[c0,C_j,D,s2,e,logf,rl_c2_183] quadsimu(y_col,yFit_183’,basis_simu,1,1,100,0.001,0.0001

c0_c2_183{i}

= c0;
C_c2_183{i}
D_c2_183{i}

end
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[y_c2_366,y_true_c2_366,xCentered_c2_366] = simu_data_g(c2,

yy_c2_366 = cell(366, 200);

for i = 1:200

for j = 1:366

yy_c2_366{j, i} = y_c2_366{i}{j};
end

end

numCols_366 = size(yy_c2_366, 2);

366, 200, temp2016_simu,0.1,

c0_c2_366 = cell(l, numCols_366);
C_c2_366 = cell(l, numCols_366);
D_c2_366 = cell(l, numCols_366);
z = (temp2016_simu - mean (temp20l6_simu)) / std(temp2016_simu);

yFit_366=linspace (min(z), max(z), 366);

for i = l:numCols_366

y_col = yy_c2_366(:, 1i);

[c0,C_3j,D,s2,e,logf,rl_c2_366] =

c0_c2_366{i} = c0;

C_c2_366{1i} = C_j;

D_c2_366{i} = D;

end

mu_true_c2 = sin(pixt) + c2;
phi_true_c2 = sqrt(2) x sin(pixt);

mu_g_simu_c2_91 = zeros (300, 200);

for i = 1:200

mu_g_simu_c2_91(:, i) = BO % cO_c2_91{i};

end

mu_g_mean_c2_91=mean (mu_g_simu_c2_91, 2);

figure;

plot (t, mu_true_c2, ’'r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_c2_91, ’'b’, ’LineWidth’, 2);

legend ('’ True_\mu’, ’'Mean_Estimated_\mu,(91)’, ’Location’, ’'Best’);
title (' True_vs_Estimated _\mu_ (91 _Samples, and_rate=30)');
mu_qg_simu_c2_183 = zeros (300, 200);

for i = 1:200

mu_qg_simu_c2_183(:, i) = B0 » c0_c2_183{1i}

end

mu_g_mean_c2_183=mean (mu_qg_simu_c2_183, 2);

figure;

plot (t, mu_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, mu_g mean_c2_183, ’'b’, ’LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(183)’, ’Location’, ’'Best’);

title (' True _vs, Estimated \mu_ (183 _Samples_and_rate=30)");

mu_qg_simu_c2_366 = zeros (300, 200);

for i = 1:200

mu_qg_simu_c2_366(:, 1) = B0 » c0_c2_366{1i}
end

mu_qg_mean_c2_366=mean (mu_qg_simu_c2_366, 2);

91
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figure;

plot (t, mu_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, mu_g mean_c2_366, ’'b’, ’'LineWidth’, 2);

legend (' True_\mu’, ’Mean_Estimated_\mu_(366)’, ’Location’, ’'Best’);

title (' True_vs,_Estimated_\mu_ (366 _Samples_and_rate=30)');

phi_g simu_c2_91 = zeros (300, 200);

for i = 1:200

phi_g _simu_c2_91(:, i) = BO = C_c2_91{i}
end

phi_g mean_c2_91=mean (phi_g_simu_c2_91 , 2);

figure;

plot (t, phi_true_c2, ’'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_g mean_c2_91, ’'b’, ’LineWidth’, 2);

legend (' True \phi’, ’‘Mean_Estimated_\phi_(91)’, ’Location’, ’Best’);

title (' True_vs _Estimated_\phi, (91 _Samples, and_rate=30)');

phi_g_simu_c2_183 = zeros (300, 200);

for i = 1:200

phi_g simu_c2_183(:, i) = BO % C_c2_183{i}
end

phi_g mean_c2_183=mean(phi_qg simu_c2_183 , 2);

figure;

plot (t, phi_true_c2, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_g mean_c2_183, ’b’, ’‘LineWidth’, 2);

legend (' True \phi’, ’'Mean_Estimated_\phi_(183)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (183_Samples_and_rate=30)");

phi_g_simu_c2_366 = zeros (300, 200);

for i = 1:200

phi_g simu_c2_366(:, i) = BO » C_c2_366{1i};

end

phi_g mean_c2_366=mean(phi_g simu_c2_366 , 2);

figure;

plot (t, phi_true_c2, 'r’, ’'LineWidth’, 2);

hold on;

plot (t, phi_g mean_c2_366, ’b’, ’‘LineWidth’, 2);

legend (' True_\phi’, ’Mean_Estimated_\phi_(366)’, ’Location’, ’'Best’);

title (' True_vs _Estimated, \phi_ (366 _Samples_and_rate=30)");

omu
bias_mu_g c2_91 = norm(mu_g mean_c2_91 - mu_true_c2’)/ sqrt (numel (mu_g mean_c2_91));
bias_mu_g c2_183 = norm(mu_g mean_c2_183 - mu_true_c2’)/ sqrt (numel (mu_qg mean_c2_183));

bias_mu_g _c2_366 = norm(mu_g mean_c2_366 — mu_true_c2’)/ sqrt (numel (mu_qg _mean_c2_366));

