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.eduAbstra
tA �nite new algorithm is proposed for 
lustering m given points inn-dimensional real spa
e into k 
lusters by generating k planes that 
on-stitute a lo
al solution to the non
onvex problem of minimizing the sumof squares of the 2-norm distan
es between ea
h point and a nearest plane.The key to the algorithm lies in a formulation that generates a plane inn-dimensional spa
e that minimizes the sum of the squares of the 2-normdistan
es to ea
h of m1 given points in the spa
e. The plane is generatedby an eigenve
tor 
orresponding to a smallest eigenvalue of an n�n simplematrix derived from the m1 points. The algorithm was tested on the pub-li
ly available Wis
onsin Breast Prognosis Can
er database to generatewell separated patient survival 
urves. In 
ontrast, the k-mean algorithmdid not generate su
h well-separated survival 
urves.1 Introdu
tionThere are many approa
hes to 
lustering su
h as statisti
al [2, 9, 6℄, ma
hinelearning [7, 8℄ and mathemati
al programming [15, 16, 4℄. In this work we takea mathemati
al programming approa
h with a novel idea. Instead of generating
luster 
enters as points that minimize the sum of squares of distan
es of ea
hgiven point to a nearest 
luster 
enter, we 
hange the entity of the 
enter frombeing a point to that of being a plane. The justi�
ation for this approa
h isthat data sometimes naturally falls into 
lusters grouped around 
at surfa
essu
h as planes. This approa
h yields interesting theoreti
al results that lead toan eÆ
iently implementable algorithm whi
h gives better 
omputational resultsthan the standard k-mean algorithm [1℄ on a publi
ly available dataset.We outline the 
ontents of the paper now. In Se
tion 2 we formulate the k-plane 
lustering problem and state the k-plane 
lustering algorithm. In Se
tion3 we derive the theoreti
al results needed to justify the algorithm and establish1



its �nite termination at a lo
ally optimal solution. In Se
tion 4 we des
ribe our
omputational results. Se
tion 5 
on
ludes the paper.Throughout this paper, e will denote a ve
tor of ones of appropriate dimen-sion and a prime will denote the transpose.2 The k-Plane Clustering (kPC) AlgorithmWe 
onsider a set A of m points in the n-dimensional real spa
e Rn representedby the matrix A 2 Rm�n. We wish to 
luster A into k 
lusters a

ording to thefollowing non
onvex minimization problem. Determine k 
luster planes in Rn:P` := fx jx 2 Rn; x0w` = 
`g; ` = 1; : : : ; k; (1)that minimize the sum of the squares of distan
es of ea
h point of A to a nearestplane P`. The algorithm is similar to the k-mean [1℄ and k-median [4℄ algorithmsin that it alternates between assigning points to a nearest 
luster plane (ClusterAssignment) and, for a given 
luster, 
omputing a 
luster plane that minimizesthe sum of the squares of distan
es to all points in the 
luster (Cluster Update).It is the latter 
omputation, whi
h is a one step repla
ement of an algorithm forthe Eu
lidean Regression Problem [17, 5℄ whi
h does not use squared distan
es,that makes the following kPC algorithm possible.Algorithm 2.1 kPC: k-Plane Clustering Algorithm Start with random(w01 ; 
01); : : : ; (w0k; 
0k), ea
h in Rn+1 with kw0i k2 = 1; i = 1; : : : ; k. Having(wj1; 
j1); : : : ; (wjk ; 
jk) at iteration j with kwji k2 = 1; i = 1; : : : ; k, 
ompute(wj+11 ; 
j+11 ); : : : ; (wj+1k ; 
j+1k ) by the following two steps:(a) Cluster Assignment: (Assign ea
h point to 
losest plane P`) Forea
h Ai; i = 1; : : :m, determine `(i) su
h thatjAiwj̀(i) � 
 j̀(i)j = min`=1;::: ;k jAiwj̀ � 
 j̀ j:(b) Cluster Update: (Find a plane P` that minimizes the sum of thesquares of distan
es to ea
h point in 
luster `) For ` = 1; : : : ; k letA(`) be the m(`) � n matrix with rows 
orresponding to all Ai assignedto 
luster `. De�ne B(`) := [A(`)℄0(I � ee0m(`) )A(`). Set wj+1` to be aneigenve
tor of B(`) 
orresponding to the smallest eigenvalue of B(`). Set
j+1` := e0A(`)wj+1`m(`) .Stop whenever there is a repeated overall assignment of points to 
luster planesor a nonde
rease in the overall obje
tive fun
tion.We give in the next se
tion the theoreti
al justi�
ation for the kPC algorithmand establish its �nite termination. 2



