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ABSTRACT

TRIEBEL-LIZORKIN SPACE ESTIMATES FOR EVOLUTION EQUATIONS
WITH STRUCTURE DISSIPATION

by
Jingchun Chen

The University of Wisconsin-Milwaukee, 2018
Under the Supervision of Professors Dashan Fan and Lijing Sun

This work is concerned with the long time decay estimates of the generalized heat equations
and the generalized wave equations in the homogeneous Triebel-Lizorkin spaces. We first
extend the known results for the generalized heat equations in the real Hardy spaces. We
also extend the known results for the generalized wave equations with structure dissipation
in the real Hardy spaces.

The main tools employed are the decomposition of the unit, duality property in Triebel-
Lizorkin spaces and the multiplier theorems in different function spaces such as Lebesgue

spaces, real Hardy spaces and Triebel-Lizorkin spaces.
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Chapter 1

Introduction

Partial differential equations (PDEs) are applied widely, since a rich variety of physical,
chemical, biological, probabilistic and statistical phenomena can be modeled by PDEs. One
of the core problems in PDEs is to study the well-posedness which has attracted much atten-
tion in the history of PDEs. We say that a given problem for a partial differential equation
is well-posed if

(i) the problem in fact has a solution;

(ii) this solution is unique;

(iii) the solution depends continuously on the data given in the problem.

Namely, well-posedness is to study of the existence, uniqueness and stability of the solutions
to PDEs. To get the uniqueness, very often we have to estimate the solutions in some sense.
In this thesis, we are going to study the behavior of the solutions to the generalized heat
equations and the generalized wave equations. To be more specific, we study the long time
decay estimates of the solutions to the generalized heat equations and the generalized wave

equations which are studied in Chapter 3 and Chapter 4 in details.

There are many tools to study PDEs. Here we mainly depend on the multiplier theorem
(Fourier multiplier), interpolation theorem and duality theorem. Since the milestone works
of S.G. Michilin and L.Homander, Fourier multipliers on function spaces have attracted
much attention for their own sake. For instance, Fourier multipliers on Lebesgue spaces
[12], real Hardy space [25], homogeneous Besov spaces [5] and homogeneous Triebel-Lizorkin
spaces [4] have been treated extensively. For further details, we refer the reader to Chapter
2 in this thesis. Interpolation methods exist essentially two methods: the real interpolation
method by J.L. Lions and J. Peetre, and the complex interpolation method by J.-L. Lions,

A.P. Calder6on and S.G. Krejn. An extensive treatment of these abstract methods and many



references have been given in [31], also J. Bergh, J. Lofstrom [2]. Originally, both methods
were developed in the framework of Banach space theory. However, it is not difficult to see
(and well-known nowadays) that the real method (at least some of its crucial assertions) can
be extended immediately to quasi-Banach spaces. Dual space is an important concept in
functional analysis since dual spaces are used to describe measures, distributions and other

more complicated function spaces. For instance, the dual space of H'(R") is BMO space [8].

As we all know that the properties of the solutions to the same PDE in different function
spaces can be totally different. In order to study PDEs, it is important to find an appropri-
ate function space. In other words, function spaces play a crucial role in PDEs. Since the
1930’s, more sophisticated function spaces have been used in the theory of partial differential
equations, in the first place the Holder spaces and the Sobolev spaces. Later on, especially
in the 1950’s and 1960’s, many new spaces were created and investigated, e.g. Besov spaces,
Lebesgue spaces, Hardy spaces and the space BMO which is the dual space of H!(R").
Additionally, function spaces play an important part in both classical and modern mathe-
matics. Spaces whose elements are continuous, or differentiable, or p-integrable functions
are of interest for their own sake. For example, the embedding theory, duality theory and
interpolation theory were studied extensively in different function spaces. Recently, there are
many literatures involving the study of decompositions or characterizations of the function
spaces, for instance, dyadic decomposition, atomic decomposition, wavelet decomposition
and Riesz transform characterization. In this thesis, we are mainly focus on the homoge-
neous Besov space B]‘;T(R”) and the homogeneous Triebel-Lizorkin F;T(R”) space with the
classical dyadic decomposition since these two families are interesting in their own right,
but their importance also stems from the fact that several of the classical function spaces

such as Lebesgue, Hardy, BMO, Sobolev, and Héder spaces can be recovered as special cases.

The structure of this thesis is as follows.
Chapter 2 contains some preliminary knowledge. This summary contains no new results,
but most of the facts which are required for later chapters.
Chapter 3 presents the results for the generalized heat equations in Triebel-Lizorkin spaces
and Besov spaces. In particular, we derived the long time decay estimates for the solution
of the generalized heat equations in Triebel-Lizorkin spaces. Thus, we extend the known
results for the generalized heat equations in real Hardy spaces.

Chapter 4 is the central part of this thesis which studies the generalized wave equations with



structure dissipation in Triebel-Lizorkin spaces. More precisely, we obtained the long time
decay estimates for the solution of the generalized wave equations with structure dissipation
in Triebel-Lizorkin spaces. So we extend the known results for the generalized wave equations
with structure dissipation in real Hardy spaces.

Chapter 5 talks about our future research which is related to this thesis.

Chapter 6 contains two appendices. One of them is the well-known Riesz characterization of
the real Hardy spaces. Another one is the proof of the duality property in the homogeneous
Triebel-Lizorkin spaces. They are both quite useful to get the long time decay estimate
for the generalized wave equations with structure dissipation in Triebel-Lizorkin spaces,

especially for the non-effective case when § < o < 26.



Chapter 2

Preliminaries

In this chapter, we review some function spaces and their corresponding multiplier theorems.

2.1 Function spaces

2.1.1 Lebesgue spaces

Let dz be the Lebesgue measure on R”. The Lebesgue space LP(R™),0 < p < o0, is the set

of all measurable functions f(z) satisfying
1
ey = ([ If@pds)” < oo, (2.)
Rn

As well known, when 1 < p < 0o, The Lebesgue space LP(R™) is a Banach space. And its
dual space is LI(R"), where ¢ satisfies the condition % + % = 1. However, when 0 < p < 1,
its dual space is trivial, namely, it contains only one constant function 0.

For 0 < p < oo, the space weak LP(X, u) is defined as the set of all measurable functions
f(z) such that

£ || re = inf {c >0 p({r e X |f(@)] >} < % for all ¢ > o} < . (2.2)

2.1.2 Real Hardy spaces H?(R")

We recall how the real Hardy spaces HP(R") are presented by Fefferman and Stein in [8]. Fix
¢ € S(R™) which is the Schwartz function space, with integral equal to 1. For u € S'(R"),

we define the maximal function Mj,u by

Myu(z) = sup |(ux*p;)(x)],

0<t<oo
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where ¢;(x) =t "p(z/t), and S’ (R") is the dual space of S(R").

Definition 1 Let 0 < p < co. A tempered distribution u € S’ (R™) belongs to HP(R™) if and
only if Myu € LP(R"™), i.e.,

[ull e = [[Mpul[» < oo
For p = oo, we set H*(R"™) = L*(R"), for the sake of simplicity.
The definition of H?(R™) is independent of the choice of ¢ € S(R") with [, p(z)dz = 1.
For p = 1, ||ulg is a norm and H'(R™) is a normed space densely contained in L!'(R").
For p > 1, ||u||g» is @ norm which is equivalent to the usual LP norm ||u|r» and we denote

HP(R") = LP(R™), by abusing notation. For 0 < p < 1, the space H?(R") is a complete

metric space with the distance
d(u,v) = [lu = vl u,v € H(R").

Although H?(R™) is not locally convex for 0 < p < 1 and ||u||g» is not truly a norm (it is a

quasi-norm [30]), we will still refer to ||u||g» as the "norm” of u, as it is customary.

The dual space of H'(R") is BMO(R™), the space of bounded mean oscillation. Here we
briefly recall that BMO(R™) is the space of all locally integrable functions f satisfying

| fllBaro == Supﬁ /B ‘f(x) - |—£13|/Bf(t)dt’dx < 00,

where the sup is taken over all balls B with center x in R"™. It is known that the space
L*>*(R™) is a proper subspace of BMO(R") and

log|lz| € BMO(R™)\L>(R").

2.1.3 Triebel-Lizorkin spaces and Besov spaces

For a systematic approach, we also recall the definitions of Triebel-Lizorkin space Fpﬁq(R”)
and Besov space B;’q(R”). Let A denote the class of Schwartz functions ¢ on R™ such
that their Fourier transforms ¢ have support in {1/2 < |¢{] < 2} and |¢(€)] > ¢ > 0 for
3/5 < [¢] < 5/3. Given a triple of parameters (s,p,q) € R x (0,00) x (0, 00], we recall that

5



([26], [30]) a tempered distribution f belongs to the homogeneous Triebel-Lizorkin space

Fs (R"), modulo polynomials, if the quasi-norm

. 1/q
i, = || (D@1 i)

jEz

/1 (2:3)

Lp

is finite, with the usual interpretation for ¢ = co. An extension to the case p = oo reads as

1 A 1/q
o, =50 (1 /Q S @) gsloidr) (2.4)

277<i(Q)

/]

where the supremum is taken over all dyadic cubes @ (]9]).

A tempered distribution f belongs to the homogeneous Besov space B; .(R™) ([10], [26], [32]),

modulo polynomials, if the quasi-norm

5, = (@ pllm)) 2.5)

JEZ.

/1

is finite, where ¢;(z) = 2/"p(2/z). A different choice of ¢ in all definitions above yields

equivalent quasi-norms as long as it is taken from the class A.