deviation_mu_g c2_91 = mu_qg_simu_c2_91 - mu_g _mean_c2_91;
std_mu_g c2_91 = sqrt (mean (var (deviation_mu_g c2_91, 0, 1)));
deviation_mu_qg_c2_183 = mu_g_simu_c2_183 - mu_g_mean_c2_183;
std_mu_g_c2_183 = sqrt (mean(var (deviation_mu_g_c2_183, 0, 1)));

deviation_mu_qg_c2_366 = mu_g_simu_c2_366 - mu_g_mean_c2_366;
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std_mu_g_c2_366 = sqrt (mean(var (deviation_mu_g_c2_366, 0, 1)));

error_mu_g_c2_91=mu_qg_simu_c2_91 - mu_true_c2’;

rmse_mu_g_c2_91 = norm(error_mu_g_c2_91, 'fro’) / sqgrt(numel (error_mu_qg c2_91));
error_mu_g_c2_183=mu_qg_ simu_c2_183 - mu_true_c2’;

rmse_mu_g _c2_183 = norm(error_mu_g_c2_183, ’'fro’) / sqrt(numel (error_mu_g c2_183));
error_mu_g_c2_366=mu_qgq_simu_c2_366 - mu_true_c2’;

rmse_mu_g c2_366 = norm(error_mu_qg c2_366, 'fro’) / sqrt(numel (error_mu_q c2_366));

$phi
shifted_phi_true_c2 = circshift (phi_true_c2, 1, 1);

bi_phi_true_c2 = phi_true_c2.* shifted_phi_true_c2;

shifted_phi_g c2_91 = circshift (phi_g simu_c2_91, 1, 1);

bi_phi_g c2_91 = phi_g simu_c2_91.+ shifted_phi_g c2_91;

mean_bi_phi_g c2_91=mean (bi_phi_g c2_91, 2);

bias_bi_phi_g c2_91 = norm(mean_bi_phi_g c2_91 - bi_phi_true_c2’)/ sqrt (numel (mean_bi_phi_qg c2_91));
shifted_phi_qg c2_183 = circshift(phi_qg simu_c2_183, 1, 1);

bi_phi_qg c2_183 = phi_qg simu_c2_183.x shifted_phi_g c2_183;

mean_bi_phi_g c2_183=mean(bi_phi_g c2_183, 2);

bias_bi_phi_g c2_183 = norm(mean_bi_phi_qg c2_183 - bi_phi_true_c2’)/ sqrt (numel (mean_bi_phi_g c2_183));
shifted_phi_qg_c2_366 = circshift (phi_qg_simu_c2_366, 1, 1);

bi_phi_qg_c2_366 = phi_g_simu_c2_366.% shifted_phi_qg_c2_366;

mean_bi_phi_g c2_366=mean(bi_phi_g c2_366, 2);

bias_bi_phi_g c2_366 = norm(mean_bi_phi_g c2_366 - bi_phi_true_c2’)/ sqrt(numel (mean_bi_phi_g c2_366));

deviation_phi_g c2_91 = bi_phi g c2_91 - mean_bi phi g c2_91;
std_phi_g c2_91 = sqrt (mean(var (deviation_phi_g c2_91, 0, 1)));
deviation_phi_g c2_183 = bi_phi_g c2_183 - mean_bi_phi_g c2_183;
std_phi_g c2_183 = sqrt (mean(var (deviation_phi_g c2_183, 0, 1)));
deviation_phi_g c2_366 = bi_phi_g c2_366 - mean_bi_phi_g c2_366;

std_phi_g c2_366 = sqrt (mean(var (deviation_phi_g c2_366, 0, 1)));

error_phi_qg c2_91=bi_phi_qg c2_91 - bi_phi_true_c2’;

rmse_phi_g c2_91 = norm(error_phi_g c2_91, ’"fro’) / sqrt(numel (error_phi_qg c2_91));
error_phi_g c2_183=bi_phi_g c2_183 - bi_phi_true_c2’;

rmse_phi_g c2_183 = norm(error_phi_g c2_183, ’fro’) / sqrt(numel (error_phi_qg c2_183));
error_phi_g c2_366=bi_phi_g c2_366 - bi_phi_ true_c2’;

rmse_phi_g c2_366 = norm(error_phi_qg c2_366, 'fro’) / sqrt(numel (error_phi_qg c2_366));

o

g

g_g_true_c2_91=y_true_c2_91;

mean_D_qg_c2_91 = mean(cell2mat(D_c2_91), 2);

g_g mean_c2_91=rl_c2_9l+mean_D_qg c2_91;

bias_g_g c2_91 = norm(g_g mean_c2_91 - g_g_true_c2_91’)/ sqrt(numel (g_g _mean_c2_91));
g_g_true_c2_183=y_true_c2_183;

mean_D_qg_c2_183 = mean(cellZ2mat (D_c2_183), 2);

g_g _mean_c2_183=rl_c2_183xmean_D_qg c2_183;