3 Theoreti
al Justi�
ation of kPC AlgorithmWe �rst note that the 
luster assignment rule de�ned in Step (a) of the kPCAlgorithm 2.1 follows from the well known fa
t [12℄ that the 2-norm distan
ebetween a point Ai 2 Rn and the plane P` := fx jx 2 Rn; x0w` = 
`g isjAiw` � 
`j=kw`k2 = jAiw` � 
`j. The last equality follows from kw`k2 = 1.The 
luster update rule de�ned in Step (b) of the k-Planar Algorithm 2.1follows from Theorem 3.5 below. But �rst we prove a few simple lemmas.Lemma 3.1 Let A 2 Rm�n. Then,� Aw � e
 = 0; w 6= 0has no solution (w; 
) �, � rank(A) = n; andAw = e has no solution w � : (2)Proof ()) If rank(A) < n, then Aw� e � 0 = 0; w 6= 0 has a solution whi
his a 
ontradi
tion. If Aw = e has a solution, then Aw � e(1) = 0; w 6= 0 has asolution whi
h is again a 
ontradi
tion.(() If Aw � e
 = 0; w 6= 0 has a solution, then either 
 = 0 or 
 6= 0. Inthe �rst 
ase, rank(A) < n. In the se
ond 
ase, by dividing by 
, we have thatAw = e has a solution. In either 
ase, a 
ontradi
tion ensues. 222Lemma 3.2 Let A 2 Rm�n, thenA0(I � ee0m )A = A0(I � ee0m )2A: (3)Proof(I � ee0m )2 � (I � ee0m ) = I � 2ee0m + ee0ee0m2 � I + ee0m = 0: 2 (4)Lemma 3.3 B := A0(I � ee0m )A is positive semide�nite.Proof By Lemma 3.2,w0Bw = k(I � ee0m )Awk22 � 0: 2 (5)Lemma 3.4 Aw � e
 = 0; w 6= 0 has no solution , B is positive de�nite.Proof ()) By Lemma 3.3, B is positive semide�nite. If B is not posi-tive de�nite then, by Lemma 3.3, (I � ee0m )Aw = 0; w 6= 0 has a solution. But,3



by Lemma 3.1, rank(A) = n, hen
e z = Aw 6= 0. Thus, (I � ee0m )z = 0,or z = ee0zm = �e, where � = e0zm . Sin
e z 6= 0, it follows that � 6= 0 ande = z� = Aw� , 
ontradi
ting the fa
t (from Lemma 3.1) that Aw = e has nosolution.(() If B is positive de�nite, then by Lemma 3.3, (I � ee0m )Aw = 0 has nosolution w 6= 0. Hen
e rank(A) = n. Also Aw = e has no solution, else(I � ee0m )Aw = e� e = 0. Thus by Lemma 3.1, Aw � e
 = 0; w 6= 0, has nosolution. 2We are ready now to state the theorem that expli
itly gives the plane thatminimizes the sum of the squares of the 2-norm distan
es to m given points inRn.Theorem 3.5 Let A 2 Rm�n. Then a global solution of:minimize(w;
)2Rn+1 kAw � e
k22subje
t to w0w = 1; (6)is attained at any eigenve
tor w of B := A0(I � ee0m )A 
orresponding to a mini-mum eigenvalue of B and 
 = e0Awm . The minimum of (6) is positive if and onlyif B is positive de�nite or equivalently if and only if rank(A) = n and Aw = ehas no solution.Proof The se
ond part follows from Lemmas 3.1 and 3.4. We now prove the�rst part. The set of all stationary points of (6) in
luding all its global minimarender the partial derivatives of the Lagrangian of (6) equal to zero. That isfor: L(w; 
; �) := kAw � e
k22 � �(w0w � 1); (7)it follows that: 12rwL(w; 
; �) = A0(Aw � e
)� �w = 0; (8)� 12r
L(w; 
; �) = e0(Aw � e
) = 0; (9)�r�L(w; 
; �) = w0w � 1 = 0: (10)Hen
e: � = w0A0(I � ee0m )Aw; (11)
 = e0Awm : (12)4