2.2  Multipliers

Fourier multipliers form one of the fundamental and most important classes of operators in
harmonic analysis. Their importance is emphasized by their close link to partial differential
operators through the Fourier transform, and there has been a continuous interest in the
study of boundedness properties of multipliers on LP and other spaces since the work by
Marcinkiewicz [23], Mihlin [24] and Hérmander [13]. Roughly speaking, Fourier multiplier
operator is a type of linear operator which is a special case of a pseudo-differential operator.
For more information, we refer the readers to [29]. Occasionally, the term multiplier operator
itself is shortened simply to be multiplier. Multiplier operators can be defined on any group
G for which the Fourier transform is also defined (in particular, on any locally compact

Abelian group). Here we take the following definition:

1,0 = [ m@F©cmd = (mf)" (2.6

where T, is called multiplier operator and m(§) is said to be the multiplier/symbol of T,,,.

As usual, if f € S, the definitions of Fourier transform of f and its inverse are given by

6



(FDNE =1 =@ | fla)e ™ dr, R (27)
and

(F (M) =fla) = @)% | fOd, xR (28)

To illustrate the importance of the multiplier, we look at the following several classical ex-

amples.

Example 2.1. Derivative d/dx

(L2) = ricsi)

From this fact, we see that a differential operator converts to a polynomial in the frequency

space after taking Fourier transform.

Example 2.2. The Hilbert transform H is defined as

SR N Sy i ()
Hf ._p.v.ﬂ/_mx_ydy.

Its Fourier multiplier is —isgn(§).

Example 2.3. The Riesz transforms R;,7 =1,2,--- ,n

f)(z; — ?/j)d

R;f :=puv.c,
e Ty

Y.

Its multiplier is —i%, for each j = 1,2,--- ,n, and p.v. means the Cauchy principle value,

¢y, is a constant which depends on the dimension of R™.

From Example 2.2 and Example 2.3, we can see that Riesz transforms R; are exten-
sions of the Hilbert transform H in higher dimensions. And they are both classical examples
of singular integrable operator which is a branch of harmonic analysis. These examples
begin to show the importance of multipliers in analysis. In this thesis, we will employ the

generalized multipliers in Triebel-Lizorkin spaces [4] and Besov spaces [5].

In what follows, we recall the multipliers on different function spaces. The first ingredient

is the celebrated Mikhlin- Hérmander multiplier theorem for Lebesgue spaces LP(R™).



2.2.1 The multiplier on L?(R")

Let M,(R"),1 < p < oo denote the space of all bounded functions m on R™ such that the

Fourier multiplier operator
Tm(f) - (mf)\/’ f € 87

is bounded on LP(R™) (or is initially defined in a dense subspace of LP(R") and has a bounded

extension on the whole space). The norm of m in M,(R") is defined by

||m||Mp - ||Tm||Lp_>Lp.
The norm space M, (R") are nested, that is, for 1 < p < ¢ < 2 we have

Now let us recall the celebrated Mikhlin- Hormander multiplier theorem for Lebesgue spaces
LP(R™)[12].

Theorem 1 ([12]) Let m(§) be a complex-valued bounded function on R™\ {0} that satisfies

for some A < o0
([ lemiopa)” < art el <, (2.9)
R<|¢|<2R

for all multi-indices |a| < [n/2] 4+ 1 and all R > 0.
Then for all 1 < p < oco,m lies in M,(R™) and the following estimate is valid:

Imllag, < Comax(p, (p—1)7")(A + [Im]| ). (2.10)
Moreover, the operator f — (fm)¥ maps L'(R") to L'*°(R") with norm at most a dimen-

sional constant multiple of A + ||m)|| .

We remark that in most applications, the condition on m in above theorem appears in

the form

[0gm(&)] < Calé]™?, (2.11)

which should be, in principle, easier to verify.

The following proposition summarizes some simple properties of multipliers on Lebesgue

spaces LP(R™).



Proposition 1 ([12]) For allm € M,,1 <p < oo,z € R", and h > 0 we have
17 (m) |, = [l

16" (m)llaa, = [l |,
772l a, = [l
127 (m) | ag, = NIl g,
lm o Aflam, = [Imllam,,

where (7°m)(-) = m(- — x), (6"m)(-) = m(h-) and A is an orthogonal matriz R™ — R".

2.2.2 The multiplier on H?(R")

We list briefly some of the multiplier theorems to be used in the sequel. The first ingredient

is a version of the celebrated Mikhlin-Hormander multiplier theorem on Hardy spaces.

Theorem 2 (/23]) Let 0 < p < o0 and k = maz{(n(1/p — 1/2) + L[n/2 + 1}. Suppose
that m € C*(R™\ {0}) and
97m ()| < Clel™, 18] < k.

Then T,, is continuously bounded from HP(R™) into itself.

Variants of this theorem assuming conditions on the support of m(&) can be found in
[25]. In particular, we recall the following two main theorems in [25]. In those two theorems,
M(HP(R™)) denotes the set of all Fourier multipliers on H?(R").

Theorem 3 ([25]) Leta > 0,0 > 0,0 < py < 2,na(1/py—1/2) = b, and k = max{[n(1/py—
1/2)] + 1,[n/2] + 1}. Suppose that m € C*(R™), m(£) = 0 in a neighborhood of the origin,

and

Ge
9¢
with some constant A > 1. Then m € M(HP(R™)) and

) m(&)] < Il Algl" e Jal < k. (2.12)

I sar ny) < CAMH/P12) (2.13)

for 2 > p > po, where C' is a constant independent of A.



Theorem 4 ([25]) Let ¢ > 0,d > 0,0 < py < 2,nd(1/po—1/2) = ¢, and k = max{[n(1/py—
1/2)] 4+ 1,[n/2] + 1}. Suppose that m € C*(R™\ {0}),m(&) =0 if |€| > 1, and

J \a . dv
()" m(©)] < Il ol <k (2.14)
with some constant A > 1. Then m € M(HP(R")) and
2| aap rnyy < C AP, (2.15)

for 2 > p > po, where C' is a constant independent of A.

Another useful property of Hardy spaces is a pointwise estimate (see Corollary 7.21 in

[11] or (77) [6]) for the Fourier transform of H? functions, with p € (0,1] :

A1 < ClelE ™ L, p e (0,1]. (2.16)

Moreover, the following integral estimate (see Corollary 7.23 in [11] or (78) [6]) holds:

([ lere=2ij©pde)" < Cliflu, »e©1) (2.17)

2.2.3 The multiplier on F;T(R”) and B;,T(R")

Finally, let us recall what kinds of functions m can be the multiplier on F]fjr [4] and B;fr [5].

Give a positive integer [ and o € R,m € CY(R™\ {0}) and

sup [R’””a““" / |8gm(§)|2d§} < A, lo] <. (2.18)
R>0 R<|¢|<2R

When a = 0, it is known as the Hormander condition. Typical examples are given by the
symbols of the Riesz singular integrals R; (see Appendix). When « # 0, one of the typical
examples is m(&) = [£|7 which satisfies condition (2.18) for every positive integer [. For
further multiplier theorems in F;’T(R”) and B;’T(R”) spaces, we refer the readers to ([4], [5])
and next chapter in this thesis. The following is one of the multiplier theorems in Triebel-

Lizorkin spaces.

10



Theorem 5 ([4] Theorem 5.2) Given o € R,0 < p < 0o and 0 < r < oo, let § be any real
number with B < a and let p, be determined by

B —n/p.=a—n/p, 0 < py < 0. (2.19)

Assume that m satisfies condition (2.18) with

I max(n/p,n/r) +n(1/2 —1/r), if 2<r<oo, (2.20)
max(n/p,n/2), if0<r<2. :
Then T, maps F}?’T boundedly into F"p’i’q for any 0 < q < oo with
[T fll g, = Mg, - (2.21)

11



Chapter 3

Heat equations

3.1 Introduction

We begin with studying the initial value problem for the generalized heat equation

{ ur+ (—A)u=0, (t,x)e€ (0,00) x R",
u(0, ) = ug(x),

where o € (0,00) and (—A)7f := FY|¢]*Ff), F(A) being the Fourier transform with

respect to the spatial variable z and F~!(V) being the inverse of the Fourier transform.

(3.1)

The initial data ug belongs to some Triebel-Lizorkin space Fpﬁq(R”) (F;q) or some Besov
space B;jq(]R”) (B‘f)’q). Equation (3.1) is significantly interesting in both physics and partial
differential equations (PDEs), since it is the classical heat equation when o = 1 and the
Poisson equation when o = 1/2. Recently, for the non-homogeneous heat equations, in [3]
the authors obtained the estimates of the solution of the heat equation in the real Hardy
space HP(R™) and studied the well-posedness of the Cauchy problem related to the heat

equation.

As we know, an efficient way to solve PDEs is trying to transform the PDEs to the
Ordinary Differential Equations (ODEs). By taking the Fourier transform with respect to
the spatial variable x, and then solving the corresponding (ODEs) with respect to time ¢,
we get the solution of the Cauchy problem (3.1) which is formally written by

u(t,z) = e 8y (), (3.2)

t(=A)7

where for each fixed ¢, e~ is a Fourier multiplier with symbol m(t,§) = e~ e Thus,

we may rewrite the solution of the Cauchy problem (3.1) as Fourier multiplier operator with
m(t, &) = e 1P .
u(t, ) = FHe ™ Fug(€))(t, 2) = Thouo(z). (3.3)

12



In this chapter, our aim is to estimate the solution to (3.1). The basic tool employed is the
Fourier multipliers whose symbols satisfy a generalization of Hérmander’s condition (2.18)
on m (4], [5)).

From then on, the notation A < B means that there is a positive constant C' such that
A < CB. A = B means that there exist positive constants ¢ and C' such that cA < B < C'A.
The constant C' and ¢ may depend on the parameters but not on the variable quantities
involved and may vary from line to line. The set of all Fourier multipliers for F;‘r and B;fr

are denoted by m,,, and m, respectively.