bias_g_g c2_183 = norm(g_g mean_c2_183 - g_g_true_c2_183")/ sqrt (numel (g_g mean_c2_183));
g_g_true_c2_366=y_true_c2_366;

mean_D_qg _c2_366 = mean(cell2mat (D_c2_366), 2);

g_g _mean_c2_366=rl_c2_366+mean_D_qg _c2_366;

bias_g_g c2_366 = norm(g_qg mean_c2_366 - g_qg true_c2_366’)/ sqrt(numel (g_g mean_c2_366));

g_qg _simu_c2_91 = rl_c2_91xcell2mat (D_c2_91);

deviation_g_g c2_91 = g_qg_simu_c2_91 - g_g mean_c2_91;
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std_g_g_c2_91 = sqrt (mean (var (deviation_g_g c2_91, 0, 1)

g_g_simu_c2_183 = rl_c2_183xcell2mat (D_c2_183);

deviation_g_g c2_183

g_g_simu_c2_183 - g_g mean_c2_183

std_g_g_c2_183 = sqrt (mean (var (deviation_g_g c2_183, 0,

g_g_simu_c2_366 = rl_c2_366xcell2mat (D_c2_366);

deviation_g_g c2_366 = g_g _simu_c2_366 - g_g mean_c2_366

std_g_g c2_366 = sqrt (mean(var (deviation_g_qg c2_366, 0,

error_g_q _c2_91=g_qg_simu_c2_91 - g_g true_c2_91’;

rmse_g_qg_c2_91 = norm(error_g_g_c2_91, ’'fro’) / sqgrt (num

error_g_qg_c2_183=g_q_simu_c2_183 - g_qg _true_c2_183";

rmse_g_g_c2_183 = norm(error_g_g_c2_183, 'fro’) / sqrt(n

error_g_qg_c2_366=g_g_simu_c2_366 - g_g_true_c2_366";

rmse_g_g c2_366 = "fro’) / sqrt(n

norm(error_g_g_c2_366,

figure;

plot (xCentered_c2_91, g_g true_c2_91, ’r’, ’LineWidth’,

hold on;

plot (xCentered_c2_91, g_g mean_c2_91, 'b’, ’'LineWidth’,

legend ('’ True,_g’, ’Mean_Estimated_g_(91)’, ’'Location’, ’'B

title (' True _vs, Estimated _g_(91_Samples_and_rate=30)");

figure;

plot (xCentered_c2_183, g_g_true_c2_183, ’'r’, ’'LineWidth’

hold on;

plot (xCentered_c2_183, g_g mean_c2_183, ’'b’, ’'LineWidth’

’

legend ('’ True_g’, ’'Mean_Estimated g, (183)’, ’Location’,

title (' True _vs _Estimated_g_(183_Samples,and rate=30)");

figure;

plot (xCentered_c2_366, g_qg true_c2_366, ’'r’, ’'LineWidth’
hold on;

plot (xCentered_c2_366, g_g _mean_c2_366, ’'b’, ’'LineWidth’

legend ('’ True_g’, ’Mean_Estimated_g_(366)’, ’Location’, ’

title (' True_vs _Estimated g (366_Samples_and_rate=30)");

figure;

plot (t, mu_true_c2, ’r’, ’LineWidth’, 2);

hold on;

plot (t, mu_g mean_c2_ 366 * 0.98, 'b’, ’'LineWidth’, 2);
legend (' True_\mu’, ’Estimated_\mu_(scaled_to_98%)’, ’Loc

title (' True _vs _Estimated_\mu_ (366 _Samples, rate=30, Esti

)) i

;

D))

i

1))

el (error_g_qg c2_91));

umel (error_g_g c2_183));

umel (error_g_gqg _c2_366));

2);

2);

est’);

2);

’

2);

’

Best’);

2);

’

2);

’

Best’);

ation’, ’Best’);

mated,_\mu_rescaled, to, 98%)");
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A.13 MATLAB Code for Computing Real Data

%need the scrpit: bspl.m

$save as quadreal.m

function [c0,C_3j,D,s2,e,lo9f,rl,z,B0] = quadreal (x,z,basis,p,j,itmax,sml,sm2, sm3)
c0 = [];

D = [];

s2 = [];

e = [1;

logf = [];

if “iscell(x)

disp ('Error: X _must_be_cell_array’)

return

else

[mx,nx] = size (x);

if (mx>1 && nx>1)

disp ('Error: X must, be_a,one-dimensional, _cell_array’)
return

end

end

if “isvector(z)

disp ('Error:_z_must _be_vector_array’)

return

else

[mt, nt] = size(z);

if (mt > 1 && nt > 1)

disp ('Error: _z must,be_a, one-dimensional_array’)
return

else

if length(x) "= length(z)

disp ('Error: _the_dimension_of_X_and_Z_must_be_the_same_ )

return

n = length (x);

m = zeros(n,1);

a = basis.rng(l);

b = basis.rng(2);

for i = 1:n

x{i} (x{i}<a) = [I;

x{i} (x{i}>b) = [I;

m(i) = length(x{i});