Substitution for � and 
 in (8) gives:A0(I � ee0m )Aw � w0A0(I � ee0m )Aw � w = 0: (13)By using the de�nition of B this is equivalent to:Bw � w0Bw � w = 0:That is: Bw = �w; � = w0Bw: (14)Thus for ea
h stationary point (w; 
) of (6), it follows that w is an eigenve
torof B and 
 = e0Awm . Hen
e,Aw � e
 = Aw � e(e0Awm ) = (I � ee0m )Aw: (15)We then have by Lemma 3.2 that:kAw � e
k22 = w0A0(I � ee0m )2Aw = w0Bw = �; (16)where the last equality follows from (14). Hen
e the smallest value that � 
antake on is the smallest eigenvalue of B and w is its 
orresponding eigenve
tor.2Remark 3.6 Relation to Singular Value De
omposition It 
an be shown,after some straightforward algebra, that the w obtained in the above Theorem3.5 
an also be obtained by taking a singular value de
omposition USV 0 [14, 19℄of the m� n matrix: H := (I � ee0m )A;where U and V are orthogonal matri
es of dimensions m�m and n�n respe
-tively, and S is an m � n diagonal matrix with nonnegative diagonal elementsin de
reasing order. It 
an then be shown that the desired w given by Theorem3.5 
orresponds to the last 
olumn of the matrix V 
orresponding to a smallestsingular value of H, and 
 is again given by (12) above. This result 
an bederived by noting that [14, Theorem 8.19℄ the squares of the singular values ofH (possibly with some zeros added) are also the eigenvalues of both HH 0 andH 0H with asso
iated eigenve
tors being 
olumns of U and V respe
tively. Adi�erent 
lustering approa
h, latent semanti
 indexing, is given in [3℄ that alsouses singular value de
omposition. 5



We end this se
tion by establishing the �niteness of the kPC Algorithm.Theorem 3.7 (Finite Termination of the kPC Algorithm 2.1) The kPCAlgorithm 2.1 terminates in a �nite number of steps at a 
luster assignmentthat is lo
ally optimal. That is, the overall obje
tive, the sum of the squares ofdistan
es of ea
h point to a 
losest 
luster plane, 
annot be de
reased by eitherreassignment of a point to a di�erent 
luster plane, or by de�ning a new 
lusterplane for any of the 
lusters.Proof In the 
luster assignment part (a) of the algorithm ea
h point isassigned to a 
losest plane and hen
e the overall obje
tive 
annot in
rease.Similarly in part (b) of the algorithm, the 
luster plane, for ea
h 
luster, isre
omputed as that plane whi
h minimizes the sum of the squares of distan
esof points in that 
luster to the plane. Hen
e, again, the overall obje
tive 
annotin
rease. Sin
e there is �nite number of ways that the m points of A 
an beassigned to k 
lusters, sin
e the algorithm does not permit repeated assignmentsby the expli
it 
hoi
e of the stopping 
riterion of part(b) of the algorithm, andsin
e the overall obje
tive fun
tion is non-in
reasing and bounded below by zero,it follows that the algorithm must terminate at some 
lustering assignment thatis lo
ally optimal. 24 Computational ResultsTwo sets of 
omputational tests were 
arried out 
omparing the kPC and k-mean algorithms. In the �rst set of tests the ability to generate well separatedsurvival 
urves by 
lustering medi
al data was tested. In the se
ond set of teststhe ability to re
over 
lass labels by 
lustering unlabeled data was tested.In the �rst set of tests the kPC algorithm was tested on the Wis
onsin Prog-nosti
 Breast Can
er (WPBC) Database [13℄ along with the k-mean algorithm[1℄ using only two features: tumor size and lymph node status. These two fea-tures were normalized to have zero mean and standard deviation 1. This dataset
onsists of 198 points in R2. The number of 
lusters was set to 3 (k = 3) in anattempt to �nd 3 groups of patients with distin
t survival 
hara
teristi
s (seeFigure 2).Kaplan-Meier survival 
urves [10, 11℄ were 
onstru
ted for ea
h 
luster, rep-resenting expe
ted per
ent of surviving patients as a fun
tion of time, for pa-tients in that 
luster. Figure 1 depi
ts the three planes (lines in R2) obtainedby the kPC Algorithm 2.1. Figure 2 gives survival 
urves for the three 
lustersobtained by the kPC Algorithm 2.1 and the k-mean algorithm. We note that thesurvival 
urves obtained by the kPC Algorithm are well separated and hen
e 
anbe used as a prognosti
 tool, whereas those obtained by the k-mean algorithmare not well separated and hen
e 
annot be used as prognosti
 indi
ators.In the se
ond set of tests the kPC Algorithm and the k-mean algorithm werefurther 
ompared in their ability to re
over 
lass labels on a holdout data subset.6
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Figure 1: Three 
luster lines obtained by the kPC Algorithm for the Wis
on-sin Prognosti
 Breast Can
er Database (WPBC). Data assigned to Plane 1 isindi
ated by 
. Data assigned to Plane 2 is indi
ated by +. Data assigned toPlane 3 is indi
ated by 3.
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(b) k-MeanFigure 2: Survival 
urves for the 3 
lusters obtained by kPC and k-Mean Algo-rithms 7