3.2 Some results in F;’T(R”) and B;m(]R”)

To be convenient for the readers, in this section, we shall collect some known results in

F;T(R”) and B;yr(]R”) and also prove some lemmas which will be used later on.

Proposition 2 (/] Proposition 2.1(1)) Let 0 < p,r < co. For s € R, F;T = IQ(FIST) so that
fe F;T if and only if there exists a unique g € Fgr such that

f=Lle) and |fllg ~ gl -

There is a counterpart of B;T(R“), which means, with the same assumption above, the fol-
lowing holds:

For s € R, B;T = [S(Bgm) so that f € B;T if and only if there exists a unique g € ngr such
that

f=1L(g) and [f]
where I; denotes the Riesz potential defined by

s~ llgll g
S
BPW BPW’

(Lf)(E) = €I f(£).

Owning to Proposition 2.1 [4], to prove that a convolution operator 7" is bounded on the
spaces inq and B;,q’ it suffices to show its boundedness on Flg , and Bg’q. For example, on

’ S
the space F}; , once we prove

1751k, < £z, (3.4)

13



we have

ITf|

. = ITL)]
— |1.Ty|

; S
ES .

Es,
~ 1 Tgllsy. < llglzy,

~ |/l

s .
FP”’“

Next is one of the known results of Fourier multipliers on Triebel-Lizorkin space F;,r which

is also called the lifting property.
Theorem 6 ([/] Theorem 5.1) (lifting property). Leta, vy € R, 0 < p < 00 and 0 < r < 0.

Suppose that m satisfies condition (2.18) with | > max(n/p,n/r) +n/2. Then

[T fll g = S N, - (3.5)
If Il > A+ n/2 and X is sufficiently large, then
[T fl pen 2 Ml - (3.6)

Corollary 1 ([}] Corollary 5.1) Given o, v € R, 0 < p < 00 and 0 < r < oo, let B be any
real with f < a+ v and let p,. be determined by

f—n/p.=a+~y—n/p, 0 < p, < o00. (3.7)

Assume that m satisfies condition (2.18) with (2.20). Then T,, maps Fgr boundedly into
Fp‘i,q for any 0 < q < oo with
ITfllis . = 1 flsg, 33)

Also, we have some results of Fourier multipliers on the Besov space B;,T.

Theorem 7 (/5] Theorem 1.1) Given o € R,0 < p < 0o and 0 < r < oo, let 5 be any real
number with < a and let p, be determined by

B —n/p.=a—n/p, 0 < py < o0. (3.9)

Assume that m satisfies condition (2.18) with | > n(1/p+1/2), then T,, maps Bgm boundedly
into Bg*’q for any 0 < q < oo with

1T s, = 1115, (3.10)

14



Corollary 2 Given a,v € R,0 < p < o0 and 0 < r < o0, let B be any real with < o+
and let p, be determined by

B—n/p.=a+y—n/p, 0 < p. < oo. (3.11)

Assume that m satisfies condition (2.18) with | > n(1/p+1/2), then T, maps B;’r boundedly
into Bﬁ”q for any 0 < g < oo with

1Tl =l (3.12)
To prove Corollary 2, we need the following lemma.

Lemma 1 If m satisfies condition (2.18), then m = m(§)|E|™7 satisfies condition (2.18) by
replacing o by @ = o + 7.

Proof. For any 0 < || <[, using Leibniz’s formula, we have

ofm =3¢ (m(€)IE]™) =D Csdfm O "le| . (3.13)
B<o
Thus,
R—n+2(a+’7)+2|0|/ ‘3gﬁl|2df < R—n+2(0¢+7)+2|0|/ ]ZCg@?m ag_ﬁff‘_vfzdf
R<|¢|<2R R<[{|<2R g,
< RnH2(etn)+2lo] Zoﬁ/ |8§m|2|82_ﬂ|§|_7|2d§
B<o R<|¢|<2R
1
=< an+2(a+’y)+2|a| Cﬁ / |af3m|2—d€
; R<|¢|<2R ¢ €20 l=1A]
< Rnt2(aty)+2lo] p-27-2l0|+2|8] Z Cﬁ/ |8?m|2d§
B<o R<|¢|<2R
_ Ry g, / OPm2de
B<o R<|§|<2R
= A,

where we used the assumption imposed on m in the last inequality. So we end the proof of
Lemma 1.
Next we prove Corollary 2.

Proof. For any f € B, by Proposition 2.1 By, = I,(BY,), there exists a unique g € BY,

15



such that f = I,g with |||z ~ ||g||32’r. Then, we have

HTmf”B;f*yr = HTm['y(g)HB{fM

= [ Tagllze .

(PN

[l

115,

b,T

Q

where we employed Lemma 1. So Corollary 2 is proved.
Before we state our main results in this chapter, we prove another lemma related to the

relationship between the multipliers m,, and m,.
Lemma 2 Let 0 <p < 00,0 <17 < 00, then m,, C m,.

Our proof is based on the results of Theorem 5.1 in [17] which is stated as follows. Before
we give the theorem, let us introduce some notations. Let (-,-)y, stand for the standard
real interpolation bracket. More specifically, consider a compatible couple of quasi-Banach

spaces Xy, Xi. Given a € Xy + X; and 0 < t < 0o, Peetre’s K-functional is defined by
K(t,a; Xo, X1) = inf{||zo|| x, + tl|1]|x, : ©0o € Xo, 21 € X such that a =z +21}. (3.14)
Then we introduce the real interpolation spaces as

oo B rdt 1/r
(Xo,Xg)ar = {(I S X() +X1 : Ha||(X0,X2)9,r = </ (t eK(t,a;Xo,Xl)) 7) < OO},
0
(3.15)
if0<f0<1,0<r<oo0,and
(Xo, X2)g o0 = {a € Xo+ Xt lall o = sup PR (1 a X, X0) < oo}, (3.16)
<t<oo
for 0 < 6 < 1.

More details regarding the real method of interpolation can be found in [30].

Theorem 8 ([17] Theorem 5.1 ) Let s1,59 € R, $1 # s9, 0 < 11, 19, 7 < 00, 0 < 0 <
1, s=(1—0)sy +0sy. Then

<Flf;“1’ F;;,?ﬁ)eﬂ" = B;,w 0< p <09, (317)
(B;}Tl’ BZS??T2>‘9’T = B;,T'7 0< p S . (318)

Furthermore, similar formulas hold for the homogeneous versions of the Besov and Triebel-

Lizorkin spaces.
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Now we start to prove Lemma 2. Owning to the arbitrariness of r;, + = 1,2 in Theorem 8§,

let 11 = ry = r, we have

<F31 F;;)Q’T _ Bs

p7/r7 p7,’17

0<p<o0. (3.19)

Assume m € m,,, which equivalently says that

| T f| i, S /] iy, forany fe F;r, with s € R. (3.20)
Next we only have to show that
| T f| s, = Id By, forany f e B;T with 0<r <oco and se€R. (3.21)

Indeed, if f € B, then f = fi + fo with f; € [}

s, fi € FSn Thus Tof = Tofi + Tufo,
(3.14) and (3.20) imply that

Kt Tuf; F22 F22) = inf(||Tnfi|

p,r?
= inf(|[ 1]

i+ T f2
i+l

£3)

i2)-

By a simple computation, we can prove that (3.21) holds, so the proof of Lemma 2 is finished.

3.3 Main results for the generalized heat equations

Now, we are in a position to state one of the main results for the generalized heat equations.

Theorem 9 Assume that u is the solution to equation (3.1). Then for any 0 < p., p, q, 7 <
oo with p, > p and B, v € R, we have the following estimate,

lult, Mgy <=5 Jugllpy, pe >, (3.22)

and

[ult, Mg, 2 lluollgg, 0 <p<oo (3.23)

Proof. Let us begin with proving the first inequality (3.22). Note that, for any £ € R"\{0}
and any nonnegative real number 5 which will be determined later, we have the following
identity

o 3 ]_
m(t,€) = e (HeP) (3:24)
(t[§[>7)P
= M (ta €)m2 (ta 6)7 (325)

where
ma(t,€) = e 7 (t]¢ )7,

17



and
1

(tle[>7)7
Clearly, |mq(t,£)| < C holds uniformly with respect to £ and ¢ € (0, 00), where C'is a constant

m2<t, 5) =

which depends on 3. Thus, we can prove that my(t, &) and ma(t,€) satisfy condition (2.18)
with @ = 0 and a = 2003 respectively. To be specific,

sup [R—n+2l5l / |agm1<t,§)|%zg} < A, |5 <1, (3.26)
R>0 R<|¢|<2R
and
sup | R HioP 420 / 08 ma(t, €)de| <t P Ags, 16 <1, (3.27)
R>0 R<|¢|<2R

where A; ; and As s are some constants.

Thus, combining Theorem 6 with v = 0 and Corollary 1 with o = 203 , we have

Hu(t,')Hng = HTmUOHFf*,q

HTmln’LQUOHFIﬁ“q

= ||Tm1Tm2u0||Ff*yq

A

[Tyl .,

IA

t’ [[uoll i,

_mn(l_ 1y  pB=vy
CEGEE ualy,

where 3 is determined by 8 —n /Ds = 208+ —n /p, which derives our desired result (3.22).
To prove the second inequality in (3.23) in Theorem 9, we do not need to decompose the

multiplier as in (3.24). Indeed, the inequality in (3.23) follows immediately from Theorem 6

with a = 0. So we omit the details.