end

if any (m==0)

disp ('Warning: _Some_x{i}s _have_no_data_within_basis _range’)
end

if any (m>=200)

disp ('Warning: Some x{1i}s, have_more_than_200 _observations’)
disp (' This_may, ,cause_Inf, values in_the_likelihood_function’

disp (' This_method_is_intended_for_relatively_small_x{i}s’)
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disp ('For_large_x{i}s_you_can_just_use_kernel_smoothing’)

end

q = basis.or + basis.nk;

t = linspace(a,b,300);

dt = t£(2)-t(1);

knt = linspace(a,b,basis.nk+2);
B0 = bspl(t,basis.or,knt,0);
J0 = (BO’*B0) *dt;

if basis.or>2

B2 = bspl(t,basis.or,knt,2);
J2 = (B2’ %B2) xdt;

else

J2 = zeros(q,q);

end

sumB = zeros(n,q);

for i = 1:n

B_i = bspl(x{i},basis.or,knt,0);

sumB(i,:) = sum(B_i,1);
end
z = (z — mean(z)) / std(z);

minz=min (z);

maxz=max (z) ;

kntz = linspace (minz,maxz,2);

$kntz = linspace (minz,maxz,7);%For 5 knots
r0 = bspl(z’,3,kntz,0);

$r0 = bspl(z’,4,kntz,0); %For 5 knots
rl = r0 - mean(r0);

zz=linspace (minz,maxz,n);
dz=zz(2)-zz(1);

if basis.or>2

r2 = bspl(z,3,kntz,2);

$r2 = bspl(z,4,kntz,2);%For 5 knots

r3 = r2-mean(r2);
R3 = (r3’*r3)=*dz;
else

R3 = zeros(3,3);

end

c0 = log(mean (m)/ (b-a))*ones(q,1);

logf = complogf0 (sumB,c0,dt,BO0,m);

OF = mean (logf)-smlxc0’+«J2%c0;

disp (' -——>_Computing_mean’
disp([’Iteration: 0, _Pen._loglik:_ ’ num2str(OF)])
errCO0 = 1;

total_iter= 0;

while errC0 >le-3 && total_iter<itmax

total_iter = total_iter + 1;

c00 = c0;
OF0 = OF;
[gc0,Hc0] = derivcO (sumB,c0,dt,B0);

gpll = gcO0-2xsmlxJ2xc0;
Hpll = HcO-2xsmlxJ2;
direction = Hpll\gpll;

OF = -Inf;
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k = 0;

while OF<=0F0 && k<6

step = 0.77k;

c0 = c00-stepxdirection;

logf = complogf0 (sumB,c0,dt,B0,m);

OF = mean (logf)-smlxc0’«J2%c0;

k = k+1;
end
if OF<=0F0 || "all(isfinite(c0)

disp ('No_further_improvement_in_obj._func._is_possible’)

c0 = c00;

OF = OFO0;

end

errCO0 = norm(c0-c00) /norm(c00);

disp ([’ Iteration: / num2str(total_iter) ’, Pen. _loglik: '
num2str (OF) ', Error: ' num2str(errC0)])

end

C = zeros(g, p);
D= (0.1,0.1,0.1]" ;
$D = 0.l#ones(9,1); $%For 5 knots

u = zeros(n, p);

for ic = 1l:p
if ic==

P = eye(q);
else

P = null(C(:,1:ic-1)"*J0);

= (PxP’)*ones(q,1);

= C(:,ic)/sqrt(C(:,1ic)’*J0*C(:,1ic));

sum (exp (BOxc0) ) »dt;

= sqrt (b-a) xlog (max (m, 1) /I1mb0) ;

= u(:,ic-1)/2;

e = (u(:,3j) - rl = D)/20;

s2=var (e);

errC = 1;
errD = 1;
max_C_iter = 5;
max_D_iter = 5;

C_j =C(:, 3)s

[e, e2, logf] = compeff (sumB, c0, C_j, D, s2, dt, BO, m, e,

OF = mean (logf)-smlxc0’«J2*c0-sm2+C_3j’ *J2+C_Jj-sm3xD’ *R3%D;

while (errC > le-4 || errD > le-4) && total_iter < itmax

d_iter = 0;

rl);

while errD > le-4 && d_iter < max_D_iter && total_iter < itmax

total_iter = total_iter + 1;
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d_iter = d_iter + 1;

d00 = D; e00 = e; e200 = e2;

OF0 = OF;

k = 0;

[gd, Hd] = derivD(sumB, c0, C_j, dt, D, BO, rl, e00);

gdp = gd - 2 * sm3 * R3 % D;

Hdp = Hd - 2 » sm3 « R3 + le-4 % eye(size(Hd));

directionD = Hdp \ gdp;

OF = -Inf;

while OF <= OF0 && k < 10

step = 0.77k;

D = d00 - step » directionD;