The datasets used here had two 
lasses, hen
e k = 2 in these tests. A ten-fold
ross-validation [18℄ s
heme was employed. In this pro
edure the dataset is ran-domly divided into 10 disjoint sets of approximately equal size, T1; T2; : : : ; T10.Then 10 trials are 
ondu
ted. At trial j, the 
lustering algorithms are appliedto the union of T1; : : : ; Tj�1; Tj+1; : : : ; T10 (training data) without making useof the 
lass label for ea
h point. Then the data points in Tj (test data) wereassigned to the 
losest 
luster plane or 
luster 
enter. Training 
orre
tness attrial j is the per
entage of training data T1; T2; : : : ; Tj�1; Tj+1; : : : ; T10 
orre
tly
lassi�ed by the majority label of the 
luster that ea
h point was assigned to.Similarly, testing 
orre
tness at trial j is the per
entage of Tj 
orre
tly 
lassi�edby the majority label of the 
luster that the point was assigned to.Table 1 summarizes average training and testing results on 2 publi
ly avail-able datasets [13℄. The Johns Hopkins Ionosphere dataset 
onsists of 351 datapoints with 34 real-valued features 
hara
terizing radar returns from the iono-sphere. One 
lass 
orresponds to radar returns showing eviden
e of stru
ture.The other 
lass 
orresponds to those returns showing no stru
ture. The BUPALiver Disorders dataset 
onsists of 345 data points with 6 real-valued features. A7th feature indi
ates the 
lass of the 
orresponding feature. Both the Ionosphereand BUPA datasets have been normalized so that the mean of ea
h feature iszero and standard deviation is one.Table 1: 10-fold Cross-Validation ResultsIonosphere BUPAAve. Test kPC 0.6411 0.6503Corre
t. k-Mean 0.7060 0.5564Ave. Train kPC 0.6410 0.6488Corre
t. k-Mean 0.7091 0.5485Ave. Time kPC 0.55 0.64(se
.) k-Mean 2.49 3.98Ave. # of kPC 1.0 7.8Iterations k-Mean 5.6 11.7We note that the kPC 
lusters were better able to re
over original 
lasslabels on the BUPA liver disorders dataset over both the training and testingsubsets. The k-mean 
lusters were better on the Ionosphere dataset. On boththe BUPA and Ionosphere datasets, the kPC algorithm 
onverged faster thank-mean, as mu
h as 6.21 times faster on the BUPA dataset.
8



5 Con
lusionWe have proposed a new 
lustering algorithm based on minimizing the sum ofthe squared distan
es of points to a 
losest 
luster plane instead of the 
onven-tional 
losest 
luster 
enter that is used in the k-mean algorithm. Clusteringaround su
h planes appears to have advantages over 
lustering around points.One su
h advantage is well separated survival 
urves for prognosti
 data. Otherpossible advantages in
lude the ability to 
luster points that naturally fall intoa subspa
e of the original data spa
e and hen
e may be better approximated bya plane.A
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