Since Flgg = H? (0 < p < 00), letting 8 =~v =0 and ¢ = r = 2 in Theorem (9), then the

result is exactly the same as the known result in [3] which is stated as follows:
Theorem 10 (/3]) Assume f € H"(R™). Then for 0 <r <p < o0,

e S Py (3.28)

HPR")

The proof there easily yields

|

Similarly, we can get the counterpart in Besov spaces.

—={(1/r—1/p)+IB|}—k HfHHr

foje o <
Hp

(R") -
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Theorem 11 Assume u is the solution to equation (3.1). Then for any 0 < p., p, q, T < 00
with p, > p and B, v € R, we have the following estimate

_mn (1l _ 1y B—vy
lut, Mge . 275G ol pe>p, (3.29)

and

e Mge, < uollgs. 0 <p < oo. (3.30)

Proof. The proof is similar to the case in Fp”’r space. For any ¢ € R"\ {0} and any

nonnegative real number 3 which will be determined later, we have the following identity

T
m(t,€) = eI (tlg)” >BW = ma(t, )ma(t,€), (3.31)
where my(t,&) = e*t|5|20(t|§|2")5 and moy(t,&) = W.

It is easy to prove that mq(t,&) and ma(t,§) satisfy condition (2.18) with o = 0 and
a = 2<7ﬁ~ respectively. To be specific,

sup [R_"H&/ |3gm1(t,§)|2d§} < Ao <L (3.32)
R>0 R<|¢|<2R
and
sup [R—n+4ffﬁ+2l&l / |agm2(t,§)|2d5} <t 4,5, 15] < 1. (3.33)
R>0 R<|¢|<2R

Combining Theorem 6 with @ = 0, Lemma 2 and Corollary 2 with a = 205, we obtain

lutt Mg, = [ Touoll s

HTml'rnQUOHBéB*ﬂ

||Tm1Tm2u0||Bg*’q

< | Tguoll g,

A

¢ Juoll 5y,

= F6T T fuoll gy,

which proves inequality (3.29).

Inequality (3.30) can be derived directly with the application of the Theorem 6 and
Lemma 2. We here skip the details.

Remark. Since m; € M,, and M, C m,, for 1 < p, < oo, it is not necessary to employ

Theorem 6, Lemma 2 or Corollary 2 in the proof of Theorem 11.
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Chapter 4

Wave Equations

In this central chapter, we shall study the long time decay estimates of the generalized wave

equations in Triebel-Lizorkin spaces.

4.1 Introduction

We begin by studying the Cauchy problem for wave equations with a structure damping
term,

{ up + 20(=A)uy + (—~A)7u =0, (t,z) € (0,00) x R, (4.1)

(u, u) (0, ) = (uo, ur)(x),
where 0 < § < 1,a > 0. The initial data uy and u; belong to some Triebel-Lizorkin spaces.
The term 2a(—A)u;, where(=A)°f := F-Y(|¢|®Ff), F being the Fourier transform with
respect to the spatial variable x, represents the action of a structural damping, which dis-
sipates the energy of the solution to (4.1), as ¢ — oo. In other words, the damping term
2a(—A)%u; affects the behavior of the solution to equation (4.1).

First, for generalized wave equations without the damping term 2a(—A)%u, are given by

U + (—A)7u =0, (t,x) € (0,00) x R™,
{0 = G 2
where o > 0. The energy for (4.2) is given by (see [15])
E(t) = llu(t, 172 + 1(=2)2ult, )], (4.3)

and it remains constant for the solution to the Cauchy problem (4.2). Equivalently, E'(t) = 0
for any t € [0, 00).

Next let us verify that the damping term 2a(—A)%u; does affect the behavior of the

solution to equation (4.1). For simplicity, here we assume the solution u(t,z) of equation
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(4.2) is "good” enough, which means that we can avoid integrable problems, interchange
integration and differentiation freely without further justification. The extension to general
u in Triebel-Lizorkin spaces is done by a standard density argument. Thus, under our
assumption, we have

E(t) = - |ut(x,t)]2da:+/ [(=A)2u(x, t)|*dx

n

= |{Lt(§,t)]2d§+/ i€7a(€,t)|?d¢é (by Plancherel’s theorem).
Rn

]Rn

Then, taking the derivative with respect to the time t and with our assumption that the

solution wu(t, z) is ”"good” enough, we get

B0 = 2 a(eml€nds+ | 26a(€ e D

— 2 [ e, (€0 + EmalE D)

—

_ 9 / (€)@ (€,1) + (ZA)Tu(E, )

= 2/n ug(x, ) (uge(x, t) + (—A)7u)dx
— 0,

where, in the last step, we made use of the fact that u(¢, ) is the solution of equation (4.2).

However, the energy in (4.3) dissipates as t — oo if we add a structural damping term
2a(—A)°uy, where § € (0,0). Namely, the energy to the solution to the Cauchy problem
(4.1) satisfies

/

[
E(t) = —dall(=A)2u(t, ) [ 2@ < 0.

In fact, taking the derivative with respect to the time t at both sides of the identity (4.3)
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and following the similar procedures as we did above, we get

E(t) = Z/n w(z, ) (ug(z, t) + (—A)ou(z, t))de

= 2/ u(z,t)(—2a(—A)ou(x,t))dr  (since u(x,t) is the solution of (4.1))
= —4a/ ug(z, t)(—A)ouy(x, t)de
= —4a/ (€, 1)€)? 0, (€,t))dz  (by Plancherel’s theorem)

- 4 / ,gm(msﬁmcif
- f
[

s
= —4a( A)2u(t, z)| T2
<

mu dé

)

)2u )‘ dx  (by Plancherel’s theorem)

In the last step, the inequality holds because of the restriction on the parameter a with a > 0.

The solution to (4.1), according to the sign of o — 24, has different properties (see [18]).
Also, we classify the damping term in equation (4.1) depending on the sign of 0 —24. Namely,
in equation (4.1), when 2J € (0,0), the damping is called effective, whereas it is called non
effective when o € (6,20). This classification was introduced by the first two authors [7] for
more general models of evolution equations with time-dependent structural damping. For
the details, see the paper [7] and the references therein. For the limit case § = 1 (see [14], [15],
[27], [28]), and for o = 2§, we refer the reader to [22]. Here we will not look at them in depth.

Also the partial differential equation (4.1) is significantly interesting in mathematics,
physics, biology and many scientific fields. As known, the equation (4.1) has a lot of vari-
ants. For example, the classical wave equation, the classical heat equation, Laplace equation
and Schrodinger equation which are fundamental types of partial differential equations. Let
us finally mention that there are a lot of papers containing similar results on large time be-
havior of solutions to equations with structure dissipation. Our list of such papers is by no
means exhaustive-we only cite the publications which have a direct influence on this paper.
However, to my knowledge, there are quite few papers about applications to problems in

partial differential equations, especially wave equation, in Triebel-Lizorkin Spaces. I just
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found that some literatures related to applications to the Laplacian and heat equations in

Triebel-Lizorkin space ([16], [17]).

Without loss of generality, we may assume a = 1 in (4.1), since there exists a change of
variables which makes coefficient to be unitary. Following the notation in [18], the solution

to equation (4.1) is given by
u(t,) = S(t,-) xuo(-) + T(t,-) *ur(-). (4.4)

In the expression above, the linear operators S(¢, )% and T'(t, -)* are defined as the Fourier

multiplier operators

F(S(t,-) % uo(-))(&) = ms(t, §)iio(S), (4.5)
and
F(T(t,-) = uo(-))(§) = ma(t,€) i (§), (4.6)
with the symbols
mg(t,§) = et (cosh (t & ,u) + 1 sinh (t & ,u)) : (4.7)
1
and ”s
mr(t,§) = ete™ - <t |§2|5 M> ) (4.8)
a1
where

o= M(f) — 1 — |£|2(U—25) if ‘€|2(0—26) < 17
poi= (€ =i €T =1 g > 0

When [£| = 1, we may replace mg and mq by their limits as |£] — 1, namely,

ms(t,€) [g=1= (1 +t)e™, mp(t,§) |jg=1=te™.

4.2 Some known results in real Hardy spaces

Before we formulate our first main proposition, let us recall the main results in real Hardy

spaces [6].
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Theorem 12 (/6]) Let 25 € (0,0). Then the solution u to (4.1) satisfies the decay estimate

|k u(t, || 5, =< ¢~ Tem (AP=VDED Q]| p0)

forpe (0,1],p<qg<oo,t>1and1l/r= l/p—i-Q—T‘f.

Theorem 13 ([6]) Let o € (9,25). Then the solution u to (4.1) satisfies the estimate
oFozutt, )|y, = 1t D+ G (g, 4070 )

forpe (0,1],p<qg<oo,t>1 andl/rzl/p—l-%‘;,

where (x)y = maz{z,0}, the positive part of x.

Since F]iyz = HP", our main goal is to extend the results in real Hardy space [6] to the
homogeneous Triebel-Lizorkin space ( the homogeneous Besov spaces). However, due to the
lack of the corresponding multiplier Theorem 4 [25], we could not apply the known results
in [3] or multiplier theorem directly, at least for some indices in Fpﬁ* > for the non-effective
case. For this reason, it is convenient to distinguish the several cases 1 < p, < ¢ < 2,
0 <pe <q<2withp, <1, and 2 < g < p. < 00, where the interpolation and duality

methods play a crucial role.

4.3 Main results for the generalized wave equations

After these preliminaries, we are in a position to present our first main result in this paper.
Based on the sign of 0 — 24, we consider the first situation which is effective case o — 2 > 0.
Thanks to Theorem 10, we just need to estimate the simplest case of solution of equation
(4.1) without the derivatives.