[e, e2, logf] = compeff (sumB, cO, C_j, D, s2, dt, BO, m, €00, rl);
OF = mean(logf) - sml % c0’ * J2 % cO0 - sm2 = C_j" » J2  C_j - sm3 » D’ « R3 * D;
k =k + 1;

end

OF_drop = OF0 - OF;

if (OF_drop > le-4) && (norm(D - d00)/norm(d00) < 5e-4)

D = d00; e = e00; e2 = e200;

OF = OFO0;

fprintf (' D_update_rejected: OF_dropped, too_much\n’);

else

errD = norm(D - d00) / norm(d00);

end

52 = mean(e2, 1)’;

fprintf (' Iteration: %d, D _Iteration: _%d,Pen._loglik: %.6f, Error _D: %.6f\n’, total_iter, d_iter, OF,
end

c_iter = 0;

while errC > le-4 && c_iter < max_C_iter && total_iter < itmax
total_iter = total_iter + 1;

c_iter = c_iter + 1;

c00 = C_j; e00 = e; e200 = e2;

[gc, Hc] = derivC(sumB, <0, C_j, D, dt, BO, rl, e00);

gcp = gc — 2 % sm2 x J2 x C_j;

Hcp = Hc - 2 * sm2 * J2;

directionC = P » ((P’ % Hcp  P) \ (P’ % gcp));

OF0 = OF; 1 = 0;

while OF <= OF0 && 1 < 10

step = 0.771;

C_j = c00 - step % directionC;

C_j = C_j / sqrt(C_j’ + JO » C_j);

[e, e2, logf] = compeff (sumB, cO0, C_j, D, s2, dt, BO, m, e, rl);
OF = mean(logf) - sml % c0’ * J2 % cO0 - sm2 = C_j" » J2  C_j - sm3 » D’ « R3 * D;
1 =1+ 1;

end

OF_drop = OF0 - OF;

if (OF_drop > le-4) && (norm(C_j - c00)/norm(c00) < 5e-4)

C_j = c00; e = e00; e2 = e200;
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OF = OF0;

fprintf (' C_update_rejected: OF_dropped, too_much\n’);
else

errC = norm(C_j - c00) / norm(c00);

end

s2 = mean(e2, 1)’;

fprintf (' Iteration: %d, C_Iteration: %d,Pen. _loglik: %.6f, Error C:_%.6f\n’, total_iter,

rCo
end

end

if total_iter >= itmax
disp (' Maximum_number _of iterations_reached_before_convergence.’);
end

end

function logf = complogfO (sumB,c0,dt,B0,m)

logf = -sum(exp (BOxc0))+dt + sumBxcO - gammaln (m+1);
end
function [gc0,Hc0] = derivcO (sumB,c0,dt,B0)

q = size(B0,2);

HcO = - (BO’ x ((exp (BOxc0) xones (1,q)) .*B0))«dt;

gcO0 = -BO’ xexp (BOxc0) xdt + mean(sumB,1)’;

end

function [e,e2,logf] = compeff (sumB,c0,C_j,D,s2,dt,B0,m,e_ini,rl)
[n,p] = size(e_ini);

Phi = BO*C_j;

logf = zeros(n,1);

e = e_ini;

e2 = e_ini."2;

for i = 1:n

el = e_ini(i,:);

ulL = rl(i,:) » D + eL;

D_gi = zeros(l,p);

H_gi = eye(p);

for steps = 1:10

el = eL - D_gi/H_gi;

Imbi = exp (BOxc0+BO*C_j*ul’);
D_gi = -lmbi’#Phixdt + sumB(i,:)+C_j- eL./s2’;

H_gi = -Phi’ * (lmbi .x Phi) * dt - 1/s2;

end

gi = -sum(lmbi)+dt + sumB(i,:)* (cO+C_jxulL’) - gammaln (m(i)+1)
—sum(el. 2./ (2%s2’)) - .5xsum(log(2+pixs2));

logf (i) = gi + (p/2)*log(2*pi) - 0.5xlog(-H_gi);

S = -1/H_gi;

e(i,:) = eL;

e2(i,:) = S + eL"2;

end

end

function [gc,Hc] = derivC(sumB,c0,C_3j,D,dt,B0,rl,e)

n = length(e);
g = length(c0);

ng = size(B0,1);

99

c_iter, OF,

errC)




u_j=rlxD+e;
u_j2=u_j."2;
1mbC = exp (BOxcOxones (1,n)+B0*C_j*u_j’);

ulmbC = (ones(ng,1l)*u_j’) .*1mbC;

u2lmbC = (ones(ng,1l)*u_j2’).+1lmbC;

gc = (-BO’xmean (ulmbC,2))*dt + (sumB’=*u_j/n);

Hc = — (B0’ * ( (mean (u2lmbC, 2) xones (1,q)) .*B0) ) xdt;
end

function [gd,Hd] = derivD(sumB,c0,C_j,dt,D,B0,rl,e)

n = length(e);
u_j=rlxD+e;

1mbD = exp (BOxcOxones (1,n)+B0xC_j*u_j’);

gd = —((rl’*((BO%C_Jj) " +1lmbD)’)/n)*dt + (rl’*sumBxC_j)/n;
Hd = -(rl’*diag(mean (((BO+C_3j)."2)’+*1lmbD,2))*rl)/n*dt;
end