Case I effective case: 0 — 26 > 0.
Proposition 3 Suppose o > 2§ > 0, and u(t,-) is the solution of (4.1). We have
— _(1/p—1/py) ,— B
lat, g, = 72T TN (|luo | gy, + [l ) (4.9)

for 0 <p <p, < o0, :thi, and t > 1.

n

D=

We also have

lutt Mg < lollig . p=pu. (4.10)
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To prove inequality (4.9), since u(t,-) = S(t,-) xuo(-) + T'(t,-) * u1(-), it suffices to prove

the following two inequalities respectively
—n — __B=r
|S(t, ) * u0<'>HF,§3*7q <t 205 (1/P=1/Pe) 4= 5055 HUOHFJM (4.11)

and
_n _ __B-r_
1Tt ) (s < ¢~ 2= /P 1Py | (4.12)

First, we prove (4.11) by dividing its proof into several lemmas. Recall that
S(t, ) *xug(:) = Se(t, ) *ug(+) + Ss(t, ) * uo(+) (4.13)

where S,(t, ) has the symbol e~*¢* (cosh (t M u))) and Ss(t, -)* has the symbol
e*t|€|25T1L sinh ((t M ,u) . Also we know

mT(t, §)|§|:1 = te_t, m5<t, f)|§|:1 = (1 + t)e_t.

Proof of (4.11). The proof consists in finding appropriate estimates of S.(t,-) * uo(-) and
Ss(t, ) *ug(+) in (4.13). To show that equality (4.11) holds, it is sufficient to prove that

St ) xug( | po = TE VPP =5 |y | e 4.14
Fpaq Fp.r

and
__n _ __B=r_
196t ) % wo ()l < 2oy (1/P=1/p2)y %= |||y (4.15)

To apply partition of unit, let 4, &, P, be cut-off nonnegative C'*° functions satisfying

®0+®1+®00 = ]-a Suppq)oc{|€|§1/2}7
supp @1 C {1/4 < [¢] <4}, supp P C {|€] > 2} .

Notice that

e cosh (t <* ,u)

9 8
25 61 4 o= tlE*p

— ot
= e
2

For simplicity, we may assume that the symbol of S, (¢, -)x is e €/ etlél*n,
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Now we write

e HEP GHEl i — o=t Gt 1 (i (£) + By (€) + Do (€)) .

By this decomposition, we have
Se(t, ) * uo(+) = Seot,-) * uo(-) + Sea(t,-) * uo() + Seoolt, ) * uo(-) (4.16)
where for j = 0,1, 00, S ;(t,-)* has the symbol
e—tlé\%etlé\%u@j(@_

To get inequality (4.14), we need to prove that

1es(t,) % wo( s = {7 WU g

for 7 =0, 1, cc.

Estimate of S.o(t,-) * ug(-). We start with the estimate of the first term on the right
hand side of (4.16). Note that for [{| < 1/2, we may write

/1 o |§‘2(U—26)
2(oc—24) 2(oc—29)
— 1_|€’T+1/1_|§|2(0—25)_1+‘€’T

2(0c—29)
S e,

2(0—29)
ol6) =1 1o, (4.17)

By the Taylor expansion, we have

o) = 5 (16P) 4 o (16Pe™) 4 o (1) b )

=1

where

From the identity in (4.18), it follows that g(£) > 0 for any & # 0. Therefore, we have that,
for |£] < 1/2,

—t€|* _t|e)*p 28 26 |§|2(0726)
e = oxp —t e expt e[ { 1 - B~ g(©)

2(0—29)
— oxp—t[e? 4 tg® (1 L g<§>> |
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Here, the exponent is

e e (1 B <£>)
9 g

26 2(c0—28
g g

_ 26
= 5 — €17 g(&)

_t |§|2(0’75)
2

—t[¢1* g(&).
Thus, we obtain that the symbol of S. (¢, )* is

~ 41¢126 26 1 £12(0—25)
i (t, &) = e I e Vil Po(£)
_ 1Pl

= ¢ 2 m1,1(t>5)

_t‘é‘Q(d—é) o ~
S oo

1
= € i m1,1<t7 f)

(tlePe=2)3
= le(t, §)m172(t, §)m1,3(t7 6)7

where
mu(t,€) = e 19O ¢),
_th(a—é) 2(c—36) ,8~1
ml,Q(taf) =e€ 2 (t|§| ) )
and
1
m1,3<t7 g) =

(HeTD)

To apply the Mikhlin-Hormander multiplier theorem, we will establish the following lemma.

Lemma 3 For any multi-index «,

‘%ml,l(t7§>‘ S O |€|*|Oé| )

where the constant C' is independent of t.

Proof. Following the definition of multi-index derivative and employing the property of

(&), we can easily get

o 1
a—gaml,l(tf) < C’“l<tvf)‘wa
where the constant C' depends only on 4, ¢ and «, but does not depend on ¢, vy (t, &) has the

following form

b HP2 oo

vi(t, €) = e M9 (t|€|25)’85ﬁ19(5)@9(5)  5ea 98 (€)eal€).
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and
0<i<l|al, 0<j<]al, 0<I<]al

©va(€) is bounded uniformly with respect to &.

Note that

9(&) > 0,ve € R"\ {0},

;—; GlE

(4.19)

Thus, we have
(6%

0
a_gaml,l(t> 6)‘

1
< cmﬂaf)lw

26 i : !
< Ce*t\ﬂ 9(§) (t|€|26)l |§|B1€-|E§)+|Bl|g (5) |§‘|a|—|5|

1

€]l

i 1
€1

(4.20)

= Ce P90 (4] ¢|20)i g+ (£)

= Ce IO tg(6)|¢[*)

1
<C—
— g

where, in the last step, we employed the fact |e €% 9©) (¢g(£)|€]2)i| < C uniformly with
respect to &,t € (0,00) and any non-negative integer i. So Lemma 3 is proved.

By Lemma 3, we know that my (¢, &) satisfies condition (2.18). Also, we may verify that
myo(t, €) and my 5(t, €) also satisfy (2.18) with o = 0 and a = 2(0 — 6) 3, respectively, where
(3, is a nonnegative real number which will be determined later on.

Thus,
[Seot, ) * uo( )l e

Ty oll

o T Tt

= ||Tm1,2Tm1,3“0||F§*7q (by Theorem 6 with a = 0) (4.21)
= ||Tm1’3u0||F5*!q (by Theorem 6 with a = 0)

<t ||ugll ;. (by Corollary 1)

_on_(A_1y _ f—n
:t 2(c—=9)‘p px t Ho=9) ||u0||Fz,7y,r p* >p’
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where f; is determined by 8 —n/p, = 2(c — 8)5; + — n/p, which derives our desired result,
obtaining the estimate of S.o(¢,-) * ug(+).

Estimate of S. . (t, ) * uo(-). Recall that the symbol of S, (t,-)* is

e cosh (it €124/ €] — 1) D (€)

1126 2(5—26) _ 1g(26 2(c—26) _
s €1 VIE U itk /e] 1
5 .

We proceed the same as before, it suffices to study the symbol

16128 a1 e(268 2(c—268) _
e HE itlEl ™V €] 1o (€).

/‘§|2(0725) 1= |€|(0725) /1 o |§|72(0725)‘

Therefore the symbol of S. o (t, -)* is
Mot €) = e e eI TN O ey
L et e

t 14126 > 1
= ez (t|§|25)62Wm271(t,§)

= m2’1 (t, §)m2’2(t, §)m2,3 (t7 g)?

= O (f)e

We write

where
maa(t,€) = ¢~ HIEP Gl VITIEPT T g, ey
= 6_%|§‘266“|§|0h(5)®m(5)7
m272(t,€) = 6_%|£|26(t’§|25)52,
and
(16 = —
st T (tef)e

where (3, is a nonnegative real number which will be determined later on and h(§) =

V1= [§[22=) & € supp Doe.

To proceed, we also need to prove the following lemma.

Lemma 4 For any multi-index «,

s—gmzl(tai)‘ < Clel™,

where the constant C' is independent of t.
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Proof. Following the definition of multi-index derivative and employing the property of
®,,, we have
O maa(t.6)] < Clus(t, €
aga 2,1\ Yy = 2\0,
where the constant C' depends only on 0,0 and «, but does not depend on ¢, vo(t,£) has the

1
AE=ER

following form

e gy 20y o207 97 0% o j
0(1,6) = 5 Y67 o E) S €)W ©)alt,6),

and
0<i<l|al, 0<j<lal, 0<I<]al,

0< |6l <l|a|, k=1,2,---r, r+j=1,
wa(t, &) is bounded uniformly with respect to ¢ and &.
Thus, we obtain that

oe 1
8_ng 1(t,8)] < C|Uz(t,€)|w

t o— hr(é-) J 1
€l el g (&) e
€)Y (JE]720) R (€) —

GE
) (e €)
1

€]l

< Ce |€\25(

t

— Ce™ Ié\z‘s(
t

— Ce™ Ié\z‘s(

< C(lgf)
1
C——
— gl

where we employed the facts that (&) > 0,V £ € supp P C {[¢] > 2},

550‘ - |€|" ’

and

t
\£I25( I€]?)" < C,  for any nonnegative integer i.

So we end the proof of Lemma 4 by virtue of the assumption o > 24.

Lemma 4 tells us that mq; satisfies the condition (2.18) with a = 0. Similarly, we also may
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prove that mq o and mg 3 satisfy the condition (2.18) with o = 0 and a = 2035 respectively.
Employing Theorem 6 and Corollary 1, we obtain that, for ¢ — 26 > 0,
[Se.00(ty ) w0l g = ITmyuoll o
T T T st
< HTmmeQ’SuOHFﬁ*’q (by Theorem 6 with o = 0)
= ||Tmz,3“0”Ff*,q (by Theorem 6 with a = 0) (4.22)
<t HUUHF,?,T (by Corollary 1)
= 7 HGTT o,
=TGR fugllgy pe >
o
where f3 is determined by 8 —n /D« = 20 Bo4+~v—n /p, which derives our desired result.

Remark. We can choose 52 large enough , since the arbitrariness of ,62, such that g > ~.

Then we obtain better decay estimate since o > 2.

Estimate of ||S. (¢, -) * uo(-)HFpﬁ ,
the advantage of the boundedness of supp ®; C {1/4 < |£] < 4} and the smoothness of ®;,

. It should be the easiest part. In particular, taking

we proceed the same way as we did in Lemma 3 and Lemma 4, then apply Theorem 6 and
Corollary 1, it is not too difficult to obtain the boundedness of ||S.1(¢, ) * uo(-)
that

I fp, such

Ly, _B=
[Sea(t, ) xuo()pp 220 A [[uoll i, (4.23)
<O Juglly, pe > p. |
p,T

Combining (4.21)-(4.23), we finish the proof of (4.14).
Remark. For the multiplier of S, (¢, -)*, it seems that there is a singularity at |{| = 1 because

of the denominator p. Indeed we do not have to worry about it at all. Since

mg(t,§) = e HIer (cosh (t N u) + %Sinh (t M p))

1
— ™ cogh <t M ,u) + e Z sinh (t M u)
o

employing the Taylor expansion of cosh(z) = >/, (zzi;)' and sinh(z) =Y 77, %, we get

£ (2k)! e 2k + 1)

e N M e o (E]€])20) P 2

k=0 k=0
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Similarly, to show inequality (4.15) holds, we estimate the boundedness of ||.Ss ; (¢, -)*uo(-)|| I
term by term, where ¢ = 0, 1, cc.

Notice that

et sinh <t [Ei ,u>

L
el n 4 o= tlel* p

24

1126
_ ot

For simplicity, we may assume the symbol of S.(t,z)* is

o tE? tle*u
Ju!

Now we may write

8 4 5 5
€_t|§|2 €t|£|2 I e_t‘ﬂz 6t|§|2 2

p = p (Po(§) + P1(§) + Poo(§)) -
By this decomposition, we have
Ss(t, ) *ugp(+) = Sso(t, ) *up(-) + Ssa(t, ) * up(+) + Ss.00(t, ) * ug(+), (4.24)

where for j = 0,1, 00, Ss (¢, -)* has the symbol

26 26
€_t|£‘ €t|€‘ /»‘(I)](g)
W

Same as before, we now need to prove that

B—~

—n _(l_1y _ _B=v
16,5t ) % uo(:)ll s <t o5 (b pe )t T 0) ol g,
for 7 =0,1, c0.

Estimate of S (t,-) * ug(-). For |{] < 1/2, we write

2(o—29)
Vi-tere =1 - B g,

where ¢(&) is the same as (4.17) which means

2(c—20)
s =1-E— i,
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and ¢g(§) > 0 for any £ # 0. Therefore, we have that for || < 1/2,

,t‘5|25 t‘5|25# 26 28 |£|2(U_26)
et = et [T expt |7 | 1 - =——g(¢)

2(0—29)
— expt e + 1[e” (1 S g<s>) .

Here, the exponent is

[ e (1 I <s>)
9 g

265 | +12(0—26)
G

_t ’6‘2(0_6)
2

—t[¢* g(9).

Thus, we obtain that the symbol of S, (¢, x)x* is

g126 25, /1_1712(0—25)
e eI ¢l 1-1¢] (1)0(5)
ol

mg(t, f) =

tlg)2(7 =)
e

= ¢ (t]¢[2=)Bs

1
ey
= mz.(t,§)maa(t, E)mas(t,§)

where

eft\5|25g(£)q>0(|g|)

!
ml,l(ta g)
1 ;

mz1(t,§) =

mya(t, &) = e 3167 (¢ 20y,

1
ms3(t,§) = W’

and B3 is a nonnegative real number which will be determined later on.

Since we have the following estimates for o — 26 > 0,

of _
‘—mu(t,ﬁ)‘ <Cle

P

and o .
I C —|’Y|'
‘awu,olg d
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Leibniz’s formula

rii =Y 2@,

1~/
By=a o

yields that
aOc
——ms ()| < C g7
(6.9 < Cl
All above estimates imply that ms;(,€), ms2(t, &), ms3(t, &) satisfy condition (2.18) with
a=0, a=0and a =2(c — ) 5, separately. Combining Theorem 6 and Corollary 1, then

we have
[Ss.0(t, ) * wo( M e = 1 Tmsuollzp
= ||Tm3,1Tm3,2Tm3;3u0HFzE*,q

=< ||Tm3,2Tm373u0||F£ , (by Theorem 6 with a = 0)

_ (4.25)
= HTms,suoHFf , (by Theorem 6 with o = 0)
<t [uoll £, (by Corollary 1)
— T ) 2 || >
ol g, P« > D,
where f3 is determined by 8 — n/p, = 2(c — 8)5, + v — n/p.
Following the proof of Lemma 2.2, we can get the estimate
Seelts) ¥ o)l g, < T 03 gl pe > (4.26)
s,00\bs 0 Fpﬁ*’q - OlEY, D+« b- .

For the same reason as the boundedness of ||S.1(t,-) * ug(-)||zs , we can get the following
Px,q
estimate

__mn _(l_ 1y _ _B=vy_
101 (8, )+ woO )l 2T gl L e > p. (4.27)

By the decomposition (4.24), combining (4.25)-(4.27), we end the proof of (4.15).

We now come to the proof of the second main equality (4.12). Accordingly, we shall give

both the low and high frequency estimates.

Proof of (4.12). Similarly, by partition of unit, we can rewrite the symbol of T'(¢, -)* as

et sinh <t [Hi ,LL)
€1 1

el sinh<t|§\26u>
€% n

(@o(§) + P1(§) + Poo(§)) = mao + M1t + Mg,

where myp; = ®,,7=0,1,00.
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First, we consider the first part of symbol of T'(z,t)*

e~tIE* ginh (t €% /1 - |gy2<“—25>)

mro = ©o(S)

€1 \/1 = Je

. v etlé-‘?& 1_|§|2(0726) . e_t‘§|26 1_|§‘2(0725)
et ” ”

2[€1% /1 - e

o VIR (| g gy

92 |£|25 /1 . |€|2(0725)

We may write @¢(&) = ®2(£). Thus the above symbol can be written as mrg = mymsms,

P(¢)

_ ot

D(8).

where

ot otl€l? /1772

my =
* 2(0—29)
1 —[¢]

(1 — =21 V/1-jeP )
9 q)0(£)7

Do($),

mg =

1
€17

me

—1]¢]20 gt1€120 4/ 1-g|2(7—20)

Vi-fgP 2
So we just need to show one more lemma about the multiplier ms;(¢, €).

Note that my = ¢ (&) is exactly the same as the symbol of Ss (¢, -) *.

Lemma 5 For any multi-index «,
aOé
——ms(t, | < Ol

gt < Clel

where the constant C' is independent of t.

Proof. Again, by taking the multi-index derivative and employing the property of ®,, we

obtain

o3
Since e~26*VIZIEP T < O 1¢2 /1 — €27~ for any non-negative real number r,

choosing r = |a] yields our desired result. So the proof of Lemma 5 is finished.

‘8_7”5(73,5)‘ < C(t|§|25—1)|a|e—2t|§|25\/1_|§|2w.
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By Lemma 5 and Corollary 1, we have the boundedness of ||T(t, -) * Ul(')”pg ,» such that

ITo(t, )+ (g, = [ Tongy | s
= ||Tm4Tm5Tm6u1||Ff*yq
= Toa Tonguall s (4.28)
<4 S T g
p,T

- t_ﬁ(l/p—l/l’*)t_% Jurll g
By

where

_ 20+9—y ;1
= =1 _|_p'

D=

Next, we study the boundedness of ||To(¢,-) * Ul(')”pg .
The symbol of T (t, -)* is

e~1¢” sinh <t M ,u>

M7 — [e'S)
€% 1
et sinh (¢ 1) .
= o 5 N
z €%
= Mmemry,
where .
2
e €™ sinh (t M ,u>
my = q)oo é- s
]
and
1
6= 725"
€]

Note that my is the same as the symbol of Ss(t,-)*, we may immediately derive the

boundedness of || Tw(t, -) * ul(')HFf L that is

Tty ) s ()l g, =770 PP g s (4.20)
and also we have

1Tt ) 5 1 (g, = 477D 3 g (4.30)
where % = 2‘”% + %.

Combing (4.42)-(4.30), we finish the proof of (4.12). So the case p < p,, in Proposition 3, is

proved. For p = p, case, we will omit the proof since we can drive the result easily from the
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lifting property in Triebel-Liorkin spaces.

Now we start to deal with the case II with § < o < 24, which is non-effective case.
In general, this case is more difficult, since the non diffusive structure appearing at low
frequencies is related to the long time decay estimates. For this reason, it is convenient to
consider several cases based on the indices of Triebel-Lizorkin spaces F]ﬁ q
We now in a position to sate our second main result.

Case II non-effective case: § < o < 29.

Proposition 4 Suppose 6§ <0 <26, 0<p<p, <q<2, 0r0<p, <q<2withp, <1 or
2 < q<p.<oo andu(t,-) is the solution of (4.1). We have

||U(t, )HFf . j tn|1/17*—1/2‘(1—*)t_2(a 6)(5_17*) 2(0‘ 5)(”“0”}7«, +t 25)||u1||F,Y ) Dy > D,
(4.31)

and
[t g < g5 (g g+ 7075 |l | 5 ) P =D, (4.32)

—M+%, andt > 1.