%need the scrpit: bspl.m

%save as linreal.m

function [cO0,C_j,D,s2,e,logf,z,B0] = linreal(x,z,d,basis,p,j,itmax,sml, sm2,sm3)
c0 = [];

D = [];

s2 = [];

e = [1;

logf = [1;

if "iscell (x)

disp ('Error: X must, be cell array’)

return

else

[mx,nx] = size(x);

if (mx>1 && nx>1)

disp ('Error: X _must _be_a one-dimensional _cell_array’)
return

end

end

if “isvector(z)

disp ('Error: 27 _must be vector_array’)

return

else

[mt, nt] = size(z);

if (mt > 1 && nt > 1)

disp ('Error:_z _must,_be_a one-dimensional_array’)
return

else

if length(x) = length(z)

disp ('Error: _the dimension_of X and_Z_must_be the same ')

return

n = length(x);
m = zeros(n,1);
a = basis.rng(1l)

b = basis.rng(2);
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for i = 1:n

x{i} (x{i}<a) [1;
x{i} (x{i}>b) = [1;

m(i) = length(x{i});

g = basis.or + basis.nk;

t = linspace(a,b,300);

dt = £(2)-t(1);

knt = linspace(a,b,basis.nk+2);
BO = bspl(t,basis.or,knt,0);

J0 = (BO’«B0) xdt;

if basis.or>2

B2 = bspl(t,basis.or,knt,2);

J2 = (B2’ *B2) xdt;

else

J2 = zeros(q,q);

end

sumB = zeros(n,q);

for i = 1:n

B_i = bspl(x{i},basis.or,knt,0);
sumB (i, :) = sum(B_i,1);

end

%$z=(z-mean(z))’ in simulation

z=(z-mean(z))’ /std(z);

c0 = log(mean (m)/ (b-a))*ones(q,1)

logf = complogf0 (sumB,c0,dt,B0,m);

OF = mean (logf)-smlxc0’«J2%c0;

disp (' ———>_Computing,_mean’

disp ([’ Iteration: 0, Pen. _loglik: ' num2str(OF)])
errCO0 = 1;

total_iter = 0;

while errC0 >le-3 && total_iter<itmax

total_iter = total_iter + 1;

c00 = c0;
OF0 = OF;
[gc0,Hc0] = derivcO (sumB,c0,dt,B0);

gpll = gcO0-2+smlxJ2%c0O;

Hpll = HcO-2+smlxJ2;

direction = Hpll\gpll;

OF = —Inf;

k = 0;

while OF<=0F0 && k<6

step = 0.77k;

c0 = c00-stepxdirection;

logf = complogf0 (sumB,c0,dt,BO0,m);

OF = mean (logf)-smlxc0’«J2%c0;

k = k+1;
end
if OF<=OF0 || ~“all(isfinite(c0)

disp ('No_further improvement_in_obj._func._is possible’)

c0 = c00;
OF = OFO0;
end
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errCO0 = norm(c0-c00)/norm(c00);
disp([’Iteration:_’ num2str(total_iter) ', _Pen._loglik:_ '
num2str (OF) ', _Error:_ ' num2str(errCO)])

end

C = zeros(q, p);
u = zeros(n, p);

D = d;

for ic = 1l:p
if ic ==

P = eye(q);
else

P = null(C(:,1l:ic-1)" = J0);

end

C(:,ic) = (P = P’) * ones(qg,1);

C(:,ic) = C(:,1ic) / sqrt(C(:,ic)’ % JO = C(:,ic));
if ic == 1

Ilmb0 = sum(exp (B0 = c0)) x dt;

u(:,ic) = sgrt(b - a) * log(max(m,1) / IlmbO);
else

u(:,ic) = u(:,ic-1) / 2;

end

end

e=(u(:,j)-D=*z)/20;

s2 = var(e);
errC = 1;

errD = 1;
max_C_iter = 10;
max_D_iter = 10;
min_C_iter = 5;
min_D_iter = 5;

[e, e2, logf] = compeff (sumB, c0, C_j, D, s2, dt, BO, m, e, z);
OF = mean(logf) — sml % c0’ % J2 x cO — sm2 % C_3j’ % J2 = C_j - sm3 * D"2;
while (errC > le-4 || errD > le-4 || d_iter < min_D_iter) && total_iter < itmax

d_iter = 0;

while (errD > le-4 || d_iter < min_D_iter) && d_iter < max_D_iter && total_iter < itmax

total_iter = total_iter + 1;
d_iter = d_iter + 1;
d00 = D; e00 = e; e200 = e2;

OF0 = OF; k = 0;

[gd, Hd] = derivD(sumB, c0, C_j, D, dt, BO, z, e00);
gdp = gd - 2 % sm3 * D;
Hdp = Hd - 2 % sm3;

directionD = Hdp \ gdp;
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if "all(isfinite(directionD))
warning (' Non-finite_directionD_encountered’);

end

OF = -Inf;

eps_obj = le-8;

while (OF < OF0 - eps_obj) && k < 10

step = 0.77k;