- n

where

Dl

Again we shall treat only the case p, > p. To prove inequality (4.31), since u(t,-) = S(¢,-) *

uo(+) + T'(t,-) *uy(+), it suffices to prove the following two inequalities respectively
1St ) *uo(-)|l ze < 11 /p=1/2|(1=55) ¢ —‘2(a45>(5_p*)t B ||U0||FW , (4.33)
and
o — 1_ 1 _9g
||T<t,') *“1(‘)HF1§3M j tn|1/1’*71/2|(1*25)t 2(o— 6)(17 p*)t 2(0’ 6)t ¢ 26)HU1HF;T’ (434)

Since the proofs of (4.33) and (4.34) in Proposition 4 are quite similar. Here we just
give the proof of (4.33) which only involves the convolution operator S. Additionally, we just
focus on the lower frequency and higher frequency terms.

Proof of (4.33). Notice that

etE* cosh (t M ,u)

26 26
25 €17 o=t

— Ul
= e
2

For simplicity, we may assume the symbol of S.(t,-)* is

1126 25
et ptlEl™ h
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Now we write
I S I R (3 (6) 1 By (6) + ().

By this decomposition, we have
Se(t, ) *uo(-) = Seolt, ) * uo(-) + Sea(t; ) * uo(-) + Seoolt, +) * uo(-)
where for j = 0,1, 00 and S (¢, -)* has the symbol
e—tlﬁ\%etlf\%u@j(@.
We now need to prove that
o __m (1 1y _ _B=vy_
e (t,) o) g, , = 2/ 800 2 ™05 g

for 7 =0,1, 0.

Estimate of S.o(t,-) * ug(+). For |{] < 1/2, since 20 > ¢ > §, we have

(&) =ilel" /1 [gP.

Therefore, we have that, for || < 1/2,

L1128 25 16128 41412841 (0—28) —£12(26—0)
oHEP e el Litle e Ty 1]
26 26 o 2(26—0
— sl (e—;m itIElT /11 >>_

Thus, we may write

ms(t,€) = e 17l g ()
_ e—%\&l%ez‘t\ﬁl"W@O(g)@—%lf\%(ﬂﬂ%)@ 1

(t[&]20)5
= mg1(t,§)msa(t,§)mss(t, ),
where
msa(t,€) = e~ HE (t¢ )%,
and

1
"ol = g

Before we continue, we need the following lemma.
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Lemma 6 For any multi-index o,
——mga(t, < Otlel=55) ¢l :
s8] < €
where C' 1s independent of t.

Proof. Taking the a-order derivative of elé”v L-fgPeem) yields one factor containing the
following term

(el = tlellg|elje| el
Noting that e~ (£[¢[2%)" < C for any non-negative real number 7. Let 7 be 2%, we will

get the desired result which ends the proof of Lemma 6 .

Next we estimate the boundedness of ||S.o(2, ) * uo(+)|] i, by considering several cases.
Now assume p, € (1,2]. Since HP* = Fzg)*,% by Theorem 4 in real Hardy space with A = ¢!~ 2,

we have the same conclusion for Fz?* 5, that is

n(l—<) (L1
| Tns il , < OO G2 fl o . (4.35)

Px,2

By the definition of Triebel-Lizorkin spaces, we get

DPx
HTms,luo %)* o = (Z |90k * Tm8,1u0 p*)l/p*
7 kEZ Lp*
= / Z |0k * Tong U0 [P dx
" kez
Px
= Z HTm&l((pk * UO)”L;:*
keZ

oy L _1

< -G Z o * |25
kEZ

_oy L _1

_ =56 3) o zgo ,
Px*,Px

n(l—Z)(L -1
HTms,luUHFg*’p* < Ct (1=5)G. 2)||u0”F0* : (436)
An interpolation yields that
n(l—2) (L1
1T toll gy < OO 3G g g (4:37)

forany 1 < p, <g <2
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If p, € (0, 1], again by Theorem 4 in real Hardy space with A = ¢'725, we have

1T stollg,, < OO G2 g (4.38)
By the definition of Triebel-Lizorkin spaces, we have
Dx

D=
0
FP*,

p*)l/p*

(Z |90k: * Tm&luo

kEZ

= / Z ’SOk * ng,luo
R

" kez

= D T (or x wo)| 7.

kEZ

< Z | T2 (0 % wo) |7,

k€EZ

HTms,luﬂ
D

Lp*

Pedx

kEZ

We now pass to the Triebel-Lizorkin norm by using the Riesz transform characterization (see

Appendix),

> e xuollf. <D 0D NRser *uollfi. (4.39)

keZ J keL
where ), is a sum of finite terms. Now since the definition of Triebel-Lizorkin space is
independent of the choice of {¢y}, it is easy to check that {g,} = {Ryor} = {(Rsp)i} is

another family of generating functions. Thus we obtain that

fed 1 1
[ Tons y ol o < "G ug| gy (4.40)

P PxPx*

An interpolation yields that
n(l—Z) (L -1
1T sty < OO B gy (4.41)

for any 0 < p, < ¢ <2 with p, < 1.
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Using duality, for any 2 < ¢ < p, < 0o, we have that

HTm&luOHFO = sup | < Tm871u0ag > |
Bt gl <1
Pxq

= sup | < ug, Tng 19 > |

Hgllpz()),’qlél
= sup ol N Tms 9l
H!JHFO/ <1 ' Py
p*,ql
n(1-%) (5 —3) .
< Ct P ||u0||Fg*,q
— o-5)G5) o | po
Px,q

As usual, p, and ¢ are the conjugates of p, and ¢ separately. We applied the duality property,
in the first inequality, in the homogenous Triebel-Lizorkin spaces (see Appendix).

Thus, for 1 <p, < ¢ <2, 0r 0 <p, <q<2with p, <1, we have

||Sc,0(t7') *U()()HFB = ||ngu0||p'f*’q

Px,q

HTm&leB,QTmS,:suo HFzéa*,q

= tn(l/p*_l/z)(l_%)HTm8,2Tm8v3u0“FE q
< e DH T ]| s
< (/pe=1/2) (1= 55) =B l|uol| gy

p,T

oy __m (1 1y _ _B=v_
120 8T B g
p.r

where $3, is determined by 3 — n/p. = 2084+ — n/p.

Also, we have, as 2 < ¢ < p, < 00,

1Sco(t ) *uoC)lzs = [ Tmsuoll s

||Tm8,1ng’2Tm873u0 ||Fpﬁ*’q

tn(1/2—1/P*)(1 %)H stzT‘mS 3U0||F’B

( s ) Px,q
tn(l/Q*]-/p*)(]' %)H zmg;’,uoHFﬂ

_< s Px,q
tn(1/2—1/p*)(1 %)t 521 ||U()H Y

_< p,T

oy __mn (1 1y __B=v_
$(1/2=1/p)(1=55)4 505 (p P*)t 5(o—5) HUOHFW ]
p,T

Estimate of [|Sco(t, ) * uo(-)]| zp - Note that the symbol of S, oo(t, ) is et e 1 (€).
When [£] > 2,0 < o < 20, then (&) = /1 —|£[*?=29). So this estimate should be the same

41



as et et ud (£) in the case o — 26 > 0.

Finally, to complete the proof of Proposition 4, we have to show

o __nmn (1 1y _ _B=v_
185t % wo (g, < /P08 G |
Indeed, we may get a better decay, namely,

1S5(t, ) % uo( )] s = tnll/p*—1/2|(1—%)t—72<;15>(%—p%t—izéﬂs)t—(l—%)HuOHF; '
Px*,q9 T

Estimate of ||.Ss (¢, -) * “0<')||F,§ , - For simplicity, as we did with Seo(t,-)*, we may assume
the symbol of S(t,-)* is

€_t|€‘26 €t|§‘26ﬂ

molt ) = T%(é)
o—tIE pitlel” \/1-[ePPP=)

= ©o(£)

i |£|(0'—26) /1 N |£|2(25—0)

1 e bl gitlel”v/1-gP®= Bu(e)

5 0
5 /
(t‘f’z )'85 i ‘5’(0—25) 1 ’5‘2(25—0)

= Mg, (t, f)mg,z (t, €>m9,3(t> é)?

_ e*%|§|26<t’5‘25)5~5

where
e~ 41E2 gitlel 7/ 1-]g PP
maalte) = By (€)
i€ /1 — g
ms1(¢,§)
i[¢)72 /1 — g
moat,€) = e He)7,
and
(Le) = ——
Mo 3(t, &) = ————.
W (tlepy

As we did in Lemma 6 , after we take the a-order derivative of " v L€ contained
in mg 1, there is a factor containing (¢¢]71)lel = tlel|¢|olel|¢|~lel. Since |e_%|f‘26(%|§|25)7"| <C
for any non-negative real number 7, in order to make myg ; satisfy the conditions of multiplier

M, Then, we obtain that

theorem, we choose r to be 55

aa o o
- t < lel(=55)=(=35) | ¢~ Il
‘8§am9’1( 7§>‘ = €]
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Applying Theorem 4 and the product rule of derivatives in higher dimension, following the
similar steps to show the boundedness of ||.S.(t, -) * uo(-)]| i8> we get the desired estimates

of ||Ss0(t, ) * “0('>HF§M such that
1S00(t ) 1ol =2 (1/a=1/2)(1=55) =55 (n(1/p=1/0) 4= (1= 55) el 7, -
Thus, for 1 <p, < ¢ <2, 0r 0 <p, <q<2with p, <1, we have

||SS,0(t7 ) * UO(')HF&’(I = ||Tm9u0|lFf*,q = ||Tm9,1Tm9,2Tm9,3u0||Fpﬁ*7q

tn(l/p*—l/Z)(l—%)t—(l—%)||T T

mg,2 m9,3u0||Ff* .