D = d00 - step % directionD;

[e, e2, logf] = compeff (sumB, cO0, C_j, D, s2, dt, BO, m, €00, z);

OF = mean(logf) - sml % c0’ * J2 x cO0 - sm2 x C_j’" = J2 = C_j - sm3 » D°2;

if OF <= OFO0 |

“all(isfinite (D))
D = d00; e = e00; e2 = e200;

end

s2 = mean(e2, 1);
errD = norm(D - d00) / norm(d00);

fprintf (' Iteration: _%d, D _Iteration:_%d,Pen._loglik:_%.6f, Error_D:_ %.6f\n’, total_iter, d_iter, OF, errD);

Do
end

c_iter = 0;

while (errC > le-4|| c_iter < min_C_iter) && c_iter < max_C_iter && total_iter < itmax

total_iter = total_iter + 1;

c_iter = c_iter + 1;

c00 = C_j; e00 = e; e200 = e2;

[gc, Hc] = derivC(sumB, <0, C_3j, D, dt, BO, z, e00);
gcp = gc — 2 % sm2 * J2 % C_3j;

Hcp = Hc - 2 % sm2 = J2;

directionC = P % ((P’ % Hcp » P) \ (P’ * gcp));

if "all(isfinite(directionC(:)))
warning (' Non-finite_directionC_encountered’);

end

OF0 = OF; 1 = 0;

while OF <= OF0 && 1 < 10

step = 0.471;

C_j = c00 - step = directionC;

C_j =0C_j / sqrt(C_j’ * J0O » C_J);

[e, e2, logf] = compeff (sumB, cO, C_j, D, s2, dt, BO, m, e, z);

OF = mean(logf) - sml % c0’ * J2 x cO0 - sm2 x C_j’" = J2 = C_j - sm3 » D°2;

1=1+1;
end
if OF <= OF0 || "all(isfinite(C_3j))

C_j = c00; e = e00; e2 = e200;

end

s2 = mean(e2, 1);
errC = norm(C_j - c00) / norm(c00);
fprintf (' Iteration: _%d, C_Iteration:_%d,Pen._loglik:_%.6f, Error_C:_%.6f\n’, total_iter, c_iter, OF, errC);

end

end
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if total_iter >= itmax

disp (' Maximum_number _of iterations_reached_before_convergence.’);
end

$fprintf (/Final D estimate: %.6f\n’, D);

end

function logf = complogfO (sumB,c0,dt,B0,m)

logf = —sum(exp (BOxc0))+dt + sumBxcO - gammaln (m+1);
end
function [gc0,Hc0] = derivcO (sumB,c0,dt,B0)

q = size(B0,2);

HcO = - (B0’ « ( (exp (BO*c0) xones (1,q)) .+B0)) *dt;

gcO = -BO’ +exp (BO+c0) *dt + mean (sumB, 1)’ ;

end

function [e,e2,logf] = compeff (sumB,c0,C_j,D,s2,dt,B0,m,e_ini,z)
[n,p] = size(e_ini);

Phi = BO+C_J;

logf = zeros(n,1);

e = e_ini;
e2 = e_ini."2;
for i = 1:n
el = e_ini(i);

ul, = D*xz (i) + eL;
D_gi = zeros(l,p);
H_gi = eye(p);

for steps = 1:5

elL = eL - D_gi/H_gi;

Imbi = exp (BOxc0+BO*C_jul);

D_gi = -lmbi’*Phixdt + sumB(i,:)*C_j- eL/s2;

H_gi = -Phi’ % (lmbi .x Phi) * dt - 1/s2;

end

gi = -sum(lmbi)+dt + sumB(i,:)* (cO+C_j*ulL) - gammaln (m(i)+1)
-sum(el. 2./ (2%s2)) - .5+«sum(log(2xpi*s2));

logf (i) = gi + (p/2)*log(2+pi) - 0.5xlog(-H_gi);

S = -1/H_gi;

e(i) = eL;

e2(i) = s + eL"2;

end

end

function [gc,Hc] = derivC(sumB,c0,C_3j,D,dt,B0,z,e)

n = length(e);

g = length(c0);

ng = size(BO,1);

u_j=Dxz+te;

u_j2=u_j."2;

1mbC = exp (BO*cOxones (1,n)+B0*C_j*u_j’);

ulmbC = (ones(ng,1l)*u_j’).*1mbC;

u2lmbC = (ones(ng,1l)*u_3j2’) .*1lmbC;

gc = (-BO’xmean (ulmbC,2))*dt + (sumB’=*u_j/n);
Hc = — (B0’ % ( (mean (u21lmbC, 2) xones (1,q)) .*B0) ) xdt;
if "all(isfinite(gc(:))) || "“all(isfinite(Hc(:)))

warning (' Non-finite_gradient _or_Hessian_encountered.’);
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function [gd,Hd] = derivD (sumB,c0,C_3j,D,dt,B0,z,e)

n = length(e);

1mbD = exp (BOxcOxones (1,n)+B0*C_Jjx (Dxz+te)’);

gd = —(z’* ((BOxC_j)’*1mbD)’) /n* dt + (z’* (sumBxC_3j)/n);
Hd = —(z.72"% (((BO%C_3j)."2)’ % 1lmbD)’) x dt/n;

if "all(isfinite(gd)) “all(isfinite (Hd)

I
warning (’Non-finite, gradient_or Hessian_encountered.’);
end

end

o

Code to implement the above scripts and generate figures

oo

(save the following code in a new script separate from the scrpits above)

LS

Requires variables "x_real" and "temp2016_real" from Rawdata.mat

oo

Requires the script: bspl.m

o

Modify the code in quadreal to handle the case with 5 interior knots

’

basis_real = struct(’rng’, [0 24], ’‘or’, 4, ’'nk’, 10);
t = linspace (0, 24, 300);

knt = linspace (0,24,basis_real.nk+2);

$code for the quadratic models

[c0,C_j,D,s2,e,lo9f,rl,z,B0] = quadreal (x_real,temp2016_real(:,1)’,basis_real,1,1,100,0.001,0.0001,0.00001);
plot (t,B0Oxc0)

legend (' \mu’) ;

xlabel ("t’);

title (' \mu_function_from_Divvy_station_ 166 _for _quadratic_model’);

plot (t,B0*C_j)
legend (' \phi’);
xlabel ("t’);

title (‘\phi_function_from Divvy, station 166 _for_gquadratic_model’);

Imbplus = exp (BOxc0+2xB0*C_J);

Imbmin = exp (B0xc0-2+xB0xC_j);

plot (t, exp(BO%c0), 'b-", t, lmbplus, "r--', t, lmbmin, ’"g:’);
legend (’exp (\mu)’, ’‘exp(\mu+2+\phi)’, ’‘exp(\mu-2+\phi)’);
xlabel ("t’");

title(’Daily,Baseline_Intensity, Function _with _shift for Divvy station166_(Quadratic)’);

plot (temp2016_real(:,1), rl % D, ’LineWidth’, 1.5);
xlabel (' Temperature’);

ylabel('u’);

title(’Estimated_Effect_u_vs._ Temperature’);

legend(’u_=_d T\gamma (z)’, ’'Location’, ’best’);

scatter (temp2016_real(:,1), rl * D, ’'LineWidth’, 1.5);
xlabel (' Temperature’) ;

ylabel('u’);

title(’'Estimated_Effect_u_vs. Temperature’);
legend(’u,_=_d"T\gamma(z)’, ’Location’, ’best’);

ax = gca;

ax.Box = 'on’;

ax.Layer = "top’;
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u=rlxD;

u_norm = (u - min(u)) / (max(u) - min(u));
T_norm = (temp2016_real(:,1) - min(temp2016_real(:,1))) /
(max (temp2016_real(:,1)) - min(temp2016_real(:,1)));

n = length (u_norm);

startDate = datetime(2016,4,1);

xDates = startDate + caldays(0:n-1);

figure;

plot (xDates, u_norm, ’-b’, ’'LineWidth’, 1.5); hold on;

plot (xDates, T_norm, ’'-r’, ’LineWidth’, 1.5);

legend ('u_ (normalized)’, ’Temperature_(normalized)’,’FontSize’, 28);
$xlabel (’Date’);

title (' Comparison_of _Normalized_Bicycle_Usage_and_Temperature Trends’, ’'FontSize’, 28);
grid on;

xticks (startDate:calmonths (1) :xDates (end));

xtickformat (' MMM,_dd’) ;

ax = gca;

ax.XAxis.FontSize = 24;

%code for the linear models

[cO,C_3,D,s2,e,lo9f,z,B0] = linreal (x_real,temp2016_real(:,1)’,0.1,basis_real,1,1,100,0.001,0.0001,0.00001);
plot (t,B0Oxc0)

legend (' \mu’);

xlabel ('t’);

title (" \mu_function from Divvy station 166 _for linear model’);

plot (t,BO0+C_3)
legend (' \phi’);
xlabel ("t’);

title ( \phi_function, from Divvy station 166 _for_linear_model’);

Imbplus = exp (BOxc0+2xB0xC_7j);

Imbmin = exp (B0xc0-2%xB0xC_j);

plot (t, exp(BOxc0O0), 'b-", t, lmbplus, 'r--', t, lmbmin, "g:’);
legend (’exp (\mu)’, ‘exp (\mu+2+\phi)’, ’‘exp(\mu-2+\phi)’);
xlabel ("t’);

title('Daily, Baseline Intensity Function_with_shift for Divvy station_166_(Linear)’);

z=(temp2016_real (:,1) -mean (temp2016_real(:,1)))’/std(temp2016_real(:,1));
plot (temp2016_real(:,1), D%z, ’LineWidth’, 1.5);

xlabel (' Temperature’);

ylabel('u’);

title(’Estimated_Effect_u_vs. Temperature’);

legend ('u_=_dx*z_',’Location’, ’'best’);
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