/P12 A=55)= =550 |70 g | g6
s Px,q

A TA

IA

#n(1/pe=1/2) (1= 55) 4= (1= §5) 4B |uol|
p,T

n(1/p=1/2) (1= 55) 1= (1= 55) 4= 35 (5= 50 ) 4= 555 o ||F1;/,r 7

where S35 is determined by 3 — n/p. = 2005 + v — n/p.

Estimate of || S5 (%, -) * uO(')HFf , - Note that the symbol of the operator Ssoolt, ) is

e~ sinh(t]¢* n)

g0
6_“5'25 (etm%# _ €_t|£|26#)
- 2u oo (§)
,%|£|26 6_%|E‘26 (@t|§|26u _ €*t|€|25lu,>
= e
21 00
‘2§et|§|261‘

—L¢
6_%|§|256 ° 5 (I)oo(f)(l _e—ztlf\%u)
U

bl P L SRAVARI R o
2y/1 — |£[20-29) e

= mm(t, f)mll (t, f)mIQ <t7 6)7

(€)(1 — 2067 V/1-lelr=20y

where
mio(t,§) = 6_%|€|25,
g AT
m y = oo )
H 2,/1 — |€[2@—2)
and

mia(t,§) =1 — o 21le[28 /1 e2 2
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As [€] > 2, 6 < 0 < 2§, we have

= 1= [efe) x gl

In fact, by the Taylor expansion

L 2026 l<l_1) 2(0—26
1/1_yg|2(o—26):1_§,§| (o= )+%|£| (0=20) 4 ...

So 1— p~ €229 which implies (1 — p)2 ~ [€]©29),
Then p = /1 — [£[20=2) &~ |£]72 because of pu ~ (1 — p)2. Technically, we may deal with
mii(t, &) the same as we did with the symbol of Sso(2,-) * .

Thus, we obtain
15500 (t, ) * uo(.)“Fﬁ < tn(l/q—1/2)+(1—§5)t—2—{;(n(l/p—l/q)t—(l—%) ||uO||pw 7
’ Px,q p,r

which ends the proof of Proposition 4 for p, > p in Triebel-Lizorkin spaces.
Remark. For the case p, = p in Triebel-Lizorkin spaces, we can get the estimates im-
mediately from the known results of multipliers on Triebel-Lizorkin spaces. Following the

similar way, we also can get the counterpart for Besov spaces , we omit the details.
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Chapter 5

Future Research

(i) Fourier Multipliers with Parameters.

Since the milestone works of S.G. Michilin and L. Hormander, Fourier multipliers for
function spaces have attracted much attention for their own sake. However, due to the re-
strictions on indices (1 < p < oo) and function spaces (LP(R")), Fourier multipliers remain
very much open to investigation. In [25], Miyachi derived optimal estimates of some Fourier
multipliers with parameters for real Hardy spaces HP(R") with (0 < p < 2). In 2016, with
an application of the results in [25], M.D’Abbico et al obtained the long time decay estimate
for the evolution equations with structural dissipation in real Hardy spaces HP(R™). Since
FIQQ(R") = HP(R") with (0 < p < 00), it seems natural to study the Fourier multiplier with
parameters in F;q(R") spaces which will probably to get the long time decay estimate for

the generalized wave equation in Triebel-Lizorkin spaces for all indices.
(ii) Characterizations and Decompositions of Function Spaces

Function spaces have been studied for a long time and are an important part of harmonic
analysis and PDEs. Usually different characterizations or decompositions of function spaces
provide different advantages. For example, in [25], the Riesz transform characterization of
HP(R™) simplified the core proof to get the optimal estimates of Fourier multiplier with
parameters, which is useful to solve our time decay problems. And in [6], (p,2)- atom de-
composition of f € H?(R") with 0 < p < 1 guarantees the upper boundedness of the |f(¢)|
(the absolute value of the Fourier transform), which is helpful for obtaining the boundedness
of Fourier multiplier operators in real Hardy spaces HP(R"™). To the best of my knowledge, so

far, there seems no corresponding Riesz transform characterization of Triebel-Lizorkin spaces
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F;’q(R"). The Riesz transform characterization of the Triebel-Lizorkin spaces F}iq(R”) and
its applications to derive the optimal estimates of the corresponding Fourier multiplier with
parameters will open a new chapter in harmonic analysis and partial differential equations.
Furthermore, a very modern characterization of spaces, wavelet characterization, which ex-
tends the classical atom decomposition, is also used in studying PDEs [21]. So it is challeng-

ing and worthy to study characterizations and decompositions of function spaces.
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Appendix

Firstly, let us recall the characterization of HP(R™) by the Riesz transforms. Let Ry, J =
(J1,- -+, 7s) €{0,1,---  ;n}* will be the Riesz transform of order s, i.e. the Fourier multiplier

transformation 7}, with

_Zéi) e (_Z'gjs
€] IS

where the factor (—i;/|¢|) should be replaced by 1 if j = 0. With this assumption, we have

the following theorem.

m(§) =my(§) = ( ) £eRY, (5.1)

Theorem 14 (/25]) Let p > (n —1)/(n — 1+ s). Then f € L*(R™)( H?(R") if and only
if Ryf € L2(R") (N LP(R™) for all J € {0,1,--- ,n}*; and there exist constants C' and C’
depending only on p,n, and s such that

CY MR flee <N flme < C|Rsfllio,  f € LAR™) () H(RY). (5:2)
J

Next we recall an important version of LP — L9 estimates for fractional integration in the
context of Hardy spaces [29]. Let I, be the Riesz potential with order r > 0, defined by
means of I, f(x) := F~(|{|7"F f(§)). We notice that I.(Isf) = I,+sf. If 7 € (0,n), the Riesz
potential may be represented for sufficiently smooth f by

Irf(m) = Cn,r /Rn %dya (53)

for suitable ¢, .

Theorem 15 (/6]) Consider r > 0 and 0 < p < n/r. Then, there exists C = C(r,p) > 0
such that

1
- f ey < Ol =

iR
31

We end this appendix by proving the following duality property in the homogeneous

Triebel-Lizorkin spaces which is stated as below.

Proposition 5 Assume u € F;q,v € Fp_,z/, then

| <u,v>1|=||ul

v Mollgs -
FggVNE
P .q
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To prove the duality property in Triebel-Lizorkin spaces, we need to prove an elementary
inequality which is stated as follows:
Y lagbyl < {ai Ml l1405 ]y Tl = Hagt e ll{0;H] (5.4)
i—3"1<1 ! !
_iL k| <1,
Ly<i(k) = { 0 others. (5.5)

where j,j', k,1 € Z,1 > 1 and |[{a;}l := (3;ez la;|") 7.

Proof. We have, thanks to Holder’s inequality and Young’s inequality in discrete form,

Z |ajbj/‘ = Z Q; Z bj/

li—j'I<1 J li—i" <1

- Z a; Z{bj/} * {1l}(j)‘ (where [ = j — j,)

IN

j
||{aj}||l§||{bj/} * {11}(j)||lq/ ( Holder's inequality in discrete form)

J

IN

H{aj}Hl;zH{bj}qu/ [ Lil[2 (Young’s inquality in discrete form)
]_/

Sl{as i lI{0;H -

To proceed, we also need the following two lemmas.

Lemma 7 Suppose u,, — u in LP, v, — v in LP and fR" UpUmdr = 0, then we have

/ uvdx = 0,

where u,, v,, € C*, and % + z% =1.

c

Proof. By the assumption, we have ||u,, — u|/z» — 0 as n — oo and ||v,, — v||» — 0 as

m — o0o. Then

lim < uy,, v, >=< u, v, >, (for fixed m).
n—oo
In fact,
| <up —u, v > | <y — ullpe|lom||,; — 0,28 n — oo,
Similarly,

lim lim < wu,,v, >= lim <u,v, >=<u,v>.
m—0o0 N—00 m—0o0

So we derive

/ uwvdr =< u,v >= lim lim < u,,v,, >=0.

m—r0o0 N—r 00
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Lemma 8 Suppose uw,, — u in LP, then we have
Ajun — Aju in LP,

where u, € C*, and Aju = *U.

Proof. By the definition of Aju := ¢; * u with @;(x) = 2/"h(2/z), we have

HAjun - AjUHLP = ;% up — @j x ul e

= |l * (un =)l

< lgjlletllun — ullr — 0, as n — oo,

where, in the last step, we used Young’s inequality and the fact that p; € L.

Now we are in the position to prove the duality Proposition 5 in Triebel-Lizorkin spaces.
Proof. By the assumption, we have 277*A;u € L?, 2jl5A;v c L. Thus, for [j — 5| < 1,

we have

| <u,v>| = |<ZAju,ZAj/v>\
J J

— / > 20 )59I A2 S A vd
R”

li—5'1<1
< S ol 23 Ayl [27 0 A ol da
R
li—3" <1
< 2|s|/ S 20 Asul[27 A oldr (since |j — 5] < 1)
R
li—5 <1
= 2k Rn Z ‘ajbj/|dx (where aj:{QjSAju}bj':{2_j SAj/U})
li—3"1<1]

< 2|S|/ ||{aj}||l;?|’{bj}qu’Hl\llﬁlHllldx (by the elementary inequality above)
RTL - jl

< 302 [ aH gl g da
asdhell| [|t0i31,

= 3. 28l)|ul

3. 9lsl

IN

, (Holder’s inequality)
P

ollge -
P

s
p,q q

Remark. The same result holds for Besov spaces. We refer the reader to [1] for the details.
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